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Abstract

Much recent work in the Al community concerns algorithms for computing optimal mixed strategies
to commit to, as well as the deployment of such algorithms in real security applications. Another possi-
bility is to commit not to play certain actions. If only one player makes such a commitment, then this is
generally less powerful than completely committing to a single mixed strategy. However, if players can
alternatingly commit not to play certain actions and thereby iteratively reduce their strategy spaces, then
desirable outcomes can be obtained that would not have been possible with just a single player com-
mitting to a mixed strategy. We refer to such a setting as a disarmament game. In this paper, we study
disarmament for two-player normal-form games. We show that deciding whether an outcome can be
obtained with disarmament is NP-complete (even for a fixed number of rounds), if only pure strategies
can be removed. On the other hand, for the case where mixed strategies can be removed, we provide a
folk theorem that shows that all desirable utility profiles can be obtained, and give an efficient algorithm
for (approximately) obtaining them.

1 Introduction

Disarmament is often a desired objective in international relations, but it is not always easy to reach the
end goal. A key problem is that by removing military assets, a country may leave itself vulnerable to
attack if the other country does not disarm. Therefore, disarmament typically happens in a sequence of
carefully designed stages, so that neither country is ever too exposed at any stage. Besides reductions in
military assets, we can also take disarmament as a metaphor for other strategic situations. For example.
two companies may each hold a portfolio of patents that could be used to inflict significant damage on the
other company, and the companies may wish to make a sequence of legal agreements to reduce the risk on
both sides. In these situations, once one of the players deviates from the disarmament protocol, the possible
actions each side has remaining can strategically interact in complex ways to determine the final payoffs
realized.

In order to achieve a high level of generality, in this paper, we consider disarmament in general two-
player normal-form games, as illustrated by the following example.

Example 1 (Extended Prisoner’s Dilemma). Consider the following modified version of the prisoner’s
dilemma.

Cooperate Defect Painful
Cooperate 3,3 04 0.1,0
Defect 4,0 1,1 0.5,0.5
Painful 0,0.1 0.5,0.5 0,0

Table 1: Payoff matrix of Extended Prisoner’s Dilemma



Strategy Defect strictly dominates strategies Cooperate and Painful for both players. Thus, the only
Nash (or even correlated, or coarse correlated) equilibrium of this game is (Defect, Defect), with utilities
(1,1). If a single player can commit, this does not help, because the other player would still play Defect.
On the other hand, suppose both players can alternatingly remove their strategies and act according to the
following protocol. In the first round, Row removes Defect. Since Defect is still Column’s dominant strategy,
the only Nash equilibrium of the reduced game is (Painful, Defect) with utilities (0.5,0.5). Next, Column
removes his strategy Defect. In the remaining game, Cooperate has become a dominant strategy, resulting
in utilities (3,3). At each step in this protocol of removing strategies, deviating from the protocol and
playing the game remaining at that point is dominated by (3,3). Thus, both players are best off following
the disarmament protocol.

In this paper, we first formalize the idea of a disarmament game, as played on top of a game represented
in normal form (as illustrated in Example 1). We introduce the computational problem DISARM, which
asks whether there is an equilibrium of the disarmament game leading to some desired specified outcome,
and a variant K-DISARM in which there are only K rounds of disarmament. We show both problems to be
NP-complete. We then introduce a mixed disarmament variant that allows the removal of mixed strategies,
by upper-bounding the probabilities on individual pure strategies. Here our results are positive: we show a
type of folk theorem holds (without repetition of the game!), namely that for any feasible utilities that exceed
players’ security levels, there is an equilibrium achieving at least those utilities. Our proof is constructive,
and in fact shows that we can approximately obtain the desired result in approximate equilibrium using only
few rounds of disarmament.

2 Related Work

Our work is related to the literature on commitment in game theory, dating back at least to early work by von
Stackelberg. In our work, players alternatingly commit to not play something. Without such alternation,
i.e., if only one player can commit not to play something before the game is played, such commitment can
be more powerful than committing to a pure strategy. For example, consider the game in Table 2.

Left Center Right
Top 0,0 4,0 04
Middle | 0,0 0,4 4,0
Bottom | 1,1 5,0 5,0

Table 2: Example where the row player (player 0) wants to commit to not play Bottom.

Bottom is a dominant strategy for the row player, so by iterated dominance the players get utilities 1, 1.
After committing to not play Bottom, a matching-pennies-type mixed equilibrium results with expected
utilities 2, 2. In contrast, committing to play a pure strategy (such as Top) does not help. On the other hand,
by committing to play a mixed strategy one can do as well as by committing not to play Bottom, namely by
committing to (1/2,1/2,0). This idea generalizes to show that committing to a mixed strategy is always at
least as powerful as committing not to play something: one can always commit directly to whatever mixed
strategy one would play in the equilibrium that results after committing not to play something. This is no
longer true, though, if players can alternatingly disarm: in the game in Table 1, committing to a mixed
strategy at the outset will give the row player at most 1.

Game-theoretic commitment, especially to mixed strategies, has received significant recent attention
in the multiagent systems literature, in large part due to their application in various security domains [9].
In a two-player normal-form game, an optimal mixed strategy to commit to can be found in polynomial



time [4, 11], though there are hardness results for Bayesian and extensive-form games [4, 7, 6, 2]. There is
also significant interest in other types of action one can take before the game in order to make the outcome
more favorable. This includes promising payments if a certain outcome is reached [8, 1, 5] or getting to
choose from multiple possible utilities in the entries [3]. Also, mechanism design involves a special player,
the designer, committing to the mechanism beforehand. But in all these cases, there is only one commitment
step before the game is played, unlike in this paper.

3 Definitions

We define disarmament games based on the normal-form representation, as in the example provided in the
introduction. We restrict attention to two-player games throughout. A normal-form game is defined by
G = (So, S1,uo,u1), such that for each player b, his set of pure strategies is S; and his utility function is
up : So X S1 — R, where uy(so, $1) denotes player b’s utility when player 0 plays sg and player 1 plays s;.
Moreover, for Ty C Sy and 77 C S, the game induced by T and 77 is the two-player normal-form game
Gty = (To,Th,uo, u1), where ug and u, are restricted to Ty x 77. As usual, we use —b to denote the
player other than b. For convenience, the utility for each player is normalized into the interval [0, 1].

We now define the disarmament game G p(G) on top of this normal-form game. This disarmament game
consists of a disarmament stage during which players alternatingly remove nonempty sets of strategies from
Sp and Sp, and a game play stage—triggered when a player removes nothing—during which they play
whatever normal-form game remains. Note that many disarmament sequences can result in the same state
[To, T, b] (where b is the player to move); rather than duplicate this state many times in the game tree, we
represent the tree as a directed acyclic graph (DAG) in which each state occurs only once. Note the game
is one of perfect information, except that the players move simultaneously in the game play stage. We now
present the extensive form of the game precisely.'

Definition 3.1 (Disarmament Game). The disarmament game G p(QG) is defined as an extensive-form game
as follows.

o The set of disarmament actions A: {Xo |0 # Xo C Sot U{X1 |0 # X1 € S1}U{Play}, where X,
denotes the set of strategies to keep and Play denotes ending the disarmament stage;

The set of non-terminal nodes H: {[Ty,T1,b] | 0 # Ty C So,0 # T1 C S1,b € {0,1}};

The set of terminal nodes Z: {[Ty,T1] | 0 # Ty C So,0 #T1 C S1};

The player selection function p : H — {0, 1}: p([To, T1,b]) = b;

The available-actions function x : H — 24, where x([To, T1,b]) = { X3 | 0 # X3 € Ty} U {Play};

The successor functiony : H x A — HU Z:

- /}/([TO?Tl?O]?XO) = [X07T17 1]’
- v([To, T, 1], X1) = [To, X1,0];
- v([To, T1,b], Play) = [To, T1];

e The root of the game is root = [Sy, S, 0].

'Formally, what we present is not exactly the extensive form because (1) we use a DAG rather than a tree and (2) the terminal
nodes are associated with the game to be played in the game-play stage rather than directly with utilities, but it is straightforward
to extract the formal extensive form from this.



In the terminal nodes z = [1y,T1], players 0 and 1 play the normal-form game Gr, 1, resulting in their
final utilities.

Definition 3.2 (Strategy in Gp). A strategy o, = («, ) for Gp consists of disarmament strategy o €
[hen | p(h)=b X(h) for non-terminal nodes and play strategy 3 € HZ:[TU,Tl]EZ A(Ty) for terminal nodes
(where A(Ty) is the set of distributions over Ty).

Note we restrict our attention to deterministic behavior during the (perfect-information) disarmament
stage.

Definition 3.3 (On-path history & outcome). For a strategy profile (0¢, 01) with oy = (o, fo) and 01 =
(a1, B1), denote the on-path history by P = (hg = root,h1, -+ ,hi,hxy1 = z = [To, T1]) where for all
i, Y(hi, apn,y (hi)) = hip1. The outcome of the strategy profile (oo, 01) is (Bo(z2), B1(2)).

We say an on-path history has length K if it contains K non-terminal nodes, excluding the root. In a
slight abuse of notation, let u;(0) be player b’s (expected) utility for outcome o. A strategy profile (cq, 01)
forms a Nash equilibrium if and only if no player can increase his utility by deviating to another strategy.

We consider the following computational problem:

Definition 3.4 (DISARM problem). In DISARM, given a disarmament game Gp and an outcome o* =
(B, BY), the objective is to determine whether there exists a Nash equilibrium (o, 07 ) such that the outcome
is o*.

We also consider a variation of DISARM problem, called K-DISARM.

Definition 3.5 (K-DISARM problem). In K-DISARM, given a disarmament game Gp and an outcome
o* = (8§, BY), the objective is to determine whether there exists a Nash equilibrium (o, 07) such that the
outcome is 0* and the length of its induced on-path history is at most K.

4 Computational Complexity

Since the number of game states is exponential, an efficient algorithm cannot output the entire strategy
profile under the standard representation that lists each player’s action at every game state. We next show
that a restricted class of strategies that can be represented efficiently suffices. These strategies directly
specify the on-path behavior and require that minimax strategies are used off-path.

4.1 On-path Histories are Sufficient

Recall that the on-path history of a profile of strategies in an extensive-form game consists of the actions
that the players take when nobody deviates. For every non-terminal node in the on-path history, one can
define the security level for each player.

Definition 4.1 (Security level). The security level secy for player b in a two-player normal-form game
G = (To, T1,ug, u1) is the utility that player b can guarantee himself no matter how the other player plays.
Formally,
SECY GT T ) =  max min Up ﬁb,ﬁ_b
(Gnm) ByEA(T}) Bp€A(T-) ( )

We are going to show that the security level is the essential quantity to determine whether an on-path
history can be induced by a Nash equilibrium strategy profile or not. In order for a specific outcome to be
reached in Nash equilibrium, every player must have strong enough incentive to follow the on-path history,
rather than deviating, at any point in the on-path history. To minimize incentive to deviate, we may assume
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that if someone deviates, the other player will act to minimize the deviator’s utility. This does not prevent
the latter player’s strategy from being a best response, because such punishment will not occur on the path
of play. The most effective punishment will be to bring the deviator down to his security level, which is
possible by the minimax theorem [10].

Lemma 4.1. P is an on-path history induced by a Nash equilibrium strategy profile with outcome o if and
only if for each non-terminal node [Ty, T1,b] € P, secy(Gr, 1) < up(0).

Proof. “=": If there exists a non-terminal node h = [T, T7,b] € P such that sec;,(Grp,1,) > up(0), then
at the node h, player b can deviate to choose Play and play a strategy in

arg max min  up(Bp, B_p
gﬂbGA(Tb)ﬂ—bEA(T—b) ( )

in the induced game to guarantee himself a utility at least sec, (G771, ), which is larger than u(0).
“«<”: If for each non-terminal node h = [Ty, T1,b] € P, secy(Gr, 1) < up(0), consider a strategy
profile that specifies to:

e For nodes in the on-path history, choose the action to follow the on-path history; and for every non-
terminal node not in the on-path history, choose Play;

e For an off-path terminal node 2z = [ X}, T3] with () £ X}, C T}, (where this node was reached because
b deviated from the path), player —b plays arg ming ,ea (7 ,) Maxg,ea(x,) U (Bp, B-b)-

We claim that such a strategy profile forms a Nash equilibrium with outcome o. Suppose, for the
sake of contradiction, that player b benefits from deviating to another strategy resulting in induced on-path
history P’. Let the longest common prefix of P and P’ be P, ending with h* = [T, 77, b]. Thus, player b
deviates at h*. Then, the disarmament stage ends in at most one round after h*, since either player b deviates
to choose Play, or player b chooses a different subset X} to keep but player —b chooses Play immediately
after that. Therefore, the induced game is Gx, 7, with ) # X}, C T}, and —b will act to minimize b’s
utility. By the minimax theorem,

min max u ,B-p) = max min  w , B—
5\ ERT ) g e P Be) = e Ty elPe B)
< max min  up(Bp, f—p) < up(0)

BoEA(Ty) Bp€A(T_p)
O

This proves that we can restrict our attention to strategy profiles that explicitly specify on-path play
and implicitly assume immediate Play and minimax punishment of deviators off-path. Moreover, note that
the length of an on-path history is O(|Sp| + |S1|) and the security level can be computed via a linear
programming. Hence, an on-path history serves as a polynomial-length, polynomially verifiable certificate
for the DISARM (or K-DISARM) problem, which is hence in NP.

4.2 Complexity of K-DISARM and DISARM

In an on-path history with length K, the total number of turns in which a player chooses an action other
than Play is at most K. For K < 2, K-DISARM is in P since there is a unique on-path history leading
to the node o*, namely the one where each player removes all the strategies he needs to remove in his one
(non-Play) disarmament turn. We now show that 3-DISARM is NP-complete by a reduction from the
BALANCED-VERTEX-COVER problem.



Definition 4.2. In VERTEX-COVER, the objective is to check in graph (V, E) whether there exists a
subset of the vertices V! C V, with |V'| = L, such that every edge ¢ € E has at least one of its endpoints
in V'. BALANCED-VERTEX-COVER is the special case of VERTEX-COVER in which L = |V'|/2.

BALANCED-VERTEX-COVER is NP-complete via a reduction from VERTEX-COVER [4].
Theorem 4.1. 3-DISARM is NP-complete.

Proof. Given an instance of BALANCED-VERTEX-COVER with |V| = n and | E| = m, we construct a
two-player normal-form game G(V, E) = (Sy, S1, uo, u1), in which Sop = {{} UV and S = {{} UV UE.
The utilities are defined as follows:

o Up(l,0) =Uy((,0) =1— 2;

o Up(v,0) =2forallv e V;

e Up(v,v') =1forallv,v’ € Vand v # v;
o Ui({,e) =2foralle € F;

o Ui(v,e) =1foralle € E,v € Vandv ¢ e;

and unspecified utilities are simply 0. The desired outcome o* is (¢, ¢). See Table 3 for an example.

[ 12713 @w2]@23)7](@1,3)
t1-21-2170,0[00][00] 02 | 0,2 | 0,2
1 2.0 0,0/1,0[1,0] 0,0 [ 0,1 | 0,0
2 2,0 ,o[o,0[1,0] 0,0 | 0,0 | 0,1
3 2,0 ,o[1,0[0,0] 0,1 [ 0,0 | 0,0

Table 3: G(V, E) for V = {1,2,3}, E = {(1,2),(2,3),(1,3)}.

If there exists a BALANCED-VERTEX-COVER with vertices V* then the on-path history with hy =
{¢}UV* 51,1, he = [{£FUV* {£} UV,0] and h3 = [{¢}, {¢} UV, 1] is induced by a Nash equilibrium
strategy profile with outcome o* by Lemma 4.1. This is because if player O deviates in the first round, player
1 can punish player 0 by playing any strategy e € Ej; if player 1 deviates in the second round, player 0 can
punish player 1 by playing uniformly from V*, which will result in a utility of O for player 1 at least 2/n of
the time because V* is a vertex cover of size n/2; and if player 0 deviates in the third round, player 1 can
punish player 0 by playing uniformly from V*, which will result in a utility of O for player 0 at least 2/n of
the time.

For the other direction, suppose there exists an on-path history leading to 0* induced by a Nash equilib-
rium strategy profile. Note that (¢, ¢) cannot be a Nash equilibrium in the induced game if for the terminal
node z = [Ty, T1], VN Ty # O or ENTy # (. Therefore, we have Tp = {¢{} and 71 C {{} U V. In
3-DISARM, there are at most 4 different induced games in the on-path history. These must be G'g, s, ,
Gsy 50> Gy and Gyeyy, where Sg = {£} UV’ for some V'. According to Lemma 4.1, we must have
sec1(Ggy ) < 1— 2 and seco(Geymy) <1— 2,

In GS(/)’Sl, since Uy (v,e) = 1foralle € E,v € V and v ¢ e, if there exists an ¢’ € E uncovered by
V’, then player 1 can deviate to Play and then play strategy €’ to guarantee himself utility 1. Thus, V/ must
be a vertex cover. As for G sy, 1ys Af |V'| > n/2, then player 0 can play uniformly among the strategies in

1

V' to guarantee himself utility 1 — w7 > 1 - 2 Thus, |V’| cannot be larger than n/2. Therefore, V' is a

solution to the BALANCED-VERTEX-COVER problem. 0




The fact only 3 rounds are available is essential for the reduction above to work: if there are more rounds,
disarmament may be possible even without a balanced vertex cover, by alternatingly removing vertices for
player 0 and edges for player 1 while ensuring that the remaining vertices for player 0 form a vertex cover
for the remaining edges only. However, with a number of modifications to the reduction, we can prove that
any successful disarmament of the modified game requires a balanced vertex cover for all the edges at some
point in the process.

Theorem 4.2. DISARM is NP-complete.

Proof. Given an instance of BALANCED-VERTEX-COVER with V' = [n], and denoting V,,2 = {v; ; | i,j €
A}, Xoz = {21y | 2] € [nl}, Yoz = {gny | irj € [n]} and By = {eq | i € [n]}, we con.
struct a two-player normal-form game G(V, E) = (Sy, S1,ug,u1), in which Sy = {€,x} U V,2 U E,»
and S1 = {£} U X,,2 UY,2 U E,2. Let constants § = 1/(2n?) and v = 2n — 1. We define the utility matrix

as follows:

For player 0:
o Up(t,0) =1—;

e Up(eij, 0) =n3 foralli,j € [n];

vij, k) = 1, forall (4, 5) # (k,1);

0(vij,yrpy) = 1,forall i, 5, k, 1 € [n];

n? —1,foralli,j € [n];

o(eij, xry) = 1, forall (4,5) € E, k,l € [n];
€ij,Y) = 1, forall (,7) € E and (k # [);

Uo(

Uo(

Uo(

Uo( )
o Up(vijei;)

Uo( )

Uo(

Uo(€ij, yr k) = 1, forall (i, j) € E and (k # i) and (k # j);

Uo(

o x,0) = n3, Up(x, i ;) = n3, Up(x,yi;) = n®, foralli,j € [n];
For player 1:

o Ui(0,0) =
° 6,5)—713 for all s # ¢
1(vij, zij) = Ua(eij, xij) = a, forall i, j € [n];
Us(eij, i) = B, foralli, j € [n];

n3, forall i, 7, k,1 € [n], (i,5) # (k,1);

n3 — 1, foralld,j,k,1 € [n], (i,5) = (k,1);

1(Vi 5, €k,

Ui (

Ui (

Ui ( ) =
o Ui(vij,Yij) =

Ui (viy, ex,)

Ui ( )

Ui ( )

1(eij,ext 14+ l/n for all (i,7) # (k,1);

where a = %25, B = 1?—276 and unspecified utilities are simply 0. The desired outcome o* is (¢, ¢). See
Table 4 for an example. In this game, we assume player 1 moves first in the disarmament process.
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[ @10 [ @12 [ @00 [ @ [ ina | wia | y2a1 | wo2 | e \ €12 \ €21 \ €22
‘ 4 H 1-46,1 H 07713 0,n% ] 0,n3 ‘ 07713 H 0,n% ] 0,n3 ‘ 07713 ‘ 0,n3 H O,n?’ ‘ 0,n3 ‘ 0,n? ‘ 0,n3
V11 0,0 0, | 1,0 1,0 [ 1,0 [ 1,8 ] 1,0 1,0 [ 1,0 [n?2—=1,n%—1 0,n3 0,n3 0,n3
V12 0,0 1,0 [ 0,a | 1,0 ] 1,0 | 1,0 | 1,3 | 1,0 | 1,0 0,n% n?—1,n%-1 0,n? 0,n3
Vo1 0,0 1,0 | 1,0 [ 0, | 1,0 | 1,0 | 1,0 | 1,8 | 1,0 0,n3 0,n3 n?—1,n%—1 0,n3
V29 0,0 1,0 [ 1,0 | 1,0 | 0, || 1,0 | 1,0 | 1,0 | 1,8 0,n3 0,n3 0,n3 n?—1,n%—1
€11 n®,0 l,a | 1,0 | 1,0 | 1,0 || 0,8 | 0,0 | 0,0 | 0,0 0,0 1,1+ 1/n2 1,1+1/n2 1,1+1/n2
e1o | n30 1,0 [ ,a | 1,0 | 1,0 || 0,0 | 1,8 | 1,0 | 0,0 1,1+ 1/n? 0,0 1,1+ 1/n? 1,14 1/n2
e21 || n3,0 1,0 | 1,0 [ 1,a | 1,0 | 0,0 | 1,0 | 1,8 | 0,0 1,14+ 1/n? 1,1+1/n? 0,0 1,1+1/n2
€22 n®,0 1,0 | 1,0 | 1,0 | L, || 0,0 | 0,0 | 0,0 | 0,8 1,1+ 1/n? 1,1+ 1/n2 1,1+1/n2 0,0
[« [ n%0 [n%0]n%0]n%0]n3%0]n3%0]n%0]n%0]n%0] 0,0 \ 0,0 \ 0,0 \ 0,0

Table 4: G(V, E) for V = {1,2}, E = {(1,2)}.

Lemma 4.2. [f there exists a BALANCED-VERTEX-COVER with vertices V'* then there exists an on-path
history induced by a Nash equilibrium strategy profile with outcome o*.

Proof. For convenience, let Yy« = {y;; | ¢ € V*}. Consider the following on-path history:

hi = [S1,{¢{} UX,2 UYy« UE,,0]

ho =[{{}UV,2 UE2,{{} UX,2 UYy~ UE,:,1]
hs = [{¢} UV,2 UE,2,{¢} UX,2 UYy~,0]

hy = {0} U V2, {{} UX,2UYy«,1]

hs = [{£} U V2, {€}, 0]

We show that the above on-path history is induced by a Nash equilibrium strategy profile according to
Lemma 4.1. For k1, player 1 can play uniformly among strategies in F,,2 to give player 0 at most 1 — #
For hs, notice that
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Player 0 can play e; ; with probability 1/« if y; ; & Yy~ and with probability 1/3 if y; ; € Yy«, which
gives player 1 at most 1. For hs, player 1 can play uniformly among strategies in X2 and Yy «. Since V*
is a BALANCED-VERTEX-COVER, for each ¢; ; € E, 2, there exists at least one y , € Yy« such that
Uo(€i,5, yk,k) = 0. Therefore, player 1’s mixed strategy gives player 0 at most 1 — 6.

For hy, player O can play v; ; with probability 1/cvif y; ; ¢ Yy« and with probability 1/3 if y; j € Yy,
which gives player 1 at most 1. Finally, in &5, the unique Nash equilibrium is exactly (¢, ¢). O

Lemma 4.3. [fthere exists an on-path history P induced by a Nash equilibrium strategy profile with outcome
0*, then we can construct a BALANCED-VERTEX-COVER from P.

Proof. Suppose P = [hg, h1,ha, -+ ,hi,hgy1 = 2z = [Ty, Ti]]. For convenience, let h; = [T¢, Ti]. We
now prove a series of claims about P.

Claim 1. T ' NV, # 0.

Proof. Note that (¢, ¢) can be a Nash equilibrium in the induced game only if for the terminal node z =

[To,T1), To C {£} U V2 and T1 = {¢}. Moreover, if z = [{¢}, {¢}], then it must be player O that performs
the last disarmament and we have Tj* ' N V,,» # (). Therefore, we have T2* ™' N V2 # 0. O

Claim 2. Assume p* = sup{k | * € T}}. Then, we have E, > C Tlp*.



Proof. If E,2 N TF "= (0, then in hy~, player O can simply play % to guarantee himself n3. Therefore,
E,:NTY "+ . Suppose E,2 N 7 " C E,». Since TE1NV,2 # 0 according to Claim 1, we have
TV NV, # 0. Let V/ = TP N V2 and [V'| < n2 — 1. Then, player 0 can place probability 1,/n?
for strategy * and uniformly distribute the remaining probability on V', which guarantees himself at least

S (n? = 1) > 1 - 1/n. O

Claim 3. For each e; ; € E,2, assume k* = sup{k | ¢; j € TF}. Then, we have e; ; € T}

Proof. According to Claim 2, k* > p*. Therefore, * ¢ T¥ . For the sake of contradiction, suppose
€ij & Té“*. Then in Ay, player 1 can simply play e; ; to guarantee himself at least 1 4 1/ n2. O

Combining Claim 2 and 3, we have E,» C T} ", Moreover, let e;j

sup{k | e]; € TF} and let ¢* = sup{k | ef; € T¥}. Combining Claim 1, 2 and 3, we can get

TS C{f}UX,2U Y2 and Td C {€} U V.

€ E,» with the maximum

Claim4. V,» C T and X,» C T .

Proof. For the sake of contradiction, suppose x,; & qu*. Then, in hy+, according to Claim 1, V2 ﬂTg* # 0.
If v € Tq*, then player 0 can place probability 1/n3 for strategy e;jand place 1 — 1 /n? for strategy Ukl
to guarantee himself at least 1 — 1/n3. Therefore, vk € T ’ only if z3; € Tf*. However, player 1 can play
uniformly among the strategies in X2 ﬂqu* to guarantee himself at least /| X2 ﬂqu* | >a/(n?—1) > 1.
Thus, X,.» C TY .

Based on X,» C T, if V2 € TY . Let X' = {w;; € X,2 | vij € T¢ }and |X'| < n? — 1. Player
1 can play uniformly among the strategies in X’ to guarantee himself at least a/|X’| > a/(n? — 1) > 1.
Thus, V.2 C T . O

Claim 5. For any ¢* <i < p*, |Y,2 N T} < n/2.

Proof. From previous claims, we have x & T, é, V,2 C Tg and X2 C Tf. For the sake of contradiction,
suppose |Y,,2 N TE| = g > n/2. Notice that

—(n2—g)+-g<1
oV 9+ 50
Lete = (1 — é(n2 —-g) — % g)/n?. Consider that player 1 places probability 1/a + € on strategy xy,; for

Yk & Y2 NTY and places 1/3+ ¢ on strategy yg; for y; € Y,2 NT}. Then, player 1 can guarantee himself
more than 1. Hence, we obtain a contradiction. O]

Claim 6. Let V* = {k | (k,k) € Y2 N Tf*}. Then, V* must be a vertex cover.

Proof. For the sake of contradiction, suppose there exists an edge (7, j) € F that cannot be covered by V*.
Let [* = sup{k | ¢;; € T}; from Claim 2 and 3, I* must be larger than p*. We have ¢; ; ¢ T} according
to Claim 3. Then, in h;-, player O can simply play e; ; to guarantee himself at least 1. O

Therefore, given an on-path history P induced by a Nash equilibrium strategy profile with outcome o*,
one can find p* = sup{k | * € T¥} and let V* = {k | (k, k) € Y2 NT7 }, which must be a vertex cover
and according to Claim 5, |[V*| is at most n/2, O

Combining Lemma 4.2 and 4.3, we can conclude that DISARM is NP-complete.
O



4.3 MILP for K-DISARM and DISARM

Although K-DISARM and DISARM are NP-complete, they can be solved via a mixed integer linear
program (MILP). For convenience, suppose Sy = [n] and Sy = [m]. To formulate a MILP for K-DISARM
with input o = (3§, 87 ), we introduce binary variables :c (and yk) for 0 < k < K, such that strategy ¢ € Sy
(y € S1)is not yet removed at step & if and only if a:Z =1 (yl =1). Let Bb (i) be the probability on strategy
¢ in mixed strategy [3;. In order to represent a valid disarmament leading to the outcome o, these binary
variables must satisfy the following constraints:

2k+1 o g2h+2 _ 2kl
<z x5 Vi, k
2k+2 2k+1 2k+1 % ik
9

f—lyj—l V55 (i) > 0,67(j) > 0,k
?—1y]—1 Vi, j

Moreover, according to the minimax theorem,

secy(Gyy) = max min  uy(Bp, f_p) = min max  up(Bp, B—p

(Cnm1) ByEA(Ty) ByEA(Tp) ( ) ByEA(T_p) ByEA(T,) ( )

From Lemma 4.1, we require sec,(Gr, 1,) < up(0), which is equivalent to finding a 5_; € A(T_;) such
that for all pure strategies j € Ty, up(j, 3_5) < up(0). Therefore, we introduce vector variables p* to
represent 3_j, at step k. Recall that the utility is normalized into [0, 1], thus, we can use 1 — xf (orl— y}“)
to make the constraint void under the right conditions.

Z p] Fug (i, §) < up(o) +1 — 22k Vi, k
> p%“m(z ) <ui(o) +1 -y Vi k
p]k < y] Bop2htl < g2kl Vi, j

Finally, we need to check (3, ;) forms a Nash equilibrium for the game stage. That is

> B ()uo(i, j) = uo(o) VB (i) >0
Z B (@)ua (i, ) = ui(o) VBi(3) >0
> Bi(uo(i, j) <U0(0>+1—$K VB (i) =0
> B (Dui (i, §) <wi(o) +1—yf VBi(j) =0

Therefore, combining all the above constraints, we obtain a MILP for K-DISARM, and an instance of K-
DISARM is true if and only its corresponding MILP has a feasible solution. As for DISARM, notice that
the maximum number rounds of disarmament is bounded by n 4+ m. Therefore, we can use K-DISARM to
solve DISARM by setting K = n + m.

5 Mixed Disarmament

So far, we have considered only removing pure strategies. But pure disarmament has its limitations. Con-
sider the standard prisoner’s dilemma:

If either player removes his Defect strategy, the other player has no motivation to do the same: he would
prefer to play Defect. The former player, anticipating this, would not remove Defect, either.

However, now suppose that the players are able to remove mixed strategies. It turns out under this
setting, there is a way to get to cooperation.

10



CcC D
C|33|04
D |40 | 1,1

Table 5: Payoff matrix for the prisoner’s dilemma

Example 2. Consider the prisoner’s dilemma as presented above, and suppose players can reduce their
strategy spaces by limiting the maximum probability they can put on D. No matter how players reduce their
strategy space, it is always a dominant strategy to put as much probability on Defect as possible. Therefore,
in any sequence of disarmament steps, the player who should take the last disarmament step that reduces
the probability he can put on D will have no incentive to do so. As a result it is impossible to reduce the
probability that either player puts on D at all.

This is reminiscent of how in a finitely repeated prisoner’s dilemma, cooperation cannot be attained.
But the same is not true for infinitely repeated prisoner’s dilemma, per the folk theorem. It turns out we
can make a similar move here. Suppose that after each disarmament step, we flip a coin that comes up
Heads with probability 6. If it comes up Heads, the players stop disarming and play the game. Otherwise,
disarmament continues. In this way, neither player ever knows that she is about to take the last disarmament
step.

Specifically, consider the following procedure. In each disarmament step, each player reduces the max-
imum probability he can put on D by a factor k, so that once each player has taken t disarmament steps,
he can put at most probability k' on D. Once the coin comes up Heads, of course both players will put
maximum probability on D. For player O, the expected utility of continuing to follow the protocol, given that
both players have already reduced to k', is

D (1= 8 Gug (K K £y 7 (1= 6)H H g (R R
tlIO t/:(]

where ug(p,q) = 1pg + 0(1 — p)g + 4p(1 — q) + 3(1 — p)(1 — q) is the utility to player 0 when the
players play the game with limits p and q on D, respectively. On the other hand, if player O deviates at this
point and is immediately punished by player 1 choosing Play, then 0 obtains utility at most uo(k', k). In
order for player 0 to be best off following the protocol, the former needs to be no less than the latter; after
simplification, we obtain (30 — 2)(k — 1) > 0. Since k < 1, we must have 6 < % Similarly, for player
1, after simplification, we have (k — 1)(k — #) < 0. Since § < %, we have 1 — 6 > % Therefore,

3(1—9)
1
3(1=9) <k<l

To avoid dealing with nasty expressions involving & in what follows, we observe that in the limit as
& — 0, the utility for following the protocol converges to 3, which is the utility that would be obtained after
“infinitely many rounds of disarmament.” We can use this fiction—that following the protocol results in
playing the game after infinitely many rounds of disarmament—to facilitate the analysis. Specifically, in
this infinite-length model, all that is needed to ensure that nobody deviates is that the utility for deviating
never exceeds 3. (In Lemma 5.1, we prove formally that as § — 0, we reach the infinite-length model in the
limit.)

Example 3. Consider now the following slightly different version of the prisoner’s dilemma in which a
player receives utility 12 instead of 4 when he plays D while the other player plays C. As it turns out, in
this game it is not possible to reach the (C, C') outcome with the infinite-disarmament model. The problem
is that if we were reach a point where both players have achieved certain values for the upper bound on
D—for example, 1/2—then deviation at that point would give at least 0.25 - 3 + 0.25 - 12 + 0.25 - 1 = 4,
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which is more than the 3 from reaching (C,C'). Moreover we cannot “jump over” these values. On the
other hand, this is not really a problem, in the sense that both players would actually be better off with this
profile than with (C,C'). Thus, this example is consistent with the following claim: any sufficiently high
utilities that occur in the game can be obtained via disarmament.

Specifically, we can attain utilities (4,4) for the players with the following disarmament sequence (in
the infinite-length model). Let p; be the maximum probability on D after 2t disarmament steps, initialized to
po = 1. Both players take turns to reduce the maximum probability to piy1 = gg zjr:l,) which converges to %
as t — oo. In this case, player 1’s utility from deviation after t steps is exactly 4 (so player 1 is indifferent®)
while player 0’s incentive to deviate is smaller.

Motivation. In practice, it is easy to imagine how one could commit to not play a given pure strategy, but
perhaps this is more difficult for the case of mixed strategies. Of course, the issue is similar for the case
of committing 7o a mixed strategy, and yet this has found plenty of applications. Commitment to a mixed
strategy is usually achieved by reputation, for example by the follower observing the leader’s actions many
times before acting. The same might work in our model. Alternatively, one could look for some unrelated
random variable, such as the weather. If one can make it so that one cannot play a given pure strategy if
it is (say) cloudy, then this upper-bounds the probability of the strategy at 70% (assuming it is cloudy 30%
of the time). Finally, rather than interpreting mixed strategies literally as probability distributions, one can
think of these probabilities as representing a quantitative choice, such as how much of one’s continuum of
resources to devote to a particular course of action, and then placing upper bounds on this.

5.1 Formal Definition and Basic Properties

In mixed disarmament, each player can reduce his strategies by reducing the maximum probabilities on each
of his pure strategies (with the requirement that at least one of these decreases strictly), or choose Play. For
convenience, assume Syp = S; = [n] and let O (and 1) denote a vector of all zeroes (ones). Therefore, the
representation of the game state becomes [po, p1,b] where p, € A1 (S},) is the vector of probability upper
bounds for player b. Here, A™(S}) denotes vectors of probabilities summing to at least 1. In the induced
game G, »,, player b’s strategy 3, must satisfy 3, < p;, point-wisely.

Definition 5.1 (Mixed Disarmament Game). The mixed disarmament game G]\D4 (G) is defined as an extensive-
form game by the following.

e The set of disarmament actions A: {po | po € AT(So)} U{p1 | p1 € AT(S1)} U {Play};

The set of non-terminal nodes H: {[po,p1,b] | po € AT(So),p1 € AT(S1),b € {0,1}};

The set of terminal nodes Z: {[po, p1] | po € AT(So),p1 € AT(S1)};

The player selection function p : H — {0,1}: p([po, p1,0]) = b;

The available-actions function x : H — 24, where: x([po,p1,b]) = {p}, | P}, < Pbsp € AT(Sp)} U
{Play},

The successor functiony : H x A - HU Z:

- /Y([p07p170]7p6) = [p67p17 1]’
- ’y([p(hpl) 1]7p/1) - [poﬂpllﬂo];
- '7([?907p1,b]7play) = [.p())pl]"

ZPlayer 1 can be made to strictly prefer not deviating by reducing the upper bounds at a slightly slower rate.
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In the terminal nodes z = [pg, p1], player 0 and 1 play the normal-form game Gy, p,, resulting in their final
utilities.

Strategies, on-path histories, and outcomes in mixed disarmament games are defined similarly as in
pure disarmament games. For convenience, let C'(p) = {u | |u]1 = 1and 0 < p < p} denote the set of
probability distributions consistent with upper bounds p. The security level in a mixed disarmament game
is defined as follows.

Definition 5.2 (Security level in mixed disarmament game). The security level secy, for player b in a two-
player normal-form game G = (pg, p1,uo, u1) is the utility that player b can guarantee himself no matter
how the other player plays. Formally,

min  up(By, B-p)

secy(Gpyp;) = max
( pom) BreC(pp) B€C(p—s)

Note that in game G, p,,, C'(po) x C(p1) is a compact convex set. Therefore, the minimax theorem still
holds for G, ,, [10], and so does Lemma 4.1. Now, we are ready to demonstrate that as  — 0, we reach
the infinite-length model in the limit. Throughout, e-equilibrium denotes approximate Nash equilibrium in
the (standard) additive sense.

Lemma 5.1. Consider a Nash equilibrium (09,01) = ((ao, Bo), (a1, B1)) of the infinite-length disarma-
ment game, leading to® terminal node z = [p5, Py Then for any € > 0, there exists some D > 0 such that
forany 0 < § < D, we have that (0¢, 01) is an e-equilibrium of the d-coin-toss disarmament game (where
(Bo(z), B1(2)) is played when the coin toss lands Heads).

To prove Lemma 5.1, we first prove the following auxiliary lemma.

Lemma 5.2. Consider upper bounds py < p{y and p1 < p}. If |py — pol1 < & |p| — p1l1 < € and (5, )

is a Nash equilibrium in G, ,,, then (11, i1} is an e-equilibrium in Gyl )

Proof. Since (ug, 117) is a Nash equilibrium in G, p,, for all pg € C(po), uo(po, pi) < uo(py, 7). As
for uo € C(py) \ C(po). there exists a d such that i/ = po +d € C(po), > d; = 0, and |d|; < 2e, since

[po — pol1 < e. Thus, uo(po, 17) < uo(pg, #7) + € - (ug™ — um). Similarly, we get, for all 1 € C(p}),
wr(pg, p1) < wi(pg, 1) + € - (uP™ — w™). Since utilities are normalized to [0, 1], for each player b,
up ™ — u;)nin <1. O

Proof of Lemma 5.1. The upper bounds on strategies resulting from (ag, o1 ) are non-increasing and so must
converge. Suppose the sequence of on-path upper bounds is ([p, p3], - - - , [pi, pi], - - - ). Hence, there exists
T such that after 7" rounds of disarmament, for all ¢ > T, |ph — p§l1 < /2 and |p} — pi|1 < e/2. (f
disarmament completes after finitely many rounds, simply set 7' to be larger than the number of rounds.) By
Lemma 5.2, we have that (30(z), 81(z)) is an (£/2)-Nash equilibrium in G(p}, p}) for t > T.

Without loss of generality, suppose player 0 deviates. In the best response of player O’s to player 1’s
strategy o1, no matter in which induced game Gpé ot they end up, player 0 takes a best response to 31(z).
Let

T
D =sup{6 | S(1-6)'5 - uo(yiy B1(2)) < £/2}
t=0

where 1, is the best response of player 0 to 3;(z) in game Gpg e

3Here, leading to means either that we terminate at this node after finitely many rounds, or that the disarmament stage continues
forever but the upper bounds converge to [pg, pi].
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If player O deviates at step ' + 1 <= T, then for § < D:

t t

Y (=86 uo(uf, B1(2)) + (L= Y _(1 = 8)'6)seco(ph,pi) < &/2 +uo(Bo(2), Bi(2))

t=0 t=0

because seco(ph,pi < uo(Bo(z),B1(2)) by the fact that we started from an equilibrium of the infinite-
length game. Otherwise, if player O deviates at step ¢’ + 1 > T, then for 6 < D:

T
> (1 =6)'6 - uo(uh, Br(2))

t=0
t/ t
| D (1=0)16 uo(uh, Br(2)) + (1= (1 —0)'6)seco(plh, ph)
t=T+1 t=0

< /2 + [uo(Bo(2), Br1(2)) +¢/2]

5.2 A Folk Theorem for Mixed Disarmament

The folk theorem for repeated games shows that any utilities that exceed the players’ security levels can
be obtained as an equilibrium of the infinitely repeated game (as the discount factor approaches 1). We
now show a similar result for (non-repeated) mixed disarmament games. (For pure disarmament games, the
prisoner’s dilemma provides a counterexample.) Let GJ\D4 (@) denote the infinite-length mixed disarmament
game resulting from normal-form game G, and let utilities (v, v1) be feasible for G if there exists a mixed-
strategy profile of GG that results in these utilities.

Theorem 5.1. In mixed disarmament games G} (G), for all feasible utilities (vo,v1) with vy > seco(QG)
and vy > seci(Q), there exists a Nash equilibrium of G (G such that the terminal node z = [py, p1] of its
induced on-path history satisfies seco(Gp, p,) = vo and seci(Gpyp,) = V1.

For any (S, 51) constituting an equilibrium of G, ,,, we have u; (B0, 51) > secy(Gp, p, ); otherwise,
player b can deviate to the strategy that guarantees his security level.

Corollary 5.1. In mixed disarmament games GM (G), for all feasible utilities (vo,v1) with vg > seco(G)
and vy > seci(Q), there exists a Nash equilibrium of G (G) such that its outcome o satisfies uo(0) > v
and u1(0) > vy.

In Theorem 5.1 and Corollary 5.1, the induced on-path history of the Nash equilibrium may have infinite
length. Of course, by Lemma 5.1, we can come arbitrarily close to this with a game that will terminate in
finite time with probability 1.

5.3 A Constructive Proof

In this subsection, we provide a constructive proof for Theorem 5.1 via an algorithm to generate the corre-
sponding on-path history. Following the intuition provided in Example 3, in each round, the player reduces
his upper bounds as much as possible, i.e., until his opponent’s security level equals his target utility.
Formally, given target utilities (vg, v1) with corresponding strategy profile (/3p, 31), for each player b,
let 5, = 1 — (. We introduce two parameters 0 and 6, initialized to 1, such that the upper bound vectors
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are po = fo + 6o, and p1 = B1 + 01 ]. For convenience, let G, 3, 9,.0, = G go+008),51+6, - Define an
update function f:

f(b, (91,, 9,(,) = inf{@{, ’ Sec*b(Gﬁbﬁ_bﬁg,@_b) < U,b}

That is, when py = By + 003), p1 = B1 + 6151 and it is player b’s turn, function f returns the minimum 6,
such that player —b’s security level in the induced game is still lower than or equal to the target utility.
The function f (b, 8;,0_p) can be computed efficiently by linear programming:

minimize 0]
subject to  u_p(pp, p—p) <vp Vu—p € C(B-p,0-p)
o € C(By, 6;)

where C(3,0) = C(8 + 6(1 — 3)). This program has infinitely many constraints of the first type, so we
need to show that an efficient separation oracle exists. The first type of constraints is equivalent to

beeg(lﬁai{bﬂfb) u=b{itbs fp) < Vb
whose left-hand side can be computed by a simple water-filling method that puts as much probability as
possible on the remaining strategy that provides player —b the most utility, given that player b plays mixed
strategy up. Therefore, an efficient separation oracle exists.
We now present the algorithm for generating the on-path history (Algorithm 1). Of course, if we require
an infinite-length history, this algorithm will not terminate, but every point in the history will be eventually
generated by it.

Algorithm 1: Generate on-path strategy for feasible utilities that exceed security levels

Input: G and a target strategy profile (5o, 51)
Output: An on-path history P for G¥ (G)

Let 8y = 1 — fo;

Let ] =1 — f;
Let hg = [1,1,0,b=0,t = 0;
Let0y =601 = 1;

while 6, — f(b, 91,, 9_5) > 0do
eb = f(bv eba 975);
hiv1 = [Bo + 0o - By, B1 + 01 - By, 1 —bl;

b=1-1b;

t=t+1;
hiy1 = [Bo + 0o - Bh, B1 + 01 - B1;
return h;

Lemma 5.3. Algorithm I produces an on-path history that is part of a Nash equilibrium and leads to a
terminal node z = [po, p1) where seco(Gyp, p,) = vo and seci(Gp, p,) = V1.

To prove Lemma 5.3, we first prove the following auxiliary lemma.

Lemma 5.4. In Algorithm 1, suppose we have just set 0, = f(b,0y,0_p) in an iteration. If 6, — 0} < €, then
secp(Gpy,p_4,006-,) = Vb = NE:

Proof. For any fixed p_y € C(B_p,0p), let pj(p—_p) € argmin,, cc(s, 0,) U—b (o, p1—p). Since O — 0y <
g, we have i (p—p) — €1 < B + 0y - 5;. Denote a set D(By, Oy, py (11—1), €) as

{1 >0 pp(p—p) — el +nep € C(By, 0;)}-
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(Note that every element in this set must have || = 1, and the set is nonempty.) Then:

min  u_y(pp, pi—p) < min w_y(py (p—p) — €1 4 nepy, iy
1 EC (Bo:0}) ( ) 14 €D (B 0" (1) ) (k5 p1—t) b Hit)
< (i (pp), pop) + ne (W5 — u™y)

Thus, we have

sec_py(Gg, 5 , 000 ,) = max min  u_p(pp, fh—p
Conpntios) = | B o ) ety " )
< max up((uy) )+ ne(u — )

B—pE€C(B_p,0_p)

< Sec*b(GIBbﬂ—bvebve—b) +ne

where the last step follows because utilities are normalized to lie in [0, 1].

The above in fact shows that sec_,(G ﬁb’ﬁibﬂg’gib) is continuous in #;. By the intermediate value the-
orem it follows that after setting ¢, = f(b,6s,0_;), we have sec_p(Gp,p_,0,0_,) = v—p. Hence we
conclude that

sec_p(GB,,8_4.00.0_) = SCC,b(Gﬁb’Bib’gg’gib) —ne =v_p —NEe

O]

Proof of Lemma 5.3. We first show that for each b, 6, is nonincreasing. This is because reducing player
—b’s strategy space can only decrease —b’s security level. Hence, having updated 6_; (which, by induction,
cannot have increased) and returning to updating s, the current value of 6 still suffices to keep —b’s security
level at or below the target level. (Note that the initial value of 6, which is 1, also suffices for this, since by
assumption the target values are at least the security levels in the non-reduced game.) Hence f (b, 0y,6_) <
6. Consequently, we must converge to some 6 > 0 and 67 > 0. All that remains to be shown is that the
security values for these ¢; are the target values; from this it also follows that we have a Nash equilibrium,
since the security levels on the path never exceed the target values.

If the algorithm terminates, it must be because at some point we have 6, = f(b, 65,0_;). By Lemma 5.4,
the security level of —b at that point is v_;. Moreover, at this point we must also have _, = f(—b, 6y,6_;)
by the previous update (note that the algorithm cannot terminate in the first step). Hence also the security
level of b is vy,.

On the other hand, suppose the algorithm never terminates. We know that 6, converges, so for any e,
there exists 7" such that for ¢ > T\, f(b,6;,60" ,) > 0! — e. Hence by Lemma 5.4, for any ¢ > T', the security
level of —b exceeds v_; — ne. It follows that —b’s security level converges to v_p. 0

5.4 Convergence Rate

Theorem 5.1 guarantees the existence of a Nash equilibrium with the desired utilities, but its induced on-
path history may have infinite length. From Lemma 5.1, we know we can approximate this with a path that
(with probability 1) has finite length, but this still does not tell us whether this is a reasonable number of
rounds. We next show that we can in fact approximate it in a reasonable number of rounds. Instead of using
coin tosses, here we simply stop after O(T") rounds, resulting in an O(n/T") approximate equilibrium where
the security levels are within O(n/T") of the desired values.

Theorem 5.2. In mixed disarmament games G} (G), for all feasible utilities (vg,v1) with vg > seco(G)
and vi > seci(G), and € > 0, there exists an ne-Nash equilibrium of G (G) such that the length of
its on-path history is O(1/¢) and the terminal node z = [po,p1] satisfies seco(Gp,p,) > vo — ne and
sec1(Gpypy) > v1 — ne.
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To prove Theorem 5.2, we first extend Lemma 4.1 to approximate Nash equilibrium.

Lemma 5.5. On-path history P with outcome o is induced by an e-Nash equilibrium strategy profile if and
only if (1) for each non-terminal node h = [Ty,T1,b] € P, secy(Gry1) < up(0) + ¢, and (2) o is an
e-equilibrium of the terminal node to which P leads.

Proof of Theorem 5.2. We use Algorithm 1 to construct the path. From Lemma 5.4, we know that if for
0, = f(b,05,0_4), 6, — 0, < €, then sec_y(Gp, 8 ,.6,0_,) = U—p — ne. At that point we also have (as
observed in the proof of Lemma 5.4) sec,(Gg, 3_,.0,.6_,) = V. Therefore, we can strengthen the condition
of the while loop and exit it, returning the on-path history P, when 6, — 9{) < e. This results in an ne-Nash
equilibrium by Lemma 5.5, because in Algorithm 1, the security level never exceeds the target value vy, and
not deviating results in at least v, — ne for a player. Finally, because 6, and 6_; are between 0 and 1, the
modified algorithm terminates after at most O(1/¢) iterations. O

6 Conclusion

We have shown that while disarmament with pure strategies is NP-hard, with mixed strategies a type of
folk theorem holds and an efficient algorithm exists. Since this is, to our knowledge, the first paper on this
topic, there are many directions for future research. These including studying the topic for representations
other than the normal form and solution concepts other than Nash equilibrium. One could also consider
different types of mixed disarmament, where the mixed strategy space is reduced in a way that is different
from putting upper bounds on the probabilities. Of course, our result shows that upper bounds already allow
us to attain everything that can reasonably be expected. In any case, as long as the disarmament procedure
ensures that the space of remaining mixed strategies stays compact and convex and there exists an efficient
separation oracle for the LP to compute the update function f, our results should continue to hold. Another
direction is to design algorithms for the pure disarmament case that work well in practice. Finally, we can
look for new applications of this framework.
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