Establishing Nearly Universal Cooperation in Finitely Repeated
Games via Limited-Altruism Types

Yuan Deng Vincent Conitzer
Duke University Duke University
ericdy@cs.duke.edu conitzer@cs.duke.edu
Abstract

Is it possible to introduce a small number of agents into an environment, in such a way that an
equilibrium results in which almost everyone (including the original agents) cooperates almost all the
time? This is a compelling question for those interested in the design of beneficial game-theoretic Al, and
it may also provide insights into how to get human societies to function better. We investigate this broad
question in the specific context of finitely repeated games, and obtain a mostly positive answer. Our
main novel technical tool is the use of limited altruism (LA) types, which behave altruistically towards
other LA agents but not towards selfish agents. The uncertainty about which type of agent one is facing
turns out to be essential in establishing cooperation. We provide characterizations in several families of
games of which LA types are effective for our purposes.

1 Introduction

One of the main messages of game theory is that self-interested behavior can result in Pareto-dominated out-
comes. There are various standard ways to attempt to address this problem, such as prohibiting undesired
behavior or taxing behavior according to the externalities it imposes. Still, these approaches are often diffi-
cult to implement effectively in practice. This is especially the case when we consider open and distributed
systems without a single entity that can exercise control. The problem is exacerbated when such systems are
populated by artificially intelligent agents that cannot necessarily be traced back to, or be stopped by, any
entity in the “real” world. Is there still something that we can do to avoid undesirable outcomes?

In many environments, we have the ability to design a small (but only a small) fraction of the agents.
These agents may act in an environment in which other entities are developing their own Al agents, or in an
environment with human actors. Can we use this very limited influence, i.e., our ability to design a small
fraction of the agents, to create a system-wide equilibrium that is significantly more desirable? In particular,
can we design natural preferences for these agents in such a way that good equilibrium behavior results?

As a concrete example, consider the finitely repeated prisoner’s dilemma (one round of which is as
in Figure [T). If both agents are selfish types that attempt to maximize only their own payoffs, the only
equilibrium is for both players to defect in all rounds. (By backward induction, in the last round defection
is a dominant strategy; therefore, actions in the previous rounds have no influence on what happens in the
last round. Thus, the argument carries on for previous rounds.)

What if we introduce some agents of an altruis-

tic type—for example, agents that act to maximize Player 2
the average utility across agents? Such an agent Cooperate  Defect
will, in the last round, always want to cooperate, Cooperate 1,1 —-2,3

Player 1

because (it can be checked that) this improves the
average utility by 1/2 regardless of what the other

Defect 3,—2 0,0

Figure 1: Prisoner’s dilemma.



agent does. If all other agents are selfish (and there-

fore will defect in the last round), then it follows

that behavior in the last round is fully determined regardless of what happened before it. We can then take
the same analysis to the second-to-last round, etc., to conclude that the only equilibrium is for selfish types
to always defect and altruistic types to always cooperate. While this may be an improvement, it is only a
small one, given that by assumption we can add only a small fraction of agents of a different type.

Can we do better by adding a few agents of another type? Specifically, can we use such agents to get
the selfish agents to (sometimes) cooperate? It turns out that we can, by adding what we call agents of a
limited altruism (L A) type. Such agents will behave altruistically towards other agents of that same type (for
example, caring about the average of their utilities when facing such a type), but selfishly towards selfish
agents (caring only about their own utility in that case). A key aspect is that agents should not know what
type of agent they are playing against.

To make this concrete, suppose both agents have probability 0.8 to be of the LA type (that cares about
the average utility when facing another LA type), in the sense of a Bayesian game. (This, of course, is a
large fraction of the agents, not a small one, but it will help in conveying the intuition.) If there is only a
single round, then by a simple calculation, we can show that a selfish type will defect but an LA type will
be willing to cooperate: an LA type gets 0.8 - 1 + 0.2 - (—2) = 0.4 for cooperating, whereas deviating to
defecting would still only give 0.8 - 0.5 + 0.2 - 0 = 0.4. Let us extend this to a two-period version without
discounting. In this case, we can get a selfish type to cooperate in the first round, too. This is because
playing defect in the first round would reveal the player to be a selfish type, resulting in the opponent not
cooperating in the last round even if it is an LA type (because its altruism is directed only at other LA
types). Thus, a selfish type obtains 1.0-140.8-340.2-0 = 3.4 for cooperating in the first round (and then
defecting in the second), whereas deviating to defecting immediately would give only 1.0-3+1.0-0 = 3. It
follows that for a T'-period version without discounting, we can obtain cooperation, i.e., both players always
playing Cooperate no matter which types they are of, for the first (7" — 1) periods.

Can we still achieve cooperation when agents only have probability 2/3 to be of the LA type? If there
is only a single round, the L A type has incentive to deviate now: he only gets 2/3 -1+ 1/3-(—2) = 0 by
playing Cooperate, whereas deviating gives him 2/3 - 0.5 + 1/3 - 0 = 1/3. What if there are two periods?
Note that if the belief that the other player is of the LA type remains unchanged across both periods, then
each player will always play Defect, no matter which type he is of, by backward induction. But what if we
select strategies so that the belief changes?

Consider a strategy profile such that a player of the L A type never plays Defect first, and once a player
has played Defect, the other player believes that that player is selfish and punishes him by playing Defect.
In particular, suppose that in the first round, a selfish player plays each action with probability 1/2. Then, if
a player of the L A type observes that the other player played Cooperate in the first round, then he believes
that the other player has probability (2/3)/(2/3 +1/2-1/3) = 0.8 to be of the LA type. By the analysis
from before, this LA player is willing to play Cooperate given this belief. Now let us consider the resulting
incentives for the selfish type in the first round. Under our construction, in the first round, the other player
has probability 1/6 to be of the selfish type and play Defect, probability 1/6 to be of the selfish type and play
Cooperate, and probability 2/3 to be of the LA type and play Cooperate. Therefore, playing Cooperate in
the first round (and Defect in the second) gives a selfish type 1/6-(—2+0)+1/6-(14+0)+2/3-(1+3) = 5/2,
while playing Defect gives him 1/6 - (04+0) 4+ 1/6 - (3 +0) +2/3 - (3 + 0) = 5/2. Therefore, a selfish
player is indifferent between playing Cooperate and playing Defect. As a result, the selfish player is indeed
willing to mix between the actions in the first round.

Building further on this, if there are three periods, in the first period, a selfish player is willing to play
Cooperate with probability 1: he obtains 1 + 5/2 = 7/2 by playing Cooperate in the first round, compared
to only 3 by playing Defect. Finally, it can be verified that the players of the LA type are also best off
cooperating, and that everyone is best off defecting once someone has deviated.



Intuitively, our approach is as follows. We make the selfish types indifferent between cooperating and
defecting in certain rounds, so that in equilibrium, a selfish type defects with some probability in those
rounds. As a result, selfish players reveal their type with some probability in each round by defecting;
hence, conditional on nobody having defected, the belief that the other player is of the LA type increases
over time. This way, we can attain cooperation even if the initial probability of LA types is low.

How far can we push this? Is it possible to attain cooperation with an arbitrarily small fraction of LA
types? In any game? We show that under certain conditions, the answer is “yes”—but for this we need LA
types whose preferences are somewhat different from the one described above, which we call LA,,,. For
example, we show that L A,,, does not work (in terms of attaining a “yes” answer to the above questions) for
all parameterizations of the prisoner’s dilemma, but L A,;,—a type that cares about the minimum of the two
players’ payoffs when facing another such type—does. We show that LAy, (as well a variant of the LA,y
type) also works in independent-effect games, where the effect of one player’s chosen action on both players’
payoffs is independent of the other player’s action. Finally, we show that for general games (satisfying the
relevant conditions), no definition of an LA type that only cares about a function of the payoffs obtained
can work; but, if we allow the LA type also to care about whether the two players played the same action,
then there are several definitions of the LA type that work. In all cases, we also provide general results on
precisely what definitions of the L A type can work.

1.1 Two Interpretations of Our Results

There are (at least) two natural ways to interpret our results. One is from the perspective of actually designing
agent types—for example, these types may be artificially intelligent software agents that we design precisely
for the purpose of introducing them in small numbers into an existing game, in order to steer equilibrium
behavior towards a socially optimal outcome. Under this interpretation, we believe our results are very
satisfactory, as we exhibit quite natural agent types that do the job.

Another interpretation of our results is as potentially describing, at a very abstract level, a phenomenon
that we observe in our human world. Some of our LA types might be considered a reasonable reflection
of how some people approach strategic decisions; they want to be kind to others who would be similarly
kind to them. For example, most people would feel at least a little bad about their choice to defect when
it emerges that the other player cooperated, while they would not feel bad if the other player defected.
And we observe that even such limited kindness, even when practiced by relatively few people, can have a
strong positive effect on the final outcome under some circumstances. Indeed, experimentally, we do find
that people cooperate in finitely repeated games Andreoni and Miller| (1993)); Cooper et al.|(1996); |Axelrod
et al.| (1987) (though other explanations of this could also be given) Under this interpretation, we believe
our results are somewhat satisfactory: they can be said to give a reasonable, if quite abstract and limited,
account of this phenomenon. However, from this perspective, we find that the types that we show to be
universally successful (for example, L Ay, in prisoner’s dilemma games, and L Acoordinate, Which we will
introduce later, in general), while at least somewhat natural, are not quite as natural to us as some other types
(such as L A,y,) that in fact turn out not to be universally successful.

1.2 Related Works

In the economics and computation literature, a closely related topic is that of Stackelberg routing (Rough-
garden, 2004). In routing games, it is well known that selfish routing can result in equilibria that are socially
suboptimal, i.e., there is a nontrivial price of anarchy (Roughgarden and Tardos, [2002). The Stackelberg
routing model allows a central player to directly control the behavior of a fraction of the traffic before any-
one else moves. It has been shown that this can significantly reduce the price of anarchy (Roughgarden)
2004). While there are significant conceptual similarities between this work and ours, there are also quite a



few significant differences, including the following. We do not assume any distinguished (e.g., Stackelberg
leadership) role for the player types that we introduce; we specify a simple utility function for these types
and let them play optimally accordingly, rather than specifying their behavior directly; we aim to get arbi-
trarily close to social optimality rather than to just obtain a constant price of anarchy; and finally, of course,
we are in a very different setting, namely finitely repeated games, rather than network routing games (which
is what allows us to aim to get arbitrarily close to optimality, by increasing the number of rounds). Also
closely related, |Chen et al.|(2014) analyze the price of anarchy of traffic routing under the assumption that
users are partially altruistic. They show that if the average level of altruism in the population is large, then
the price of anarchy is small.

Technically more closely related to our work is older work in the literature on finitely repeated prisoner’s
dilemma games [Kreps et al.| (1982)). They point out that in two-person finitely repeated prisoner’s dilemma
games, if both players are uncertain about the other player’s utility function—specifically allowing that with
a small probability, a player is happy to play Cooperate if the other player does so as well—then there exists
a sequential equilibrium where both players play Cooperate until the last few stages of the game (though
they do not work out the equilibrium in full in their paper, just noting that “the details of this equilibrium
are quite complex”). There are several differences between our work and theirs. First, we focus primarily
on types that care about the payoffs of both players, rather than directly about whether both players play a
given action. We find such types more natural; in particular, if we consider the deployment of agents in rich
and open-ended settings where it may initially not even be clear which courses of action are most desirable,
it seems easier to specify utilities as a function of the payoffs. We succeed at this aim in prisoner’s dilemma
games as well as in independent-effect games, though in the fully general case, we also use types that care
whether the players chose the same action—and we show that in general such a move is in fact necessary,
in the sense that here we cannot (always) succeed with types that only care about payoffs. (Kreps et al.
(1982) do not study independent-effect games or general games.) Additionally, in their model, a player’s
utility solely depends on his own type and the actions played, while in our case an LA type has a u’4 payoff
function only if the other player is also an LA type. This is the key trick that allows us to construct effective
types that care only about the payoffs, and such conditional altruism seems quite natural. Moreover, we
obtain concise characterizations of desired sequential equilibrium in which both players play Cooperate for
most rounds, which allows us to identify natural types that are universally successful and extends our results
to more general games than prisoner’s dilemma.

Our work is also related to work byMaskin and Fudenberg|(1986), which already shows that cooperation
can be obtained in finitely repeated games using a small fraction of “behavioral” types. A key difference
between that work and ours is that that work requires a very direct specification of how the behavioral types
act (rather than having those types act strategically with respect to a natural utility function), whereas we
set out to find general and natural utility functions for our “limited altruism” types—in the sense of how
these types value outcomes when playing with another LA type—that work universally across games, when
the LA types pursue this utility strategically. In our opinion, again, when we consider deploying agents
to rich, complex environments, it is more useful to be able to just specify a natural utility function rather
than having to specify behavior directly. The downside of this approach is that we need significantly more
technical machinery to make this work. In addition, we prove desirable convergence rates (in the sense of
how many rounds of play are needed for desirable play) as a function of the fraction € of LA types; our rate
is O(log 1/¢) whereas the result by Maskin and Fudenberg|(1986) gives O(1/¢).

2 Preliminaries

A finitely repeated game G(T) = (G',---,GT) is a T-fold repetition of a base game G, where G* = G
for all 1 <t < T. Throughout, we restrict our attention to the case where (G is a two-player, symmetric,



normal-form game. A symmetric normal-form game is defined by G = (X, ul , u2> where X is the set
of pure strategies (for both players 1 and 2) and their utility functions are given as u : X XX — R. As
usual, we use —17 to denote the player other than player ¢. Here, uS (x4, x_;) denotes player 7’s utility when
player ¢ plays pure strategy z; € X and player —¢ plays pure strategy x_; € X. In a symmetric game,

uf (z1,m2) = us (2}, 24) if 21 = 24 and 29 = 7).

2.1 Limited Altruism Type

We now generalize to a Bayesian repeated game where each player has one of two possible types. Specifi-
cally, the set of types is © = {S, LA}, where S is the selfish type and L A is the limited-altruism type. Given
a repeated game as defined above, the payoff that i receives in a round of the game when ¢ is of type S is
simply u; S(x;,2_;) (as before). However, payoffs are changed for the LA type, but only if the other player
is also of the LA type; if the other player is of the S type, then the payoffs for the former (L A) player are
again simply wu; 9(z;,_;). On the other hand, if both players are of the LA type, then the utility functions
change to uLA LA : X x X — R for player 1 and 2, respectively. More specifically, we are interested in
LA types whose utlhtles in this case are defined by a function of the selfish payoffs, where this function can
be applied to any game G.

Definition 2.1 (Universal LA type). An LA type LA, is universal if there exists a function fg such that for
every possible uf and 3, and all 1, x5 € X, uFA (21, 12) = fu(uf (21, 22), v, (71, 22))
S S

One example would be LAug, for which faye(u; Sz, x2),u’ Sz, 22)) = al (Il’m)—;u"'(m’m) . This
type cares about the average of the two players’ selﬁsh payoffs if the other player is also of the LA,y type,
and just about her own payoff otherwise. Another example is L Ay, for which fiin (uf (z1,29),u° J(x1,22))
min{u; (z1,z2),u’,(x1,72)}. This type cares about the minimum of the two players’ selfish payoffs if the
other player is also of the L Apn, type, and just about her own payoff otherwise. Note that we will not
consider any cases where, for example, an LA, type plays against an LA, type. All our LA types are
always the same, but we are interested in which function ¢ gives us desirable properties. That is, if we get to
design the LA type and insert a small fraction of agents of that type into a population of selfish types, what
function ¢ should we use for the LA type?

We make three assumptions on fy, all of which are satisfied by both L Ay, and L Ay The first can be
achieved by normalization.

Assumption 1. f4(0,0) = 0.
The second assumption says that f is scale invariant.
Assumption 2. fy(o-v,0-w) = - fy(v,w) for a > 0.

This second assumption rules out, for example, an LA type that, when facing another LA type, very
much wants the other player to get utility at least 1, but after that becomes completely selfish. Such a type
would start acting differently if we (say) doubled all payoffs.

Assumption 3. f,(v,v) > v.

This third assumption rules out, for example, an L A type that has generally lower payoffs when playing
against another L A type than when playing against an .S type (and therefore would focus relatively more on
the case where it faces an .S type).

We assume that the type of each player, 6; for player i, is private and only known to the player himself,
which is identically and independently drawn once, before any rounds are played, according to Pr[S] =
1 — ™ and Pr[LA] = ™. ; remains the same throughout game play. At the end of each round, each



player observes both players’ actions, and hence knows what the selfish payoffs are, but does not observe
her actual payoffs. Otherwise, a (say) LA,y, type might observe that an outcome was realized with selfish
payoffs 1 and 2, and her own actual payoff was 1.5, and therefore the other player must be an LA type as
well. Instead, in our model, an LA player is generally unsure about her actual accrued payoffs (which we
can think of as being revealed after the last round of the game). An .S player, on the other hand, always
knows her accrued payoffs since they do not depend on the other player’s type.

2.2 Histories, Strategies and Utilities

Denote the history for the first £ rounds by h so that h® = (). Since player i has no direct information about
player —i’s type, his action for the ¢-th round depends on 6; and h'~! only. Thus, (6;, ') corresponds
to an information set. A strategy o; for player ¢ is a function that takes as input an information set, i.e., the
player’s type and a history of play, and selects a strategy in A(X ), where A(X) is the set of distributions
over X. At the t-th round, o;(z; | 8;, h*~1) defines the probability of player i choosing action ; € X given
his type 6; and the history h'~!. A realized action a! € X is drawn from the distribution of(- | 6;, h'~1). Let
a' = (a}, ab) be the resulting action profile in the ¢-th round. We then update the history to h! = (h!~!, a?).

Player 7’s utility is determined by the final game history A’ his own type 6;, and his opponent’s type
9_1'1

T
ui(hT’ 0, 0—2') = Z ug(alz?v at—z)
t=1
where C = LA if 0 = 6, = LA; otherwise, C = S.

2.3 Beliefs and Equilibria

How should the players play? One candidate solution concept is Bayes-Nash equilibrium, in which each
player plays a best response (in terms of expected utility over all rounds combined) given his own type and
his prior belief about the other player’s type. However, this fails to ensure that players play optimally off
the equilibrium path of play, and thus may involve threats that are not credible. Moreover, even subgame
perfection is not sufficient: in general, there will not be cleanly separated subgames in the extensive form
(where the current node is common knowledge) because players have uncertainty about each other’s type.
Hence, we need a more sophisticated equilibrium refinement notion.

For such refinements, we need to specify player i’s belief assessment (0_; | 6;, h'~!) about player —i’s
type, given his own type 6; and the history A’. In line with the literature Fudenberg and Tirole (1991), we
require that there is a single joint distribution over (6;,6_;) given h!~!, satisfying

(0 | 05, 1) - p(0; | 1) = (0,0 | 1)

where 11 is the marginal probability of 6;,6_; given ht~!. This allows us to obtain private beliefs (with the
subscript 7) from the joint distribution (without the subscript). It also allows us to simplify the notation by
setting p1;(0—; | -,-) = p(0—; | -,-). We are now ready to introduce a refined equilibrium notion.

2.4 Perfect Bayesian Equilibrium (PBE)

Definition 2.2. |[Fudenberg and Tirole|(1991) A pair (u, o) of a belief assessment . and a strategy profile o
is consistent if for all histories h!~"':



e Bayes’ rule is used to update beliefs whenever possible: for each player i and for each o) € X, if
there exists a 0} with (0, | h*=1) > 0 and o;(a} | 0}, h'™1) > 0, then

(2

(s | Bt oty = — P W) - oiaf] 6,0
T ol | W) - aal | )

o The posterior beliefs are independent:

w(0;,0_; | hY) = p(0; | hY) - w(0_; | BY)  for all 6;, 6_;, and h*

e The beliefs about player i at the beginning of the t + 1-st round only depend on h'™" and player i’s
action at the t-th round:

w(0; | 1 aty = u(6; | B, aY)  forall 0;, and all af = at.

Definition 2.3. |Fudenberg and Tirole| (1991) A pair of a strategy profile o and a belief assessment | is
a perfect Bayesian equilibrium (PBE) if (1) (u, o) is consistent; (2) o is a best response in the subgame
starting from h'=1 to the belief ju(- | 0;, h'=') under the assumption that the other player will follow o from
this point.

Fudenberg and Tirole| (1991) point out that if each player has only two possible types, both types have
nonzero prior probability, and types are independent, then the sets of perfect Bayesian equilibria and se-
quential equilibria [Kreps and Wilson|(1982) coincide. Therefore, in our setting, the sets of perfect Bayesian
equilibria equals to the set of sequential equilibria.

For convenience, let u;(6;, h'~1) be player i’s expected utility in the subgame starting from history h*~*
if he is of type 0; and u;(al, 0;, h*~1) is the expected utility if in addition he plays a! at the ¢-th round. Note
that both of these depend on (u, o), but this is suppressed in the notation.

2.5 Desired LA Type

Which LA types “work”? Specifically, we are interested in LA types such that even with only a small
fraction of such types in the population, we will obtain cooperative play (by all players, not only the LA
types) in the vast majority of rounds, provided that there are enough rounds. We now make this formal.

We restrict attention to games with a dominant strategy (for selfish types in a single round of the game),
i.e., we assume that there exists a dominant strategy xp in game G such that for all ',y € X, uf (xp,y) >
u?(2',y). We assume uf (zp,zp) = 0 (without loss of generality, due to normalization). Define the
cooperative strategy to be z¢ = arg max,ex u; (r,r); we assume that (z¢, 2¢) uniquely maximizes the
social welfare among all entries of the game. Let us define a measurement of the quality of an equilibrium.

Definition 2.4 (k-desired PBE). Given G, T, ulA (i.e., our choice of ¢), and g™t e say that a pair (u, o)
of a belief assessment and a strategy profile of G(T) is a k-desired PBE if it is a PBE and the expected
number of rounds in which both players choose x¢ is at least k.

Based on this, we can define a notion of which LA types do the job that we would like them to do.
Specifically, we would like to see that an arbitrarily small (but positive) fraction of LA types enable an
equilibrium in which we have cooperation in almost all rounds, provided that the number of rounds is
sufficiently large.

Definition 2.5 (Desired Universal LA type). An universal LA type defined by u™* (i.e., a choice of ¢) is de-
sired, if for any game G and for any § > 0, there exists 0 < €™t < § and a sequence (k(1),--- ,k(T),---)
such that imyp_, o k(T)/T = 1 and there exists a k(T')-desired PBE for all T.



3  Warm-up: Prisoner’s Dilemma

Most of our ideas are well illustrated by the prisoner’s dilemma (see Table [I)), on which we focus in this
section. We will generalize beyond the prisoner’s dilemma in Section ] and [5

In the prisoner’s dilemma, the dominant strategy xp is Defect while the cooperative strategy z¢ is
Cooperate. The general form of u2 is as follows (see Table, where e, iy and z depend on the specific LA
type. (E.g., ylAae = qu“g (Cooperate, Defect) = (b — ¢)/2, and yAmn = qumi“ (Cooperate, Defect) =
—c.)

Cooperate  Defect Cooperate Defect
Cooperate a, a —¢, b Cooperate e, e Y, 2
Defect b, —c 0,0 Defect Z, Y 0,0
(@u®:b>a>0andc>0 b)ul4:e>zande > a

Table 1: Utility function in the prisoner’s dilemma

3.1 Framework

Suppose (01 = S | A1) = (0 = S | hi=1) = 1 — £ (where ™ is small) for all 1 < ¢ < T Then,
in the last round, the dominant strategy for both players is to play Defect, no matter which types they have.
By backward induction, both players would play Defect in every round.

Therefore, to construct a k-desired Bayesian equilibrium of G(7T') with k close to 7', the belief about
the probability that the other player is of type LA should be large for some histories. This can be achieved
as follows. If a player is of type S, he should play a mixed action that reveals him to be of type S with
some probability. For example, consider a strategy profile in which both players choose to play Cooperate
for the first (¢ — 1) rounds, no matter which type they have. At the ¢-th round, a player of type LA keeps
playing Cooperate while a player of type S chooses to play either action with probability 1/2. Then, at the
beginning of the (¢ + 1)-th round, for a player who witnessed the other player playing Cooperate in the ¢-th
round, his belief that the other player is of type LA becomes 2™ /(¢ 4 1) > ¢t Of course, we can
only achieve this in equilibrium if it is in the interest of a player of type S to play a mixed action. That is,
the expected utility for playing either action must be the same.

We restrict our attention to symmetric strategy profiles and belief assessments that satisfy the following
assumption, which says that LA types will never defect first, and if someone has defected then everyone
believes that that player has type S and plays Defect afterwards.

Assumption 4. We say that the (symmetric) profile (u, o) satisfies Assumption E] if for every possible history
h!=Y, Bayes’ rule is used to update beliefs whenever possible and

e if there does not exist a? # xc in K=Y for any j € {1,2}, then o;(xc | LA, ht=Y) = 1 for both
ie{1,2};

e if there exists a? # xc in h'=! for some j € {1,2}: ifaz’""” # xc, then (1(0; = S | h'=1) = 1, where
tmin = min{t’ | az-/ # xc for some j € {1,2}}; in other words, a player that defected first is believed
to be selfish with probability 1;

e if there exists a? # xc in b1 for some j € {1,2}, o;(xp | -, hi™Y) = 1 for bothi € {1,2}.



3.2 Construction

Assumption ] requires that once a player has played Defect, then both players will keep playing Defect until
the end. This leaves only the actions after histories in which no players have played Defect unspecified. Let
ht, denote the unique such history with ¢ rounds. We can now construct a perfect Bayesian equilibrium by a
backward induction on h},. Along the way, this will require assumptions on the specific LA type (i.e., how
the values of e, y and z in Table|1b|are derived from a, b, and c in Table ; these assumptions then in the
end combine to give us a sufficient condition for an L A type to be desired.

Since the profile is symmetric, let ey = p(6y = LA | -, htc_l) = u(b =LA |-, htc_l).

3.2.1 The Last Round: 1/~

Since, with a single round remaining, Defect is a dominant strategy for a player of type S, o;(Defect | S, hg_l) =
1. As for a player of type LA, Assumption @ requires that o;(Cooperate | LA, hg_l) = 1. In order for an
LA player to in fact be willing to cooperate in this case require Cooperate to be a best response when .S
types play Defect and L A types play Cooperate:

et - ul4(Cooperate, Cooperate) + (1 — e7) - u? (Cooperate, Defect)
> ep - ul4(Defect, Cooperate) + (1 — e7) - u (Defect, Defect).
which is
c

eroet(L—er) (=¢) 2 er- 24 (1—er) 0 er > —— M

Given that LA types play Cooperate in the last round, u; (.S, hg_l) =er-b.

3.2.2 Constructing the Strategy for .S by Induction

By Assumption |4 €; is non-decreasing as ¢ increases. Consider ¢ such that e; < 441 < 1, i.e., a player of
type S may play a mixed action in the ¢-th round. Let pfq,o = 0;(Cooperate | S, htc_l). By Assumption@
and Bayes’ rule, we have

€ ' g (1 —ep41)
<P —
pfs*,c (I—et) +e SO - (1—g)

Et+1 =

Denote by ptc the probability that a player plays Cooperate in the ¢-th round (conditioning on htc_l):

&t

P = Prlal = Cooperate | K '] = (1 — &) -ptg’c +er = 5
t+1

Note that pg = e7. The following definition specifies which sequences of cooperation probabilities are
feasible based on the strategic constraints for players of type S.

Definition 3.1. We say a sequence of pc(T) = (pg, - - - , pL) is feasible if the following conditions hold for
t<T:

° prtc < 1, then a player of type S is willing to play a mixed action in the t-th round:

u; (S, hi ") = u;(Cooperate, S, hl;') = u;(Defect, S, b5 ');

o If p% = 1, then a player of type S weakly prefers to play Cooperate in the t-th round:

ui (S, hit) = u;(Cooperate, S, hl5 ') > u;(Defect, S, bl t).

9



By Assumption [] that both players keep playing Defect once a player plays Defect (and given that we
have normalized the payoff of both players defecting to 0), we have that for all ¢:
u;(Defect, S, ht_l)
= pl - uf (Defect, Cooperate) + (1 — pl) - u (Defect, Defect) + (T — t) - uS (Defect, Defect)
= ply - uf (Defect, Cooperate) = p - b

Lemma 3.1. When pC = 1 and thrl < 1, pc(T) is u;(Cooperate, S, htgl) > u;(Defect, S, htCTI) if and
onlyifpif' >1-4¢

Proof. Note that p, = 1and p5' < 1indicate that u;(S, 5 ') = u;(Cooperate, S, h5 ') > u;(Defect, S, hii )
and u;(S, hiy) = u;(Defect, S, ht L.). We have
u;(Cooperate, S, hl5 1) = u? (Cooperate, Cooperate) + u; (.S, h%)
= u? (Cooperate, Cooperate) + u;(Defect, S, hl)

— a+pt+1 b

Thus, in order to ensure uZ(Cooperate S, hi ) > wy(Defect, S, bl 1), we must have a+pift-b > pl-b = b,
which is equivalent to, ])’5Jrl >1—-% O

Cogolklary?ﬁ 1. When ptHg < 1,andforallt <t < t+k, pg = 1, u;(Cooperate, S, hé?l) > u;(Defect, S, htCTl)
ifpd" > 1

Proof. When a player of type S plays Cooperate in round ¢, his utility is

u;(Cooperate, S, hi;') = k - uf (Cooperate, Cooperate) + u;(S, hi 1)
= k- u? (Cooperate, Cooperate) + u; (Defect, S, htgk_l)
= k- a+pt+k bZaerthfk'be
= wu;(Defect, S, hl; 1) O

k

Lemma 3.2. When p}, < 1, ptJr <l andforallt <t < t+k, p'é = 1, u;(Cooperate, S, hg‘l) =

u;(Defect, S, ht ) if and only if
pe = :
“ k- a—(1- t+k) bte

2

Proof. pl, < 1 and p“k < 1 imply that a player of type S weakly prefers to defect at (¢ + k), and is

indifferent between defecting and cooperating at ¢ (a player of type S must cooperate with positive prob-

ability in round ¢, because otherwise we must have ka = 1). Therefore, we must have u;(S,hl) =

u;(Defect, S, hl; ) = u;(Cooperate, S, he 1) and u;(S, htgfk_l) = u;(Defect, S, htgfk_l). By Assump-
tion [ that players of type LA do not defect first, we have:

u;(Cooperate, S, h; 1) = (k u; (Cooperate, Cooperate) + u;(S, ho ™"~ 1))
+ (1 —pk) - (u (Cooperate, Defect) + (T' — t) - u; 9 (Defect, Defect))
= (k: u; (Cooperate Cooperate) + u;(Defect, S, ht+k 1))
+ (1 — ply) - (uf (Cooperate, Defect) + (T

= po- (k-a+pg*-b) + (1= pg) - ()

—t) - uj (Defect, Defect))
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By the fact that u;(Cooperate, S, hl; ') = u;(Defect, S, htc_l), we have
(keatpEP b))+ (1= ph) - (—¢) = pl b & pl = ‘ O

Corollary 3.2. pc(T) is feasible only if forall1 <t < T, pt, > 1— ¢

Proof. For the sake of contradiction, assume that there exists a ¢ such that ptc < 1-%. By Lemma3.1 ptc_1
must be less than 1. Moreover, by Lemma (with £ = 1), we have ptc_1 = W > 1 producing

the sought contradiction. O

Combining Lemma [3.1] [3.2] and Corollary we can conclude:
Theorem 3.1. Under Assumptiond} a sequence pc(T) is feasible if and only if

o When pC =1 andpt'*'1 < 1, we have pt‘H >1-3

o When pl, <1, pt+k < l,andforallt <t <t+k, pé =1, we have pl, = m~

Now, we are ready to construct a sequence pc(7") that is feasible. We consider two different kinds of
sequence pco(T'), one in Lemma [3.3|and one in Lemma In both cases, we also show that the belief that
a player is of the L A type can be lower than § even only O(log %) rounds before the end. That is, we do not
need many rounds in order to accommodate a low initial fraction of LA types.

The first of the two lemmas requires that the effect of an action on payoffs is independent of which
action the other player chooses.

Lemma 3.3. Suppose ¢ = b—a. Then, let pc(T) = (1,-- -, 1,pg, -+, pL) be such that forall t* < t < T,
ptc — m and pg > 1 — ¢ Then, pc(T') is feasible. Moreover, for any 6 > 0, ET-0O(log }) <.

Proof. By Theorem , since ptc = for all t* < t < T, all that remains to show is that

(&
af(lfptcj'l)-b+c
ptg > 1 — %. By induction, assume 1 — 7 < ptc < 1 for t > t (where the base case ¢ = T is satisfied by

: _7 t _
assumption). For ¢ = ¢ — 1, we have p = m > a—+c 1 — 7 where the last inequality is due
to the assumption that c = b — a.

As for the convergence rate, rearranging (( . when k =1, wehaveb-pL, - thrl (b—a—c)-pl+c=c.
Therefore, pt, - pii* = =t < §. Thus, for any § > 0, we have eq_y,, byl = ET-2105,,6 < 5. O
Definition 3.2 (v*(G)). Given a game G such that a = u? (zc,2¢), b = uf (rp,xc), —¢ = u? (xc, 2p)
and 0 = u? (xp,zp). Let v*(G) be the positive root of the quadratic equation f(v) =b-v*+ (a —b+c) -
v—c=0.

Proposition 3.1. Given a game G, v*(G) > max(1 — Ly <.

a’ atc

The proof is in Appendix. When G is clear in the context, we write v* for convenience.

Lemma 3.4. Let pc(T) = (1,--- ,1,pt(;,-~ ,pL) be such that for all t* < t < T, pl, = m

and pg = 7*. Then, pc(T') is feasible. Moreover, for any 6 > 0, e, Oflog 1) <.

Proof. Note that if pg = ~*, then for all t* <t < T, pl, = +*, due to the following proof by induction. We
have f(7) = b-+%+ (a — b+ ¢) - v — ¢ = 0, which is equivalent to W = ~. Hence, given that
ptc'H = ~*, we have ptc = m = ~*. Hence, we know that pC = ~*. All that remains to show is
that pg =7">1-%. By Propostion , we have 1 — 7 <™.
As for the convergence rate, note that pC = & = ~*. Therefore, for any § > 0, we have ET log, e L =
5

O

€T—1og7* d S 5'
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3.2.3 Verifying Incentives for LA by Induction

We have discussed how to construct the sequence of cooperation probabilities in such a way as to ensure
that the selfish types do not deviate. However, we also need to ensure that the limited-altruism types do
not deviate. This is what the following lemma achieves. It states that, if the sequence is feasible (from the
perspective of getting the selfish types not to deviate) and is such that an LA type is willing to cooperate
in the last round (assuming no defections have taken place), then an LA type is willing to cooperate in all
rounds (assuming no defections have taken place).

Lemma 3.5. Ifpc(T) is feasible and pL, > thenforall1 <t < T, u;(LA, hi5) = u;i(Cooperate, LA, h ') >

u;(Defect, LA, htC )

e+c z’

Proof. We prove by induction. Suppose u; (LA, htclfl) = u;(Cooperate, LA, htclfl) > wu;(Defect, LA, ht(ifl)
fort’ > t; we will show it is also true for ¢’ = t The base case ¢ = T' is true since by the assumption in the

lemma, pg =er 2 g +c ~» which satlsﬁes . As for the ¢-th round, first note that if a player of type LA

plays Defect, his utility is
u;(Defect, LA, h5 1) = &, - ul(Defect, Cooperate) + (pk — &) - u7 (Defect, Cooperate)
+ (1 — pb) - uf (Defect, Defect) + (T' — t) - us (Defect, Defect)
= £t-z+(ptc—€t)-b
(Note that this makes use of the fact that players will always defect after a defection has taken place; we will
return to discussing whether this is indeed optimal for the players in Section )
All that remains to show is that u;(Cooperate, LA, htc_l) is always at least as large as this expression.
We do this by considering two cases.
Case (1): If p}, = 1, then we have &; = &1 and:
u;(Cooperate, LA, hl; ') = & - uF4 (Cooperate, Cooperate) + (1 — &) - uS’ (Cooperate, Cooperate) + u;( LA, h%)
> a+u;(LA, ht) > a + u;(Defect, LA, hL)
= a+€t+1 -z—i—(ptéi_l _5t+1) b—(l+€t Z+( s —Et)'b
> e z+ (1— &) - b= u;(Defect, LA, h; D)
where the last inequality is due to the fact that for all ¢/, pg > 1{ — 3 by Corollary
Case (2): prC < 1,let k > 0 be such that ka < 1land ptc = 1forallt <t <t+ k. (Such a k must
exist because pC < landt < T.) We have pC €rrk = €¢ and:
u;(Cooperate, LA, his') = ;- k - ul*(Cooperate, Cooperate) + (p — ;) - k - uf (Cooperate, Cooperate)
+pb - ui(LA, hgkil) + (1 — p%) - uf (Cooperate, Defect)
+ (1 —pk) - (T —t) - uf (Defect, Defect)
po- (k- a+u(LA S ) + (1= p6) - (=)
ph - (k- a + u;(Defect, LA, hgrk_l)) +(1—=pL) - (—c)
= p- (k- atenn 2+ 0" ) - b) + (1=p0) - ()
pe-k-ater-z+ 0o -pd* —e) b+ (1-pk) - (—c)

(AVARAYS

By Theorem 3.1} we have

! ¢ ¢ t+k _ t
= Spo-k-a+ b+ (1 - (=c) =0
PO k- b (v pc™ —pic) b+ (1=pe) - (=)
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Therefore,

u;(Cooperate, LA, W) > pb-k-a+e -2+ (ph - pi* — &) - b+ (1 —pb) - (—¢)
= (ptc-k'cw (pe - " =) b+ (1 —pp) - (—C)) + (et 2+ (e — &) - D)
= wu;(Defect, LA, hi5") O

3.2.4 Verifying other Histories

Finally, we verify that, if a deviation has taken place, players indeed wish to defect forever. Given h &
{RY, - R, by Assumption@ u(@; = S| h) =1forsome j € {1,2}. That means that a player
that did not deviate will believe (with probability 1) that the other player is of type S. Defection is clearly
a best response for this player that did not deviate, no matter which type she is of, since she believes that
she is facing utility function v with probability 1 (and that the other player will defect forever regardless).
Similarly, if the deviating player is of type .9, it is always a best response for him to keep playing Defect.
Therefore, all that remains to check is that if a player of type L A deviated, it is also a best response for that
player to keep playing Defect for the remaining of the game. This is less straightforward, because such a
player may still believe there is some probability ¢ that the other player is of type LA as well; and, in fact,
it is not unconditionally true. The next lemma precisely identifies when it is true.

Lemma 3.6. Given a feasible sequence pc(T'), the following two statements are equivalent:
e For any possible history h & {h%, - - - htc_l} in which i has deviated, u;(Defect, LA, h) > u;(Cooperate, LA, h).

e (xp,xp) forms a Nash equilibrium in ul (when it is common knowledge that both players are of

type LA) orpg < ﬁ

Proof. Given a history h in which i has deviated, let ¢ = p(f_; = LA | h). We need to make sure that

for any such ¢ the following holds (noting that the other player’s play in future rounds will be unaffected
anyway, so we can just focus on play in a single round):

e - ul4 (Defect, Defect) + (1 — ¢) - u; (Defect, Defect)
> ¢ - uF4(Cooperate, Defect) + (1 — ¢) - u (Cooperate, Defect)

That is, we need to make sure that ¢ - y + (1 — ¢) - (—¢) < 0. If (zp,zp) forms a Nash equilibrium
in w4, (i.e., y < 0), the inequality holds for any £. On the other hand, if y > 0, since e > ¢, for all
t<T,wehaveer -y+ (1 —er)-(—c) > e -y+ (1 —¢e)- (—c). Note that e7 is the belief that would
result from the LA player deviating in the round right before the last one, so this is one of the values of &
for which we need to ensure the inequality which represents that it is better to continue defecting. By the
previous inequality, this also suffices to guarantee it for other values of € (assuming y > 0). But in fact,
eT'y—l—(l—sT)-(—c)SO(:)pggﬁ. O
3.2.5 Characterization

We now have the tools to characterize the conditions under which our construction will indeed induce a PBE.
Recall that our construction focuses on establishing an equilibrium in which LA types never deviate first
and both players will defect forever after deviation (by Assumption [)); therefore, a candidate equilibrium
is described by the sequence pc(T'). Specifically, combining Theorem and Lemma we can
conclude that

Theorem 3.2. Under Assumptiond} a sequence pc(T') induces a PBE if and only if

13



Ifpl, = landptc'fl <1, thenptgl >1-3.

prt0< 1,ptc+k<1, andforallt<t'<t—|—k‘,pé:1, thenp%zm
e—(1—pd ™)

T c
Pc > etc—z"

_c
ct+y”®

(xp,zp) forms a Nash equilibrium or pg <

3.3 Desired LA Types for Prisoner’s Dilemma

Theorem allows us to assess which LA types are desired for the class of prisoner’s dilemma games.
LA, works for some values of a, b, and c in the prisoner’s dilemma, but not all, as the next example
illustrates.

Example 1. Consider the prisoner’s dilemma game in Table[2} where b = 3a + 6 and ¢ = a + 36, for small

4> 0.
Cooperate Defect
Cooperate a, a —a—30,3a+9
Defect 3a+9,—a—36 0,0
Table 2: An example of a prisoner’s dilemma where L A,y fails to induce cooperation.
For LA, by Theorem we require pg > e = Ziig. Therefore, as § — 0, we need pg — 1L

Let k > 0 be the minimum integer such that ep_, < 1. By Lemma we have pgfk = ng)'b“’
which, as 0 — 0, approaches a value no greater than a%rc which is strictly less than 1 — ¢ (because by
construction we have ¢ < b — a). By Corollary it follows that for sufficiently small J, there exists no

feasible pc(T).

In contrast, it turns out that L A, is in fact desired for all prisoner’s dilemma games. To prove this, we
combine Theorem [3.2] with the construction of feasible sequences from Lemma [3.4]

Theorem 3.3. LA,,;, is desired for prisoner’s dilemma games.

Proof. Consider pc(T) = (1,---,1,p5, -+ ,pL) in which for all t* < ¢t < T, pL, = ng).bﬂ and
pg = ~*. By Theoremand Lemma all that remains to show is that (1) pg > € —and )y <0

+c—z
or pg < ﬁ (2) follows from the fact that for LA i, we have e = aand y = z = —c¢ < 0. As for (1),
using Propositionand (again) the fact that 2 = —c¢, we have . o— = 5. < - <" = pg. O

4 Independent-Effect Games

We now consider another class of games that is incomparable to the class of prisoner’s dilemma games,
namely the class of independent-effect games. The idea here is that the effect of one player’s actions on the
utilities of all players is independent of what any other player plays.

Definition 4.1 (Independent-Effect Games). A symmetric two-player game G is an independent-effect game
if there exist functions g,h : X — R such that u? (z;,x_;) = g(x;) + h(z_;).

14



In such a game, a player’s utility is the sum of the utility generated by his own action and the utility
generated by his opponent’s action. This immediately implies that there exists a dominant strategy for each
player zp = max, g(z) (when the game is played only once).

The example prisoner’s dilemma game in the introduction is an independent-effect game (but not all
prisoner’s dilemma games are). The tragedy of the commons Hardin|(2009) models a shared-resource system
where, if each player plays solely according to his own self-interest, the result is contrary to the common
good of all users, because they overuse the resource with respect to the socially optimal use of it. One
possible formulation of the utility function in the tragedy of the commons is u;(x;, ;) = U(x;)—(zi+z_;)
where x; is the quantity of resource that player ¢ uses. In this game, the dominant strategy for each player
is zp = argmax, U(z) — x. However, if they were to play cooperatively to maximize social welfare, they
would play a strategy in arg max, U(z) — 2x.

In general independent-effect games, the cooperative strategy that maximizes social welfare is z¢ €
argmax, g(x) + h(x). Since xp is dominant, the optimal action to deviate to for a player of type S is
always xp, no matter what the current belief isﬂ Therefore, from the perspective of the selfish player, the
only actions in the game that are relevant are {x¢, xp }, resulting in a prisoner’s dilemma game. Thus, The-
oremholds in independent-effect games if we let a = u? (z¢, 2¢), b = uf (xp, 2¢), —¢ = u? (zc, Tp)
and assume without loss of generality that uf (rp,xp) = 0. We next show that the LA types have no
incentive to deviate from cooperation—i.e., they are best off playing x¢ as long as the other player has done
SO.

Consider 0 < &’ < &” < 1, where ¢’ represents the belief that the LA player has that the other player is
also an LA type (and will therefore cooperate), and e” — ¢’ is the belief that the L A player has that the other
player is an S type but will nevertheless cooperate in this round—so that £ is the total probability that the
other player will cooperate in this round. Then, let

(") € argmaxe’ - ulA(r, x0) + (¢ — Y (x,w0) + (1~ ")uf (2, )

That is, 4 (&', €”) is an action that maximizes an LA type’s one-round utility.
In the last round, a player of type S will definitely play . As for a player of type LA, we require he
weakly prefers to play xz¢. More precisely

pé - uf (o, xe) + (1 = p)uf (zo, 2p)
= pg ' uiLA(xLA(pgvpg)7 :BC) + (1 - pg)”f@“‘(l%a]%% :L'D) (3)

Lemma 4.1. If pc(T) is feasible and p}, satisfies , then forall 1 <t < T and v’ # wc, ui(LA, hi5 ') =
ui(zwe, LA G ) > ui(a/, LA, hi; ™).

The proof is in Appendix. In independent-effect games, we have ¢ = b — a and by Lemma we
can generate a feasible sequence pc(T') satisfying the requirement that pg > 1— 3. By Lemma ,
given a feasible pc(T"), LA types are willing to play z¢ as long as the other player has not deviated if p,
satisfies (3). We also have that, if (z¢, z¢) forms a strict Nash equilibrium of «*4 (i.e., in the case where
it is common knowledge that both players have type L A), and moreover the game is finite, then there exists
a sufficiently large pg < 1 such that H is satisfied. Moreover, by Lemma if (xp,xp) forms a Nash
equilibrium of w4, then both players will have incentive to keep playing 2 p once any player has deviated.
Combining these observations, we obtain:

Theorem 4.1. An LA type is desired for finite independent-effect games if we have that (xc,xc) and
(xp,xp) form Nash equilibria of u™* (and the former is a strict equilibrium).

'In repeated games, this is assuming that deviation results in the same subsequent play, no matter what a player deviated to.
This will indeed be the case in our setup due to Assumptionﬁ-} which we will still maintain here.
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We identify two universal LA types that are desired for independent-effect games. The first one is
L Apin- Since (x¢, x¢) uniquely maximizes the social welfare, we have

Va; # 10,2 - min(uf(:}:i, xc),ui(:ri, zc)) < uf(wi,xc) + ui(wz, xo) < 2- uf(:pc,mc)

Moreover, since xp is a dominant strategy, we have
. : S S ) S, S
Vr; # xp, min(uy (z;,xp),u”;(x, zp)) < u(x,zp) <wul(xp,zp)

Therefore, for L Ay, strategy profile (z¢, z¢) and (zp, zp) form Nash equilibria of ul4, and the former
is strict.

The second type that we identify is LAayg positive- L Aavg, positive 15 a type that cares about the average of
two players’ utilities, but only if his own utility is larger than 0: faye, positive (a,b) = aforalla < 0,b € Rand
fave, positive (@, b)) = (a+b)/2 forall a > 0,b € R. Similar to L Ap;y, it can be verified that for LA, positives

strategy profile (x¢, z¢) and (xp, xp) form Nash equilibria in 24,

Corollary 4.1. LA,,;, and LAgyg, positive are desired for finite independent-effect games.

5 General Games

We now proceed to general symmetric two-player games (that still satisfy the assumptions from Section[2.5]
i.e., the game has a dominant strategy which produces utility 0 when both players use it, and a unique
social-welfare maximizing outcome where both players play the same). Unfortunately, with the restriction
to universal L A types—i.e., LA types that only consider the payoffs to both players to determine the utility—
we run into an impossibility.

Theorem 5.1. Under Assumption|d} no universal LA type is desired.

Proof. Consider the modified prisoner’s dilemma game in Table[3] with sufficiently small § > 0.

C M D
C a, a a—0d/m,a—346/m —c, b
M| a—4d/m,a—0d/m —00,—00 —c+0,—c+ 0
D b, —c —c+6,—c+0 0,0

Table 3: An example of a game where any universal L A type fails to induce cooperation.

Assume there exists a desired LA,. By Assumption and we can assume qu¢(v, v) = a - v for all
v > 0, for some a > 1. In the last round, in order to ensure a player of type LAy plays C rather than M,

weneed ey - u, ¢ (C,C) + (1 —er) - ud (C, D) > ep - ur (M, C) + (1 — er) - uS(M, D) That is

g m
T > =
1—6T (0%

er-a-a+(l—er) - (—¢) >er-a-(a—d/m)+(1—er) - (—c+9) &

As m — oo, we have pg = er — 1. Consider the case when ¢ < b — a. Let k£ > 0 be the minimum integer

such that ep_; < 1. By Lemma , we have pg_k = m which, as § — 0, approaches a value
C

no greater than a%rc, which is strictly less than 1 — 7 by the fact that ¢ < b — a. By Corollary it follows

O

that for sufficiently small 4, there exists no feasible pco (7).
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Is there a way around this negative result? In the proof of Theorem we create a game (Table [3)
such that for any universal LA type, to incentivize that type to play x¢c = C'in the last round, e must be
arbitrarily close to 1. To circumvent this problem, we consider a slight expansion of the set of universal L A
types: we allow the function fy4 to also take as input whether both players play the same action. Call such
types universal™. As it turns out, there is in fact a universal™ type that is desired for finite general games.
The intuition is that we can design such a type in a way that we do not get e — 1 when m — oo.

Definition 5.1 (Universal™ LA type). For z1,22 € X, let eq(z1,22) = 1 if 11 = 19 and eq(x1,x2) = 0
otherwise. An LA type LAy is universal™ if there exists a function fy such that for every possible uf and
u3, and all 1, x5 € X, ulA (21, 22) = fo(u? (z1,29),u” (21, 22), eq(x1, 2)).

We need to slightly update Assumptions and [3| because these refer to a function f, with two
arguments, whereas now we have one with three arguments. We require Assumptions|1|and [2| hold for any
fixed value of the third argument, and Assumption [3|to hold when the third argument takes value 1.

For the selfish type, the situation is similar as in the case of independent-effect games: only z¢ and
xp are relevant to the selfish type. Thus, Theorem holds in general games if we let a = uZS (xc,zo),
b=uf(zp,zc), —c = u? (zc, 2p) and assume without loss of generality that vy (zp, xp) = 0.

The analysis for the L A type, however, needs to be generalized. In the last round of the game, we require
LA types to play z¢, so we need:

va' # e, pt - uit(ee, we) + (L —pb) - (we,2p) = pt - uf (@ xc) + (1= pb) - ui (@' ap) @)

Recall that by Lemma if ep = ~*, where v* is the positive root of the quadratic equation f(v) =
b-v2+ (a—b+c)-v—c =0, then we can construct a feasible sequence pc(T) = (1,-- -, 1,ptg, e ,pg)
with pt(; = ~* forall t* < ¢ < T. The lemma below establishes that with such a sequence pc(T'), LA types
are best off playing z¢ as long as nobody has deviated, if pg = ~* satisfies @) and cooperation is a strict
equilibrium when it is common knowledge that both agents are of the LA type.

Lemma 5.1. If pc(T) = (1,--- 71,ptcf’ ... 71%) with p’é = ~* forall t* <t < T, v* satisfies and
(xc,xc) forms a strict Nash equilibrium of w4, then for all 1 < t < T and 2’ # x¢, ui(LA, hal) -
wi(ze, LA, W) > w2, LA, B,

The proof is in Appendix. By Lemma if (xp,zp) forms a Nash equilibrium, it is a best response
for both players to keep playing xp once any player has deviated. This allows us to conclude:

Theorem 5.2. An LA type is desired for finite general games if we have that v*(G) satisfies (4)) and both
(xc,zc) and (xp, xp) form Nash equilibria in u™* (and the former is a strict equilibrium).

We identify three universalt LA types that are desired: L Acoordinate> L Amin.coordinate, and L Agvg positive,coordinate-
L Acoordinate 1S @ type that only cares about whether two players play the same: feoordinate (v, v, 1) = v for
all v € R and feoordinate (v, w,0) = 0 for all v,w € R. LApincoordinate 1S @ type that is exactly like LAy
if players do not play the same (fmin.coordinate (v, w,0) = min(v,w)) but otherwise gets double the utility
(f; min,coordinate(va v, 1) = 2v). Similarly, LAavg, positive, coordinate is a type that is exactly like LAavg, positive if
players do not play the same, but otherwise gets double the utility.

For L Acoordinates bOth (¢, z¢) and (xp, zp) form Nash equilibria (where the former is strict) in u
since for all ' # z¢, uFA(2',20) = 0 < ul4(vc,2c) and for all ' # zp, uFA(z',zp) = 0 =
uFA(zp,xp). To satisfy , we need pl - a+ (1 —pL) - (—c) > pL -0+ (1 — pL) - 0, which is equivalent
to, pg > a%rc In fact, by Proposition , we have pg =~*> Q%LC

For L Amin coordinates it can be verified that (xp,zp) forms a Nash equilibrium in ul4. To ensure that
v* = pk satisfies , note that p, - uF(zc, xc) + (1 — pL) - v (vc,2p) = pL - 2a + (1 — pL) - (—¢).

LA
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Moreover, for all a:; # x ¢, since (x¢, ) maximizes social welfare, we have

. 1
ufA (@), wo) = min(uf (2, 20), v, (¢}, 20)) < 3 (uf (), z0) + u® (2}, 20)) < uf (e, 20)
Henceforth,
ma pf w4 @ we) + (1= p8) - uf(@wp) <pl-at (1-pE)-uf(ep,zp) <pl-a
C

Therefore, we only need pg 2a+ (1 —pg) (=) > pg - a, which is equivalent to, pg =~*> a%rc Again,
by Proposition we have pig = v* > . The case of LAquyg positive,coordinate 1S entirely similar to that of

Anmin.coordinate- We conclude:

a-+c

Corollary 5.1. LAcoordinate, LAmin,coordinate» and LAavg, positive, coordinate are deSiredfor general games.

6 Discussion

We have shown that under certain conditions, LA types such as L A, that care directly about the other
player’s payoff, if that player is also an LA type, can be very successful in establishing cooperation in
finitely repeated games. We have provided characterizations of the L A types that can achieve this in various
classes of games. We believe that this provides useful guidance for the design of agents that are to be
introduced into a population in small numbers, for the purpose of establishing an equilibrium where all
players almost always cooperate. Unfortunately, we have also shown that in sufficiently general games,
such types do not suffice, although allowing them to care about whether both players play the same action
circumvents this problem.

All of our results aim to establish that there exists a desirable equilibrium, but the bad equilibrium,
in which both players play the dominant strategy xp in every round, still exists in each case. This is a
concern if we are not confident that we can establish the desirable equilibrium. [Kreps et al.| (1982) and
Maskin and Fudenberg (1986) demonstrate that by introducing a small fraction of “behavioral” types, the
bad equilibrium can be eliminated. It would be valuable to investigate whether we can eliminate the bad
equilibrium even with a small fraction of “strategic” types.

More broadly, we may ask whether we can obtain similar results in other classes of games. Stochastic
games with a finite number of rounds would constitute a natural next step. We may also ask whether we can
somehow unify these insights with results in the routing games literature that sound similar at a high level
(though they appear technically quite different). In the limit, we would like to obtain very general insights
about how to design agent preferences. Can we do so in a way that even when they are introduced into
complex, messy, ambiguous environments, they will establish a more desirable equilibrium? This seems to
us a compelling challenge problem for those interested in the design of beneficial game-theoretic Al, and it
may yet provide some insights about human societies as well.
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Appendix

A Omitted Proofs

A.1 Proof of Proposition 3.1]

Proof. Note that f(-) is a quadratic function with a positive quadratic coefficient and we have f(0) = —c <
0 and f(~*) = 0. Therefore, for 0 < v < 1, v < 4* if and only if f(v) < 0. By calculation, we have

a b—a. o b—a ac
f(l—g)—b‘( ; ) —(a—b+c)- T C= T 0
and )
c be be c
— — —c= . -1 <
f(a—i-c) (a+c)2+(a b+c)a+c ‘T ate (a—i-c )=0

A.2  Proof of Lemma[4.1]
Proof. We prove this by induction. Suppose

wi(LA G Y) = ui(we, LA Y) > max uy(2/, LAY

zrc

for t > t. The base case is true since p:g satisfies . As for the t-th round, first note that if a player of type
LA plays 2’ # x¢, his utility is
wila', LA hG) = e ufA (2 o) + (06 — &) - uf (2, zc)
(1 —pe) - ui (@, xp) + (T = 1) - uf (zp,xp)
)+ (e — &) i (@' x0) + (1= p) - i («/2p)
)+

= &t ( xrc U
(1—e&)-g(z') + (0o — 1) - M(ze) + (1 — pg) - h(zp)

= & - (m To

The last equality is because the game is an independent-effect game. In such a game, we have u; S(zp,zp) =
9(wp) + h(zp) = 0, a = u(zc.2c) = g(zc) + h(zc) and b = u(zp,w0) = glap) + ( c) =
h(zc) — h(zp). By Corollary [3.2] we have that for all ¢,

9(xp) —g(zc) _ g(zp) —g(zo)

= Dpo 2 9(zp) + h(zc) - h(zc) — h(zp)

For the remainder of the proof, we consider two cases.

QH-
Y
—_
|

b
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Case (1): prtc =1, then we have ¢; = €441 and
u’i(ajCa LA) hgl) Et -
a-+ Ui(LA, htc)

a-+ ui(xLA(€t+1apg_l) LAv

LA(

AV AV AVARN V]

i@ e p0), 2

S( LA(gt’p

ul
8t7pC’)

LA(
U;S'( LA(gt’p

LA(

a—+e&41-Uu
+(L—pdh)-
a—+é&g- LA
+(1-

= a+e- £6,P0)
+(ptc“—et>-h(xo>+(1

o TR —

v

x

t—|-1
DPc

LA

o TR —

x

Therefore, we have

ICuxC)+(1_5t) :

u (zc, zc) + ui (LA, hiy)

he)

a + ui(z" (er, p4), LA, ht)

o)+ (e —ei) - ud (@ e ph), 2c)
¢)sTD)
o)+t -

c),*p)

er) - uf (254 ey, pl), x00)

zo) + (1 —&t) - 9(37LA(5taptc))

) - h(zp)

ui(:l:Ca LAa hgl) - ui(:E/v LAa hz;l) > ui($C, LA? htil) - ul( LA(EtaptC’)7 LAa hlgl)

> a+ h(zp) — h(zc) + P! - (h(zc) — h(zp))
> a+ h(zp) — h(zc) + g(zp) — g(xc)
=0

Case (2): If p., < 1, let k be such that ka < 1and pg = 1forallt <t < t+ k. Similarly to the

above, we have

ui(zo, LA, htc_l) = ¢g-k- uiLA(xc,xc) + (ph — &) -
+(1=pg) - (u
pe -
pe -
pe -
pC

+ 6 (1= p*) - ud (™
pekoa+e -

+pe - (1—
LA(gE
K3

(VAR AVARN AVARRLY,

k-a+pg- ek uj

LA(

t-Hc) S

A
Pc Uy L(

(z
= &t U

+p6 - (1=p™) - (

u? (z

To obtain the inequalities above, we make use of the definition of 224

¢+ &

t
= ‘k-a+
bc = ka—( Pc (

t—‘rk) b+C

LA(

Moreover, by u; (zp,xp) > uf (x4(er, pL), 2p) and

21

P(wo,xp) + (T 1) - u
(k- a+ui(LARGT1) + (1 —pp) - (-
(- 0+ (e e pE), LA REF) + (1 - pb) - (-
(k- a+ wi(x"(er, ply), LA, hthrk_l))
P @ e p6) wo) + 6 - 0T = e) - wf (@
€t,pc)

(Eupc)vxC
€taptc)

(Et’ptc)a zo) + (pe - P
A(er,pe)s

k-uf (zo,20) + p - ud( LA, G

P (xp, D))

¢) +uf(zp,zp))

¢) + uf (zp,zp))

¢) +uf (zp,zp))
LA(

+(1—pp) - ((—

p)+ (1 =pe) - ((—c) + S(xp,mp))
)+ (e - P —er) - ul (@ (e ) o)
p)+ (1 =pg) - ((—¢) + uf (xp, D))
— &) US( LA(Q,Z?(J) c)

) +uf (wp, ) + (1 — pl) -

t+k
u; (zp, D)
and Theorem

t+k

pepe "t = pe) b+ (1=pp) - (—¢) =0

the fact that we have an independent-effect game,

Et, ptC’)7

zc)



we have

wi(zo, LA G ") > e - uf (@™ (er, p6), m0) + (06 - p* — &) - ud ("4 (er, pE), o)
+06 - (1= pg ") - (W (2" er, pl), 2p) + uf (2p, 20))
+ (1= pg) - ) (2" (e1, pE), 7D)
uf A (@™ e po), wo) + (1 — &) - g™ (er, pE))
+ (pe — &) - h(zo) + (1 = pe) - h(zp)
= ui(a:LA(et,ptc),LA, hgl)

:Et

Therefore, we have

ui(ve, LA RSY) — wi(2!, LA, W) > wi(wo, LA REY) — wi(o5 (a4, pl), LA, R > 0

A.3  Proof of Lemma
Proof. We prove this by induction. Suppose

ui(LA,hé_l) :ui(mc,LA,ht Y > max u;(2, LA, hY 5N

Ao
for ¢ > t. The base case is true since pg = " satisfies . As for the ¢-th round, first note that if a player
of type LA plays x’ # x¢, his utility is
ui(z', LAWY = & uFA (2 xo) + (D — &) - ud (@), zc)
+ (1 —ph)-uf (@, xp) + (T —t) - ui (zp,zp)

= et uf (2’ z0) + (06 — &) - ui (' z0) + (1= po) - 0 (2, 2p)

Case (1): If pl, = pli* =%,
ui(ve, LA, RSY) = e - ubao, v0) + (0 — &) -uf (we, 2c) + pl - wi(LA, hE)

+ (1 =) - (uf (zc,2p) + (T = 1) -

ui (xp,xp))
po - (a+ui(LA,hg)) + (1 = pg) - (—c)

>

> p - (a+ (@™ (e pd ), LA b)) + (1= ) - (—0)

> p - (a+ui(@ (ee, ), LA b)) + (1 =) - ()

> pl-a+ e - uf (@ e, pl), o) + 0k - ! = een) - uf (2 e 0l we)

+pp - (1= t“) ui (@ (ee, p), 2p) + (1= p) - (=€)

= Pc a-+eg- U ( LA(%I?C) )+(pc pgl £t) 'U%g(fULA@t,pto)axc)
+pb - (1= pFt) - uf (25 ey, ply), 2p) + (1= pl) - (—c)
= &t Uz‘LA( LA(%pc) rc) + (pc ptcH £t) Uf( LA(&,pc) c)

+ e (L=pg ) - (uf (@ e ) wp) + uf (2D, 20))

To obtain the inequalities above, we make use of the definition of 4 and Theorem

! ¢ ¢ t+k _ t
= Spo-k-a+ b+ (1 - (=c) =0
PO k- b (v pc™ —pic) b+ (1=pe) - (=)
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Therefore,

wi(ze, LA hG ) —wia!, LA, b )

> ui($C,LA he ) — ui(zt (e, pl), LA, he )

> gl (1= ) - (W (e, ) — 0 (54 (60, ), 20)) — (1= 20t + pls - pEFY) - u§ (254 e1, ), )
> - (1 — 7w (@ (er, 0), D)

>0

Case (2): If pl, = Land pif* = 1.

wi(we, LA he ") = e - uf A (we, x0) + (1 — &) - uf (we, 20) + ui( LA, hy)

> a+ui(LA, he)
> a+ e uf M@ e, 0 mo) + (1= erg) - uf (28 (e, 0, 20)
> a+eruf (@ e, pl) wo) + (1= &) - uf (@ (21, 06), )

Therefore,
u’i(xCa LA’ hgl) — U (l‘l, LA? hlgl) > ui(‘rCa LAa hgl) - ui(‘TLA(gtvptC)? LAa hgl)
>a>0

Case (3): If p, = 1 and pthl = ~*, notice that we have ¢; = (v*)7~*. Moreover, since (z¢, x¢) forms
a Nash equilibrium in u/4, we have u*4(2', z¢) < uF4(zc, x¢) for all ' # zc.

ui(z/,LAKSY) = ¢ - LA(:L‘ xo)+(1—et) u? (@', zc)
= ()" uf A @ o) + (1= ()T w2 @)
(V) uf A (o, wo) + (1= (7)) - wf (wp, 70)
= ()T ub e, ze) + (1= (7)) b

IN

Moreover, we have

ui(ve, LA RSY) = e - ub Moo, me) + (1 — &) - uf (vo, w0) + ui(LA, b))
= ()" @ we) + (1= (V) - at+ wi(LA, )

Note that for all ¢’ > ¢, we have p‘é = v*. We use induction we show that

) T—t ‘ 1— (,y*)T—t/-i-l
wi(LARE) > Y () - (v - a+ (1= 7")(—¢) = B p— (v a4+ (1=9")(=0)
=0

for all #' > t. The base case t' = T is true since e = v* and we have
wi(LA G =7 - ufMae,z0) + (1= 7%) - ui (we,ap) 24" -a+ (1= 7")(=¢)
Assume it is true for ¢’ = ¢”, then for ¢’ = " — 1, we have
u; (LA, htcl,_l) = ey -uFMNao,x0)+ (V —ep) - ud (o, z0) + (1 — 4" -ud (xo, xp) + 7" - ui(LA, h’é)
> at (L=7")(=¢) +77 - ui( LA, h:)

Tt

> () (et (=9 (=¢)
1=0
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Therefore, we have

wi(ze, LA G > (V)"0 ufA (o, z0) + (1= (v)Y) - a + wi(LA, he)
1— (,y*)T—t
1—~*

AV

() uf A @, we) + (1= (7)) a+ (7" ra+ (1 =97)(=0))

Recall that b? - (v*)2 + (a —b+c) -v* — ¢ = 0. Henceforth, we have v*-a+ (1 —~*)-(—c) = b-y*- (1 —~%).
Therefore,

3 T B 1— *\T'—t
wleo, LAKGY) 2 (01 ubac,ne) + (1 - ()T 0 0L (-0
LA T ()"
= ()" b ae) + (0= (07 ad S by (=)
= ()" uf Ao, me) + (1= (7)) - (a+ b9
> () uf Az, we) + (L= ()T b
> max u;(2’, LA, htc_l)
r'#xo
The last but one inequality is by the fact that v* > 1 — 7 according to Proposition O
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