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Robotic Navigation with Constraints

Overview

Suppose you livein an apartment with lots of corridorsand long skinny halls. And, you'vefinally
scraped up the money to buy a piano, which you need to get from the front door to the back room.
Thefirst question is, isit actually possibleto twist and turn the piano in such away asto get it
back there? And second, if it is, what isthe shortest path?

Thisisa problem in robotic navigation with constraints; the navigation part isto find the shortest
path; the congraint part istherequirement that you don't accidentally add a few new holesin the
walls as you move the piano. Fast Marching Methods, provide a very quick way to solve this
problem.

Finding the Shortest Path
An easy version

Asawarm-up, supposeyou are standing in a giant parking lot. You areat point A, your car isat
point B, and thereareno other carsin thelot. If you want the shortest path to your car, just draw
the straight line shown in the figure on the l€ft.

@@

Straght linefrom A to B Expanding front around A Trace back to find path

But there'sa different way to find this path. Imagine a front expanding from point A in all
directions. Since it doesn't " cost” you any moreto walk in onedirection over another, let the
front expand with speed 1 in all directions. That meansthat the expanding front will be a growing
circlearound point A, which will eventually touch point B. Once the front touches point B, you can
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find the shortest path by starting at point B and proceeding backwards along the path that is
always perpendicular to the expanding front. If you do this, you'll get the straight line shown in the
figureon theright.

A dlightly harder version

Now, let'simagine that one half of the parking lot isfull of snow, and it's dower to walk through
snow. Furthermore, you're standing on the snowy side, and your car ison thedry sde. In this
case, the" shortet” path (that is, the one that takestheleast time), as shown in thefigure on the
left, isnot alwaysa straight line. But we can still use our front propagation technique: we expand
afront around point A, only thistimethe front expandsfaster when it ison dry pavement than it
does over the snow. Once the front hitsthe car, we again trace backwardsfrom B to A, always
going perpendicular to thefront, and construct the shortest path!

=2
:

Left=snow, Right=dry Expand front around A Trace back to find path

An even harder version

Now, let'sadd other carstothelot. We can represent those cars as placeswherethe " cost” of
traveling isinfinity: it takesforever to walk through a car. Again, we solve our front propagation
problem, trace back, and congtruct the optimal path.

Snow + Dry + Other Cars Expand front around A Trace back to find path

By the way, you were carrying a ladder
Yup, and the ladder can't betilted on itsside, and the carsarereally big so that you can't pick the
ladder over the cars. That meansthat you are no longer a point, but now have to negotiate the
ladder through the narrow paths between cars. It'sthe same thing; we propagate a front outwards

from A to B, adjusting the speed corresponding to our ability towalk or turn the ladder at any
point, and then, when it reaches B, we can trace backwardsto find the fastest path.

Finding the Shortest Path

The equation that describesthe arrival time of thisexpanding front asit depends on the possible
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speed at any point and direction isthe Eikonal equation. The Fast Marching Method isused to
solve the equation for thefirst arrival time, and then we can trace backwardsfrom B to A to
congtruct the actual path.

(51K) (71K)
Movies of Moving a Piano in a San Francisco Apartment

An Interactive Java Applet:

Design your own obstacle cour se and robot, and then let the
Fast M arching M ethod compute the optimal path

Details

The calculations were made using a Fast M ar ching M ethod to solve the Eikonal equation given
by |grad T | =f(x,y,theta) for first arrival times, coupled to back propagation usng Heun's
method for the O.D.E. u=grad T given by the gradient field. The Eikonal equation in
configuration space is obtained by discretizing the domain in x and y, aswell astherotational
angletheta. The constraints of the walls are manifested by modifying configuration space asa
function of the angle of the stick relative to the domain geometry. Thus, the full problem isa
three-dimensional configuration space, and the back propagation trajectory through configuration
spaceisthen shown in the movie at each time step. Additional movies
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