
The Arc-Transversal Median Algorithm: an Approach to Increasing Ultrasonic

Sensor Accuracy

Keiji Nagatani

Mechanical Engineering

Howie Choset

Mechanical Engineering

Nicole Lazar

Statistics and CALD

Carnegie Mellon University

Abstract

This paper describes a new method for determining
range information about a robot's surroundings using
low resolution ultrasonic sensors. These sensors emit

ultra-sound which bounces o� of nearby objects and re-
turns to the sensor. The time-of-ight for the sound

to return to the sensor is the distance between the sen-
sor and the object. A sonar arc represents the possi-

ble locations of the object. We model these locations
with a simple uniform probability distribution on the
sonar arc. We then introduce a new method to fuse

sonar data to determine the actual obstacle location.
This new method is termed the Arc-Transversal Median

method because the robot determines the location of an
object by intersecting one arc with other arcs whose
angle-of-intersection exceeds a threshold and then tak-

ing the median of the intersection. The median is a ro-
bust estimator that is insensitive to noise because a few

stray readings will not a�ect the median. We show via
some simple geometric relationships, that this method

can improve the accuracy of the sonar sensor by a spec-
i�ed amount, when certain assumptions were in place.
Finally, experimental results on a real mobile robot ver-

ify this approach.

1 Introduction

Our task is exploration of an unknown environment

using a robot equipped with ultrasonic sensors. In our
work, the robot enters an unknown environment and,

relying solely on sensor information, it builds up a map
of that environment which can be used for future ex-
cursions. We use a standard mobile robot with sixteen

sonar sensors. In the course of implementing our map-
ping method, we noticed that the low azimuth resolution

of sonar sensors causes problems, especially at narrow
openings. E�ectively, the wide beam patterns and low

resolution information create the illusion that narrow
passageways do not exist.

Using a better sensor would automatically solve this

problem. One such sensor is a laser range system which
provides high resolution information, both in distance

and in azimuth. Laser range systems providing full 360o

coverage are quite costly, sometimes more than the mo-

bile base itself. Moreover, the laser sensor modality does

Fig. 1. Beam pattern for the Polaroid transducer installed on

many mobile robots.

not work in all environments, such as those with glass
obstacles.

In this work, we increase the e�ective resolution of
the sonar sensors by appropriately moving the robot

and fusing previous sonar data over time. The under-
lying math of this procedure speci�es the improvement
in resolution. First, we consider a naive sensor model

and show why it does not work. Next, starting with
the naive model, we introduce our procedure, termed

the Arc Transversal Median (ATM) method. We then
give some experimental results demonstrating the util-

ity of the ATM method, including an example of a robot
exploring an unknown environment.

2 Prior Work

Mobile robots use sonar sensors to navigate and ex-

plore in their environments. Conventional sonar sensors
measure distance using time of ight. Under nominal

conditions, the speed of sound in air is constant, so the
time sound requires to leave and return to the trans-
ducer is proportional to the distance to the object. In

actuality, it is proportion to the distance to the point of
reection on the object [3]. This object, however, can

be located anywhere along the perimeter of the sonar
sensor's beam pattern (Figure 1). Therefore, the dis-

tance information that sonars provide is fairly accurate
in depth, but not in azimuth. Nominally, prior work has
considered three methods to process sonar data: storing

echos in certainty grids, tracking sonar arcs, and pro-
cessing the entire echo signal. See [6] for an excellent

overview of sonar sensor use.
Alberto Elfes is among the early researchers to use

the occupancy grid method in [4]. An occupancy grid



Obstacle

Beam Pattern

Sensor Measurement Axis

d

Point
Sensor

Robot

Fig. 2. Simpli�ed Distance Measurement Sensor Model

is a planar discrete representation of the robot's envi-
ronment where the value of the cell or pixel represents
its occupancy status along with a certainty value: 0,

unknown; [�1; 0), empty; and occupied, (0; 1].
Elfes assumes a sonar sensor model reecting the

probability that all points in the range of the sensor
are occupied by an object. The model is essentially a

planar cone with an arc-base, as opposed to a straight
line segment. The height of the cone is the distance at
which the sonar sensor detects an obstacle.

This model essentially places a Gaussian distribution
centered at the arc's midpoint reecting the likelihood

that an obstacle is located along the arc. The Gaussian
assigns a higher likelihood that the object is located in
the center of the arc. Since the likelihood of an obstacle

being located in the interior of the arc is quite low, the
model assigns a �1 for almost all points in the interior.

Points on the \edge" of the cone, between the interior
and arc, are assigned intermediate values.

Finally, this model is then discretized into cells, also,
to match the grid representation of the world. Initially,
all cells in the world map have a zero value, correspond-

ing to unknown. As the robot acquires new sensor data,
the cells of the world map are updated using Bayes Rule.

Other work such as [9] use a similar grid-based and up-
dating approach, but instead using a uniform distribu-
tion along the arc, as opposed to a Gaussian.

Leonard stepped away from the conventional pixel
based approach by identifying corners and edges in a

polygonal environment using ultrasonic sensors with the
range of constant depth method (RCD) [7]. Essentially,

RCD assumes the point of reection is the center of
the beam pattern (See Fig. 2). The RCD assumption
is reasonable in [7] because it uses transducers whose

associated beam patterns have a main lobe of 1:65o.
The RCD approach fuses several sonar readings as

the robot moves through its environment. As the robot
moves through space, these center points are tracked.

If they continuously move in a straight line, the RCD

hypothesizes that the robot is tracking a wall. If the
center points remain relatively �xed as the robot moves,
then the RCD hypothesizes that the robot is tracking a

corner. Upon �rst inspection, the ATM approach seems
similar to RCD, but in actuality, they can compliment

each other quite well.
Professor Kuc, on the other hand, developed a

biomimetic sonar system that relies on the quality of

echo signal, in addition to the time-of-ight [5]. His work
processes the echo signal to perform object recognition.

Initially, three sonar sensors are used: a center one to
transmit a signal and two later (left and right) ones to

receive the signal. Based on the time-of-ight of the re-
turn echos, the lateral sensors rotate inward toward an
obstacle so that the echo reecting from the object is

normal to the lateral sensors. This e�ective focuses the
lateral sensors on the object. Once focussed, this system

processes the signal and then discretized the result into
16-tuple vector. This vector represents the geometry of
the object and thus can identify it. Professor Kuc's re-

sults were successful at distinguishing among machine
washers, ball bearings, O-rings, and paper clips. This

work does not address the issue of mapping, but the au-
thors feel his work can augment localization work cur-

rently underway [8].

3 Sensor Model

Many mobile robots have sonar sensors that are

rigidly attached to their perimeter, pointing radially
outward from the robot. Sound is emitted from the

sonar sensors, bounces o� an obstacle, and returns to
the robot. The time of ight is proportional to the dis-
tance between the object and the sensor. This object,

nominally , can be located anywhere along the sensor
arc. The size of this arc varies with di�erent sonar sen-

sors, but is 22:5o for the Polaroid ultrasonic sensor that
is found on most robots.

3.1 Centerline Model Breakdown

Initially, we used the centerline model which produces
a reasonable estimation for the actual location of objects
if the arc of the cone is small, as was the case in [7].

Likewise, the centerline model also produces a reason-
able estimation for the actual location of objects that

are close to the sonar sensor.
Using the standard Polaroid transducer, the center-

line model breaks down quickly in approximating the
location of obstacles far from the robot. In Figure 3,
the robot passes by an opening which is wider than the

diameter of the robot. In other words, the robot can
pass through this opening. The sonar cone from the

downward pointing sensor is drawn at the two robot lo-
cations, each depicted by a circle. The solid dot in the

center of the arc represents the robot's perception of



Center of cone
Fig. 3. Center of cone model makes the passageway seem narrower

Robot’s perception of

passageway width
Fig. 4. Center of cone makes the passageway seem narrower.

where obstacles are located. Based on this perception,

the robot believes the passageway is too narrow for it
to pass through (Figure 4).

Note that, using the same reasoning as above, simply
rotating the robot by half a sonar cone width and in-

terleaving the additional center-cone measurements will
not double the resolution of the sonar sensors and will
also give a similar false impression that corridors are

more narrow than they are in actuality. See Figure 5.
If the sonar cones had also halved in width, then the

rotate-in-place method would have worked, in theory.
A common method for detecting walls is to �t a line

through cones of constant depth. This method also does

not work in the presence of narrow openings using wide
angled sonar detectors. See Figure 6.

Figure 7 contains an environment with a narrow
opening, similar to the examples above. In this experi-

ment, the Nomad 200 Mobile Robot used the naive cen-
terline model to sample the location of objects. The dots
represent the centers of the sonar arcs. This method

gives the robot a false impression of the world because
the robot perceives there not to be an opening.

Others have studied the problem of negotiating nar-
row door-ways, but Schultz �rst pointed out this prob-

lem to the authors [11], [10]. Also, the architecture pre-

Robot’s perception of

passageway width

Fig. 5. Center of cone makes the passageway seem narrower

Center of cone
Fig. 6. Passing a line through the centers of the cones gives the

robot the impression there is one wall.

sented in [1] handles a robot negotiating through a nar-
row doorway.

3.2 Uniform Distribution Model

Simply assuming that the echo comes from one �xed
location on a sonar arc is not su�cient. Instead, the
entire arc must be considered. There has been consider-

able success in using a Gaussian distribution to model
the location of an object along a sonar arc; the center of

the distribution is taken to be the centerline of the arc
[4].

According to the documentation [3] of the widely-

used Polaroid ultrasonic sensors, there should be a uni-
form probability that an echo, and hence the reection

point of an object, will be anywhere along the arc of the
sonar cone. This is model we use in the ATM approach

and we have experimentally veri�ed this beam pattern.
Other researchers such as [9] also use a uniform distribu-
tion model as well. Certainly, this means that we cannot

assume that the object lies along the centerline, unless
the sensor reading is quite small. We have to consider

the arcs themselves. We assume that each sonar arc cor-
responds to only one point of reection, and hence one

obstacle.



Fig. 7. Centerlinemethod was used. The points correspond to the

center of arcs from real sonar data and the light grey obstacles

were drawn for the sake of display. The actual obstacles were

walls in the lab.

Cone intersection
Fig. 8. Intersection of cones implies that there is an object in the

middle of the opening.

4 Arc Transversal Median Method

Using the uniform distribution model from the pre-

vious section, we explain one more naive method to in-
fer obstacle location, and build up our approach from

there. Once we explain our procedure, we will demon-
strate some experimental results, and then in the fol-
lowing section explicitly derive the ATM method itself.

4.1 Arc Intersections

Initially, we considered arc intersections of two arcs,

labeled arc1 and arc2. The point of reection can lie
anywhere on arc1; likewise, this point can lie anywhere

on arc2. If these two arcs intersect, then possibly the
point of reection is more likely to lie at the intersection.

However, considering single intersections gives the robot
a false impression about the locations of objects. In
Figure 8, the robot receives individual echoes from the

two lower objects. The two corresponding sonar cones
intersect in the middle of the opening, and thus using

all intersections does not work.
The ATM method considers several intersections on

an arc. If many sonar sensor arcs all intersect at one

point, the probability of there not being a point of reec-
tion from an object is low, as described in Section 5.1.
In actuality, due to sensor resolution in distance and

slight error in dead-reckoning, many arcs may not inter-
sect exactly at one point even if the source of the echo is

constant. Instead, their intersections will form a cluster
on one arc corresponding to the same point on an ob-
ject. Any element of the cluster serves as an excellent

approximation to the exact location of the object along
the arc.

4.2 Median of Intersections

As a candidate element of a cluster, we use the me-
dian of all intersections on one arc. Using the median

bypasses the need to employ an explicit clustering rou-
tine. Furthermore, the median is robust with respect to
noise; it automatically eliminates bad sonar echoes and

spurious intersections that correspond to other objects.
These would manifest themselves in our data as outlying

readings which we want to ignore.
If an arc has no intersections, however, then the robot

uses the center of the arc as the location of the echo.

When the robot has three or more intersections, the me-
dian operation can then applied. In the scenario where

there is an even number of intersection, the robot uses
the mean of the two medial values. That is, the median

of f1; 4; 6; 10g is 5.

4.3 Transversal Intersections

Finally, we do not consider all intersections, just
those that \stably" intersect. Two cones stably or

transversally intersect, if their intersection does not sig-
ni�cantly change after one of the sets is slightly per-

turbed. The two cones in the upper portion of Figure 9
transversally intersect because if one cone were slightly
perturbed, then the intersection would not signi�cantly

change. On the other hand, the two lower cones do not
transversally intersect because if one cone were slightly

perturbed, then the location of the intersection would
change. We only consider transversal intersections when

computing the median. (This is a similar criterion to
stereo vision or structure from motion.)

Since we consider the median of only the transver-

sal intersections, we termed our approach the arc-

transversal median method (ATM method). This me-

dian gives a more accurate location of the sonar echo
from the object.

4.4 Experimental Veri�cation

We now apply the ATM method to the environment

that was described in Figure 7. Recall that the cen-
terline approach e�ectively inated objects giving the

robot the false impression that there was no opening
present. First consider Figure 10 which displays all of

the sonar arcs and all their respective transversal inter-



stable intersection

unstable intersection

Fig. 9. Intersection of cones implies that there is an object in the

middle of the opening

Fig. 10. All arcs corresponding to sonar readings when the robot

drives down the corridor passing by the opening. The arcs

correspond to real sonar sensor data and the light grey obsta-

cles were drawn for the sake of display. The actual obstacles

were walls in the lab.

sections denoted by dots. For this experiment, we used

intersections whose tangents are thirty-degrees or more.
The choice of thirty-degrees is derived in Section 5.2.

The dots in Figure 11 represent the medians of each
arc's intersection points. These points represent a more
accurate view of the environment, most notably at the

entrance way, which was not apparent in Figure 7.

5 Derivation of the ATM

Why does this method work so well? We �rst give
a probabilistic argument based on the properties of the

uniform distribution, to con�rm our intuitive sense that
areas of many intersections should correspond to loca-

tions of objects. The choice of thirty degrees for the
transversal angle is then derived mathematically.

5.1 Probabilistic Reasoning: The Role of the

Uniform Distribution

Given a uniform distribution on an interval of length

�, the probability of a point landing at random within a
subinterval (d; d+�) of length � is �

�
. Clearly �

�
< 1.

This probability only depends on the length of the subin-

Fig. 11. Median method was used. Gray area denotes the loca-

tion of objects and the plus marks represent the medians of

transversal intersections.

terval, not its location. If we now consider the probabil-
ity of n points falling into this same small interval, when

no object is present, this probability can be written as

�n

i=1P (Xi 2 (d; d+�)) = �n

i=1

�

�
(1)

which is equal to �
�

n

. As n increases (or � decreases),
this probability approaches zero. In other words, as

more readings fall into the same small interval, the more
we believe that there is an object that is being detected

by the sonar.
In terms of statistical hypothesis testing, we have

tested the null hypothesis that there is no object present
against the alternative that there is an object. If the
probability of the event is low, i.e., there are many in-

tersections, then we reject the null hypothesis in favor
of the alternative.

5.2 Transversal Intersections: Why we used 30o

in our experiments

In this section, we discuss our choice of using thirty

degrees as the threshold for transversal intersections.
For the following calculation, we assume that each sonar

arc only measures distance to one obstacle. This as-
sumption is quite reasonable and we have not encoun-
tered a con�guration of objects in our experiments

where this assumption was not upheld.
The sonar sensors on the Nomad robot produce range

readings with a one inch resolution, and thus we use
inches, instead of centimeters. In Figure 12, a sonar

sensor detects an object d inches away from the robot.
Since we assume a uniform distribution for possible ob-
stacle locations along the arc, this object is equally

likely to lie anywhere along an arc of 22:5o degrees (i.e.,
� = 22:5o). Furthermore, our range resolution is one

inch, and thus the object can lie in a one inch band-arc
of 22:5o. The length of this arc is d �

180
22:5 inches.

Since we are only considering objects whose distance
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Fig. 12. The intersection of two cones is approximated by a

trapazoid.

is signi�cantly greater than one inch away from the

robot, the sonar band can be viewed as a 1 inch by
d

�

180
22:5 inches rectangular strip. Along these lines,

the intersection of two sonar cones can then be approx-

imated by a rhombus.
The length of the major axis of the rhombus is an

upper bound to the distance between two echoes that
lie in the intersection of the two bands. To determine

the azimuth range of object location for a particular
sensor, we project the rhombus onto the sonar cone's
arc d inches away from the sensor. The length of the

projected rhombus along the arc is 1
sin(�)

+ 1
tan(�)

.

Therefore, when considering intersections of arcs
whose angle is �, the value 1

sin(�)
+ 1

tan(�)
is the length

of an interval along the arc where an object could be
located. Note that this length does not vary with dis-

tance d. For example, if � = 30 degrees, then the sonar
cone has an accuracy of 3:73 inches in azimuth, regard-
less of obstacle distance. In other words, an object can

be located in an interval on the cone centered at the
intersection of length 3:73 inches.

At a distance d inches for a given �, the new resolution
can be computed by

d� = n

�
1

sin (�)
+

1

tan (�)

�
: (2)

For d = 100 inches, � = 22:5 degrees, and � = 30
degrees, n = 10:5. This means that at a distance of
100 inches from the robot, we have at least a 10:5-fold

improvement in resolution.
If d is small, then this range is probably longer than

the arc itself, and in such situations, we use the standard
center of the cone approach since that suitably approx-

imates the location of the object.
The above analysis implies that as d increases, the

resolution along the arc of the sonar sensor seemingly

improves. However, as d increases, the accuracy of the
sonar range does not necessarily remain �xed at �:5

inch. Since this accuracy changes over large distances,
the 1 inch accuracy in range can also become a param-

eter of the model.

5.3 Median

In actuality, we are projecting a number of trape-

zoids onto the arc under consideration. The trapezoids
project onto intervals, not point intersections. As stated
above, the maximum length of these intervals corre-

spond to the minimum resolution provided by the ATM
method. So, in essence, we have to take the median of

intervals, which is not clearly de�ned. If all intervals
were the same length, then we could easily take the me-
dian of the mid-points of all intervals to approximate

the location of the echo. However, the desired reso-
lution (i.e., the threshold for transversal intersections)

limits the variation in the size in the intervals, so tak-
ing the median of the mid-points is still a meaningful

calculation.

5.4 Discussion

Detecting Flat Walls. This method does not seg-
ment the environment into corners and walls; it sim-

ply looks for echos that comprise the boundary of the
robot's free space. However, it is worth pointing out

how well it detects points on corners and at walls. The
ATM method detects corners quite well because corners
have many opportunities to receive echos from a variety

of directions.
A specular at wall, on the other hand, can only re-

ceive an echo when the sonar beam is normal to the
wall. In such cases, the ATM method reverts back to
the centerline approach when passing along a wall. In

other words, the robot will use the center of the cone to
approximate the location of a point on the wall.

Points on non-specular walls can receive echos from
several angles, allowing for multiple transversal intersec-

tions to form as the robot drives along the wall. In a
sense, the wall comprises little bumps or corners that the
sonar sensors can detect. See Figure 13. In our experi-

ments, both inside the lab and in the halls outside of our
lab, we found the walls to be su�ciently non-specular

to allow for multiple arcs to intersect at several points
along the wall (see Figure 10).

The ATM method may give the robot the impression

that non-specular walls are closer to the robot, but only
by a small amount, on the order of the depth of the

roughness of the wall surface. Certainly, this amount
is less than one inch, the depth resolution of the sonar

sensors used in our experiments.
Limitations on accuracy improvement. Accord-

ing to Equation 2, if we increase �, then the ATM

method provides higher resolution information. Practi-
cally, there is a limit on �. We cannot simply increase �

to achieve any desired resolution since a higher � thresh-
old would result in too few intersections. With a smaller

number of intersections, we have less information avail-
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Fig. 15. Incrementally constructing the GVG using the ATM

approach.

here, represent the medians of the transversal intersec-
tions of all of the arcs, and thus the robot's understand-

ing of the obstacle locations. The robot was successful
because the ATM method gave the robot more accurate
information about its surroundings.

7 Conclusion

Sensor based exploration with mobile robots of un-
known environments has motivated the work described

in this paper. We addressed the issue of uncertainty
of sonar sensors in azimuth. Using simple sonar mod-

els, this limitation in accuracy prevents the robot from
fully exploring an environment because the robot does
not detect narrow openings. In this paper, we address

this problem by use a uniform distribution model and
develop a method of processing sonar data to improve

sonar sensor accuracy. This method is called the Arc-
Transversal Median (ATM) method.

Experiments with a mobile robot mapping an un-
known environment with a narrow opening verify the
strength of this method. However, the ATM method

can still be further re�ned. We need to determine the
tradeo� between information gain and accuracy. Fur-

thermore, the ATM method assumes that most read-
ings are true. The median �lter, by iteself, takes care of
spurious intersections on an arc, but there is a problem

when several false readings intersect to form a \ghost"
obstacle. Specular reections and multi-pass echos are

both forms of false readings that can give rise to these
ghost obstacles. In our experiments, the ghost obstacles

formed far away from the robot, but on several occas-
sions, the updating process of our local map automati-
cally deleted them as the robot approached the vicinity

of the false obstacles. Future work will consider this
problem more carefully.
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