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A Fast Introduction to Fast M arching M ethods
and Level Set Methods

Fast Marching Methods: A boundary value formulation

Tracking a moving boundary

Suppose you are given an interface separating one region from another, and a speed F that
tells you how to move each point of the interface. In the figure below, a black curve separates a dark
blue ingde from alight blue outside, and at each point of the black curve the speed F is given.
Furthermore, suppose that the speed F is aways positive, that is, the front always moves outwards.
of physica effects. For example

B Imaginethat the dark blue is a substance moving into the light blue. For example, let the
boundary be the edge of an acid eating its way into the exterior region. The speed of the acid
depends on the resstance it meets in the underlying materid; strong parts of the materid resst
the acid and dow it down more than more corrosive parts.

B Imagine that the dark blue isthe edge of a disturbance that is propagating into the light blue.
For example, suppose that there is an earthquake in the center of the box; the grey region
represents parts of the earth that have heard about the earthquake; the light blueis il quiet.
The speed of the earthquake depends on the type of rock it is going through, which can
change from spot to spot.

Most numerica techniques rely on markers, which try to track the motion of the boundary by
breaking it up into buoys that are connected by pieces of rope. The ideais to move each buoy under
the speed F, and rely on the connecting ropes to keep things straight. The hope is that more buoys
will make the answer more accurate.

Unfortunately, things get pretty dicey if the buoystry to cross over themsdves, or if the shapetriesto
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bresk into two; in these cases, it is very hard to keep the connecting ropes organized. In three
dimensons, following a surface like a bresking ocean wave is particular tough.

The Fast Marching Approach

Rather than follow the interface itsdlf, the Fast Marching Method makes use of Sationary
gpproach to the problem. At first glance, this sounds counter-intuitive; we are going to trade a
moving boundary problem for one in which nothing moves at dl! To see how thisis done, imagine a
grid laid down on top of the problem:

Suppose that somebody is standing at each red grid point with awatch. When the front crosses each
grid point, the person standing there writes down this crossng time T. This grid of crossng time
vaues T(X,y) determines afunction; at each grid point T, T(X,y) givesthe time a which the front
crosses the point (x,y).

As an example, suppose theinitid disturbance is a circle propagating outwards. The origina region
(the blue one on the |eft below) propagates outwards, crossing over each of the timing spots. The
function T(X,y) gives a cone-shaped surface, which is shown on the right. This surface has a great
property; it intersects the xy plane exactly wherethe curveisinitidly. Better yet, a any height T the
surface gives the set of pointsreached at time T. The surface on theright below iscdled the arrival
time surface, because it givesthe arriva time.

&

-
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Why isthiscalled a" boundary value formulation” ?

Thereason it is cdled a"boundary vaue formulation” is because we have let the initid positior
of the front be the boundary for this arriva time surface T(x,y) that we would like to find. We have
taken the idea of finding something that moves in time an exchanged it for a gationary problem in
which the arriva surface contains the information about what is moving.

Why isthisa good idea?

The reason thisisagood ideais two-fold. First, even if the evolving front changes shape, the
arrivd time surface T(x,y) is nice and well-behaved. By dicing it with asaw at height T (thet is,
finding the level st T), it will dways give the postion of the front & time T.

The second reason to do this, as we will see below, isthat thereis an incredibly fast way to solve
this, known as the Fast Marching Method.

The Fast Marching M ethod

How can this sationary surface be congtructed? As a motivation, imagine scaffolding being
erected around a house! One stands on one of the boards, puts a board above the head, and then
moves to another board at the same level and put aboard one level up. Once dl the boards are
placed a agiven leve, one then climbs up to the next level set repest the process. The thing to
remember isthat the scaffolding is built from the ground up; each level must be completed before the
next is begun.

The Fast Marching Method imitates this process. Given theinitid curve (shown in red), stand on
the lowest spot (which would be any point on the curve), and build alittle bit of the surface that
corresponds to the front moving with the speed F. Repeat the process over and over, aways
standing on the lowest spot of the scaffold, and building that little bit of the surface. When this
process ends, the entire surface has been built.

Congruction of stationary level set solution
Green sguares show next level to be built

The speed from this method comes from figuring out in what order to build the scaffolding;
fortunately, there are lots of fast sorting agorithms that can do thisjob quickly.
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What isthe difference between Fast Marching Methods and Level Set
M ethods?

Fast Marching Methods are designed for problems in which the speed function never changes
sgn, so that the front is dways moving forward or backward. This dlows us to convert the problem
to a stationary formulation, because the front crosses each red grid point only once. This conversion
to adationary formulation, plus awhole bunch of numerical tricks, givesit its tremendous speed

Level Set Methods are designed for problemsin which the speed function can be positive in
some places are negative in others, so that the front can move forwards in some places and
backwardsin others. While significantly dower than Fast Marching Methods, embedding the
problem in one higher dimension gives the method tremendous generdity.

Details

Fast Marching Methods

The Fast Marching Method solves the generd static Hamilton-Jacobi equation, which applies
in the case of a convex, non-negative speed function. Starting with an initid pogtion for the front, the
method systematically marches the front outwards one grid point a atime, relying on
entropy-satisfying schemes to produce the correct viscosity solution. The main ideais exploit afast
heapsort technique to systematically locate the proper grid point to update, so that one need never
backtrack over previoudy evauated grid points. The resulting technique sweeps through agrid of N
total pointsin N log N steps to obtain the evolving time position of the front as it propagates through
the grid. For details, see the technica explanations and flow chart.

If you want to know more

There are two general resources about these techniques.

1. A popular magezine article that gppeared in the American Scientist on the
subject.
2. A recent book on Level Set and Fast Marching Methods.

Additiond technica publications may be found at on the publications page.

Return to Fast Marching/Level Set Main Page
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