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Abstract

The goal of high-level parallelprogrammingmodelsor languagesis to facilitate the writing of
well-structured,simpleandportablecode.However, theperformanceof a programwritten using
a high-level languagemayvary significantly, dependingon theimplementationof theunderlying
system.

Thisdissertationpresentstwo asynchronousschedulingalgorithmsthatprovideworst-caseup-
perboundson thespaceandtime requirementsof high-level, nested-parallelprogramson shared
memorymachines.In particular, for a programwith � depthanda serialspacerequirementof���

, bothalgorithmsguaranteea spaceboundof
�������
	���
���
 ��� on

�
processors.Here,

�
is a

user-controllableruntimeparameter, whichspecifiestheamountof memorya threadmayallocate
beforebeingpreemptedby thescheduler. Typically, in practice,

�
is fixedto bea few thousand

bytes.Mostparallelprogramshaveasmalldepth � . For suchprograms,theabove spaceboundis
lower thanthespaceboundprovidedby any previously implementedsystem.

Thefirst of thetwo schedulingalgorithmspresentedin this dissertation,algorithmAsyncDF,
prioritizes threadsat runtime by their serial, depth-firstexecutionorder, and preemptsthreads
beforethey allocatetoo muchmemory. This ensuresthat theparallelexecutiondoesnot require
too muchmorememorythantheserialexecution.Thesecondschedulingalgorithm,DFDeques,
enhancesalgorithm AsyncDF by addingideasfrom work stealing. It replacesthe single, flat
priority queueof AsyncDFwith ordered,per-processorqueuesof readythreads,andallowssome
deviationfrom thedepth-firstprioritieswhile schedulingthreads.Consequently, it resultsin lower
schedulingoverheadsandbetterlocality thanAsyncDF for finer-grainedthreads,at thecostof a
slight increasein memoryrequirement.To ensurescalabilitywith thenumberof processors,I also
describeandanalyzefully parallelizedversionsof theschedulersfor boththealgorithms.

To verify that the theoretically-efficient schedulingalgorithmsarealsopractical,I have im-
plementedthem in the context of two multithreadedruntime systems,including a commercial
Pthreadspackage.Parallelbenchmarksusedto evaluatetheschedulersincludenumericalcodes,
physicalsimulationsanda dataclassifier. Experimentalresultsindicatethatmy algorithmseffec-
tively reducememoryusagecomparedto previous techniques,without compromisingtime per-
formance.In particular, my schedulersallow simple,high-level, fine-grainedbenchmarksto run
asefficiently astheir morecomplex, hand-partitioned,coarse-grainedcounterparts.As expected,
DFDequesachieves betterspeedupsthan AsyncDF for finer-grainedthreads. It requiresmore
memorythanAsyncDF, but lessmemorycomparedto previousschedulers.Theschedulingalgo-
rithmswereextendedto supportthefull Pthreadsinterface,makingthemavailableto a largeclass
of applicationswith irregularanddynamicparallelism.Both theAsyncDF andDFDequesalgo-
rithmsprovide a user-adjustabletrade-off betweenrunningtime andmemoryrequirement,which
I analyzeandexperimentallydemonstrate.
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Chapter 1

Intr oduction

Parallelmachinesarefastbecomingaffordable;in fact,low-endsymmetricmultiprocessors(SMPs)
areevenappearingon people’s desktopstoday. However, the inherentcomplexity of writing par-
allel programsmakesthe costsof generatingparallel softwarefor thesemachinesprohibitive.
Consequently, theSMPssoldtodayareoftenrestrictedto runningindependent,shortjobson indi-
vidualprocessors(e.g., databasetransactionsor websearches),ratherthana largeparalleljob that
canmakeeffective useof multiple processors.If parallelprogrammingis to becomemorepreva-
lent in the future, it is critical to allow parallelismto be expressedin a simple,well-structured,
andportablemanner. Many of today’shigh-level parallelprogramminglanguagesattemptto meet
thesegoalsby providing constructsto expressdynamic,fine-grainedparallelism.Suchlanguages
includedata-parallellanguagessuchasNESL [17] andHPF [60], aswell ascontrol-parallellan-
guagessuchasID [5], Cool [36], Cilk [25], CC++[37], Sisal[59], Multilisp [77], Proteus[109],
andC or C++ with lightweightthreadlibraries[15, 113,129].

Languageswith constructsfor dynamic,fine-grainedparallelismareparticularlyusefulfor ex-
pressingapplicationswith irregular, data-dependentparallelism.Suchapplicationsincludephys-
ical simulationson non-uniforminputs,dataclassifiers,sparse-matrixoperations,computational
geometrycodes,anda largenumberof divide-and-conqueralgorithmswith irregular, data-depen-
dent recursiontrees. The usersimply exposesall the parallelismin the application,which is
typically of a much higher degreethan the numberof processors.The languageimplementa-
tion is responsiblefor schedulingthis parallelismonto the processors.Becausestatic,compile-
time partitioning of suchprogramsis generallynot possible,the parallel tasksare scheduled
onto the processorsat runtime. Consequently, the performanceof a programdependssignifi-
cantlyon theimplementationof theruntimesystem.A numberof previousimplementationshave
focusedon efficiently balancingthe load andproviding gooddatalocality in suchruntimesys-
tems[36, 39,62,70,81, 83,115,134,136]. However, in additionto goodtime performance,the
memoryrequirementsof theparallelcomputationmustbetakeninto consideration.In particular,
unlessthescheduleris carefullyimplemented,a fine-grainedparallelprogramcanendupcreating
excessiveamountsof activeparallelism,leadingto ahugespacerequirement[26, 48,77,114,138].
Thepriceof thememoryis a significantportionof thepriceof a parallelcomputer, andparallel
computersaretypically usedto runbig problemsizes.Therefore,reducingthememoryusageof a
parallelprogram,thatis,makingtheexecutionspaceefficient, isoftenasimportantasreducingthe
runningtime. In fact,makingaprogrammorespace-efficientoftenalsoimprovesits performance

1



2 CHAPTER1. INTRODUCTION

dueto fewerpageor TLB missesandfewermemory-relatedsystemcalls.
This dissertationfocuseson space-andtime-efficient implementationsof languageswith dy-

namic,fine-grainedparallelism.My thesisstatementcanbesummarizedasfollows.

By utilizing provably-efficient,asynchronousschedulingtechniques,it is pos-
sible to obtain goodspaceand time performancein both theory and practice for
high-level, nestedparallel programs. Theseschedulingtechniquescan, in prac-
tice, be extendedto generalpurposemultithr eadingsystemslike Pthreads,bene-
fiting a large classof applicationswith irr egular and dynamic parallelism.

To validatethethesis,I presenttwo asynchronousschedulingalgorithms,AsyncDFandDFD-
eques, thatguaranteeworst-caseboundson thespaceandtime requiredto executea parallelpro-
gram.Low spaceboundsareachievedby prioritizing paralleltasksby their serialexecutionorder,
andpreemptingor delayingtasksthatallocatetoo muchmemory. In additionto theoreticallyan-
alyzingtheschedulingalgorithms,I have implementedthemin thecontext of multithreadingrun-
timesystems(includingacommercialPthreads[88] package)to schedulelightweightthreads.Ex-
perimentalresultsfor a varietyof parallelbenchmarksindicatethatthealgorithmsareeffective in
reducingspacerequirementscomparedto previousschedulingtechniques,while maintaininggood
time performance.In fact, theuseof thesespace-efficient schedulersallows simplercodeswith
fine-grainedthreadsto achieve performancecomparableto their coarse-grained,hand-partitioned
counterparts.

This remainderof this chapteris organizedasfollows. It first presentstwo simpleexamples
to demonstratethe impacta schedulercanhave on the spacerequirementof a parallelprogram.
Thechapterthenprovidesa synopsisof this dissertation,followedby a list of its limitations. It
concludesby describingtheorganizationof theremainderof this dissertation.

An example

Consideraverysimpledensematrixmultiplicationprograminvolving thecreationof a largenum-
berof lightweightthreads.Thetwo input matrices,A andB, aremultiplied usingthedivide-and-
conqueralgorithmshown in Figure1.1. A new, lightweightchild threadis forkedto executeeach
recursive call; theeight recursive callscanexecutein parallel1. TemporarystorageT is allocated
to storetheresultsof eachrecursivecall. At theendof theeightrecursivecalls(afterall eightchild
threadshave terminated),the intermediateresultsin T areaddedto the resultmatrix C, andT is
deallocated.

This programwasimplementedusingthenative Pthreadslibrary on Solaris2.5; a new, user-
level pthreadwasforked for eachrecursive call. The existing SolarisPthreadspackageusesa
simpleFIFO (first-in-first-out) queueto storereadythreads.I replacedtheexistingschedulerwith
my space-efficient scheduler;this modified implementationof the Pthreadslibrary canbe used
by any existing Pthreads-basedprogram2. Figure1.2 shows the resultingspaceandtime perfor-
manceon an 8-processorEnterprise5000SMP usingboth the original FIFO scheduler, andthe

1Thechild threads,in turn, fork theirown child threadsat thenext level of recursion.
2I simply modifiedtheimplementationof SCHED OTHER, which,accordingto thePthreadsstandard[88], canbe

a system-dependentschedulingpolicy; FIFO androundrobinaretheother(fixed)policiesin thePthreadsstandard.
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beginMatrix Mult(A, B, C, & )
if ( &(' Leaf Size)

serialmult(A, B, C, & );
else

T := memalloc(&*)+& );
initialize smallermatricesasquadrantsof A, B, C, andT;
fork Matrix Mult(A11, B11,C11, &-,/. );
fork Matrix Mult(A11, B12,C12, &-,/. );
fork Matrix Mult(A21, B12,C22, &-,/. );
fork Matrix Mult(A21, B11,C21, &-,/. );
fork Matrix Mult(A12, B21,T11, &-,0. );
fork Matrix Mult(A12, B22,T12, &-,0. );
fork Matrix Mult(A22, B22,T22, &-,0. );
fork Matrix Mult(A22, B21,T21, &-,0. );
join with all forkedchild threads;
Matrix Add(T, C);
memfree(T);

endMatrix Mult

A11
1

A12
1

A21
1

A22
1 X =

B11 B12

B21 B22

C11 C12

C21 C22

T11
2

T22
2T12
2

T21
2

Temporary 
StorageMatrix A Matrix B Matrix C T

Figure 1.1: Pseudocodeto multiply two 35463 matricesA andB andstoringthefinal resultin C usinga
divide-and-conqueralgorithm. TheMatrix Add functionis implementedsimilarly usinga paralleldivide-
and-conqueralgorithm.TheconstantLeaf Sizeto checkfor thebaseconditionof therecursionis setto 64
ona167MHz UltraSPARC.
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Figure 1.2: Spaceandtime performancefor thematrix multiply codeshown in Figure1.1. ThePthreads-
basedprogramwasexecutedusingboththeoriginalPthreadsimplementation,andthemodifiedimplemen-
tationthatusesmy space-efficientscheduler. (a)Thehigh-watermarkof heapmemoryallocation.Theinput
sizeis thesizeof thethreematricesA, B, andC; theremainingmemoryallocatedis thetemporarystorage.
(b) Thespeedupswith respectto a serial,C versionof theprogram.

new, space-efficient scheduler3. The space-efficient schedulerusedin this exampleis described
in Chapter3. Furtherdetailson theexperiment,alongwith resultsfor other, morecomplex and
irregularapplications,arepresentedin Chapter5. Theresultsin Figure1.2 indicatethatboth the
spaceandtime performanceis heavily dependenton theunderlyingthreadscheduler. Unlike the
space-efficientscheduler, theoriginalLIFO queueresultsin excessive memoryallocation(includ-
ing bothheapandstackspace).This significantlyreducesthespeedup,dueto high contentionin
systemcalls relatedto memoryallocation(seeSection5.2). Even with a better, highly concur-
rentkernelimplementation,space-inefficiency will limit the largestproblemsizecanberun on a
machinewithout paging.Thus,a space-efficientscheduleris requiredto getgoodperformancein
bothspaceandtime.

Another example

I now explain how the space-efficient schedulingtechniquespresentedin this dissertationeffec-
tively reducethehigh-watermarkof memoryrequirementof theprogram,in comparisonto pre-
viousschedulers.Considertheexamplecodein Figure1.3(a). Thecodehastwo levelsof paral-
lelism: thei-loop at theouterlevel andthej-loop at the inner level. In general,thenumberof
iterationsin eachloop maynot beknown at compiletime. Spacefor anarrayB is allocatedat the
startof eachi-iteration,andis freedat theendof the iteration. AssumingthatF(B,i,j) does
not allocateany space,themostnaturalserialexecutionrequires

�9	 &-� space,sincethespacefor
arrayB is reusedfor eachi-iteration. Figure1.3(b)shows thecorrespondingcomputationgraph
for thisexamplecode;eachnodein thegraphrepresentsaninstruction,while eachedgerepresents

3The resultsfor the space-efficient scheduleralsoincludean optimizationthat cachesa small numberof thread
stacksin thelibrary, yieldinganadditional13%speedup.
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a dependencebetweentwo instructions.The serialexecutionof the codenow correspondsto a
depth-firstexecutionof thecomputationgraph.

In parallel for i = 1 to n
Temporary B[n]

In parallel for j = 1 to n
F(B,i,j)

Free B

alloc(n)

n

free(n)

......
... ... D

i

   n
 −iters

j−iters

(a) (b)

Figure 1.3: (a) The pseudocodefor a simpleprogramwith dynamicparallelismand dynamicmemory
allocation.(b) Thecomputationgraphthatrepresentsthisprogram.For brevity, thecurvedlinesareusedto
representthemultiple ( : ) instructionsexecutedseriallywithin eachcall to F(); theshadednodesdenote
thememoryallocations(black)anddeallocations(grey).

Now considertheparallel implementationof this functionon
�

processors,where
�<; & . If

we usea simpleFIFO queueto scheduleparallel tasks(loop iterationsin this case),all the i-
iterationswouldfirst begin executionandallocate& spaceeach,followedby theexecutionof their
j-iterations.Thus,asmuchas

�
	 &>=%� spacewouldbeallocatedatsometimeduringtheexecution;
this spacerequirementis significantlyhigher than the serial spacerequirementof

�
	 &-� . Such
a parallel schedulecorrespondsto a breadth-firstexecutionof the computationgraph. Several
threadpackages,suchasthestandardPthreads[88] library, makeuseof suchFIFOschedulers.A
simplealternative for limiting theexcessparallelismis to scheduletheouterlevel of parallelism
first, andcreateonly asmuchparallelismasis requiredto keepprocessorsbusy. This resultsin
eachof the

�
processorsexecutingonei-iterationat any time (the processorexecutesthe inner

j-loop serially), and hencethe total spaceallocatedis
�9	?�*
 &�� . Several previous scheduling

systems[26, 30, 41, 70, 77, 83, 143], which includeboth heuristic-basedand provably space-
efficient techniques,adoptsuchanapproach.

Thisdissertationclaimsthatevena linearexpansionof spacewith processors(i.e.,
�

timesthe
serial spacerequirement)is not alwaysnecessaryto enablean efficient parallelexecution. For
example,theAsyncDF (“asynchronous,depth-first”)algorithmpresentedin this dissertationalso
startsby schedulingthe outerparallelism,but stallsbig allocationsof space.Moreover, it prior-
itizes operationsby their serial(depth-first)executionorder. As a result,the processorssuspend
the executionof their respective i-iterationsbeforethey allocate

�
	 &-� spaceeach,andexecute
j-iterationsbelongingto thefirst i-iterationinstead.Thus,if eachi-iterationhassufficientparal-
lelism to keeptheprocessorsbusy, our techniqueschedulesiterationsof a singlei-loopat a time.
This parallelexecutionorderis closerto theserial,depth-firstexecutionorderof thecomputation
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graph.In general,ourschedulerallowsthisparallelcomputationto run in just
�
	 & �@�A
 �B� space4,

where � is thedepth(critical pathlength)of thefunctionF. For programswith a largedegreeof
parallelism,thedepth � is typically very small. (Computationgraphs,theirdepth,anddepth-first
schedulesareformally definedin Chapter2.)

TheAsyncDFalgorithmpresentedin thisdissertationoftenpreferentiallyschedulesinnerpar-
allelism (which is finer grained). Consequently, whenthe threadsin the programarevery fine
grained,it cancauselarge schedulingoverheadsandpoor locality comparedto algorithmsthat
scheduletheouterparallelism.We thereforehave to manuallygroupfine-grainediterationsof in-
nermostloopsinto chunksto getgoodperformancewith AsyncDF. However, thesecondschedul-
ing algorithmpresentedin this dissertation,DFDeques, automaticallyanddynamicallyachieves
thiscoarseningby schedulingmultiple threadsclosein thecomputationgraphonthesameproces-
sor.

1.1 Synopsisof the Dissertation

This dissertationpresentstwo asynchronous,provably space-efficient schedulingalgorithms,and
describestheirimplementationsin thecontextsof two multithreadingruntimesystems.Here,I first
describetheprogrammingmodelassumedin this dissertation,followedby anoverview of eachof
theschedulingalgorithmsandtheruntimesystems.

1.1.1 Programming model

This dissertationassumesa sharedmemoryprogrammingmodel. All theexperimentswerecon-
ductedon shared-memory, symmetricmultiprocessors(SMPs).Becauseof their favorableprice-
to-performanceratios,suchmachinesarecommontodayasbothdesktopsandhigh-endservers.
The underlyingarchitecturemay differ from machineto machine,but I assumethat it provides
a fast,hardware-coherentsharedmemory. Theprogrammerviews this memoryasuniformly ac-
cessible,with little controlon theexplicit placementof datain processorcaches.Theanalysisof
thespacerequirementsin thisdissertationincludesmemoryallocatedbothon thestack(s)andthe
sharedheap;themodelallows individual instructionsto allocateanddeallocatearbitraryamounts
of memory.

Theschedulingalgorithmshave beenanalyzedfor purelynestedparallelprograms;thesein-
cludeprogramswith nestedparallelloopsor nestedforksandjoins. For instance,theprogramming
examplesin Figures1.1and1.3arenestedparallel.Thenestedparallelmodelis describedin more
detail in Chapter2. Althoughthetheoreticalanalysisis restrictedto nestedparallelprograms,the
experimentswith Pthreadsdescribedin Chapters5 and7 indicatethat theschedulingalgorithms
caneffectively executemoregeneralstylesof parallelprograms,suchasprogramswith mutexes
andconditionvariables.This is thefirst space-efficientsystemthatsupportsaninterfaceasgeneral
asthatof Pthreads.

In theremainderof this dissertation,we referto any independentflow of controlwithin a pro-
gramasa thread, irrespectiveof its duration.Thenfine-grainedparallelismin high-level languages

4TheadditionalCADFEHGJIAK memoryis requireddueto the CADLEMGJIAK instructionsthatmayexecute“out of order”with
respectto theserialexecutionorderfor this code.
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canbeviewed in termsof suchthreads.Not all parallellanguagesthatsupportfine-grainedpar-
allelism provide constructsto explicitly createthreadsin the traditionalsense.For example,in
High PerformanceFortran(HPF),fine-grainedparallelismcanbeexploitedacrosselementsof an
arraythroughhigh-level arrayoperations.Similarly, NESL providesconstructsto exploit paral-
lelism over elementsof a vector. Nonetheless,we view eachindependentflow of control in such
languagesasaseparatethread,evenif it is veryfinegrained.For example,consideranHPFstate-
mentsuchasC = A + B that performsaselement-wiseadditionof two arraysA andB of the
samesize,andstoresthe result in C. This statementcanbe viewed as onethat forks (creates),
andsubsequentlyjoins (synchronizes)andterminates& fine-grained,parallelthreads(where & is
thesizeof arraysA andB); eachthreadsimply addsthecorrespondingelementsof arraysA and
B. Similarly, eachi-iterationandeachj-iterationin Figure1.3(a)is consideredto be a separate
thread.Theunderlyingimplementationof suchthreadsmaynevercreateseparateexecutionstacks
or programcountersto representtheir states.This dissertationusesthreadsasa moreabstract,
high-level conceptindependentof theimplementationstrategy.

Advantagesof fine-grained,dynamic thr eads

Despitethe involved complexity, sharedmemoryparallelprogramstodayareoften written in a
coarse-grainedstyle with a small numberof threads,typically oneper processor. In contrast,a
fine-grainedprogramexpressesa largenumberof threads,wherethenumbergrowswith theprob-
lemsize,ratherthanthenumberof processors.In theextremecase,asin Figure1.3(a),a separate
threadmaybecreatedfor eachfunctioncall or eachiterationof aparallelloop. Notethattheuseof
theterm“fine-grained”in this dissertationdoesnot referexclusively to this extremecase.For ex-
ample,in Chapter5, thetermis usedin thecontext of a generalPosixthreads(Pthreads)package
which explicitly allocatesresourcessuchasa stackandregisterstatefor eachthreadexpressed.
Hencebasicoperationson thesethreads(suchasthreadcreationor termination)aresignificantly
moreexpensive thanfunctioncalls. Therefore,usingthemin the extremelyfine-grainedstyle is
impractical;however, they canbefine-grainedenoughto allow thecreationof a largenumberof
threads,suchthateachthreadperforms(onaverage)sufficientwork to amortizeits costs.For ex-
ample,if thej-iterationsin Figure1.3(a)areof extremelyshortduration,a fine-grained,Pthreads
versionof theprogramwouldrequireeachPthreadto executemultiplej-iterations.
Theadvantagesof fine-grainedthreadsaresummarizedbelow.N Simplicity. Theprogrammercancreatea new threadfor eachparalleltask(or eachsmall

setof paralleltasks),without explicitly mappingthethreadsto processors.This resultsin a
simpler, morenaturalprogrammingstyle,particularlyfor programswith irregularanddy-
namicparallelism.Theimplicit parallelismin functionallanguages,or the loop parallelism
extractedby parallelizingcompilersis fine grained,andcanbemorenaturallyexpressedas
lightweightthreads.N Ar chitecture independence.The resultingprogramis architectureindependent,sincethe
parallelismis not staticallymappedto a fixed numberof processors.This is particularly
usefulin amultiprogrammingenvironment,wherethenumberof processorsavailableto the
computationmayvaryover thecourseof its execution[3, 156].N Load balance. Sincethe numberof threadsexpressedis muchlarger thanthe numberof
processors,the load canbe transparentlyandeffectively balancedby the implementation.
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Theprogrammerdoesnotneedto implementa loadbalancingstrategy for everyapplication
thatcannotbestaticallypartitioned.N Flexibility . Lightweightthreadsin a languageor threadlibrary aretypically implementedat
theuserlevel. Therefore,theimplementationcanprovide a numberof alternatescheduling
techniques,independentof thekernelscheduler. Modifying theexecutionorderof individual
parallel tasksin a fine-grainedprogrammay thensimply involve modifying user-assigned
prioritiesor switchingbetweenschedulersfor thecorrespondingthreads.In contrast,since
theexecutionorderof tasksis explicitly codedin acoarse-grainedprogram,changingit may
involveextensive modificationto theprogramitself.

1.1.2 Space-efficientschedulingalgorithms

Although the fine-grainedthreadsmodelsimplifiesthe taskof the programmer, he or sherelies
heavily on theunderlyingthreadimplementationto deliver goodperformance.In particular, the
implementationmustuseanefficientschedulerto mapthreadsto processorsat runtime.This dis-
sertationpresentsantwodynamic,asynchronousschedulingalgorithms,AsyncDFandDFDeques,
thatareprovablyefficient in termsof bothspaceandtime.

Algorithm AsyncDF is an asynchronousandpracticalvariantof thesynchronousscheduling
algorithmproposedin previous work [21]. The main goal in the designof algorithmAsyncDF
wasto maintainspace-efficiency while allowing threadsto executenon-preemptively andasyn-
chronously, leadingto goodlocality andlow schedulingoverheads.Thealgorithmmaintainsthe
threadsin a sharedwork queue;threadsin the queueareprioritized by their serial, depth-first
executionorder. Further, threadsthatperformlargeallocationsarestalledto allow higherpriority
threadstoexecuteinstead.Eachthreadisassignedafixed-sizememoryquotaof

�
units(whichwe

call thememorythreshold) every time it is scheduled.Thethreadis preemptedwhenit exhausts
its memoryquotaandreachesaninstructionrequiringmorememory. Thesebasicideasensurethat
the executionorderof threads,andhencealsothe memoryrequirementof the parallelprogram,
aresufficiently closeto theexecutionorderandmemoryrequirements,respectively, of theserial,
depth-firstschedule.In particular, algorithmAsyncDFguaranteesthataparallelcomputationwith
a serial,depth-firstspacerequirementof

� �
anddepth � canbeexecutedon

�
processorsusing� � �O�
	���
P�Q
 ��� space.Most parallelprogramshave a smalldepth,sincethey have a high de-

greeof parallelism. For example,a simplealgorithmto multiply two &R)S& matriceshasdepth�UTWV 	�XZY\[ &-� andserialspacerequirement
� � T]V 	 & = � . Further, in practice,thememorythresh-

old
�

is fixedto bea smallconstantamountof memory. Therefore,thespaceboundprovidedby
algorithmAsyncDFis asymptoticallylowerthanthespaceboundof

�9
^� �
guaranteedby previous

asynchronous,space-efficientschedulers[24, 26, 30,143].
Although algorithm AsyncDF provides non-blockingaccessto the sharedqueueof ready

threads,the queuecan becomea bottleneckif the threadsarevery fine grained. Further, even
thougha singlethreadmayexecuteon thesameprocessorfor a long periodof time,fine-grained
threadsclosetogetherin the computationgraphmayget executedon differentprocessors.Such
threadsoftenaccessthesamedata,andtherefore,shouldideally beexecutedin quick succession
on the sameprocessorto obtaingooddatalocality. Therefore,fine-grainedthreadsin AsyncDF
have to bemanuallychunkedto get goodtime performance5. Thesecondschedulingalgorithm,

5Alternatively, compilersupportor a dynamicchunkingscheme[84, 128, 158] wouldberequired.
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DFDeques, wasdesignedto overcomethis drawbackof AsyncDF.
Algorithm DFDequesusesa hybrid approachthatcombinesideasfrom AsyncDF with ideas

fromworkstealing[24,31, 77,92,95,137]. Theaimin designingDFDequeswasto allow dynamic
clusteringof fine-grainedthreadsclosetogetherin thecomputationgraphinto asinglescheduling
unit that is executedon oneprocessor. This clusteringis achievedby storingthreadsin a queue
of subqueues(deques);eachprocessorowns a uniquesubqueueat any given time. Similar to
AsyncDF, thesubqueuesareprioritizedby theserialexecutionordersof their threads,anda pro-
cessorgivesup its subqueuewhenit exhaustsits memoryquota. However, unlike in AsyncDF,
thememoryquotacanbeusedfor multiple threadsclosetogetherin thecomputation,leadingto
betterlocality. Whena processorfindsits subqueueof readythreadsempty(or whenit givesup
its subqueue),it obtainsnew work by selectinga subqueueat randomfrom a setof high-priority
subqueues.It stealsthe lowestpriority threadfrom the selectedsubqueue,which is typically of
the coarsestgranularity. Commonoperationssuchasthreadcreationandfinding a readythread
typically involveaccessto theprocessor’sown subqueue,resultingin lowerschedulingoverheads.
AlgorithmDFDequesguaranteesthesamespaceboundof

� � �@�
	��_
L�`
 ��� asalgorithmAsyncDF,
but, in practice,resultsin a slightly higherspacerequirementcomparedto AsyncDF.

1.1.3 Multithr eadedruntime systems

Besidespresentingspace-efficient schedulingalgorithms,this dissertationdescribesefficient im-
plementationsof runtimesystemsthatusethealgorithmsto scheduleparallelthreads.I have im-
plementeda lightweight,multithreadedruntimesystemon theSGI Power Challenge,specifically
to evaluatealgorithmAsyncDF. I presenttheresultsof executinga setof parallelbenchmarkson
this system,andcomparetheir spaceandtimerequirementswith previousspace-efficientsystems
suchasCilk [25]. TheresultsindicatethatalgorithmAsyncDF providesequivalenttime perfor-
manceasprevioussystems.However, asshown in Figure1.4,algorithmAsyncDF is effective in
loweringthespacerequirementsof thebenchmarksin comparisonto previousschedulers.

Posixstandardthreadsor Pthreads[88] have becomea popularstandardfor sharedmemory
parallelprogramming.However, despiteproviding lightweightthreadoperations,existingPthread
implementationsdonot handlefine-grained,dynamicparallelismefficiently. In particular, current
Pthreadschedulersarenot space-efficient due to their useof FIFO schedulingqueues.Conse-
quently, they result in poor spaceand time performancefor programswith a large numberof
fine-grainedthreads.Therefore,I addedboth my schedulingalgorithms,AsyncDF andDFDe-
ques, to a popular, commercialPthreadspackage,andevaluatedthe performanceusinga setof
parallelbenchmarks.Thebenchmarksincludea varietyof numericalcodes,physicalsimulations,
anda dataclassifier. Figure1.5 highlightssomeof the resultsof implementingAsyncDF in the
context of the Pthreadspackage;it shows the speedupsfor fine-grainedandcoarse-grainedver-
sionsof a subsetof the Pthreadsbenchmarks.The resultsindicatethat the useof lightweight
Pthreadscanallow moderatelyfine-grainedprogramswith simplercodeto performaswell astheir
hand-partitioned,coarse-grainedcounterparts,providedaspace-efficientscheduleris utilized. The
resultsof usingalgorithmDFDequesfor finer-grainedPthreadsbenchmarksaresummarizedin
Figure1.6.Unlike AsyncDF, algorithmDFDequesmaintainshighperformanceandgoodlocality
evenwhenthegranularityof thethreadsis reducedfurther(i.e., whenthethreadsaremademore
fine grained). As shown in the figure, the performanceof the original FIFO schedulerdeterio-
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Figure 1.4: High-watermark of memoryallocationfor two multithreadedparallelbenchmarkson a 16-
processorSGI Power Challenge.The memoryusageshown for oneprocessoris thememoryrequirement
of the serial C versionof the program. “Other systems”is an estimateof the memoryrequiredby the
benchmarkon previous systemsthat schedulethe outerparallelismwith higherpriority (e.g., [41, 83]).
“Cilk” is the memoryrequirementusingthe space-efficient systemCilk [25], and“ADF” is the memory
requirementusingalgorithmAsyncDF. Resultsfor otherbenchmarkscanbefoundin Chapter5.

ratessignificantlyasthe threadgranularityis reduced.Both thespace-efficient schedulerscreate
fewer simultaneouslyactive threadscomparedto theFIFO scheduler, therebyconservingexpen-
sive resourcessuchasthreadstacks.Thebenchmarkinputsandthreadgranularitiesusedin these
experiments,alongwith otherexperimentalresults,aredescribedin detailin Chapters5 and7.

Space-Time tradeoff

Recallthatboththeschedulingalgorithms,AsyncDFandDFDeques, utilize a memorythreshold�
, sothatthreadscanbepreemptedbeforethey allocatetoo much(i.e., morethat

�
) space.This

parameteris designedto bespecifiedby theuserat thecommandline. A biggervalueof
�

leads
to a lower runningtime in practicebecauseit allowsthreadsto run longerwithoutpreemptionand
reducesschedulingcosts.However, a largervalueof

�
resultsin ahigherspacebound.Therefore,

adjustingthe value of the memorythreshold
�

provides a trade-off betweenthe running time
andthe memoryrequirementof a parallelcomputation.For example,Figure1.7 experimentally
demonstratesthis trade-off for aparallelbenchmarkusingalgorithmAsyncDFto schedulethreads
on theSGIPowerChallenge.

In DFDeques, increasingthememorythreshold
�

alsoallows morethreadsclosetogetherin
thecomputationgraphto executeconsecutively onthesameprocessor, leadingto lowerscheduling
overheadsandbetterlocality. Wewill referto thenumberof threadsexecutedonaprocessorfrom
its localsubqueue(withoutaccessingtheglobalqueueof subqueues)astheschedulinggranularity;
ahigherschedulinggranularitytypically resultsin betterlocality andlowerschedulingoverheads.
As shown in figure1.8,adjustingthevalueof thememorythreshold

�
in DFDequesprovidesa

trade-off betweenthememoryrequirementandschedulinggranularity(andrunningtime).
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Figure 1.5: Speedupson 8 processorsof anEnterprise5000SMPfor 5 Pthreads-basedapplications.The
speedupfor eachbenchmarkis with respectto its serial,C counterpart.Thecoarse-grainedversionis the
original,unmodifiedbenchmark,run with onethreadperprocessor. Thefine-grainedversionwasrewritten
to dynamicallycreateanddestroylargenumbersof lightweightPthreads.This versionwasexecutedusing
both the Pthreadimplementation’s original FIFO scheduler, andthe new AsyncDF schedulingalgorithm.
SeeChapter5 for furtherdetails,alongwith otherexperimentalresults.

Benchmark Max threads L2 Cachemissrate 8 processorspeedup

FIFO ADF DFD FIFO ADF DFD FIFO ADF DFD

Vol. Rend. 436 36 37 4.2 3.0 1.8 5.39 5.99 6.96

DenseMM 3752 55 77 24.0 13 8.7 0.22 3.78 5.82

SparseMVM 173 51 49 13.8 13.7 13.7 3.59 5.04 6.29

FFTW 510 30 33 14.6 16.4 14.4 6.02 5.96 6.38

FMM 2030 50 54 14.0 2.1 1.0 1.64 7.03 7.47

BarnesHut 3570 42 120 19.0 3.9 2.9 0.64 6.26 6.97

DecisionTr. 194 138 189 5.8 4.9 4.6 4.83 4.85 5.39

Figure 1.6: Summaryof resultsfor Pthreadsbenchmarkswhenthethreadgranularitiesarefurtherreduced
(i.e., whenthethreadsaremademorefine grained)comparedto thefine-grainedversionin Figure1.5. The
threadgranularitiesareadjustedto bethefinestgranularitiesfor which thebasicthreadoverheads(suchas
creationandsynchronization)arewithin 5% of therunningtime. For eachschedulingtechnique,we show
themaximumnumberof simultaneouslyactive threads(eachof which requiresa min. 8KB stack)created
by thescheduler, theL2 cachemissesrates(%), andthespeedupson an8-processorEnterprise5000SMP.
“FIFO” is theoriginalPthreadsschedulerthatusesa FIFOqueue,“ADF” algorithmAsyncDF, and“DFD”
is algorithmDFDeques. Furtherdetailscanbefoundin Chapter7.
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Figure 1.8: The variationof running time, schedulinggranularityandmemoryusagewith the memory
thresholdc (in bytes)for matrix multiplicationusingDFDequeson i processorsof an Enterprise5000.
Theunits for the threequantitiesareshown in separategraphsin Chapter5, alongwith similar resultsfor
syntheticbenchmarks.
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1.2 Limitations of the Dissertation

Thelimiting aspectsof this dissertationarelistedbelow.

(a) Machine model. The schedulingalgorithmspresentedin this dissertationaredesignedfor
sharedmemorymachines.I demonstratetheir effectivenessin practiceonly on singleSMPs.Un-
like distributedmemorymachines,suchmachineshave per-processorcachesof limited size,and
sharecommonmainmemorymodules.Providedathreadrunsonaprocessorlongenoughto make
gooduseof its cache,which processorit getsscheduledonhaslimited impactonperformance.In
contrast,in distributedmachines,eachprocessorhasits own sizablememorymodule,andthelocal
memorybus typically hashigherbandwidththat theprocessorinterconnects.On suchmachines,
schedulinga threadthataccessesdataresidentin a processor’s memorymoduleon thatprocessor
becomesmore important. In Chapter8, I speculateon how my schedulingalgorithmsmay be
extendedto clustersof SMPs.

(b) Programming model. The programmingmodelassumedby the schedulingalgorithmsis
purenestedparallelism; wedefineit formally in Chapter2. Parallellanguagesthatprovidenested
parallelismincludedata-parallellanguagessuchasNESL [17] andHPF [60], aswell ascontrol-
parallellanguagessuchasCilk [25] andProteus[109]. Elsewhere,we have extendedour space-
efficient schedulerto the moregeneralmodelof synchronizationvariables[19]; a descriptionof
thoseresultsis beyondthescopeof this dissertation.In practice,theschedulerspresentedin this
dissertationcanbeeasilyextendedto executeprogramswith arbitrary, blockingsynchronizations
(seeChapters5 and7). Chapter8 briefly speculateson how spaceboundsfor moregeneralpro-
grammingmodelscouldalsobeanalyzedin theory.

(c) Analysis. I analyzetherunningtimeandspacerequirementfor parallelprogramsassuminga
constant-timefetch-and-addinstruction;theanalysisdoesnot reflecttheeffectsof processorscon-
tendingon synchronizationsor memoryaccesses.Also, I do not analyzethetotal communication
(in theform of cachemisses)for theprograms.

(d) Scalability of implementations. My implementationsandexperimentswerecarriedout on
singlebus-basedSMPs,with up to 16 processors.Eachof my implementationsthereforeused
a serializedscheduler, which doesnot appearto be a major bottleneckfor up to 16 processors.
I describeand analyzeparallelizedversionsof the schedulers,which I expect would be more
effective on a machinewith a largernumberof processors.However, mainly dueto the lack of
convenientaccessto sucha machine,I donot experimentallyvalidatethisclaim.

(e) Benchmarks. Sincethealgorithmsaretargetedtowardsnestedparallelprograms,thebench-
marksI useto evaluatethempredominantlyusenestedparallelism. The multithreadedruntime
systemon the Power Challengehandlesmulti-way forks that are commonin dataparallelism.
However, the Pthreadsinterfaceallows only a binary fork, andall the Pthreadsbenchmarksare
written using nestedfork-join constructs. Someof the benchmarksalso makelimited use of
Pthreadmutexes.However, thePthreadslibrary itself makesextensiveuseof themutexesandcon-
dition variablesprovidedby thePthreadsAPI. Thesetof benchmarksincludescompute-intensive
andmemory-intensivecodes,but no I/O-intensiveapplications.
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1.3 Organizationof the Dissertation

Theremainderof this dissertationis organizedasfollows.
Chapter2 begins by presentingan overview of previous work on representingcomputations

with graphs.I thenmotivateandexplain thedynamicdagsmodelusedthroughoutthis disserta-
tion. I alsoformally defineimportantpropertiesof parallelprogramsandtheirparallelexecutions,
suchasspacerequirement,in termsof thedags.Thechapterthendifferentiatesbetweendifferent
modelsof parallelism,includingnestedparallelism,andendswith anoverview of relatedwork on
dynamicschedulingtechniques.

Chapter3 describesalgorithmAsyncDF, the first of the two asynchronousschedulingalgo-
rithmspresentedin this dissertation.I analyzethespaceandtime boundsfor a programexecuted
usingalgorithmAsyncDF. I thendescribehow thescheduleritself canbeparallelized,andanalyze
thespaceandtimeboundsincludingtheoverheadsof theparallelizedscheduler.

Chapter4 describesthe implementationof a multithreadingruntime systemthat usesthe
AsyncDF schedulingalgorithm.It alsoevaluatesandcomparestheperformanceof thescheduler
with previousschedulingtechniquesusinga setof parallelbenchmarks.

Chapter5 explainshow aslightvariationof theAsyncDFschedulingalgorithmcanbeaddedto
alightweightPthreadsimplementation,makingit spaceefficient. I show thatthenew schedulercan
resultin goodspaceandtimeperformancefor fine-grainedversionsof a varietyof Pthreads-based
parallelbenchmarks.

Chapter6 presentsthesecondspace-efficient schedulingalgorithm,namely, algorithmDFDe-
ques. It alsoanalysesthespaceandtime requirementsfor executinga nested-parallelbenchmark
usingtheDFDeques.

Chapter7 describesthe implementationof DFDequesin the context of a Pthreadslibrary. I
experimentallycomparetheperformanceof DFDequeswith theoriginal Pthreadsschedulerand
with algorithmAsyncDF, by usingthePthreads-basedbenchmarksintroducedin Chapter5. I also
presentsimulationresultsfor syntheticbenchmarksto comparethe performanceof DFDeques
with bothalgorithmAsyncDF, andwith anotherspace-efficient(work-stealing)scheduler.

Chapter8 summarizestheresultspresentedin this dissertation,anddescribesfuturedirections
for researchthatemergefrom thiswork.



Chapter 2

Background and RelatedWork

Dynamicallygeneratedgraphsareusedthroughoutthisdissertationto representcomputationswith
dynamicparallelism.This chapterbeginswith a descriptionof previouswork on usinggraphsto
modelparallelcomputations(Section2.1.1),followedby adefinitionof thedirectedacyclic graph
(dag)modelusedin this dissertation(Section2.1.2). Sections2.1.3and2.1.4thendefinesome
propertiesof thecomputations(or their dags)thatwill bereferredto in theremainderof this dis-
sertation.Next, Section2.2describessomeof themodelsof parallelismthatcanbeimplemented
by fine-grained,lightweightthreads.For eachmodel,I give examplesof existing threadsystems
or parallellanguagesthat implementthemodel.Thechapterendswith a summaryin Section2.3
of previouswork on dynamicschedulingof lightweight threadsfor eithergoodlocality or space
efficiency, alongwith anexplanationof wherethisdissertationresearchfits in.

2.1 Modeling a Parallel Computation asa Graph

Thissectionbeginsby listingsomepreviousworkonmodelingparallelcomputationswith different
typesof graphs,followedby a descriptionof theparticulargraphmodelusedin this dissertation.
Thesectionendswith definitionsof importantpropertiesof parallelcomputationsor their graph
representations.

2.1.1 Background

Marimont[104], Prosser[130], Ianov [86], andKarp [93] introduceddirectedgraphsto represent
sequentialprograms.Sincethen,several researchershave usedgraphsto modelboth sequential
andparallelcomputationsfor avarietyof purposes.

Graphshave beenusedto representprogramsin the functionalprogrammingcommunity, so
that the programscanbe executedusinggraphreduction[157]. Internalnodesareapplication
nodeswhile theleavesareeitherprimitiveoperatorsor datavalues.Theleft child of anapplication
nodereducesto anoperator, while its right child representstheoperandfor the left child. Graph
reductionhasbeenappliedwidely in thecontext of bothsequential[29, 57, 94] andparallel[14,
125]machines.

Representingcomputationsas graphsallows relationshipsbetweentheir spaceand time re-
quirementsto be studiedusingpebblinggames.Graphsusedin pebblingaretypically directed,

15
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acyclic graphsin whichnodesrepresentoperations,andanedgefrom onenodeto anotherindicates
thattheresultof oneoperationis anoperandof another. Pippenger[127] summarizesearlyresults
in pebblingfor sequentialprograms.Pebblinghassubsequentlybeenappliedto generateparallel
schedulesfor FFTgraphs[141], andto characterizeparallelcomplexity classes[160].

Dennis[51] introducedstaticdataflow graphs,which weresubsequentlyaugmentedwith dy-
namic tagsthat increasethe availableparallelism[4]. A dataflow graphis a directedgraphin
which nodesrepresentoperators(or instructions)andthe edgesrepresentdatadependencesbe-
tweennodes.Dataflow graphshave beenusedin the simulationof computersystems[68, 149].
As intermediaterepresentationsfor dataflow languages,they arealsousedto executedataflow pro-
gramsat a fine-grainedlevel, whereindividual operationsaredynamicallyscheduledon special
processors[6, 74]. Alternatively, themacro-dataflow approachinvolvescompile-timepartitioning
of the graphnodesinto coarsertasksandschedulingthemonto moreconventionalmultiproces-
sors[139, 140].

Computationgraphswereintroducedby Karp andMiller [91] asa modelto representparal-
lelism in simple,repetitiveprocesses.Eachnodeof a computationgraphis anoperationandeach
edgerepresentsa first-in first-out queueof datadirectedfrom onenodeto another. The model
wassubsequentlyextendedto includefeatureslike conditionalbranching[2, 7, 52,103,106, 135].
Thesegraphicalmodelshave a numberof different typesof nodes,including arithmeticopera-
torsandcontrolflow decisions,andhave beenusedto represent,analyze,manipulateandexecute
parallelcomputations.

A significantamountof work hasfocusedonstaticschedulingof taskgraphsonparallelcom-
puters.A taskgraphis a directedgraphin which eachnoderepresentsavariable-lengthtask(sub-
computation).An edgeconnectingtwo tasksrepresentsdependencesbetweenthem,with weights
denotingcommunicationcosts.Thecommunicationcostis incurredonly if thetwotasksaresched-
uledonseparateprocessors.Althoughtheproblemof findinganoptimalschedulewasshown to be
NP-completeevenwithoutcommunicationcosts[100], schedulingalgorithmsthatproducesched-
uleswithin a factorof 2 of optimalhave beenpresentedfor variouscases[28, 71, 121]. Several
researchershave analyzedthe trade-off betweentime andcommunicationfor different typesof
taskgraphs[89, 120,122, 154]. A numberof heuristicshavebeensuggestedto staticallypartition
andscheduletaskgraphsto minimizeexecutiontime[55, 69,85,107]. Taskgraphshavealsobeen
usedto predicttheperformanceof parallelcomputations[12, 98,110,144, 152].

Dynamic dags

All the above approachesusegraphsasexplicit, staticrepresentationsof programs.In general,
to statically constructand schedulesuchgraphs,the costsfor eachruntime instanceof a task
(node)or datacommunication(edge)mustbeknown atcompiletime. Thesequantitiesaredifficult
to staticallyestimatefor programswith dynamicparallelism,for example,programswith data-
dependentspawning andparallelrecursion,or parallelloopswith staticallyunknown boundsand
iterationexecutiontimes,etc. Therefore,insteadof usinga staticgraphrepresentation,programs
with dynamicparallelismaremodeledusingdynamicgraphsin thisdissertation.A dynamicgraph
is a directedgraphthatcorrespondsto a singleexecutionof a program,andunfolds(is revealed
incrementally)astheexecutionproceeds.Eachnodecorrespondsto a separateexecutioninstance
of sometask.Thus,a sequentialloop wouldberepresentedasa linearsequenceof nodes,created
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asthe loop executes,insteadof a cycle asin statictaskgraphs.Thedynamicgraphsconsidered
in this dissertationareassumedto be acyclic1. The complete,directedacyclic graphor dag is
availableonly at theendof anexecution,andneednot beexplicitly createdby thescheduler. We
simplyview it asa traceof thatexecution.

Althoughstaticdagswereinitially usedto representarithmeticexpressions[27, 28], researchers
have morerecentlyuseddynamicdagsto modelparallelcomputationswith dynamicparallelism.
Burtonet al. [30, 143],BlumofeandLeiserson[24, 26], andBlellochet al. [21] modeledparallel
computationsasdynamicdagsto generateefficientschedules.Leightonetal. [99] studiedefficient,
online embeddingsin hypercubes,of dagsthat representa treeof dynamicallyspawned tasks.
Dynamicdagrepresentationshave also beenusedto definerelaxed modelsof memoryconsis-
tency [22], or for proving correctnessof algorithmsthatdetectraceconditions[40, 58]. Bertsekas
andTsitsiklis [16] presenta goodintroductionto the dynamicdagmodelfor parallelprograms.
They explainhow parallelexecutionscanberepresentedby schedulesfor thecorrespondingdags,
andthey definetherunningtime for a parallelexecutionin termsof theseschedules.

2.1.2 Dynamic dagsusedin this dissertation

Dynamicdagsareusedasanabstractmodelto representparallelcomputationsin thisdissertation.
Thishasanumberof advantages.j A dagis a simpleandintuitive representationfor a programexecution,independentof the

parallellanguageor underlyingparallelmachine.j Theproblemof dynamicallygeneratinga schedulefor theprogramreducesto theproblem
of generatinganonlineschedulefor thedynamicdag(seeSection2.1.4).j Thepropertiesof aparallelcomputation,suchasthetotalnumberof operationsor thecritical
pathlength,canbedefinedin termsof propertiesof thedag(seeSections2.1.3).Similarly,
thecostsof a particularschedulecanbeanalyzedin termsof propertiesof thedag.j Differentmodelsof dynamicparallelismcanbecomparedin termsof thestructuralproper-
tiesof thedagsgeneratedby theparallelcomputations(seeSection2.2).

In the dagmodelusedin this dissertation,eachnoderepresentsa unit of computationor an
action in a thread; therefore,I will usethe terms“node” and “action” interchangeably. Each
actionmustbe executedserially, takesexactly a singletimestep(clock cycle) to be executedon
a processor. A singleactionmayallocateor deallocatespace.Sincemachineinstructionsdo not
necessarilycompletein a single timestep,onemachineinstructionmay translateto a seriesof
multipleactions.

Eachedgein the dagrepresentsa dependencebetweentwo actions. Thus,if the daghasan
edge kml�n�oqp , thenthenode o mustbeexecutedafternode l . Oneor morenew threadsarecreated
by executinga fork instruction.Whena threadrts forks a threadrtu , threadrts is calledtheparent
of thread rvu , and thread rtu a child of thread rts . Figure2.1 shows an exampledag for a simple
parallelcomputation.The fork edges,shown asdashedlines in the figure, arerevealedwhena

1A graphrepresentingtheexecutionof a computationwith arbitrarysynchronizationsmaycontaina cycle, imply-
ing thattheexecutionrepresentedby thegraphdeadlocks.Therefore,wedonotconsidersuchcomputations.
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threadforks a child thread.Thefork edgegoesfrom thecurrentnodeof theforking threadto the
initial nodeof thechild thread.Thedottedsynchedgesrepresenta synchronizationbetweentwo
threads,while eachsolidandverticalcontinueedgerepresentsasequentialdependencebetweena
pairof consecutiveactionswithin asinglethread.For everyedgekJl-nwoxp in thedag,nodel is called
a parentof nodeo , andnodeo a child of nodel .

Eachnode o in the dagis assignedan integerweight ySkJoxp to representa memoryallocation
or deallocation. Thus, a node(action) o that allocatesz units of memoryis assigneda labely{kmoqp}|~z . If thenode o deallocatesz bytes,then y{kmoqpH|���z ; if it performsno allocationor
deallocation,y{kmoqp�|O� . Weassumethatasinglenode(action)doesnotperformbothanallocation
anda deallocation.

If the programmingmodelsupportsmulti-way forks, a nodecanhave a high out-degree. In
contrast,in systemsthatonly allow binary forks, theoutdegreeof a nodecanbeat mosttwo. As
a convention,whena threadforksachild thread,I will draw thechild threadto theimmediateleft
of theparentthread.If multi-way forks arepermitted,thenthechildrenareshown arrangedfrom
left-to-right in theforking (or programtext) order.

Dag-determinism

Eachdagrepresentsasingleexecutionof aparallelcomputation.Therefore,asingleparallelcom-
putationmayresultin differentdagsfor eachparallelexecutionof thecomputation.Theanalysisin
this dissertationfocuseson parallelcomputationsthataredag-deterministic, that is, thestructure
of thedag(includingtheweightson its nodes)is thesamefor everyexecutionof thecomputation.
Thus,thedagrepresentinga dag-deterministiccomputationis independentof factorssuchasthe
schedulingtechnique,thenumberof processors,or therelative orderof executionof actionsthat
canbe executedin parallel. A dag-deterministicparallelcomputationmay be non-deterministic
in thetraditionalsense,that is, it mayproducedifferentresultsduringdifferentexecutions.How-
ever, to analyzethe spaceandtime costs,we simply requirethat the dagfor eachexecutionbe
thesame.As anexampleof a computationthat is not dag-deterministic,considera programwith
speculativeparallelism.It mayperformmore(or less)work whenexecutedonmultipleprocessors
comparedto its serialexecution.Sincethedagsfor thetwo executionsdiffer, thecomputationis
not dag-deterministic.Similarly, a searchprogramwith pruningmayresult in differentdagsfor
eachexecution,andis thereforenotdag-deterministic.

The reasonfor focusingon dag-determinismin this dissertationis that the spaceand time
costsfor a parallelschedulearedefinedin termsof propertiesof thedag. For example,I define
the parallelspacerequirement�q� of a computationasa propertyof the dagthat representsthe
parallelexecutionof that computationon � processors.�q� is thenboundin termsof the space
requirement��� for a serialscheduleof the samedag. Now this boundmakessenseonly if the
serialexecutionof thecomputationactuallyproducesthe samedag. Therefore,this dissertation
restrictsits focustodag-deterministiccomputationsto allow meaningfulanalysesof thescheduling
algorithms. The schedulerspresentedin this dissertationare, nonetheless,perfectly useful for
executingcomputationsthat arenot purely dag-deterministic.However, for suchcomputations,
thespaceandtime costswould be boundin termsof the worst-casespaceandtime costsfor all
possibledags,which maybedifficult to predictor computeoffline. This issueis discussedbriefly
in Chapter8.
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t0

t1

t2

Figure 2.1: An exampledag for a parallel computation.Eachdashededgerepresentsa fork, andeach
dottededgerepresentsa synchronizationof a child threadwith its parent. Solid, vertical edgesrepresent
sequentialdependenceswithin threads.Here ��� , theinitial (root) thread,forksa child thread��� , which forks
a child thread�J� .
2.1.3 Work and depth

Thework of a dag-deterministicparallelcomputationis thetotalnumberof actionsexecutedin it.
Sinceeachactionrequiresasingletimestepto beexecuted,theworkof aparallelcomputationalso
equalsthetimetakento executeit serially(assumingzeroschedulingoverheads).A computation’s
depth is the lengthof thecritical pathin it, that is, the time requiredto executethecomputation
onaninfinite numberof processors(assumingnoschedulingor communicationoverheads).Thus,
thework of a dag-deterministicparallelcomputationequalsthetotal numberof nodesin its dag,
while its depthequalsthelengthof thelongestpathin thedag.For example,thedagin Figure2.1
has10units(timesteps)of work, anda depthof 6 timesteps;threadr�� performs5 unitsof work.

2.1.4 Schedules:spaceand time requirement

For analyzingthespaceandtimerequirementsof aparallelcomputation,thisdissertationassumes
that theclocks(timesteps)of theprocessorsaresynchronized.Therefore,althoughwe aremod-
elingasynchronousparallelcomputations,theschedulesarerepresentedassetsof nodesexecuted
in discretetimesteps.With this assumption,theparallel(or serial)executionof a computationon� processorscanberepresentedby a � -schedule�P��|]���^nP���%n%� �%�>nP��� , where ��� is thesetof nodes
executedat timestep� . Sinceeachprocessorcanexecuteat mostonenodein any timestep,each
set � � containsat most � nodes.Thus,for a serialscheduleor � -schedule,each � � consistsof at
mosta singlenode.A � -schedulemustobey thedependency edges,that is, a nodemayappearin
a set � � only if all its parentnodesappearin previoussets.

The length of a � -scheduleis thetime requiredto executethe � -schedule,that is, thenumber
of timestepsin it. Thus,a � -schedule� � |~� � nP� � n%�%�%��nP� � haslength � . Thespacerequiredby � �
is �q�@|��6�Ry(������� ��¡£¢£¢£¢Z¡ ��¤\¥ � �¦��� ¥�§�¨/©^ª/y{kmoqpm« , where � is thesizeof the input data,and ySkJoxp is

theamountof memoryallocatedby nodeo .
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Figure 2.2: The statetransitiondiagramfor threads.An active threadthat is eitherexecuting,readyor
suspended.

A nodein a threadis readyto executewhenall its parentshave beenexecuted,but thenode
itself hasnot yet beenexecuted. A threadthat hasbeencreatedbut hasnot yet terminatedis
called active. A threadis deadonceit hasterminated. At any time during the execution,the
first unexecutednode(or action)in anactive threadis calledthethread’s current node.An active
threadis executingif it is currentlybeingexecutedonsomeprocessor. Otherwise,anactive thread
is eitherreadyor suspended.Thethreadis readyif its currentnodeis ready;otherwise,it is said
to be suspended. Figure2.2 shows the statetransitiondiagramfor threads.A suspendedthread
is reawakenedwhenits currentnodebecomesready. We saya threadis scheduledwhenits state
changesfrom readyto executing. Whenit is subsequentlydescheduled, it leavesthe executing
state.

In this dissertation,a thread’s granularity refersto theaveragenumberof actionsexecutedby
the thread.Thus,threadsthatperformonly a few operationsarefine grained, while threadsthat
performalargenumberof operationsarecoarsegrained. For example,aSPMD-stylecomputation
thatcreatesonethreadperprocessor, independentof theproblemsize,hascoarse-grainedthreads.
I also (informally) defineschedulinggranularity to be the averagenumberof actionsexecuted
consecutively on a singleprocessor, from threadsclosetogetherin thedag.Figure2.3shows two
differentmappingsof threadsfrom a parallel computationto processorsthat result in different
schedulinggranularities.

Depth-first schedulesand serial space

As demonstratedby the examplesin Chapter1, the schedulegeneratedfor a parallelcomputa-
tion dependson thealgorithmusedto schedulethe threads.Thus,severaldifferentserialsched-
ules(with differentspacerequirements)mayexist for a singledag. A serialimplementationthat
maintainsa LIFO (last-in-first-out)stackof readythreadsresultsin a depth-firstschedule. A
depth-firstscheduleis a � -schedulein which, at every step,we pick the mostrecentlyexecuted
node o thathasa readychild node,andexecuteany child of o . Sincethenode o may have two
or morechildren,andwe do not specifywhich child nodeto pick first, a dagmay have several
depth-firstschedules.For example,Figure2.4showstwo possibledepth-firstschedulesfor thedag
from Figure2.1.

A specificdepth-firstschedulecalleda 1DF-schedulecanbedefinedfor computationsby in-
troducingprioritieson thethreads—atotalorderwhererts®­�rtu meansthat rts hasa higherpriority
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Figure 2.3: Two differentmappings(a) and(b) of threadsin a dagonto processors̄ �/°^±P±^±²°v¯�³ . (a) has
higherschedulinggranularitythan(b).

than r u . To derive this orderingwe say that whenever a thread r � forks a thread r � , the forked
threadwill have a higherpriority thantheforking thread( r � ­´r � ) but thesamepriority relative to
all otherthreadscurrentlyexisting in thesystem.If multi-way forks arepermitted,prioritiesare
assignedto thethreadsin theprogramtext order;thus,if threadr�� forks � threadsr���n%� �%��nvr�µ in a
singletimestep,then r��}­�rt�A­¶�%�%�q­<r�µ@­�r�� . A 1DF-scheduleis theunique � -schedulegenerated
by alwaysexecutingthe currentactionof the highest-priorityreadythread. The order in which
nodesareexecutedin a 1DF-scheduledeterminestheir 1DF-numbers. For example,Figure2.4(b)
shows the 1DF-numberingof the dagfrom Figure2.1. Recall that my convention is to draw a
newly forkedchild threadto theimmediateleft of its parent.Therefore,all my exampledagsare
drawn suchthat,if rvs�­Ortu , then rts appearsto theleft of rtu . Thus,the1DF-scheduleis theunique,
left-to-rightdepth-firstschedule.

Serialimplementationsof many languagesexecutea 1DF-schedule. In fact, if the threadcre-
ations(forks) wereto be replacedby simplefunctioncalls, thenthe serialscheduleexecutedby
any stack-basedlanguagesuchasC is identicalto a 1DF-schedulefor mostparallelcomputations.
Thereexist someparallelcomputations(suchasthosewith right-to-left synchedges),for which
a 1DF-scheduleneednot be the mostnaturalserialexecutionorder. However, for the classof
computationsthat this dissertationfocuseson, the1DF-scheduleis indeedthemostnaturalserial
executionorder, andtherefore,its spacerequirementwill bereferredto astheserialspacerequire-
ment ��� for aparallelcomputation.

2.2 Modelsof Parallelism

Researchersin the past have compareddifferent models for parallel machines;for example,
Traff [155] presentsa goodoverview of the PRAM modelandits variants. Therehasalsobeen
somework in classifyingparallellanguagesor modelsof parallelprogramming.Bal andTanen-
baum[8] comparethe data-sharingsemanticsof parallel languagesfor distributedmemoryma-
chines.SipelsteinandBlelloch [147] review andcomparea setof parallellanguagesthatprovide
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Figure 2.4: Two differentdepth-firstschedules(a) and(b) for theexampledagfrom Figure2.1;eachnode
is labelledwith its executionorder. A nodecannotbeexecuteduntil all the nodesthat have edgesinto it
have beenexecuted.(b) is a 1DF-schedule,andthereforeeachnode’s label is its 1DF-number. To obtaina
1DF-schedule,prioritiesareassignedto thethreadssuchthat � �}· � �}· � � .
dataaggregatesandoperationsto manipulatethemas languageprimitives. DekeyserandMar-
quet[50] classifysomedata-parallellanguagesaccordingto the level of abstractionthey provide
to theprogrammer. Skillicorn andTaliaclassifyalargersetof parallellanguagesinto sixcategories
basedonsimilarcriteria.At oneendof theirspectrumarelanguageswith implicit parallelism,such
asHaskell[82] andUNITY [38], for which theprogrammingis relatively simplebut theperfor-
mancereliesheavily on thelanguageimplementation.At theotherextremearelanguagessuchas
MPI [61] in which theparallelism,partitioning,scheduling,communicationandsynchronization
areall specifiedby the programmer. This dissertationresearchis applicableto the intermediate
classof languagesin which the parallelismis explicit anddynamic(in the form of lightweight
threads),while thepartitioning,scheduling,communicationandsynchronizationareall implicit,
andleft to the language(or machine)implementation.I amnot awareof any previouswork that
furtherdifferentiatesbetweenparallellanguagesin this specificclass,basedon themodelof par-
allel programmingsupportedby eachlanguage.Therefore,thissectionis anattemptto makesuch
adifferentiation.In particular, I describethedifferentmodelsof parallelismbasedon thestructure
of thedagsresultingfrom theparallelcomputations,andprovide examplesof parallellanguages
or computationsthatsupporteachmodel.

Themodelof parallelismsupportedby a language(or threadlibrary) determinesthestyle in
which lightweight threadsmaybecreatedor synchronizedin the language.Imposingno restric-
tionson theprogrammingmodelleadsto computationsthatarerepresentedby arbitrary, unstruc-
tureddags,andexecutingthemefficiently canbe difficult. Therefore,a numberof parallel lan-
guagesor threadlibrariesprovideasetof primitivesthatleadto computationswith well-structured
dags. HereI describefive modelsin roughly increasingorderof flexibility or expressiveness.I
only cover modelsthatallow dynamiccreationof threads,asopposedto theSPMD stylewhere
onethreadis createdperprocessorat the startof thecomputation(e.g., in MPI or Split-C [49]).
This list is by no meanscomprehensive, but covers the modelsimplementedby a large set of
parallellanguages.
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1. Flat parallelism

In theflat modelof parallelism,theoriginal (root) threadis allowedto fork child threads.All the
child threadsmustsynchronizewith theroot threadatasinglepoint in theprogramandterminate;
the child threadscannotfork more threadsthemselves or communicatewith eachother. Once
thethreadssynchronize,theparentcanonceagainfork new child threads.Figure2.5 (a) shows a
sampledagfor aprogramwith flatparallelism.Flat,data-parallellanguageslike High Performance
Fortran[60] supportthisstyleof parallelismoverelementsof densearrays.Parallelizingcompilers
alsooftengenerateanoutputprogramin this style. For example,whenthecompilerencountersa
loopnest,it mayparallelizeoneof thenestedloopsby creatingonechild threadperprocessor, and
partitioningthe iterationsof that loop amongthe child threads.Alternatively, the compilermay
createonechild threadperiterationof thechosenloop,anduseastaticor dynamicscheme[84, 97,
128,158] to partitionthechild threadsamongtheprocessors.Thechild threadsthensynchronize
with theparentat theendof theparallelizedloop.

2. Nestedparallelism

As with flat parallelism,all thechild threadsin anestedparallelcomputationsynchronizewith the
parentatasinglepointandthenterminate.No othersynchronizationsarepermitted,andtherefore,
aswith flat parallelism,child threadsmay not communicatewith eachother. However, a child
threadis allowedto fork its own child threads,andthe forks mustbe perfectlynested(seeFig-
ure2.5 (b)). Thedagsthat representnestedparallelcomputationsarefairly well structured,and
arecalledseries-paralleldags[21]. Data-parallellanguagessuchasNESL [17] andcontrol-parallel
languagessuchasProteus[109] implementnestedparallelism.A numberof parallelprograms,in-
cludingdivide-and-conquercomputations,branch-and-boundsearches,functionalexpressioneval-
uations,parallelloop nests,andoctree-basedcodesfor graphicsor dynamicsapplications,make
useof nestedparallelism.Theexamplesin Chapter1 arenestedparallelprograms.

3. Strictness

Strict computations[24] extendnestedparallelcomputationsby allowing oneor moresynchro-
nizationedgesfrom athreadto its ancestorthreads.In functionalprograms,thisrestrictionimplies
thatafunctioncannotbeinvokeduntil all its argumentsareavailable,althoughtheargumentsmay
be computedin parallel. Fully strict computationsarea subsetof strict computationsthat only
allow synchronizationedgesfrom a threadto its parent. For example,the dagin Figure2.5 (c)
representsa fully strictcomputation.TheCilk programminglanguage[25] implementsasubsetof
fully strict computationsin which, all thechildrencurrentlyforkedby a threadmustsynchronize
with the parentat a singlepoint; this subsetis equivalentto nestedparallelcomputationsin its
expressiveness.

4. Synchronization variables

A synchronizationvariableis a write-oncevariable,andany threadthatperformsa readon a syn-
chronizationvariablebeforeit hasbeenwrittento, mustsuspend.Onceawrite is performedonthe
variable,it canbereadmultiple times. Therefore,thereis a synchronizationedgefrom thenode
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(a) (b)

(c) (d)

Figure 2.5: Exampledagsfor the differentmodelsof dynamicparallelism. (a) A computationwith flat
parallelism,wherethe root threadmay fork child threads. (b) A nestedparallel computation,in which
all forks and joins are nested. (c) A strict computation,which allows a threadto synchronizewith its
ancestors(this example is also fully strict becausethreadsonly synchronizewith their parents). (d) A
computationwith synchronizationvariables,wheresynchronizationedgesgofrom nodesthatperformwrites
to synchronizationvariables,to nodesthatreadthem.
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thatperformsawrite onasynchronizationvariable,to everynodethatreadsit. Thereis norestric-
tion on thepatternof synchronizationedges,that is, a synchronizationedgemaygo from a thread
to any otherthread,aslongastheresultinggraphis adag(hasnocycles).As with theabovemod-
els,new threadsarecreatedby forking. Figure2.5(d) showsanexampledagrepresentingaparallel
computationwith synchronizationvariables.Synchronizationvariablescanbeusedto implement
futuresin suchlanguagesasMultilisp [77], Mul-T [95], Cool [36] andOLDEN [34]; I-structuresin
Id [5]; eventsin PCF[148]; streamsin SISAL [59]; andarelikely to behelpful in implementingthe
user-specifiedsynchronizationconstraintsin Jade[134]. Computationswith futuresarea special
case,in which all thesynchedgesin thedaggo from left to right; the 1DF-scheduleis a natural
serialexecutionorderfor suchcomputations.

4. Other synchronization primitives

Computationsthatusesomeof theothersynchronizationprimitives,suchasmutexes,semaphores,
or conditionvariables,areoftennotdag-deterministic.For example,considera programin which
the root threadforks a child thread,andboth thenexecutesomecritical sectionprotectedby a
mutex. If the root threadacquiresthemutex first, thereis a synchronizationedgefrom thenode
in theroot threadthatunlocksthemutex to thenodein thechild threadthat locks it. In contrast,
if thechild acquiresthemutex first, thesynchronizationedgegoesfrom theunlockingnodein the
child threadto thelocking nodein theparent.Thus,althoughindividual executionshave unique
dagsto representthem,thecomputationis notdag-deterministic,i.e., it cannotberepresentedwith
a singledagthatis independentof theindividualexecutions.A numberof general-purposethread
librariesprovidesucharbitrarysynchronizationprimitives[15, 35,44,46,88,116, 150].

Theschedulingalgorithmspresentedin this dissertationareanalyzedfor nestedparallelcom-
putations. However, the Pthreads-basedimplementationsdescribedin Chapters5 and7 usethe
schedulersto executecomputationswith arbitrarysynchronizationprimitives,includingmutexes
andconditionvariables.Theexperimentalresultsindicatethattheschedulersworkwell in practice
for computationswith a moderateamountof suchsynchronizations.

2.3 Previouswork on lightweight thr eadsystems

A varietyof systemshave beendevelopedto schedulelightweight,dynamicthreads[13, 25, 34,
36,47,75, 76,90,102,105, 111,115,126, 137,159,161,162, 164]. Althoughthemaingoalshave
beento achieve low runtimeoverheads,goodloadbalancing,andhigh locality, a significantbody
of work hasalsofocusedondevelopingschedulingtechniquesto conserve memoryrequirements.
This sectionpresentsanbrief overview of previouswork on dynamicthreadschedulingfor good
locality, followedby adescriptionof space-efficientschedulers.

2.3.1 Schedulingfor locality

Detectionof dataaccessesor datasharingpatternsamongthreadsin adynamicandirregularcom-
putationis often beyond the scopeof the compiler. Further, today’s hardware-coherentSMPs
donotallow explicit, software-controlledplacementof datain processorcaches;therefore,owner-
computeoptimizationsfor locality thatarepopularondistributedmemorymachinesdonotapplyto
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SMPs.However, in many parallelprograms,threadsclosetogetherin thecomputation’sdagoften
accessthesamedata.For example,in adivide-and-conquercomputation(suchasquicksort)where
a new threadis forkedfor eachrecursive call, a threadsharesdatawith all its descendentthreads.
Therefore,increasingschedulinggranularitytypically provides good locality, and also reduces
schedulingcontention(that is, contentionbetweenprocessorswhile accessingsharedscheduling
datastructures).For example,if the � �?¸ thread(going from left to right) in Figure2.3 accesses
the � �?¸ block or elementof an array, thenschedulingconsecutive threadson the sameprocessor,
asin Figure2.3(a),providesbetterlocality. Hencemany parallelimplementationsof fine-grained
threadsuseper-processordatastructuresto storereadythreads[66, 77, 90, 92, 101, 145,159].
Threadscreatedon a processorarestoredlocally andmovedonly whenrequired,so thatmostof
the threadscreatedon oneprocessorareexecutedon that processor. This techniqueeffectively
increasesschedulinggranularity, andcanbeappliedto avarietyof programsthatdynamicallycre-
atethreads,includingthosewith nestedparallelismandsynchronizationvariables.For programs
with parallelloops,techniquesthatstaticallyor dynamicallychunkloop iterationswereproposed
to achieve similargoals[84, 97, 128,158].

An alternateapproachto schedulingfor locality has focusedon taking advantageof user-
suppliedannotationsor hints regardingthe dataaccesspatternsof the threads.For example,if
threadsareannotatedwith thememorylocationsthatthey access,thenthreadsaccessingthesame
or nearbylocationscanbe scheduledin closesuccessionon the sameprocessor[36, 105,126].
Similarly, if hintsregardingthesharingof databetweenthreadscanbeprovidedby theprogram-
mer, anestimateof thedatafootprintsizesof threadsin a processor’s cachecanbecomputedand
usedby thescheduler[161]. However, suchannotationscanbecumbersomefor theuserto provide
in complex programs,andareoftenspecificto a certainlanguageor library interface.Therefore,
insteadof relying on user-suppliedhints, thealgorithmpresentedin this dissertation(Chapter7)
usesthe heuristicof schedulingthreadsclosein the dagon the sameprocessorto obtaingood
locality.

2.3.2 Schedulingfor space-efficiency

The initial approachesto conservingmemorywerebasedon heuristicsthat work well for some
applications,but do not provide guaranteedboundson space[13, 32, 48, 56,67, 70, 73, 77, 102,
111, 118, 119, 124, 138]. For example,Ruggieroand Sargeantintroducedthrottling [138] to
avoid the creationof too many tasksin the Manchesterdataflow machine[74]. Their technique
involvesswitchingbetweenFIFO (first-in-first-out)andLIFO (last-in-first-out)schedulingon the
basisof the systemload. Peyton-Joneset al. [124] presenta methodto control parallelismin
parallelgraphreduction,basedon spawning new paralleltasksonly whenthesystemloadis low.
Burton [32], Epstein[56], andOsborne[118] suggestedtechniquesto control speculative paral-
lelismby assigningprioritiesto tasks.CullerandArvind [48] proposedloop-boundingtechniques
to control the excessparallelismin a dataflow languageId [5]. Multilisp [77], a flavor of Lisp
thatsupportsparallelismthroughthe“future” construct(andthereforesupportscomputationswith
write-oncesynchronizationvariables),usesper-processorstacksof readythreadsto limit thepar-
allelism. Eachprocessoraddsor removesthreadsfrom the top of its stack,while idle processors
stealfrom thebottomof someotherprocessor’s stack.A similarmethodwassubsequentlyimple-
mentedin thecontext of Qlisp[123]. Lazyallocationof athreadstackinvolvesallocatingthestack
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whenthe threadis first executed,insteadof whenit is created,therebyreducingthreadcreation
time andconservingmemory[13]. Lazy threadcreation[70, 90,111] avoidsallocatingresources
for a threadunlessit is executedin parallel.Filaments[102], a packagethatsupportsfine-grained
fork-join or loop parallelismusingstatelessthreads,conservesmemoryandreducesoverheadsby
coarseningandpruningexcessparallelism.Nesteddataparallellanguagesthat areimplemented
usingflattening[18] mayrequirelargeamountsof memory;runtimeserializationcanreducemem-
ory requirementsfor someprograms[119]. GrunwaldandNevesusecompile-timeanalysisof the
wholeprogramto conservethestackspacerequiredfor lightweightthreads[73]; they calculatethe
exactsizeof thestackrequiredfor eachfunction,andinsertchecksfor stackoverflow in recursive
functions.Fu andYangreducememoryusagefor volatile objectsin a distributedobjectsmodel,
by clusteringandschedulingtasksbasedonknowing whichobjectsthey access[67].

Recentwork has resultedin provably efficient schedulingtechniquesthat guaranteeupper
boundson the spacerequiredby the parallel computation[21, 24, 26, 30, 143]. For example,
BlumofeandLeiserson[24] showedthatrandomizedwork stealingguaranteesanupperboundof�A¹v��� for thespacerequiredon � processors,where��� is theserial(depth-first)spacerequirement2.
In theiralgorithm,eachprocessormaintainsits own list of readythreads,whichit treatslike aFIFO
stack;threadsarepushedon or poppedoff the top of this readystackby theprocessor. Whena
processorrunsout of threadson its own stack,it picks anotherprocessorat random,andsteals
from thebottomof its stack. Their modelappliesto fully-strict computationswith binary forks,
andallowsmemoryallocationson a threadstack,but not on theheap3. They alsoboundthetime
andcommunicationrequirementsof theparallelcomputations.TheCilk runtimesystem[25] uses
this randomizedwork stealingalgorithmto efficiently executemultithreadedprograms.Various
othersystemsusesimilar work stealingstrategies[76, 111, 115, 159] to control the parallelism.
This approachalso typically providesgoodlocality, sincethreadsclosetogetherin the dagare
scheduledon thesameprocessor.

Theschedulingalgorithmproposedby BurtonandSimpson[30, 143]alsoguaranteesanupper
boundof �º¹q��� . Their modelallows dag-deterministiccomputationswith arbitrarydagsandis
thereforemoregeneralthanfully strictparallelism.However, theirdefinitionof ��� is themaximum
spacerequiredoverall possibledepth-firstserialexecutions,ratherthanjust theleft-to-rightdepth-
first execution.Theremaynotexist anefficientalgorithmto computethisvalueof ��� for arbitrary
dags.

A recentschedulingalgorithm by Blelloch et al. [21] improved the previous spacebounds
from a multiplicative factoron the numberof processorsto anadditive factor for nestedparallel
computations.Thealgorithmgeneratesa schedulethatusesonly ���»�½¼
kZ�(¹²¾�p space,where ¾
is the depthof the parallelcomputation.This boundis asymptoticallylower than the previous
boundof �Q¹¿��� when ¾À|~Á²k�����p , which is truefor parallelcomputationsthathave a high degree
of parallelism,suchas all programsin the classNC [42]. For example,a simplealgorithmto
multiply two �ÃÂÄ� matriceshasdepth ¾À|�Å9k�ÆZÇÉÈ}��p andserialspace���®|~Å
km� � p , giving space
boundsof ¼
km� � �h�}ÆZÇÉÈA�-p insteadof ¼9kJ� � ��p on previoussystems.Thelow spaceboundof �����

2MorerecentworkprovidesastrongerupperboundthanÊqËLÌ�Í for spacerequirementsof regulardivide-and-conquer
algorithmsusingrandomizedwork stealing[23].

3Theirmodeldoesnotallow any allocationof spaceonaglobalheap.An instructionin athreadmayallocatestack
spaceonly if thethreadcannotpossiblyhave a living child whentheinstructionis executed.Thestackspaceallocated
by thethreadmustbefreedwhenthethreadterminates.
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¼
kZ�+¹x¾Bp is achieved by ensuringthat the parallelexecutionfollows an orderthat is ascloseas
possibleto the serialexecution. However, the algorithmhasschedulingoverheadsthat are too
high for it to bepractical.Sinceit is synchronous,threadsneedto berescheduledaftereveryunit
computationto guaranteethe spacebounds.Moreover, it ignoresthe issueof locality—athread
maybemovedfrom processorto processorateverytimestep,andthreadsclosetogetherin thedag
maygetscheduledondifferentprocessors.

This dissertationpresentstwo asynchronousschedulingalgorithmsAsyncDFandDFDeques,
thatmaintainthesameasymptoticspaceboundof ���Î�Ï¼
kZ�B¹\¾�p asthepreviousschedulingalgo-
rithm [21], but overcometheabove problems.Themaingoal in thedesignof thetwo algorithms
wasto allow threadsto executenonpreemptively andasynchronously, allowing for betterlocality
andlowerschedulingoverheads.Thelow spaceboundis achievedby prioritizing threadsaccord-
ing to their executionorderin the 1DF-schedule(i.e., the1DF-numberingof their currentnodes),
andpreemptingthemwhenthey run out of a preallocatedquotaof memory. In addition,threads
thatperformbig memoryallocationsaredelayedby loweringtheir priority. To ensurescalability,
I presentparallelizedversionsof the schedulerfor both algorithms. I show that, including the
costsof theparallelizedscheduler, bothalgorithmsexecuteparallelcomputationswith Ð work in¼
k�ÐÒÑw���<¾~¹%Æ?Ç\È`� p timeand ���`�<¼
k?��¹%Æ?Ç\È��@¹\¾Bp space.

ThealgorithmsAsyncDFandDFDequesaredesignedandanalyzedfor nestedparallelcompu-
tationsonsharedmemorymachines.Ourmodelallowsmemoryto beallocatedonthesharedheap
aswell asthethreadstacks.Algorithm AsyncDFallowsmulti-wayforks,while algorithmDFDe-
quesallowsonly binaryforks. Algorithm AsyncDFusesa single,globallyorderedpriority queue
of readythreads,with inputandoutputbuffersthatprovideconcurrent,non-blockingaccessto the
queue.However, thisresultsin poorlocality whenthreadsarefinegrained,since,althoughasingle
threadmayexecuteon thesameprocessor, threadsclosetogetherin thedagmaybescheduledon
differentprocessors.For example,themappingin Figure2.3 (a) couldbea possiblemappingof
threadsto processorsusingwork stealing,while algorithmAsyncDF mayresult in the mapping
shown in Figure2.3(b).

Algorithm DFDequesimprovesuponalgorithmAsyncDF by allowing processorsto usesep-
aratereadyqueues,whichareglobally ordered.This resultsin betterlocality (by schedulingfine-
grainedthreadsclosein a dagon the sameprocessor)and lower contentionduring scheduling,
at thecostof a slight increasein spacerequirement.It is moreefficient in practicecomparedto
algorithmAsyncDF when the threadsarefiner grained. I presentexperimentalresultsto show
thatboth thealgorithmsachieve goodperformancein termsof bothmemoryandtime for a vari-
ety of parallelbenchmarks.Although I analyzethealgorithmsfor nestedparallelcomputations,
experimentalresultsindicatethat they areusefulin practicefor schedulingparallelcomputations
with moregeneralsynchronizationprimitives,suchaslocksor conditionvariables(seeChapters5
and7).

AlgorithmAsyncDFwasrecentlyextendedto executecomputationswith synchronizationvari-
ablesin a provably-efficient manner[19]. This extensionallows a computationwith Ð work, Ó
synchronizations,¾ depthand ��� sequentialspace,to runin ¼
k�ÐÒÑ�����Ó�¹LÆZÇÉÈ�kZ��¹Ô¾BpvÑ�����¾(¹FÆ?Ç\È`kZ��¹Ô¾Bpvp
time and ������¼
kZ��¹²¾�¹/ÆZÇÉÈ�kZ�B¹¿¾Bpvp spaceon � processors.Theboundsincludeall thespaceand
time costsfor the scheduler. Lower boundsfor thespecialcasewherethecomputationgraphis
planarwerealsoprovided.A detaileddescriptionof theschedulingalgorithmis beyondthescope
of thisdissertation.



Chapter 3

AsyncDF: An asynchronous,
Space-EfficientScheduler

ThischapterdescribesandanalyzesalgorithmAsyncDF, thefirstof thetwospace-efficientschedul-
ing algorithmspresentedin this dissertation.Thechapterbeginsby listing thebasicideasbehind
the algorithmthat makeit spaceandtime efficient (Section3.1). Section3.2 describesthe data
structuresusedby thescheduler, andthenpresentsthepseudocodefor algorithmAsyncDF. Sec-
tion 3.3 thenanalyzesthespaceandtime requirementsof a parallelcomputationexecutedusing
algorithmAsyncDF. I show thataparallelcomputationwith depth¾ , work Ð , andserialspacere-
quirement��� , is executedon � processorsby algorithmAsyncDF using ���Î�Ï¼9k�ÕÀ¹v�B¹\¾Bp space
(including schedulerspace);here, Õ is the valueof the memorythresholdusedby AsyncDF.
Further, if ��s is the total spaceallocatedin the computation,I show that the executionrequires¼
k�ÐÒÑw�®�h��sÖÑÖk�Õ~¹m��pq�*¾Bp timesteps.This timebounddoesnot includetheschedulingoverheads;
in Section3.4 I describethe implementationof a parallelizedschedulerandanalyzethe space
andtime boundsincludingscheduleroverheads.Thecontentsof this chapteraresummarizedin
Section3.5.

3.1 BasicConcepts

Algorithm AsyncDF is designedfor the modelof nestedparallelismwith multi-way forks. The
algorithmis basedon thefollowing concepts;thefirst four ensurespaceefficiency, while the last
two areaimedat obtaininggoodtimeperformance.j Depth-first priorities . As with the work of Blelloch et al. [21], threadsare storedin a

globalqueueprioritizedaccordingto their depth-firstexecutionorder, that is, accordingto
the1DF-numberingof theircurrentnodes.Thislimits thenumberof nodesthatexecute“out-
of-order”with respectto a1DF-schedule, therebyboundingtheamountof spaceallocatedin
excessof theserialspacerequirement��� of the1DF-schedule.j Fixed memory quota. Every timeathreadis scheduledonaprocessor, thatis, every timeit
movesfrom thereadystateto theexecutingstate,it is assigneda fixedmemoryquotaof Õ
bytes.Theuser-adjustablevalue Õ is calledthememorythresholdof thescheduler. When

29
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thethreadallocatesspaceon its stackor on thesharedheap,theavailablememoryquotais
appropriatelyreduced.Oncethe threadreachesan instructionthat requiresmorememory
thanthe remainingquota,the threadis preempted,andthe processorfinds the next ready
threadto execute.j Delaysbefore large allocations. When a threadreachesan action that allocatesa large
amount1 of space,the threadis stalledby insertingdummythreadsbeforethe large allo-
cation. In the meantime,if other threadswith a higher priority becomeready, they get
scheduledbeforethestalledthread.j Lazy forks. Whena threadreachesa fork instruction,it is preemptedandaddedto the
schedulingqueue.Its child threadsarecreatedlazily, that is, only whenthey areselectedto
bescheduled.Until then,theparentthreadactsasa representative for all its child threads
thatareyet to becreated.j Uninterrupted execution. Threadsareallowedto executewithout interruptionon thesame
processoruntil they fork, suspend,terminate,or run out of their memoryquota. This im-
provesuponpreviouswork [21] by providingbetterlocalityandlowerschedulingoverheads.j Asynchronousscheduling. Theschedulingisoverlappedwith thecomputation,andthepro-
cessorstaketurnsperformingthetaskof scheduling.Theprocessorsexecuteasynchronously
with respectto eachother, thatis, they do notsynchronizeafterevery timestep2.

Any singlethreadmaybe scheduledseveral times. Every time it is scheduled,a sequenceof its
actionsis executednon-preemptively. Wewill referto eachsuchsequenceasabatch. In algorithm
AsyncDF, all thenodesin abatcharepartof asinglethread.Thus,algorithmAsyncDFeffectively
splitsa threadinto oneor morebatches.Thetermbatchwill beusedsubsequentlyin this chapter
to analyzethespacerequirement.

3.2 The AsyncDF Algorithm

This sectionpresentsthe AsyncDF schedulingalgorithm. It startsby listing the datastructures
requiredfor scheduling,followedby pseudocodefor thealgorithmitself.

3.2.1 Schedulingdata structur es

As mentionedin the Section 3.1, algorithm AsyncDF prioritizes threadsaccording to the
1DF-numbersof their currentnodes.By schedulingthreadsaccordingto thesepriorities,thealgo-
rithm ensuresthattheirexecutionorderin theparallelscheduleis closeto thatin the1DF-schedule.

To maintaintherelative threadpriorities,algorithmAsyncDF usesa sharedpriority queue×
to storereadythreads,suspendedthreads,andstubsthatactasplace-holdersfor threadsthatare
currentlybeingexecuted.Threadsin × arestoredfrom, say, left to right, in increasingorderof

1Here,a “large” allocationis anallocationexceedingthememoryquota Ø .
2Theanalysis,however, assumesthattheclockson theprocessorsaresynchronized.
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the1DF-numbersof theircurrentnodes.Thelowerthe1DF-numberof a thread’scurrentnode,the
higheris thethread’spriority.

Storingthreadsin orderof their priorities requires× to supportoperationssuchasinserting
or deletingfrom the middle of the queue. Implementingtheseoperationsin a concurrentand
efficient manneron a sharedqueueis difficult. Therefore,two additionalFIFO queues,Ù���µ andÙ������ , areusedinsteadto provideconcurrentaccesses.Ù���µ and Ù������ actasinputandoutputbuffers,
respectively, to storethreadsthat areto be insertedinto or that have beenremoved from × (see
Figure3.1). Thus, processorscanperform fast, non-blockingaccessesto the two FIFO buffer
queues,insteadof directly accessing× . The schedulerdescribedin this chapterserializesthe
transferof threadsbetweenthebuffer queuesand × ; Section3.4 describeshow this transfercan
beparallelized.

Processors

Qout

Q in

R

(decreasing thread priorities)

Figure3.1: Themovementof threadsbetweentheprocessorsandtheschedulingqueues.ÚÛ��µ and ÚÜ����� are
FIFOs,whereasÝ allows insertionsanddeletionsof intermediatenodes.Threadsin Ý arealwaysstored
from left to right in decreasingorderof priorities.

3.2.2 Algorithm description

Figure 3.2 shows the pseudocodefor the AsyncDF( Õ ) schedulingalgorithm; Õ is the user-
adjustablememorythresholdfor thescheduler. Theprocessorsnormallyactasworkers. A worker
processortakesa threadfrom Ù ����� , executesit until it terminates,preemptsitself, or suspends
(waiting for oneor morechild threadsto terminate).The worker thenreturnsthe threadto Ù���µ
andpicksthenext threadfrom ÙÞ����� . Every timeathreadis pickedfrom ÙÞ����� , it is allotteda mem-
ory quotaof Õ bytes;it maysubsequentlyusethequotato allocateheapor stackspace.When
the threadexhaustsits memoryquotaandreachesan actionthat requiresadditionalmemoryto
beallocated,it mustpreemptitself beforeperformingtheallocation.A threadthatreachesa fork
instructionalsopreemptsitself.

In additionto actingasworkers,theprocessorstaketurnsin actingasthescheduler. For this
purpose,we introducespecialschedulingthreads into the system. Whenever the threadtaken
from ÙÞ����� by a processorturnsout to bea schedulingthread,it assumestheroleof thescheduling
processorandexecutesthescheduler()procedure.We call eachexecutionof thescheduler()pro-
cedurea schedulingstep. Only oneprocessorcanbeexecutinga schedulingstepat a time dueto
theschedulerlock. Thealgorithmbeginswith a schedulingthreadandthefirst (root) threadof the
programon Ù������ .
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beginworker
while (thereexist threadsin thesystem)

currT := remove-thread(ÙÞ����� );
if (currT is aschedulingthread)

scheduler();
else

executethecomputationassociatedwith currT;
if (currT terminates)or (currTsuspends)or (currTpreemptsitself)

insert-thread(currT, Ù���µ );
endworker

beginscheduler
acquirescheduler-lock;
inserta schedulingthreadinto Ù ����� ;ß

:= remove-all-threads(Ù ��µ );
for eachthreadT in

ß
insertT into × in its originalposition;
if (T hasterminated)

if (T is thelastamongits siblingsto synchronize)and (theparentT à of T is suspended)
reactivateT à ;

deleteT from × ;
selecttheleftmost� readythreadsfrom × :

createchild threadsin placeif needed;
if (therearelessthan� readythreads)

selectthemall;
inserttheseselectedthreadsinto ÙÞ����� ;
releasescheduler-lock;

endscheduler

Figure 3.2: The AsyncDF schedulingalgorithm. currT is the currentthreadexecutingon a processor.
The threadpreemptsitself whenit reachesa fork instruction,or when it needsto allocatememoryafter
exhaustingits memoryquota.Whentheschedulercreatesnew child threads,it insertstheminto Ý to the
immediateleft of their parentthread.This maintainsthe invariantthat the threadsin the readyqueueare
alwaysin increasingorderof the1DF-numbers of their currentnodes.Child threadsareforkedonly when
they areto beaddedto Ú������ , thatis, whenthey areamongtheleftmostá readythreadsin Ý .
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A processorthatexecutesa schedulingstepstartsby puttinga new schedulingthreadon ÙÞ����� .
Next, it moves all the threadsfrom ÙÜ��µ to × . Eachthreadhasa pointer to a stub that marks
its original position relative to the other threadsin × ; it is insertedback in that position. The
schedulerthencompactsthe readyqueueby removing threadsthat have terminated.If a thread
is the lastamongits siblingsto terminate,andtheschedulerfindsits parentthreadsuspended,the
parentthreadis reactivated.All threadsthatwerepreempteddueto afork or anexhaustionof their
memoryquota,arereturnedto × in thereadystate.If a threadhasreacheda fork instruction,its
child threadsarecreatedandinsertedto its immediateleft by thescheduler. Thechild threadsare
placedin × in orderof the1DF-numbersof their currentnodes.Finally, theschedulermovesthe
leftmost� readythreadsfrom × to Ù������ , leaving behindstubsto mark their positionsin × . If ×
haslessthan � readythreads,theschedulermovesthemall to Ù������ . Theschedulingthreadthen
completestheschedulingstep,andtheprocessorresumesthetaskof aworker.

To limit thenumberof threadsin × , thechild threadsof a forking threadarecreatedlazily. A
child threadis not explicitly createduntil it is to bemoved to Ù������ , that is, whenit is amongthe
leftmost � threadsrepresentedin × . Until then,the parentthreadimplicitly representsthechild
thread.A singleparentmayrepresentseveralchild threads.Thisoptimizationensuresthatathread
doesnot have anentry in × until it hasbeenscheduledat leastoncebefore,or is in (or aboutto
be insertedinto) Ù������ . If a thread â is readyto fork child threads,all its child threadswill be
forked(created)andscheduledbeforeeither â , or any otherthreadsin × to theright of â , canbe
scheduled.

Handling large allocationsof space. In algorithmAsyncDF( Õ ), every time a threadis sched-
uled,its memoryquotais resetto Õ bytes(thememorythreshold).Thisdoesnotallow any single
actionwithin a threadto allocatemorethan Õ bytes.I now explain how suchallocationsarehan-
dled,similar to the techniquesuggestedin previouswork [21]. Thekey ideais to delaythebig
allocations,sothatif threadswith lower1DF-numbersbecomereadyin themeantime,they will be
executedinstead.Considera threadwith a nodethatallocatesy unitsof spacein theoriginaldag,
where yäãåÕ . We transformthedagby insertinga fork of yºÑ\Õ parallelthreadscalleddummy
threads,beforethe memoryallocation(seeFigure3.3). Thesedummythreadsperforma single
action(a no-op)each,but do not allocateany space.Every time a processorexecutesthe no-op
in a dummythread,the threadterminates,andtheprocessorgetsa new threadfrom ÙÞ����� . Once
all thedummythreadshave beenexecuted,theoriginal threadcanproceedwith theallocationofy space.Becausethedummythreads,which areaddedusingan yºÑ\Õ -way fork, mayexecutein
parallel,this transformationincreasesthedepthof thedagby atmostaconstantfactor. If ��s is the
total spaceallocatedin theprogram(not countingthedeallocations),thenumberof nodesin the
transformeddagis atmost Ðæ�h��s0ÑÉÕ . This transformationtakesplaceat runtime,andtheon-line
AsyncDF algorithmgeneratesa schedulefor this transformeddag. This ensuresthat the space
requirementof thegeneratedscheduledoesnotexceedourspacebounds,asprovedin Section3.3.

We now prove thefollowing lemmaregardingtheorderof thenodesin × maintainedby algo-
rithm AsyncDF.

Lemma 3.1 TheAsyncDFschedulingalgorithm alwaysmaintainsthe threadsin × from left to
right in an increasingorderof the1DF-numbersof their currentnodes.

Proof: This lemmacanbe proved by induction. When the executionbegins, × containsjust
theroot thread,andthereforeit is orderedby the1DF-numbers.Assumethatat thestartof some
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Figure 3.3: A transformationof the dagto handlea largeallocationof spaceat a nodewithout violating
thespaceboundfor algorithmAsyncDF( ç ). Eachnodeis labeledwith theamountof memoryits action
allocates.Whena threadneedsto allocate è space( èäéêç ), è@ë/ç dummychild threadsareforked in
parallelbeforethe allocation. Eachdummy threadconsistsof a no-opactionthat doesnot allocateany
space.After thesedummythreadscompleteexecution,theoriginal threadmayperformtheallocationand
continuewith its execution.

schedulingstep,the threadsin × from left to right are in increasingorderof the 1DF-numbers
of their currentnodes.For a threadthat forks, insertingits child threadsto its immediateleft in
theorderof their 1DF-numbersmaintainstheorderingby 1DF-numbers.A threadthatsuspends
dueto a memoryallocationis returnedto its original position. Its new currentnodehasthesame
1DF-numberas its previous node,relative to currentnodesof other threads. Deleting threads
from × doesnot affect their ordering.Thereforetheorderingof threadsin × by 1DF-numbersis
preservedaftereveryoperationperformedby thescheduler.

Lemma3.1 impliesthatwhentheschedulermovesthe leftmost � readythreadsfrom × to ÙÞ����� ,
theircurrentnodeshave thelowest1DF-numbersamongall thereadynodesin × . Wewill usethis
fact to prove thespaceboundof theschedulegeneratedby algorithmAsyncDF.

3.3 Analysisof Algorithm AsyncDF

In this section,I analyzethe spaceand time requiredby a parallelcomputationexecutedusing
algorithmAsyncDF. Thespaceboundincludesthespacerequiredby theschedulingdatastructures
in the generalcase.Recallthat the schedulerin algorithmAsyncDF is serialized;therefore,the
time boundin this sectionis presentedonly for the specialcasewhen the schedulerdoesnot
becomeabottleneck.In general,thisbottleneckcanbeavoidedby parallelizingthescheduler. For
adetailedanalysisof thespaceandtimeboundsincludingtheoverheadsof aparallelizedscheduler
in thegeneralcase,seeSection3.4.2.

This sectionfirst statesthe costmodelassumedby the analysis. I thenshow that a parallel
computationwith depth ¾ andwork Ð , which requires ��� spaceto executeon oneprocessor,
is executedby theAsyncDF schedulingalgorithmon � processorsusinga memorythresholdÕ
in ���Î�Ï¼
k�ÕÀ¹t��¹\¾Bp space(includingschedulerspace).Next, I show that theexecutionrequires¼
k�ÐÒÑw���<��s%Ñ²k�ÕU¹���pÎ�Ï¾�p timesteps,where ��s is thetotal spaceallocatedin thecomputation.

Recallthataccordingto thedagmodeldefinedin Section2.1.2,thedepth¾ is definedin terms
of actions,eachof whichrequiresaunit timestep(clockcycle)to beexecuted.Sincethegranularity
of a clock cycle is somewhat arbitrary, especiallyconsideringhighly pipelinedprocessorswith
multiple functional units, this would seemto makethe exact value of the depth ¾ somewhat
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arbitrary. For asymptoticboundsthis is not problematicsince the granularitywill only make
constantfactordifferences.In AppendixA, however, I modify thespaceboundto beindependent
of the granularityof actions,making it possibleto boundthe spacerequirementwithin tighter
constantfactors.

3.3.1 Costmodel

Thefollowing timing assumptionsaremadein thespaceandtime analysispresentedhere.How-
ever, theseassumptionsarenot requiredto ensurethecorrectnessof thescheduleritself.

As explainedin Section2.1.2,thetimestepsaresynchronizedacrossall theprocessors.At the
startof eachtimestep,we assumethata workerprocessoris eitherbusyexecutinga thread,or is
accessingthe queuesÙ������ or Ù���µ . An idle processoralwaysbusy waits for threadsto appearinÙ������ . We assumea constanttime,atomicfetch-and-addoperationin oursystem.Therefore,using
thealgorithmsdescribedin AppendixC, all workerprocessorscanaccessÙÜ��µ and ÙÞ����� in constant
time. Thus,at any timestep,if Ù������ has � threads,and ��� processorsareidle, then ìQíZî�km�ÎnJ����p of
the ��� idle processorsareguaranteedto succeedin picking a threadfrom Ù������ within a constant
numberof timesteps.We do not needto limit the durationof eachschedulingstepto prove the
spacebound;wesimply assumethatit takesat leastonetimestepto execute.

3.3.2 Spacebound

As introducedin Section3.1,eachsequenceof nodesin a threadthatis executednon-preemptively
is calledabatch.Wewill call thefirst nodeto beexecutedin abatchaheavynode;it is thecurrent
nodeof the threadwhenit is scheduled.The remainingnodesin a batcharecalled light nodes.
Thus,a batchis a heavy nodefollowedby a sequenceof light nodes.Note that thesplitting of a
threadinto batches,andhencetheclassificationof nodesasheavy or light, dependson thevalue
of thememorythresholdbeingusedby thescheduler.

We attributeall thememoryallocatedby light nodesin a batchto theheavy nodeof thebatch,
andassumethat light nodesdo not allocateany spacethemselves(althoughthey maydeallocate
space).This is a conservative view of spaceallocation,that is, thetotal spaceallocationanalyzed
in thissectionusingthisassumptionis equalto or morethantheactualspaceallocation.Thebasic
ideain theanalysisis to boundthenumberof heavy nodesthatexecuteout of orderwith respect
to the1DF-schedule.

Whena threadis insertedinto any of thequeuesÙ��#µ , ÙÞ����� or × , we will sayits current(and
heavy) nodehasbeeninsertedinto thequeue.A heavy nodemaygetexecutedseveral timesteps
afterit becomesreadyandafterit isputinto ÙÞ����� . However, alight nodeisexecutedin thetimestep
it becomesready, sincea processorexecutesconsecutive light nodesin abatchnonpreemptively.

Let �P��|¶���^n%�%� �>nP��� betheparallelscheduleof thedaggeneratedby algorithmAsyncDF( Õ ).
Here ��� is thesetof nodesthatareexecutedat timestep� . Let �Ö� bethe1DF-schedulefor thesame
dag. At any timestepduring the executionof � � , all the nodesexecutedso far form a prefix of� � . For ïº|ð�\n%� �%��n�� , a ï -prefix of � � is definedasthesetof all nodesexecutedduring thefirst ï
timestepsof � � , thatis, theset ñ � �¦� � � � .

Consideranarbitrary ï -prefix Ó � of � � , for any ïS|ò�\n%� �%��n�� . Let Ó � be the longestprefix of� � containingonly nodesin Ó � , that is, Ó �
ó Ó � . Thentheprefix Ó � is calledthecorresponding
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serialprefixof Ó�� . Thenodesin theset Ó��A�_Ó>� arecalledprematurenodes,sincethey have been
executedout of orderwith respectto the 1DF-schedule�\� . All othernodesin Ó�� , that is, the setÓ>� , arecallednon-premature. For example,Figure3.4shows a simpledagwith a parallelprefixÓ�� for anarbitrary � -schedule�P� , andits correspondingserialprefix Ó>� . Sinceall thepremature
nodesappearin �\� afterall thenon-prematurenodes,they havehigher1DF-numbersthanthenon-
prematurenodes.

Theparallelexecutionhashighermemoryrequirementsbecauseof thespaceallocatedby the
actionscorrespondingto theprematurenodes.Hencewe needto boundthespaceallocatedby the
prematurenodesin Ó�� . To get this bound,we needto consideronly theheavy prematurenodes,
sincethelight nodesdonotallocateany space.We will assumefor now thatnosinglenodein the
dagallocatesmorethan Õ bytes.Laterwe will relaxthis assumptionto cover biggerallocations.
We first prove thefollowing boundon thenumberof heavy prematurenodesthatgetexecutedin
any prefixof theparallelschedule.

Lemma 3.2 Let ô bea dagof Ð nodesanddepth ¾ . Let � � bethe1DF-schedulefor ô , andlet� � be a parallel schedulefor ô executedby the AsyncDFalgorithm on � processors.Thenthe
numberof heavypremature nodesin anyprefixof �P� with respectto thecorrespondingprefixof �\�
is at most ¼
kZ��¹/¾�p .
Proof: Consideranarbitraryprefix Ó�� of �P� , andlet Óõ� bethecorrespondingprefixof �Ö� . Let o be
thelastnon-prematurenodeto beexecutedin theprefix Ó�� ; if therearetwo or moresuchnodes,
pick any oneof them.Let ö beapathin thedagfrom theroot to o constructedsuchthat,for every
edgekJl-nwlxà¦p along ö , l is thelastparent(or any oneof thelastparents)of lqà to beexecuted.(For
example,for the Ó�� shown in Figure3.4, o is thenodelabelled ÷ , andthepath ö is kJ� nwøùnP÷/p .) Sinceo is non-premature,all thenodesin ö arenon-premature.

Let lq� bethenodeon thepath ö at depth � ; then l>� is theroot, and l�ú is thenode o , where û
is thedepthof o . Let r�� bethetimestepin which lq� is executed;let rvúJü � bethelasttimestepin Ó�� .
For �Î|¶�\n%� �%��n�û , let ý�� betheinterval þ/r��q���Én%�%�%��nvr��¦ü��vÿ .

Considerany interval ý�� for ��| �\n%� �%��n�û@�å� . We cannow show that at most ¼
kZ� p heavy
prematurenodescanbeexecutedin this interval. At theendof timestepr�� , lq� hasbeenexecuted.
If lx� ü � is a light node,it getsexecutedin thenext timestep(which,by definition,is timestepr��¦ü�� ),
andat mostanotherkZ�B�½�/p heavy prematurenodescanbeexecutedin thesametimestep,that is,
in interval ý�� .

Considerthe casewhen lq�¦ü�� is a heavy node. After timestepr�� , ÙÞ����� may contain � nodes.
Further, becauseaccessto ÙÜ��µ requiresconstanttime,thethread� thatcontainslq� mustbeinserted
into ÙÜ��µ within aconstantnumberof timestepsafter r�� . Duringthesetimesteps,aconstantnumber
of schedulingstepsmaybeexecuted,addinganother¼
k?� p threadsinto Ù������ . Thus,becauseÙÞ�����
is a FIFO, a total of ¼
kZ��p heavy nodesmaybepickedfrom Ù ����� andexecutedbefore l �¦ü�� ; all of
theseheavy nodesmay be premature.However, oncethe thread � is insertedinto Ù ��µ , the next
schedulingstepmustfind it in Ù ��µ ; since l � is the last parentof l �¦ü � to execute,this scheduling
stepmakesl � ü � availablefor scheduling.Thus,thisschedulingstepor any subsequentscheduling
stepmustput l �¦ü � on Ù ����� beforeit putsany moreprematurenodes,becausel � ü � hasa lower
1DF-number.When lq�¦ü � is pickedfrom ÙÞ����� andexecutedby a workerprocessor, another���O�
heavy prematurenodesmaygetexecutedby theremainingworkerprocessorsin thesametimestep,
which,by definition,is timestepr��¦ü�� . Thus,atotalof ¼9k?� p heavy prematurenodesmaybeexecuted
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Figure3.4: (a)A simpleprogramdag;all edgesareshown hereassolid linesfor clarity. The1DF-schedule
for thisdagis �%��������°��%°��%°��²°��ù°���° ��°�! °�"m°$#\°�%q°�&�°�è�°�')( . For á*�,+ , apossibleparallelscheduleonprocessors¯-� and ¯�� is shown in (c), andis representedas �v�-���/.0�21\°3.0�%°�!41É°�.0�%°�"51\°�.0��°$#)1É°�.0�ù°�%61É°�.0��°�&71É°�. è�°5�81É°�.9':1;( .
In this schedule,eachbatchis indicatedasa curly line below thenodesin (c). Thefirst nodein eachbatch
is a heavy node;thus,theheavy nodesare ��°��%°��%°��/°�! and % , andarealsoshown with bold outlinesin (a).
For #<�>= , the # -prefix of �w� is ?\�@�A.0��°��%°�!�°��%°�"�°���°$#/°��ù°�%61 , andthe correspondingserialprefix of �%� is
?q�B�C.0��°��%°��%°���°��D1 . ?\� and ?x� areshown in (b). Therefore,theprematurenodesin ?\� , that is, thenodesin
? �FE ? � , are !�°�"�°G#\° and % . Of these,theheavy prematurenodesare ! and % .
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in interval ý�� . Similarly, since o*|òl ú is the last non-prematurenodein Ó�� , at most ¼
kZ��p heavy
prematurenodesgetexecutedin thelastinterval ý^ú . BecauseûIHO¾ , Ó�� containsatotalof ¼
kZ� ¹�¾Bp
heavy prematurenodes.

We canstatethefollowing lemmaboundingthespaceallocationof a parallelschedule.

Lemma 3.3 Let ô be a program dag with depth ¾ , in which every nodeallocatesat most Õ
space. If the1DF-schedulefor thedagrequires ��� space,thenalgorithmAsyncDF( Õ ) generates
a schedule�P� on � processorsthat requiresat most ���Î�Ï¼9k�ÕU¹��B¹\¾Bp space.

Proof: Considerthe ï -prefix Ó�� of �P� for any ï�|ê�\n%�%� �În�� , where� is thelengthof �P� . According
to Lemma3.2, Ó�� has ¼9k?��¹\¾Bp heavy prematurenodes.Recallthatall thememoryallocationsare
attributedto heavy nodes,andeachthreadis allotteda quotaof Õ bytesin AsyncDF( Õ ) every
time it is scheduled.Sinceno singlenodein the dagallocatesmore than Õ bytesof memory,
every batchin the threadaccountsfor at most Õ memory. Thus,every heavy nodeallocatesat
most Õ bytesandlight nodesallocateno memory. Therefore,the total memoryallocatedby all
theprematurenodesis atmost ¼
k�Õå¹��Û¹ ¾Bp . Further, thetotalmemoryallocatedby non-premature
nodescannotexceedtheserialspacerequirement� � , andtherefore,thetotalmemoryallocatedby
all thenodesin Ó � cannotexceed� � �<¼
k�Õ�¹��B¹¿¾Bp . Thus,we have boundthespaceallocatedin
thefirst ï timestepsof � � for any ï�|ê�\n%�%� ��n�� .

Handling allocationsbigger than Õ . A transformationthe programdagto handleallocations
biggerthanthememorythresholdÕ wasdescribedin Section3.2.2.Considerany heavy premature
node o that allocatesy ãæÕ space.The yºÑÉÕ dummythreadsinsertedbeforeit areexecuted
beforethe allocationtakesplace. Having no-opnodes,they do not actuallyallocateany space,
but areentitledto allocatea totalof y space( Õ unitseach)accordingto algorithmAsyncDF( Õ ).
Henceo canallocatethesey unitswithout exceedingthespaceboundin Lemma3.3. With this
transformation,a parallelcomputationwith Ð work and ¾ depththatallocatesa total of ��s units
of memoryresultsin a dagwith at most Ð �ê��s0ÑÉÕ nodesand ¼9k�¾�p depth. Therefore,using
Lemma3.3,wecanstatethefollowing lemma.

Lemma 3.4 A computationof depth ¾ andwork Ð , which requires ��� spaceto executeon one
processor, is executedon � processorsby theAsyncDFalgorithmusing ���`�<¼
k�Õ ¹��@¹\¾�p space.

Finally, weboundthespacerequiredby theschedulerto storethethreequeues.

Lemma 3.5 Thespacerequiredby thescheduleris ¼
kZ�B¹\¾�p .
Proof: Whenaprocessorstartsexecutingaschedulingstep,it first emptiesÙ ��µ . At thistime,there
canbeat most�B��� threadsrunningon theotherprocessors,and Ù ����� canhave another� threads
in it. Thescheduleraddsat mostanother� threads(plusoneschedulingthread)to Ù ����� , andno
morethreadsareaddedto Ù������ until thenext schedulingstep.Sinceall the threadsexecutingon
theprocessorscanendupin ÙÜ��µ , Ù��#µ and Ù������ canhaveatotalof atmost J^� threadsbetweenthem
atany time.
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Finally, we boundthenumberof entriesin × , which hasoneentryfor eachactive thread.At
any stageduring theexecution,thenumberof active threadsis at mostthenumberof premature
nodesexecuted,plusthemaximumnumberof threadsin Ù������ (whichis KP�H�+� ), plusthemaximum
numberof active threadsin the1DF-schedule. Any stepof the1DF-schedulecanhave at most ¾
active threads,sinceit executesthreadsin a depth-firstmanner. Sincethe numberof premature
nodesis at most ¼
kZ�(¹�¾Bp , × hasat most ¼
kZ�(¹�¾BpH�WkLKP���ê�ùp��O¾ä|ò¼9k?�(¹�¾�p threads.Since
eachthread’s statecanbestoredusinga constantM unitsof memory3, thetotal spacerequiredby
thethreeschedulingqueuesis ¼
k MA¹��@¹\¾Bp}|W¼
kZ�B¹\¾Bp .
UsingLemmas3.4and3.5,we cannow statethefollowing boundon thetotal spacerequirement
of theparallelcomputation.

Theorem3.6 A computationof depth ¾ andwork Ð , which requires ��� spaceto executeon one
processor, is executedon � processorsby the AsyncDF( Õ ) algorithm using ���`�<¼
k�ÕÀ¹��@¹\¾Bp
space(includingschedulerspace).

WhenthememorythresholdÕ is a constant,algorithmAsyncDF( Õ ) executestheabove compu-
tationon � processorsusing ���Î�Ï¼
kZ�B¹\¾�p space.

3.3.3 Time bound

Finally, we bound the time requiredto executethe parallel schedulegeneratedby algorithm
AsyncDF( Õ ) for a specialcase;Section3.4.2analyzesthe time boundin the generalcase. In
this specialcase,we assumethat the worker processorsnever have to wait for the schedulerto
add readythreadsto Ù������ . Thus, when thereare N readythreadsin the system,and � proces-
sorsareidle, ÙÞ����� hasat least ìQíZî�k N/n��-p readythreads.Then ìQíZî�k N/n���p of the idle processorsare
guaranteedto pick readythreadsfrom ÙÞ����� within a constantnumberof timesteps.We canshow
that the time requiredfor suchan executionis within a constantfactor of the time requiredto
executea greedyschedule.A greedyscheduleis onein which at every timestep,if � nodesare
ready, ì�í?î�km�`nm� p of themgetexecuted.Previousresultshaveshown thatgreedyschedulesfor dags
with Ð nodesand ¾ depthrequireat most ÐÒÑw����¾ timestepsto execute[26]. Our transformed
daghas Ð �½��s%Ñ\Õ nodesand ¼9k�¾�p depth.Therefore,we canshow thatour schedulerrequires¼
k�ÐÒÑw�-�@��s\Ñw� ÕÒ�@¾Bp timestepsto executeon � processors.Whentheallocatedspace��s is ¼
k�Ð¶p ,
thenumberof timestepsrequiredis ¼
k�Ð Ñ��M�(¾Bp . For amorein-depthanalysisof therunningtime
thatincludesthecostof aparallelizedschedulerin thegeneralcase,seeSection3.4.2.

3.4 A Parallelized Scheduler

The time boundproved in Section3.3.3doesnot includeschedulingoverheads.The scheduler
in theAsyncDF algorithmis a serialscheduler, that is, only oneprocessorcanbe executingthe

3Recallthata threadallocatesstackandheapdatafrom theglobalpoolof memorythatis assignedto it every time
it is scheduled;thisdatais henceaccountedfor in thespaceboundprovedin Lemma3.4.Therefore,thethread’sstate
herereferssimply to its registercontents.



40 CHAPTER3. ASYNCDF:AN ASYNCHRONOUS,SPACE-EFFICIENTSCHEDULER

scheduler()procedureatagiventime. However, theamountof work involvedin aschedulingstep,
andhencethe time requiredto executethe scheduler()procedure,increaseswith the numberof
processors� . This cancauseidle worker processorsto wait longerfor readythreadsto appearÙ������ . Therefore,theschedulermustbeparallelizedto scalewith thenumberof processors.In this
section,I describeaparallelimplementationof theschedulerandanalyzeits spaceandtimecosts.I
show thatacomputationwith Ð workand ¾ depthcanbeexecutedin ¼
k�ÐÒÑw�Î�B��sùÑ\ÕB�Î�B¾{¹?ÆZÇ\È`��p
timeand �����*¼
k�Õ~¹P¾R¹m��¹vÆ?Ç\È���p spaceon � processors;theseboundsincludetheoverheadsof the
parallelizedscheduler. Theadditional ÆZÇ\È»� termis dueto theparallelprefix operationsexecuted
by thescheduler.

Only a theoreticaldescriptionof a parallelizedscheduleris presentedin this dissertation.The
experimentalresultspresentedin subsequentchaptershavebeenobtainedusingaserialscheduler;
theresultsdemonstratethata serialschedulerprovidesgoodperformanceon a moderatenumber
of processors.

3.4.1 Parallel implementation of a lazy scheduler

Insteadof usingschedulerthreadsto periodically(andserially)executethe schedulerprocedure
asshown in Figure3.2, we devote a constantfraction O�� of the � processorsto it (where ��P
OQP � ). The remaining kt�9�RO p � processorsalwaysexecuteasworkers. To amortizethe cost
of thescheduler, we placea largernumberof threads(up to �}ÆZÇÉÈ�� insteadof � ) into Ù ����� . × is
implementedasanarrayof threads,storedin decreasingorderof prioritiesfrom left to right.

As describedin Section3.2.2,threadsareforkedlazily; whena threadreachesa fork instruc-
tion, it is simplymarkedasaseedthread.At alatertime,whenits child threadsareto bescheduled,
they arecreatedfrom theseedandplacedto theimmediateleft of theseedin orderof their prior-
ities. Eachchild threadhasa pointerto its parent.Whenall child threadshave beencreated,the
parent(seed)threadonceagainbecomesaregularthread.All thechild threadsgetcreatedfrom the
seedbeforetheparentthreadis next scheduled,sincethey have higherpriorities thantheparent.
Threaddeletionsarealsoperformedlazily: every threadthatterminatesis simplymarkedin × as
a deadthread,to bedeletedin somesubsequenttimestep.

Thesynchronization(join) betweenchild threadsof a forking threadis implementedusinga
fetch-and-decrementoperationon a synchronizationcounterassociatedwith thefork. Eachchild
that terminatesmarksitself as deadanddecrementsthe counterby one. The last child thread
amongits siblingsto terminate(theonethatdecrementsthecounterto zero)switchesona special
last-childflag in its entry.

Unlike the serial schedulerdescribedin Section3.2, suspendedthreads(threadswaiting to
synchronizewith their child threads)arenot storedin × . Every otheractive threadin this imple-
mentationhasanentryin × , asdodeadthreadsthatareyetto bedeleted.Suspendedthreadsfound
in ÙÜ��µ arenot put backinto × ; they arestoredelsewhere4, andtheir entriesin × aremarkedas
dead.A suspendedthreadis subsequentlyinsertedbackinto × in placeof thechild threadthathas
thelast-childflag set. If a parentreachesthepoint of synchronizationwith its child threadsafter
all thechild threadshave terminated,theparentdoesnotsuspenditself, andretainsits entryin × .

4A suspendedthreadsis not storedin any datastructure;it just existsasa threaddatastructureallocatedoff the
heap.It is subsequentlyaccessedthroughtheparentpointerin oneof its child threads.
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For every ready(or seed)threadâ thathasanentry in × , we usea nonnegative integer MùkJâÞp
to denotethenumberof readythreadsâ represents.Thenfor every seedâ , MùkJâÞp is the number
of child threadsstill to be createdfrom it, plus one (for itself). For every other readythread
in × , MùkJâÞp»|¶� , sinceit only representsitself.

The scheduler()procedurefrom Figure 3.2 can now be replacedby a while loop that runs
until the entire computationhasbeenexecuted. Each iteration of this loop, which we call a
schedulingiteration, is executedin parallelby only the O�� schedulerprocessors.Therefore,it
neednot be protectedby a schedulerlock asin Figure3.2. Let N be the total numberof ready
threadsrepresentedin × after threadsfrom ÙÜ��µ aremovedto × at thebeginningof the iteration,
andlet SLÙ������3S bethenumberof threadscurrentlyin Ù������ whentheiterationstarts.Thescheduling
iterationof a lazyscheduleris thendescribedin Figure3.5.

beginschedulingiteration
Let T��U�_èV"G'XW$Y%°%áBZ\[^]�á E`_ Ú������ _ba .

1. Remove the set c of all threadsin Ú®�#µ from Ú®��µ . Exceptfor suspendedthreads,move all
threadsin c to Ý , thatis, updatetheir statesin Ý . For eachsuspendedthreadin c , markits
entryin Ý asdead.

2. For everydeadthreadin c , if its last-childflag is set,andits parentis suspended,replaceits
entryin Ý with theparentthreadandreactivatetheparent(markit asready).

3. Deleteall thedeadthreadsup to theleftmost W7T �edgfha readyor seedthreads.

4. Performaprefix-sumscomputationonthe �^Wji a valuesof theleftmostT�� readyorseedthreads
to find the set k of the leftmost T � readythreadsrepresentedby thesethreads.For every
threadin k that is implicitly representedby a seed,createan explicit entry for the thread
in Ý , markingit asareadythread.

5. Move thethreadsin theset k from Ý to Ú������ , leaving stubsin Ý to marktheirpositions.

endschedulingiteration

Figure 3.5: The sequenceof stepsexecutedin eachschedulingiteration. The l�á schedulingprocessors
continuouslyexecuteschedulingiterationsuntil theexecutionis completed.

Considera child thread â that is the last to terminateamongstits siblings. If â is not the
rightmost(lowest priority) threadamongstits siblings, then someof â ’s siblings, which have
alreadyterminated,maybe representedasdeadthreadsto its right in × . If â is replacedby its
parentthread,theparenthasa lower priority thanthesedeadsiblingsof â to its immediateright.
Thus,dueto lazy deletions,active threadsin × maybeout of orderwith respectto oneor more
deadthreadsto their immediateright. However, the schedulerdeletesall deadthreadsup to the
first kLm � � �ùp readyor seedthreads.Thisensuresthatall deadthreadsto theimmediateright of any
readythread(or seedrepresentinga readythread)â aredeletedbeforeâ is scheduled.Therefore,
no descendentsof a threadmaybe createduntil all deadthreadsout of orderwith respectto the
threadaredeleted.Thus,at any time duringtheexecution,a threadmayremainout of orderin ×
with respectto only thedeadthreadsto its immediateright.
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We saya threadis live when it is either in Ù������ or ÙÜ��µ , or when it is beingexecutedon a
processor. OnceaschedulingiterationemptiesÙ��#µ , atmost�}ÆZÇÉÈ��}�Äkv���nO�p � threadsarelive. The
iterationmakesat mostanother�}ÆZÇÉÈ�� threadslive beforeit ends,andno morethreadsaremade
live until thenext schedulingstep. Thereforeat most KP� ÆZÇ\È»�5�êkv����O�p � threadscanbe live at
any timestep,andeachhasonestubentry in × . We now prove the following boundon thetime
requiredto executeaschedulingiteration.

Lemma 3.7 For any �oPpOqPW� , a schedulingiterationthatdeletes� deadthreadsrunsin ¼
k µr � �sut�v �r p timeon O � processors.

Proof: Let m � | y(�m�ÎkLNùnÉ�}ÆZÇÉÈ����wSFÙ ����� SFp bethenumberof threadstheschedulingiterationmust
move to Ù ����� ; then, m � H��}Æ?Ç\È»� . We analyzethe time requiredfor eachstepof the scheduling
iterationdescribedin Figure3.5. Recallthat

ß
is the setof all threadsin Ù ��µ at thestartof the

schedulingiteration.

1. At thebeginningof theschedulingiteration, Ù���µ containsatmost KP�}Æ?Ç\ÈH���(kt� �@O�p � threads,
thatis, S ß S2HxKP�}Æ?Ç\È��@�Ïkv�Û�qO�p � . Sinceeachof thesethreadshasa pointerto its stubin × ,
O�� processorscanmovethethreadsin

ß
to × andupdatetheir statesin ¼
k sut�v �r p time.

2. O�� processorscan replacedeadthreadsin
ß

that have their last-childflag set with their
suspendedparentsin ¼
k sutyv �r p time.

3. Let â bethe k m%�Î�R�ùp �?¸ readyor seedthreadin × (startingfrom theleft end).Thescheduler
needsto deleteall deadthreadsto the left of â . In theworstcase,all thestubsarealsoto
theleft of â in × . However, thenumberof stubsin × is atmost KP�}Æ?Ç\ÈH���Ïkv�H�zO p � , thatis,
onefor eachlive thread.Sincethereare � deadthreadsto theleft of â , therearea totalof at
most � �{KP�}Æ?Ç\ÈH�®� kv�»�|O p � threadsto theleft of â . Therefore,the � threadscanbedeleted
from ���,KP� ÆZÇ\ÈH�9�Rkv�Û�,O p � threadsin ¼
k µr � � sut�v �r p timestepson O�� processors.

4. After thedeletions,theleftmost m%�}H{� ÆZÇ\È»� readythreadsareamongthefirst J^�}ÆZÇÉÈH�}�{kt���
O�p � threadsin × ; thereforetheprefix-sumscomputationwill require ¼
k sut�v �r p time.

5. Finally, m%� new child threadscanbecreatedandaddedin orderto theleft endof × in ¼
k sutyv �r p
time.

All deletionsandadditionsareperformedneartheleft endof × , which aresimpleparallelopera-
tionsin anarray5. Thus,theentireschedulingiterationrunsin ¼
k µr � � sut�v �r p time.

3.4.2 Spaceand time boundsusing the parallelized scheduler

We cannow statethespaceandtime requirementof a parallelcomputationto includescheduling
overheads.Theboundsassumethata constantfraction O of the � processors(for any �~P�O�P]� )
arededicatedto thetaskof scheduling.Thedetailedproofsaregivenin AppendixB.

5Theadditionsanddeletionsmustskip over thestubsto theleft of � , whichcanaddatmosta � � �3�� delay.
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Theorem3.8 Let ��� bethespacerequiredbya 1DF-schedulefor a computationwith work Ð and
depth ¾ , and let ��s be the total spaceallocatedin thecomputation.Theparallelizedscheduler
with a memorythresholdof Õ units,generatesa scheduleon � processorsthatrequires ���²�5¼
k�ÕO¹¾~¹��@¹%ÆZÇÉÈ�� p spaceand ¼
k�ÐÒÑ��@�<��s%Ñ���ÕU�<¾~¹%ÆZÇÉÈ`� p timeto execute.

Thesetimeandspaceboundsincludeschedulingoverheads.Thetimeboundisderivedby counting
thetotalnumberof timestepsduringwhich theworkerprocessorsmaybeeitheridle, or busyexe-
cutingactions.Thespaceboundis provedusinganapproachsimilar to thatusedin Section3.3.2.
Whenthetotal spaceallocated��s®|W¼
k�Ð¶p , thetimeboundreducesto ¼
k�ÐÒÑ����Ï¾~¹%ÆZÇ\È`��p .
3.5 Summary

In thischapter, I havepresentedAsyncDF, anasynchronous,space-efficientschedulingalgorithm.
Thealgorithmprioritizesthreadsat runtimeby their serialexecutionorder, andpreemptsthreads
beforethey allocatetoo much memory. I first describeda simple versionof AsyncDF which
serializesthescheduling.Thisversionwasshown to executeanested-parallelcomputationwith a
depthof ¾ anda serialspacerequirementof ��� on � processorsusing ������¼
k�Õ ¹P��¹²¾Bp space;
here, Õ is the valueof the memorythresholdusedby the scheduler. (This versionis usedin
the runtimesystemdescribedin Chapter4.) This chapterthenpresenteda versionof algorithm
AsyncDFin which theschedulingoperationsarefully parallelized.A parallelcomputationcanbe
implementedwith suchaschedulerusing � � �9¼
k�ÕÒ¹Z¾(¹£��¹�Æ?Ç\ÈH��p spaceand ¼
k�Ð Ñ��>�9� s Ñ��>�9¾ÏÆZÇÉÈ���p
time (includingscheduleroverheads);here Ð is thework of thecomputation,and � s is thetotal
spaceallocated.The next two chaptersdescribeexperimentswith implementingandevaluating
theAsyncDFalgorithmin thecontext of two runtimesystems.
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Chapter 4

Implementation and Evaluation of
Algorithm AsyncDF

Chapter3 presentedalgorithmAsyncDF, aprovablyspaceandtimeefficientschedulingalgorithm
for lightweightthreads.However, thetheoreticalanalysisonly providesupper(worst-case)bounds
on thespaceandtime requirementsof a multithreadedcomputation.Theactualperformancefor
realparallelprogramscanbesignificantlybetterthantheseworst-casebounds.Therefore,other
space-efficientschedulerswith asymptoticallyhigherspaceboundsthanalgorithmAsyncDF, may
still resultin lowerspacerequirementsin practice.Further, theperformanceof algorithmAsyncDF
on a realparallelmachinemaybeaffectedby factorsnot accountedfor in theassumptionsmade
during its analysis1. Therefore,an experimentalevaluationis requiredto testwhetheralgorithm
AsyncDF is indeedmorespaceefficient thanpreviousapproaches,andwhetherit doesresultin
good time performance.This chapterdescribesthe implementationandevaluationof a space-
efficient runtimesystemthat usesalgorithmAsyncDF (asdescribedin Figure3.2) to schedule
lightweightthreads.Theprototyperuntimesystemwasbuilt specificallyto evaluatethescheduling
algorithm,andto compareits performancewith previousspace-efficientapproaches.

The chapterbegins by presentingan overview of the runtime systemimplementation(Sec-
tion 4.1), followed by a brief descriptionof eachparallel benchmarkusedto evaluatethe sys-
tem(Section4.2). Sections4.3 and4.4 thenpresentexperimentalresultsmeasuringthe running
timesandthememoryrequirementsof thebenchmarks.For eachbenchmark,I compareits space
andtime performanceon my runtimesystemwith its performanceon Cilk [25], a previously ex-
isting space-efficient system. The resultsindicatethat algorithmAsyncDF is moreeffective in
controlling memoryrequirements,without compromisingtime performance.This chapterthen
describestheexperimentaltrade-off betweenrunningtime andmemoryrequirementin algorithm
AsyncDF( Õ ), whichcanbeadjustedby varyingthevalueof thecommandlineparameter(i.e., the
memorythreshold)Õ . Finally, Section4.5summarizestheresultspresentedin this chapter.

1In particular, theanalysisignorestheeffectsof thememoryhierarchiesfoundon realmachines.
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4.1 The Runtime system

Theruntimesystemhasbeenimplementedon a 16-processorSGI Power Challenge,which hasa
sharedmemoryarchitecturewith processorsandmemoryconnectedvia afastshared-busintercon-
nect. Thebushasa bandwidthof 1.2GB persecondwith a 256-bitwide databusanda separate
40-bit wide addressbus. Eachprocessoris a 195 MHz R10000with a 2 MB secondarycache.
Sincethenumberof processorsonthisarchitectureis notverylarge,aserialimplementationof the
schedulerasdescribedin Section3.2doesnot createa bottleneckin theruntimesystem.Theset× , which is accessedonly by a singleschedulingthreadat any time, is implementedasa simple,
doubly-linkedlist to allow insertionsanddeletionsof intermediatenodes.TheFIFO queuesÙ���µ
and ÙÞ����� , whichareaccessedby theschedulerandtheworkers,arerequiredto supportconcurrent
enqueueanddequeueoperations.They are implementedusingvariantsof lock-freealgorithms
basedonatomicfetch-and-� primitives[108].

Theparallelprogramsexecutedon theruntimesystemhave beenexplicitly hand-codedin the
continuation-passingstyle,similar to thecodegeneratedby the Cilk-1 preprocessor2 [25]. Each
continuationpointsto a C functionrepresentingthenext computationof a thread,anda structure
containingall its arguments. Thesecontinuationsarecreateddynamicallyandmoved between
the queues. A threadthat hasreacheda fork instructionfor a parallel loop holdsa pointer to
the functionrepresentingthe loop body, andthe index of thenext child threadto be forked. The
schedulerlazily createsseparateentriesfor eachchild threadwhenthey areto beinsertedinto ÙÞ����� .
Theentriesareplacedin × to the immediateleft of theparentthread.As describedin Chapter3,
a synchronizationcounteris usedto implementa join betweenchild threads.

Onekernelthreadis forked per processorat the startof the computationto executethe task
of a worker. Eachworkertakesa continuationoff ÙÞ����� , andsimply appliesthe functionpointed
to by the continuation,to its arguments. The high-level programis manuallybrokeninto such
functionsatpointswhereit executesaparallelfork, a recursivecall, or amemoryallocation;thus,
eachfunctioncorrespondsto a batchof instructions(nodes)in a thread. Whena workerfinds a
schedulingthreadon ÙÞ����� , it executesoneschedulingstep,asdescribedin Section3.2.

For nestedparallel loops, iterationsof the innermostloop aregroupedby handinto equal-
sizedchunks(the chunksizecanbe specifiedat runtime),provided it doesnot containcalls to
any recursivefunctions.It shouldbepossibleto automatesuchcoarseningstaticallywith compiler
support,or at runtimeusinga dynamicloop schedulingscheme[84, 128, 158,97]. Scheduling
a chunkat a time improvesperformanceby reducingschedulingoverheadsandproviding good
locality, especiallyfor fine-grainediterations.

RecallthatalgorithmAsyncDF( Õ ) prescribesadding yºÑ\Õ dummythreadsin parallelbefore
a largememoryallocationof y bytes.In this implementation,I insteadaddeda delaycounterof
value yÄÑÉÕ unitsbeforethememoryallocationto representthedummythreads.Thus,whenthe
schedulerencountersa threadamongthe leftmost � readythreadsin × with a non-zerovalueof
the delaycounter, it simply decrementsthe valueof the counterby the appropriatevalue. Each
decrementby oneunit representstheschedulingof onedummythread,andaccordingly, fewerreal
threadsareaddedto Ù ����� . For example,on � processors,if theschedulerfinds that the leftmost
readythreadâ in × hasa delaycounterwith valuegreaterthanor equalto � , it decrementsthe

2A preprocessor-generatedversionof aprogramonthissystemis expectedtohavesimilarefficiency asthestraight-
forwardhand-codedversion.
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counterby � unitsanddoesnot addany readythreadsto Ù������ in thatschedulingstep,even if ×
containsreadythreadsto theright of â . Sincetheschedulerdecrementsdelaycountersby up to �
units,this correspondsto thedummythreadsbeingforkedandexecutedin parallelby theworker
processors.Whenthedelaycounterof a readythreadreacheszero,the threadmaybemoved toÙ������ , andthememoryallocation,if needed,is performedassoonasthethreadis next scheduled
ona processor.

4.2 Benchmark programs

Theruntimesystemwasdesignedto efficiently executeprogramswith dynamicor irregularpar-
allelism. I implementedfive suchparallelprogramsto evaluatethe runtimesystem.This section
briefly describesthe implementationof theseprograms,alongwith theproblemsizesandthread
granularitiesusedin theexperiments.

1. Blockedrecursivematrix multiply (RecMM)

This programmultiplies two dense�RÂ � matricesusinga simplerecursive divide-and-conquer
method,andperforms¼
km� ³ p work. Therecursionstopswhentheblocksaredown to thesizeof��� Â ���

, afterwhich a standard,row-columnmatrix multiply is executedserially. Alternatively, a
fast,machine-specificroutinesuchasBLAS3 [54] couldbe utilized at the leafsof the recursion
tree. The codeis similar to the pseudocodeshown in Figure 1.1. This algorithmsignificantly
outperformsthe row-columnmatrix multiply for large matrices(e.g., by a factor of over 4 for�%��K � Â �%��K � matrices)becauseits useof blocksresultsin bettercachelocality. At eachstageof
therecursion,temporarystorageis first allocatedto storeintermediateresults,whicharegenerated
duringsubsequentrecursive calls. Thena new child threadis forkedto executeeachof theeight
recursive calls. Whenthechild threadsterminate,the resultsin the temporarystorageareadded
to the resultsin the outputmatrix, andthenthe temporarystorageis deallocated.Note that the
allocationof temporarystoragecan be avoided, but this leadsto either significantly increased
codecomplexity or reducedparallelism. The resultsreportedare for the multiplication of two�%��K � Â_�%��K � matricesof double-precisionfloats. Although the codeis restrictedto matrix sizes
thatarepowersof 2 (or, moreprecisely, K µ Â ø for someinteger � , whereø is theblocksize),it can
beextendedto efficiently multiply matricesof othersizes[63].

2. Strassen’smatrix multiply (Str MM)

TheDAG for this algorithmis very similar to thatof theblockedrecursive matrix multiply (Rec
MM), but performsonly ¼
km� �v¢ ����� p work andmakesseven recursive calls at eachstep[151]. As
with RecMM, a new threadis forkedin parallelfor eachrecursive call, andtheparallelrecursion
is terminatedwhen the matrix size is reducedto

�^� Â �^�
. A simple, serial algorithm is used

to multiply the
��� Â ���

matricesat the leafs of the recursiontree. This versionof Strassen’s
matrixmultiply, whichdynamicallyforks lightweightthreads,resultsin significantlysimplercode
comparedto whenthework is staticallypartitionedamongtheprocessors.Thesizesof the input
matricesmultiplied werethesameasfor RecMM. However, unlike in RecMM, insteadof using
a separateoutputmatrix for theresults,theresultsarestoredin oneof theinputmatrices.
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3. Fastmultipole method(FMM)

FMM is an � -body algorithmthat calculatesthe forcesbetween� bodiesin ¼
k��ºp work [72].
I have implementedthe most time-consumingphasesof the algorithm,which are a bottom-up
traversalof theoctreefollowedby a top-down traversal3. In thetop-down traversal,for eachlevel
of the octree,the forceson the cells in that level dueto their neighboringcells arecalculatedin
parallel. For eachcell, the forcesover all its neighborsarealsocalculatedin parallel,for which
temporarystorageneedsto beallocated.This storageis freedwhentheforcesover theneighbors
have beensummedup to get the resultingforceon thatcell. With two levels of parallelism,the
structureof this codelooks very similar to the pseudocodedescribedin Chapter1 (Figure1.3).
Theexperimentswereconductedon a uniform octreewith 4 levels( � ³ leaves),using5 multipole
termsfor forcecalculation.Eachthreadin thebottom-upphasecomputesthemultipoleexpansion
of onecell from its child cells. In the top-down phase,eachthreadhandlesinteractionsof a cell
with up to 25 of its neighbors.

4. Sparsematrix-vector multiply (SparseMV)

This programmultiplies an y ÂÏ� sparsematrix with a �½Â�� densevector. The dot product
of eachrow of the matrix with the vector is computedto get the correspondingelementof the
resultingvector. Therearetwo levels of parallelism:over eachrow of the matrix, andover the
elementsof eachrow multipliedwith thecorrespondingelementsof thevectorto calculatethedot
product.Oncetheelementsof a row aremultipliedwith thecorrespondingelementsof thedense
vector, theresultsaresummedin parallelusinga tree-basedalgorithm.In my experiments,I usedy |�K\� and �<|U�0�\�É�\�\�É� , and J\�)� of theelementswerenon-zeroes.Usinga largevalueof �
providessufficient parallelismwithin a row, but usinglargevaluesof y leadsto a very largesize
of the input matrix, makingtheamountof dynamicmemoryallocatedin theprogramnegligible
in comparison4. Eachthreadcomputedthe productsof up to 10,000pairsof elementsin each
row-vectordotproduct.

5. ID3 decisiontr eebuilder

Thisalgorithmby Quinlan[132] buildsadecisiontreefrom asetof trainingexampleswith discrete
attributesin a top-down manner, usinga recursive divide-and-conquerstrategy. At theroot node,
the attribute that bestclassifiesthe training datais picked,andrecursive calls aremadeto build
subtrees,with eachsubtreeusingonly thetrainingexampleswith aparticularvalueof thatattribute.
Eachrecursive call is madein parallel, and the computationof picking the bestattribute at a
node,which involvescountingthenumberof examplesin eachclassfor differentvaluesfor each
attribute,is alsoparallelized.Temporaryspaceis allocatedto storethesubsetof trainingexamples
usedto build eachsubtree,andis freedoncethesubtreeis built. I built a treefrom

�
million test

examples,eachwith 4 multi-valuedattributes5. The parallelrecursionwasterminatedwhenthe

3ThePthreadsversiondescribedin Chapter5 includesall thephasesin thealgorithm.
4Theinputmatrixwasrandomlygenerated;thePthreadsversionof thealgorithmdescribedin Chapter5 usesinput

generatedfrom a realfinite elementsproblem.
5As with SparseMV, theinputwasrandomlygenerated;thePthreadsversionof this algorithmdescribedin Chap-

ter5 usesa realinputdataset,andis extendedsignificantlyto handlecontinuousattributes.
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numberof examplesfell under10,000,afterwhich therecursionwasimplementedserially.

4.3 Time performance

This sectionpresentstheresultsof experimentsthatmeasuredandcomparedtherunningtimesof
thefive parallelbenchmarkson my runtimesystem,with thesamebenchmarkswritten in version
5.0 of theCilk programminglanguage[25]. Cilk is a space-efficient multithreadingsystemthat
guaranteesaspaceboundof �*�9�X� for programswith aserialspacerequirementof �X� on � proces-
sors.TheCilk programswerewrittenata high level with simple,fork-join styleparallelismusing
theCilk instructionsspawn andsync.Cilk usesaCilk-to-C translatorto performdataflow analysis
andconvert thehigh-level programsinto a form equivalentto thecontinuationpassingstylethatI
useto write programsfor my runtimesystem.AlthoughCilk supportsmorefine grainedthreads,
to makea valid comparison,thethreadgranularitiesin theCilk programsweresetto beidentical
to thosein my originalprograms.
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Figure 4.1: The speedupsachievedon up to �h� R10000processorsof a Power Challengemachine,using
a valueof � =1000bytes. The speedupon � processorsis the time takenfor the serialC versionof the
programdividedby thetime for themultithreadedversionto runon � processors.For eachapplication,the
solid line representsthespeedupusingmy system,while thedashedline representsthespeedupusingthe
Cilk system.All programswerecompiledusinggcc -O2 -mips2.

Figure4.1 shows thespeedupsfor thefive benchmarkson up to 16 processors.Thespeedup
for eachprogramis with respectto its efficient serialC version,which doesnot usemy runtime
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system. Sincethe serialC programruns fasterthanmy runtimesystemon a single processor,
the speedupshown for oneprocessoris lessthan � . However, for all the programs,it is close
to � , implying that the overheadsin the systemarelow. The timings on my systemincludethe
overheadsdueto delaysintroducedbeforelargeallocations.A valueof � �R�9¡�¡�¡ byteswasused
for all the benchmarksin theseexperiments. Figure4.1 alsoshows the speedupsfor the same
programsrunningon Cilk. The timingsshow that theperformanceon my systemis comparable
with thaton Cilk. Thememory-intensive programssuchassparsematrix-vectormultiply do not
scalewell on eithersystembeyond12 processors;their performanceis probablyaffectedby bus
contentionasthenumberof processorsincreases.

Figure4.2showsthebreakdown of therunningtimefor oneof theprograms,blockedrecursive
matrix multiplication. The resultsshow that the percentageof time spentwaiting for threadsto
appearin ¢¤£���� increasesasthenumberof processorsincreases(sinceI usea serialscheduler).A
parallelimplementationof thescheduler, suchasonedescribedin Chapter3 (Section3.4),will be
moreefficient for a largernumberof processors.

1¥ 3
¦

5
§

7
¨

9
©

11 13
¦

15
§

Number of processors (p) 

0

10

20

30

40

p 
x 

tim
e 

(s
ec

) 

ª

Idle time
«
Queue access
¬
Scheduling
­
Work overhead
®
Serial work
­

Figure4.2: Thetotalprocessortime(therunningtimemultipliedby thenumberof processors� ) for blocked
recursive matrixmultiplication. “Serialwork” is thetime takenby a singleprocessorexecutingtheequiva-
lent serialC program.For idealspeedups,all theothercomponentswould bezero. Theothercomponents
areoverheadsof theparallelexecutionandtheruntimesystem.“Idle time” is the total time spentwaiting
for threadsto appearin ¯°£���� ; “queueaccess”is the total time spentby the worker processorsinserting
threadsinto ¯²±´³ andremoving themfrom ¯µ£���� . “Scheduling”is thetotal time spentasthescheduler, and
“work overhead”includesoverheadsof creatingcontinuations,building structuresto hold arguments,and
(de)allocatingmemoryfrom a sharedpool of memory, aswell asthe effectsof the delaycounters,cache
missesandbuscontention.

4.4 Spaceperformance

Thissectionpresentsresultsof experimentsthatevaluatethespaceefficiency of algorithmAsyncDF,
followedby anempiricaldemonstrationof thespace-timetrade-off thatexistsin thealgorithm.

Thememoryusageof eachapplicationwasmeasuredasthe high watermarkof memoryal-
locationduring the executionof the program. Figure4.3 shows the memoryusagefor the five
applications.Herethreeimplementationsfor eachprogramarecompared—onein Cilk andthe
othertwo usingmy runtimesystem.Of thetwo implementationsonmy system,oneinsertsdelays
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Figure 4.3: The memoryrequirementsof the parallelprograms.For �¸·¹� the memoryusageshown is
for theserialC version.Thememoryusageof eachprogramwhenthebig memoryallocationsaredelayed
(with � ·º�¼»^»^» ), is comparedwith whenthey areallowedto proceedwithout any delay, aswell aswith
thememoryusageonCilk. Theversionwithout thedelayonmy system(labeled“No delay”) is anestimate
of thememoryusageresultingfrom previousschedulingtechniques.Theseresultsshow thatdelayingbig
allocationssignificantlychangesthe orderof executionof the threads,andresultsin muchlower memory
usage,especiallyasthenumberof processorsincreases.
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beforelargeallocations,while theotherdoesnot. For all thefive programsimplemented,thever-
sionwithout thedelayresultsin approximatelythesamespacerequirementsaswould resultfrom
schedulingthe outermostlevel of parallelism. For example,in Strassen’s matrix multiplication,
algorithmAsyncDF without the delaywould allocatetemporaryspacerequiredfor � branches
at the top level of the recursiontreebeforereverting to the executionof the subtreeunderthe
first branch. On the other hand,schedulingthe outer parallelismwould allocatespacefor the
� branchesat the top level, with eachprocessorexecutinga subtreeserially. Hencealgorithm
AsyncDF without thedelayis usedhereto estimatethe memoryrequirementsof previous tech-
niques[41, 83], which scheduletheouterparallelismwith higherpriority. Cilk useslessmemory
than this estimatedue to its useof randomization:an idle processorstealsthe topmostthread
(representingthe outermostparallelism)from theprivatequeueof a randomlypickedprocessor;
this threadmay not representthe outermostparallelismin the entirecomputation.A numberof
systems[30, 70, 77, 92, 111,115, 143,145,159] usea work stealingstrategy similar to that of
Cilk. The resultsshow that whenbig allocationsaredelayed,algorithmAsyncDF resultsin a
significantlylower memoryusage,particularlyasthenumberof processorsincreases.A notable
exceptionis theID3 benchmark,for which ourschedulerresultsin a similar spacerequirementas
thatof Cilk. This is becausethevalueof � ( �½�9¡�¡�¡ bytes)is too large to sufficiently delaythe
largeallocationsof spaceuntil higherpriority threadsbecomeready6. In thesegraphs,I have not
comparedAsyncDF to naive schedulingtechniquessuchasbreadth-firstschedules,which have
muchhighermemoryrequirements.

Space-Time Tradeoff

The spaceboundfor algorithmAsyncDF( � ) derived in Chapter3 (Section3.3) increaseswith
� , thevalueof thememoryquotaallotedto eachthreadevery time it is scheduled.At thesame
time, thenumberof dummythreads(i.e., thevalueof thedelaycounter)introducedbeforea large
allocationdependson the valueof � . Further, the smallerthe valueof � , the moreoften is a
threadpreempteddueto exhaustionof its memoryquota,resultingin lower locality andhigher
schedulingoverheads.Hencethereexists a trade-off betweenmemoryusageandrunningtime,
thatcanbeadjustedby varyingthevalueof � . For example,Figure4.4 shows how the running
time andmemoryusagefor blockedrecursive matrix multiplicationareaffectedby � . For small
� , many dummythreads(i.e., largedelays)areintroduced,andthreadsarepreemptedoften.This
resultsin poorlocality andhighschedulingoverheads,resultingin a high runningtime. However,
theexecutionorderis closeto a 1DF-schedule, andtherefore,thememoryrequirementis low. In
contrast,for large � , very few dummythreadsareinserted,andthreadsarepreemptedlessoften.
This resultsin low runningtime, but highermemoryrequirements.� =500-2000bytesresultsin
bothgoodperformanceandlow memoryusage.

For all thefive programsimplemented,thetrade-off curveslookedsimilar; however, they may
vary for otherparallelprograms.A defaultvalueof � �¾�9¡�¡�¡ bytesresultedin a goodbalance
betweenspaceandtime performancefor thefive testprograms,althoughin practiceit might be

6This problemarosebecausesomeinherentlyparalleloperationsin the algorithmhadbeencodedserially; this
serialization,althoughnot necessary, simplifiedthewriting of thecodein thecontinuation-passingstylerequiredby
the system.Consequently, the depthof the programincreased,andtherewasoftennot a sufficient amountof inner
parallelismto keepprocessorsbusy, forcing themto executetheouterparallelisminstead.
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Figure4.4: Thevariationof runningtimeandmemoryusagewith � (in bytes)for multiplying two �h»^À9ÁÃÂ
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the memoryrequirementis high. � =500-2000bytesresultsin both goodperformanceandlow memory
usage.

usefulto allow usersto tunetheparameterfor theirneeds.

4.5 Summary

In this chapter, I have describedthe implementationof a simple,multithreadingruntimesystem
for the SGI Power ChallengeSMP. The implementationusesalgorithmAsyncDF (presentedin
Chapter3) to schedulelightweight threads.Experimentalresultsfor nested-parallelbenchmarks
onthissystemindicatethat,comparedto previousschedulers(includingaprovablyspace-efficient
scheduler),AsyncDF typically leadsto a lowerspacerequirement.Wheninnermost,fine-grained
loops(or recursive calls) in the benchmarksweregroupedinto chunks,the time performanceof
algorithmAsyncDF wasshown to be comparableto that of an efficient threadscheduler. I also
experimentallydemonstratedthat the algorithm providesa trade-off betweenrunning time and
memoryrequirement,by adjustingthevalueof thememorythreshold.Thenext chapterdescribes
the implementationof algorithmAsyncDF in the context of anotherruntimesystem,namely, a
commercialPthreadspackage.



54 CHAPTER4. IMPLEMENTATION AND EVALUATION OFALGORITHM ASYNCDF



Chapter 5

A Space-EfficientImplementation of
Pthreads

Theexperimentalresultspresentedin Chapter4 indicatethatalgorithmAsyncDFdoesindeedpro-
vide goodspaceandtime performancein practice.Theruntimesystemdescribedin thatchapter
wasbuilt specificallyto implementalgorithmAsyncDF, andis restrictedto purelynestedparallel
computations.This chapterdescribesexperimentswith implementinga slight variationof algo-
rithm AsyncDFin thecontext of amoregeneralthreadslibrary, namely, Posixstandardthreadsor
Pthreads[88].

Thechapterbeginsby motivatingthechoiceof Pthreadsasamediumfor my experimentswith
spaceefficient schedulers(Section5.1). Section5.2 describesa particularPthreadsimplementa-
tion, namelythenative Pthreadsimplementationon Solaris2.5,which I usein all my subsequent
experiments. The sectionalso presentsexperimentalresultsof implementinga simple parallel
benchmark,namely, densematrix multiply, usingthe existing Pthreadsimplementation;the al-
gorithm usedinvolves dynamiccreationof a large numberof Pthreads,and dynamicmemory
allocation.Thebenchmarkexhibits poorspaceandtime performance,mainly dueto theuseof a
space-inefficientscheduler. Section5.3thenlists themodificationsI madeto theexistingPthreads
implementationto makeit space-efficient,presentingtheperformanceof thebenchmarkaftereach
modification. Thefinal versionof the implementationusesa variationof algorithmAsyncDF to
schedulethe threads.This chapteralsodescribesandpresentsexperimentalresultsfor the other
parallelbenchmarks;I usethemto evaluateandcomparetheperformanceof theoriginalPthreads
implementationwith themodifiedPthreadsimplementation(Section5.4). All thebenchmarksdy-
namicallycreateanddestroylargenumbersof lightweightPthreads.For amajorityof thesebench-
marks,I startedwith a pre-existing, publicly available,coarse-grainedversion,which I modified
to uselargenumbersof dynamicPthreads.For suchbenchmarks,I alsocomparetheperformance
of therewrittenversionwith theoriginal,coarse-grainedversion.Thecoarse-grainedversionsare
typically hand-codedto carefullypartitionandbalancetheloadfor goodperformance.Thechapter
endswith a brief discussionon selectingtheappropriatethreadgranularityin Section5.5. I show
thatalgorithmAsyncDF doesnot handlefiner threadgranularitiesvery efficiently, therebymoti-
vatingtheneedfor usingalgorithmDFDequesto handlefiner-grainedthreads.Finally, Section5.6
summarizesthis chapter.

The Pthread-basedbenchmarksusedto evaluatethe new space-efficient schedulerpredomi-
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nantly usea nested,fork-join style of parallelism;however, someof the benchmarksalsomake
limited useof mutexes. The Pthreadimplementationitself makesextensive useof both Pthread
mutexesandconditionvariables. Becausethe Pthreadslibrary supportssynchronizationprimi-
tives like mutexes andconditionvariables,the classof computationsthat can be expressedus-
ing Pthreadsareoftennot dag-deterministic.Therefore,definingtheserialspacerequirement�X�
preciselyfor Pthread-basedcomputationsmaynot bepossible.Nevertheless,the resultingspace
requirementfor theparallelexecutioncanbeboundedin termsof theserialspacerequirementof
thedagthatrepresentstheparticularparallelexecution.Theexperimentalresultspresentedin this
chapterindicatethat,in practice,thenew schedulerdoeseffectively limit thespacerequirementof
theparallelbenchmarks.

5.1 Moti vation

The space-efficient schedulingalgorithmspresentedin this dissertationcould be appliedin the
context of several multithreadedsystemsbesidesPthreads.Thereare,however, several reasons
for choosingPthreadsastheplatformto implementalgorithmAsyncDF(aswell astheDFDeques
algorithmdescribedin Chapter7):

Å ThePthreadinterfaceis a Posixstandardthathasrecentlybeenadoptedby thevendorsof a
numberof operatingsystems[53, 79, 87,142,153]. Pthreadimplementationsarealsofreely
available for a wide variety of platforms[131]. Therefore,Pthreadshave now becomea
commonmediumfor writing portablemultithreadedcodein general,and,in particular, they
arepopularfor sharedmemoryparallelprogramming.

Å By selectingaPthreadslibrary asthemediumfor my experiments,I candirectlyusepublicly
availablePthread-basedbenchmarksto evaluatemy schedulers.Similarly, thebenchmarks
thatI codein a lightweightthreadedstylemaybeexecuteddirectlyonany platformsupport-
ing a Pthreadsimplementation1.

Å The interfaceprovides a fairly broadrangeof functionality. For example,Pthreadsmay
synchronizeusingmutexes,conditionvariables,or joins. Therefore,my schedulersmaybe
appliedto a classof applicationsbroaderthanthosethatarepurelynestedparallel.

Å Most platformsthatsupportPthreadstodayarereleasinglightweight,user-level implemen-
tationsof Pthreadsthatallow thousandsof threadsto beexpressedin theprogram.Examples
of currentplatformsthatschedulelightweight,user-level threadsontopof kernelthreads(to
takeadvantageof multiple processors)includeDigital UNIX, Solaris,IRIX, andAIX. In
particular, I hadaccessto thesourcecodefor thepopular, native Pthreadsimplementation
onSolaris.To my knowledge,this is oneof themostefficient implementationsof user-level
Pthreadstoday.

Å As with MPI, Pthreadsadoptsa library approach,that is, the useof Pthreadsdoesnot re-
quireadoptinga new parallelprogramminglanguage(andcompilerfront end). Therefore,
Pthreadsaregainingacceptanceamongtheparallelprogrammingcommunity.

1For thesebenchmarksto executeefficiently, the Pthreadsimplementationmustbe lightweight (user-level) and
mustusea space-efficient scheduler.
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Pthreadshave two maindisadvantages:theinability to supportextremelylightweightthreadoper-
ations,andthe lack of syntacticsugarto simplify the threadinterface.Multithreadinglanguages
with restrictedfunctionality, or threadsystemsthatcantakeadvantageof a preprocessoror spe-
cializedcompiler, areableto supportextremely lightweight threadsandhigher-level threadin-
terfaces[66, 70, 102]. The broadfunctionality and the library approachof Pthreadsmakean
extremelylightweightimplementationof Pthreadsimpossible,andresultsin asomewhatlargeand
complex interface.For example,creatingauser-level Pthreadis typically two ordersof magnitude
moreexpensive thanthecostof a functioncall, andrequirestheprogrammerto explicitly packthe
threadargumentsinto a contiguouschunkof memory. Further, thereareno interfacefunctionsto
expressmulti-wayforksor parallelloops;Pthreadsonly supportabinaryfork. However, I feel that
thesedrawbacksarea smallpriceto pay for theotheradvantagesofferedby Pthreads.Syntactic
sugarto easethetaskof forking Pthreads,or for providing multi-way forks canalwaysbeadded
througha preprocessor.

Despiteseveral lightweight, user-level implementationsof Pthreads,mostprogrammersstill
write parallelprogramsin acoarse-grainedstyle,with onePthreadperprocessor. Themainreason
is probablythelack of goodschedulersthatcanefficiently executea programwith largenumbers
of lightweight,dynamicPthreads.In particular, asI show in thenext section,a typical Pthreads
schedulercreatestoo many simultaneouslyactive threadsin sucha program.Thesethreadsmay
all contendfor stackandheapspace,leadingto poorspaceandtime performance.However, this
chaptersubsequentlyshows thatby usinga space-efficient threadscheduler, anexisting Pthreads
implementationcanefficiently executeprogramswith dynamic,lightweightthreads.

5.2 The SolarisPthreadsImplementation

ThissectiondescribesthenativePthreadsimplementationonSolaris2.5,followedby someexper-
imentsmeasuringtheperformanceof a parallelmatrix multiply benchmarkthatusesPthreadson
Solaris.Theexperimentswith theremainingbenchmarksaredescribedin Section5.4.

TheSolarisoperatingsystemcontainskernelsupportfor multiple threadswithin a singlepro-
cessaddressspace[129]. One of the goalsof the SolarisPthreadsimplementationis to make
thethreadssufficiently lightweightsothatthousandsof themcanbepresentwithin aprocess.The
threadsarethereforeimplementedby auser-level threadslibrarysothatcommonthreadoperations
suchascreation,destruction,synchronizationandcontext switchingcanbeperformedefficiently
withoutenteringthekernel.

Lightweight,user-level PthreadsonSolarisaremultiplexedon topof kernel-supportedthreads
calledLWPs. This assignmentof the lightweightthreadsto LWPsis controlledby theuser-level
Pthreadsimplementation[150]. A threadmay be eitherboundto an LWP (to scheduleit on a
system-widebasis)or maybemultiplexedalongwith otherunboundthreadsof theprocesson top
of oneor moreLWPs. LWPsarescheduledby the kernelonto the availableCPUsaccordingto
their schedulingclassandpriority, andmayrun in parallelon a multiprocessor. Figure5.1shows
how threadsandLWPsin a simpleSolarisprocessmay be scheduled.Process1 hasonethread
boundto anLWP, andtwo otherthreadsmultiplexedon anotherLWP, while process2 hasthree
threadsmultiplexedon two LWPs. This chapterfocuseson thepolicy usedto scheduleunbound
Pthreadsata givenpriority level on topof LWPs.
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Figure 5.1: Schedulingof lightweightPthreadsandkernel-level LWPsin Solaris.Threadsaremultiplexed
on topof LWPsat theuserlevel, while LWPsarescheduledonprocessorsby thekernel.
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Figure 5.2: Uniprocessortimings in microsecondsfor Solaristhreadsoperationson a 167 MHz Ultra-
SPARC runningSolaris2.5. Creationtime is with a preallocatedstack,anddoesnot includeany context
switch. (Creationof a boundor unboundthreadwithout a preallocatedstackincursanadditionaloverhead
200ÆÈÇ for thesmalleststacksizeof a page(8KB).Thisoverheadincreasesto 260Æ:Ç for a 1MB stack.)Join
is thetime to join with a threadthathasalreadyexited. Semaphoresynchronizationtime is thetime for two
threadsto synchronizeusinga semaphore,andincludesthetime for onecontext switch.

SinceSolarisPthreadsarecreated,destroyedandsynchronizedwithin auser-level library with-
out kernelintervention,theseoperationsarecheaperthanthecorrespondingoperationson kernel
threads.Figure5.2shows theoverheadsfor somePthreadoperationson a 167MHz UltraSPARC
processor. Operationson boundthreadsinvolve operationson LWPsandrequirekernelinterven-
tion; they arehencemoreexpensivethanuser-level operationsonunboundthreads.Note,however,
thattheuser-level threadoperationsarestill significantlymoreexpensive thanfunctioncalls;e.g.,
thethreadcreationtimeof É�¡6Ê´Ë�ÌXÍ correspondsto over 3400cycleson the167MHz UltraSPARC.
ThePthreadsimplementationincursthis overheadfor every threadexpressedin theprogram,and
doesnot attemptto automaticallycoarsenthe parallelismby combiningthreads.Therefore,the
basicthreadoverheadslimit how fine-graineda taskmaybeexpressedusingPthreadswithoutsig-
nificantlyaffectingperformance.It is left to theprogrammerto selectthefinestgranularityfor the
threadssuchthattheoverheadsremaininsignificant,while maintainingportability, simplicity and
loadbalance(seeSection5.5for adiscussionof threadgranularity).

Although moreexpensive thanfunction calls, the threadoverheadsarelow enoughto allow
thecreationof many morethreadsthanthenumberof processorsduringtheexecutionof a paral-
lel program,so that the job of schedulingthesethreadsandbalancingthe loadacrossprocessors
may be left to the threadsimplementation.Thus,this implementationof Pthreadsis well-suited
to expressmedium-grainedthreads,resultingin simpleandefficient code,particularly for pro-
gramswith dynamicparallelism.For example,Figure5.3showsthepseudocodefor ablock-based,
divide-and-conqueralgorithmfor matrix multiplicationusingdynamicparallelism:eachparallel,
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recursive call is executedby forking a new thread.(This codewasintroducedasa programming
examplein Chapter1.) To ensurethat the total overheadof threadoperationsis not significant,
theparallelrecursionon a 167MHz UltraSPARC is terminatedoncethematrix sizeis reducedtoÎ�Ï<Ð|Î^Ï

elements;beyondthatpoint, anefficient serialalgorithmis usedto performthemultipli-
cation2. Thetotal time to multiply two �0¡�É Ï|Ð �9¡�É Ï matriceswith this algorithmon a single167
MHz UltraSPARC processor, usinga LIFO schedulingqueueandassuminga preallocatedstack
for every threadcreated,is �^Ñ2Ê Î Í ; of this, the threadoverheadsareno morethan ¡6Ê\É�Í . Themore
complex but asymptoticallyfasterStrassen’smatrixmultiply canalsobeimplementedin a similar
divide-and-conquerfashionwith a few extra linesof code;codingit with staticpartitioningis sig-
nificantly moredifficult. Further, efficient, serial,machine-specificlibrary routinescanbeeasily
pluggedin to multiply the

Î^ÏÒÐ<Î^Ï
submatricesat thebaseof therecursiontree.Temporaryspace

is allocatedat thestartof eachrecursive call to storeintermediateresults.Althoughtheallocation
of this temporaryspacecanbeavoided,but this would significantlyaddto thecomplexity of the
codeor reducethe parallelism. The resultingdagfor this matrix multiply programis shown in
figure5.4. Thedagis similar to theonein Figure1.3(b),exceptthat threadshereareforkedin a
treeinsteadof theflat loop,andmemoryallocationsdecreasedown thetree.Densematrixmultiply
is a fairly regularapplicationandcanbestaticallypartitioned.Nonetheless,I amusingit hereasa
simpleexampleto representa broadclassof divide-and-conqueralgorithmswith similar dagsbut
irregular, data-dependentstructures.(Examplesof suchprogramsincludesorts,dataclassifiers,
computationalgeometrycodes,etc.) Therecursive matrixmultiply algorithmdiscussedheregen-
erateslargenumbersof threadsof varyinggranularitiesandmemoryrequirements,andis therefore
a goodtestfor thePthreadscheduler.

Performanceof matrix multiply using the native Pthreadsimplementation

I implementedthe algorithmin Figure5.3 on an 8-processorSunEnterprise5000SMPrunning
Solariswith 2 GB of main memory. Eachprocessoris a 167 MHz UltraSPARC with a 512KB
L2 cache.Memoryaccesslatency on theEnterpriseis 300ns(50 cycles),while obtaininga line
from anotherprocessor’s L2 cacherequires480ns(80 cycles). Figure5.5 (a) shows thespeedup
of theprogramwith respectto theserialC versionwrittenwith functioncallsinsteadof forks. The
speedupwas unexpectedlypoor for a compute-intensive parallel programlike matrix multiply.
Further, asshown in Figure5.5 (b), the maximummemoryallocatedby the programduring its
execution(e.g., 115 MB on 8 processors)significantly exceededthe memoryallocatedby the
correspondingserialprogram(25MB).

To detectthe causefor the poor performanceof the program,I useda profiling tool (Sun
Workshopversion4.0) to obtaina breakdown of theexecutiontime,asshown in Figure5.6. The
processorsspendasignificantportionof thetimein thekernelmakingsystemcalls.Themosttime-
consumingsystemcallswerethoseinvolvedin memoryallocation.I alsomeasuredthemaximum
numberof threadsactiveduringtheexecutionof theprogram:thePthreadsimplementationcreates
morethan

Ï Ë�¡�¡ active threadsduringexecutionona singleprocessor. In contrast,a simple,serial,
depth-firstexecutionof theprogram(in whichachild preemptsits parentassoonasit is forked)on
asingleprocessorshouldresultin just �9¡ threadsbeingsimultaneouslyactive. Boththesemeasures
indicatethat thenative Pthreadsimplementationcreatesa large numberof active threads,which

2Thematrixmultiply codewasadaptedfrom anexampleCilk programavailablewith theCilk distribution[25].
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beginMatrix Mult(A, B, C, Ó )
if ( Ó@Ô Leaf Size)

serialmult(A, B, C, Ó );
else

T := memalloc(ÓÕÂ~Ó );
initialize smallermatricesasquadrantsof A, B, C, andT;
fork Matrix Mult(A11, B11,C11, Ó4Ö^À );
fork Matrix Mult(A11, B12,C12, Ó4Ö^À );
fork Matrix Mult(A21, B12,C22, Ó4Ö^À );
fork Matrix Mult(A21, B11,C21, Ó4Ö^À );
fork Matrix Mult(A12, B21,T11, Ó×Ö�À );
fork Matrix Mult(A12, B22,T12, Ó×Ö�À );
fork Matrix Mult(A22, B22,T22, Ó×Ö�À );
fork Matrix Mult(A22, B21,T21, Ó×Ö�À );
join with all forkedchild threads;
Matrix Add(T, C);
mem free(T);

endMatrix Mult
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Figure 5.3: Pseudocodeto multiply two ÓÒÂÝÓ matricesA andB andstoringthefinal resultin C usinga
divide-and-conqueralgorithm.TheMatrix Add functionis implementedsimilarlyusingaparalleldivide-
and-conqueralgorithm.TheconstantLeaf Sizeto checkfor thebaseconditionof therecursionis setto 64
ona167MHz UltraSPARC.
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Figure 5.4: Programdagfor recursive matrix multiply; the oval outlinesdemarcatethe recursive callsat
thetop level of therecursion.Shadednodesdenoteallocation(black)anddeallocation(grey) of temporary
space.Theadditionalthreadsthatperformmatrixadditionin parallel(in matrix add)arenotshown herefor
brevity.
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Figure 5.5: Performanceof matrix multiply on an 8-processorEnterprise5000 SMP using the native
Pthreadsimplementation:(a) speedupwith respectto a serialC version;(b) high watermarkof total heap
memoryallocationduring the executionof the program. “Serial” is the spacerequirementof the serial
program,andequalsthesizeof theinputandoutput(A, B, andC) matrices.

all contendfor allocationof stackandheapspace,aswell asfor schedulerlocks,resultingin poor
speedupandhigh memoryallocation. Even if a parallelprogramexhibits goodspeedupsfor a
givenproblemsize,it is importantto minimizeits memoryrequirement;otherwise,astheproblem
sizeincreases,theperformancesoonbeginsto suffer dueto excessive TLB andpagemisses.

TheSolarisPthreadsimplementationcreatesa very largenumberof active threadsbecauseit
usesa FIFO queue.Further, whena parentthreadforksachild thread,thechild threadis addedto
thequeueratherthanbeingscheduledimmediately. Consequently, theprogramdagis executedin
a breadth-firstmanner, resultingin almostall the4096threadsat the lowestlevel of therecursion
treebeingsimultaneouslyactive.

To improve the time andspaceperformanceof multithreadedapplicationsa schedulingtech-
niquethatcreatesfewer active threads,aswell aslimits their memoryallocation,is necessary. I
next describethemodificationsI madeto theexisting Pthreadsimplementationto makeit space-
efficient.

5.3 Impr ovementsto the PthreadsImplementation

ThissectionliststhemodificationsI madeto theuser-level PthreadsimplementationonSolaris2.5
to improve theperformanceof thematrix multiply algorithmdescribedin Section5.2. Theeffect
of eachmodificationon theprogram’sspaceandtimeperformanceis shown in Figure5.7.All the
speedupsin Figure5.7(a)arewith respectto theserialC versionof matrix multiply. Thecurves
marked“Original” in thefigurearefor theoriginal Pthreadsimplementation(with thedeadlock-
avoidancefeatureof automaticcreationof new LWPs[150] disabledto getconsistenttimings3).

All threadswere createdat the samepriority level, and the term “schedulingqueue”used

3Disablingthis featurestabilizesandmarginally improvesthe performanceof the applicationusingthe original
Pthreadsscheduler.
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Figure 5.6: A breakdown of executiontimeson up to 8 processorsfor matrix multiply. “Compute” is the
percentageof time doingusefulcomputation,“system”is thepercentageof time spentin systemcalls,and
“sys-wait” is thepercentageof time spentwaiting in thekernel. “Other” includesidle time, the time spent
waitingonuser-level locks,andthetimespentfaulting in text anddatapages.

below refersto thesetof all threadsat thatpriority level. In theoriginalPthreadsimplementation,
this schedulingqueueis implementedas a FIFO queue. To prevent multiple processorsfrom
simultaneouslyaccessingthequeue,it is protectedby acommonschedulerlock. I retainedtheuse
of this lock in all my modifications.

1. LIFO scheduler. I first modifiedthe schedulingqueueto be last-in-first-out(LIFO) in-
steadof FIFO. A FIFO queueexecutesthe threadsin a breadth-firstorder, while a LIFO
queueresultsin executionthatis closerto a depth-firstorder. As expected,this reducesthe
memoryrequirement.However, thememoryrequirementstill increaseswith thenumberof
processors.Thespeedupimprovessignificantly(seecurve labeledas“LIFO” in Figure5.7).

2. AsyncDF : a space-efficientscheduler. Next, I implementeda variation of algorithm
AsyncDF (asshown in Figure3.2). In this variation,insteadof usingthe queues¢µ±\³ and
¢¤£5à�� , all processorsdirectly accessthe schedulingqueue( á ) usingthe existing scheduler
lock. Therefore,no specialschedulerthreadsarerequired. The main differencebetween
this variationof AsyncDF andtheLIFO scheduleris that threadsin theschedulingqueue
at eachpriority level arealwaysmaintainedin their serial,depth-firstexecutionorder. As
describedin Chapter3, maintainingthis orderat runtimeis simpleandinexpensive. The
final schedulingalgorithmcanbedescribedasfollows.

Å Thereis anentryin theschedulingqueuefor everythreadthathasbeencreatedbut that
hasnotyetexited. Thusthreadsrepresentedin thequeuemaybeeitherready, blocked,
or executing.Theseentriesserve asplaceholdersfor blockedor executingthreads.

Å Whenathreadis preempted,it is returnedto theschedulingqueuein thesameposition
(relativeto theotherthreads)thatit wasin whenit waslastselectedfor execution.This
positionwasmarkedby thethread’sentryin thequeue.
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Å Whena parentthreadforks a child thread,the parentis preemptedimmediatelyand
theprocessorstartsexecutingthechild thread.A newly forkedthreadis placedto the
immediateleft of its parentin theschedulingqueue.

Å Every time a threadis scheduled,it is allocateda memoryquota(implementedasa
simpleintegercounter)initializedto aconstant� bytes(thememorythreshold).When
it allocatesâ bytesof memory, thecounteris decrementedby â units.Whena thread
reachesan action that needsto allocatemore memorythan the currentvalue of its
counter, thethreadis preempted.If a threadcontainsanactionthatallocatesâäãA�
bytes,å dummythreads(threadsthatperformano-opandexit) areinsertedin parallel4

by thenew schedulerbeforetheallocation,whereå is proportionalto â¸æ�� .

I modified the malloc andfree library functionsto keeptrack of a thread’s memory
quota,andfork dummythreadswhennecessary. Thecurve labelled“ADF” in Figure5.7(a)
shows that the speedupimproveswith the space-efficient scheduler. Further, the memory
requirement(seeFigure5.7(b)) is significantlylower, andno longerincreasesrapidly with
thenumberof processors.Thememorythreshold� wassetto 50,000bytesin theseexper-
iments5.

3. Reduceddefault stack size. ThePthreadlibrary on Solarisspecifiesa stacksizeof 1MB
for threadscreatedwith defaultattributes,andcachesstacksof this defaultsizefor reuse.
However, for applicationsthat dynamicallycreateanddestroya large numberof threads,
whereeachthreadrequiresa moremodeststacksize,thedefaultsizeof 1MB is too large.
Therefore,to avoid requiringtheprogrammerto supplyandcachethreadstacksin eachap-
plication, I changedthedefaultstacksizeto bea page(8KB). This reducesthe time spent
allocatingthestacks.Theimprovedperformancecurvesaremarkedas“LIFO + smallstk”
with theLIFO scheduler, and“ADF + smallstk” with thenew, space-efficientscheduler. The
final version(“ADF + small stk”) yields goodabsoluteperformancefor matrix multiplica-
tion; it runswithin 2% of thehand-optimized,machine-specificBLAS3 routinefor matrix
multiplicationonSolaris2.5.Thebreakdown of runningtimesin thisfinal versionis shown
in Figure5.8.

Theimprovementsindicatethatallowing theuserto determinethedefaultthreadstacksize
may be useful. However, predictingthe requiredstacksizecanbe difficult for someap-
plications. In suchcases,insteadof conservatively allocatingan extremelylarge stack,a
techniquesuchasstacklets[70] or whole programoptimization[73] could be usedto dy-
namicallyandefficiently extendstacks.

5.4 Other Parallel Benchmarks

In this section,I briefly describeexperimentswith
Î

additionalPthreads-basedparallelprograms.
Themajority of themwereoriginally written to useonethreadperprocessor. I rewrote thepro-

4Sincethe Pthreadsinterfaceallows only a binary fork, theseç threadsareforked asa binary treeinsteadof a
ç -way fork.

5Comparedto thethreadsdescribedin Chapter4, Pthreadsaremoreexpensive to createanddestroy. Therefore,a
fewer numberof Pthreads(andhencea larger è ) aresufficient to delaylargeallocations.
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Figure5.7: Performanceof matrixmultiply onan8-processorEnterprise5000SMPusingvariationsof the
nativePthreadsimplementation:(a)speedupwith respectto aserialC version;(b) highwatermarkof heap
memoryallocationduringtheexecutionof theprogram.Theresultswereaveragedover 3 consecutive runs
of the program. “Original” is with the original Pthreadsimplementation,“LIFO” usesa LIFO scheduler,
“LIFO + smallstk” standsfor theLIFO schedulerwith areduceddefaultstacksize,“ADF” usesa variation
of algorithmAsyncDF, and“ADF + smallstk” usesthevariationof AsyncDFwith a reduceddefaultstack
size.
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Figure 5.8: A breakdown of executiontimeson up to 8 processorsfor matrix multiply usingthe space-
efficient schedulerbasedon algorithmAsyncDF. The Pthreadlibrary’s defaultstacksizewassetat 8KB.
Thedifferentcomponentsarethesameasthecomponentsin Figure5.6.
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Benchmark ProblemSize Coarsegr. Finegr. + orig. lib Finegr. + new lib

Speedup Speedup Threads Speedup Threads

Matrix Mult. �¼»^À9ÁµÂ<�h»�À9Á 6.63 3.65 1977 6.56 59

BarnesHut ë>·��h»^»^� , Plmr. model 7.53 5.76 860 7.80 34

FMM ëA·C�h»^� , 5 terms — 4.90 4348 7.45 24

DecisionTree 133,999instances — 5.23 94 5.25 70

FFTW ëº·,À�ì�ì 6.27 5.84 224 5.94 14

SparseMatrix 30K nodes,151K edges 6.14 4.41 55 5.96 32

Vol. Rend. À�í^�9î volume, ï^ð^í ì image 6.79 5.73 131 6.69 25

Figure 5.9: Speedupson 8 processorsover thecorrespondingserialC programsfor the ð parallelbench-
marks.Threeversionsof eachbenchmarkarelistedhere: theoriginal coarse-grainedversion(BLAS3 for
Matrix Multiply, andnonefor FMM or DecisionTree),thefine-grainedversionthatusesa largenumberof
threadswith the original SolarisPthreadsimplementation,andthe fine-grainedversionwith the modified
Pthreadsimplementation(thatusesthespace-efficient schedulerandan8KB defaultstacksize).“Threads”
is themaximumnumberof active threadsduringthe8-processorexecution.

gramsto usea largenumberof Pthreads,andcomparedtheperformanceof theoriginal, coarse-
grainedprogramwith the rewritten, fine-grainedversion. The performanceof the fine-grained
versionwasmeasuredusingboth the original Pthreadsimplementationand the implementation
with the space-efficient schedulerbasedon algorithm AsyncDF (using a reduced8KB default
stacksize).I referto the lattersettingasthenewPthreadsscheduler(or asthenew versionof the
Pthreadsimplementation).SincePthreadsaresignificantlymoreexpensive thanfunctioncalls, I
coarsenedsomeof thenaturalparallelismavailablein theprogram.This simply involvedsetting
thechunkingsizefor parallelloopsor the terminationconditionfor parallelrecursive calls. The
coarseningamortizesthreadoperationcostsandalsoprovidesgoodlocality within a thread,but
still allows a large numberof threadsto be expressed.All threadswerecreatedrequestingthe
smalleststacksizeof onepage(8KB). The experimentswereperformedon the 8-processorEn-
terprise5000describedin Section5.2. The memorythreshold � wasset to 50,000bytes. All
programswerecompiledusingSun’s Workshopcompiler (cc) 4.2, with the optimizationflags
-fast -xarch=v8plusa -xchip=ultra -xtarget=native -xO4.

5.4.1 The parallel benchmarks

Eachbenchmarkisdescribedbelow with its experimentalresults;Figure5.9summarizestheresults
for all thebenchmarks.

1. BarnesHut

This programsimulatestheinteractionsin a systemof ñ bodiesover several timestepsusingthe
Barnes-Hutalgorithm[11]. Eachtimestephasthreephases:anoctreeis first built from thesetof
bodies,theforceoneachbodyis thencalculatedby traversingthisoctree,andfinally, theposition
andvelocity of eachbodyis updated.I usedthe “Barnes”applicationcodefrom theSPLASH-2
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benchmarksuite[163] in ourexperiments.
In theSPLASH-2Barnescode,onePthreadis createdfor eachprocessoratthebeginningof the

execution;thethreads(processors)synchronizeusinga barrieraftereachphasewithin a timestep.
Oncethetreeis constructed,thebodiesarepartitionedamongtheprocessors.Eachprocessortra-
versestheoctreeto calculatetheforcesonthebodiesin its partition,andthenupdatesthepositions
andvelocitiesof thosebodies.It alsousesits partitionof bodiesto constructtheoctreein thenext
timestep.Sincethedistributionof bodiesin spacemaybehighly non-uniform,thework involved
for thebodiesmayvaryto a largeextent,andauniformpartitionof bodiesacrossprocessorsleads
to loadimbalance.TheBarnescodethereforeusesacostzonespartitioningschemeto partitionthe
bodiesamongprocessors[146]. This schemetriesto assignto eachprocessora setof bodiesthat
involve roughly the sameamountof work, andarelocatedcloseto eachother in the treeto get
betterlocality.

I modifiedthe Barnescodeso that, insteadof partitioningthe work acrossthe processors,a
new Pthreadis createdto executeeachsmall, constant-sizedunit of work. For example,in the
forcecalculationphase,startingfrom therootof theoctree,a new Pthreadwasrecursively forked
to computethe forceon thesetof particlesin eachsubtree.The recursionwasterminatedwhen
thesubtreehad(onaverage)under8 leaves.Sinceeachleafholdsmultiplebodies,thisgranularity
is sufficient to amortizethecostof threadoverheadsandto provide goodlocality within a thread.
Thus,wedonotneedany partitioningschemein my code,sincethelargenumberof threadsin each
phaseareautomaticallyloadbalancedby thePthreadsimplementation.Further, no per-processor
datastructureswererequiredin my code,andthefinal versionwassignificantlysimplerthanthe
originalcode.

Thesimulationwasrunonasystemof 100,000bodiesgeneratedunderthePlummermodel[1]
for four timesteps(aswith the defaultSplash-2settings,thefirst two timestepswerenot timed).
Figure5.9 shows that thesimpler, fine-grainedapproachachievesthe samehigh performanceas
theoriginal code. However, thePthreadschedulerneedsto becarefully implementedto achieve
this performance.Whenthe threadgranularityis coarsenedandthereforethenumberof threads
is reduced,the performanceof the original scheduleralso improvessignificantly. However, as
theproblemsizescales,unlessthenumberof threadsincreases,theschedulercannotbalancethe
loadeffectively. Besidesforksandjoins, thisapplicationusesPthreadmutexesin thetreebuilding
phaseto synchronizemodificationsto thepartiallybuilt octree.

2. FastMultipole Method

This applicationexecutesthe FastMultipole Methodor FMM [72], anotherñ -Body algorithm.
TheFMM in threedimensions,althoughmorecomplex, hasbeenshown to performfewercompu-
tationsthantheBarnes-Hutalgorithmfor simulationsrequiringhighaccuracy, suchaselectrostatic
systems[20]. Themainwork in FMM involvesthecomputationof local andmultipoleexpansion
seriesthatdescribethepotentialfield within andoutsideacell, respectively. I first wrotetheserial
C versionfor theuniform FMM algorithm,andthenparallelizedit usingPthreads.The parallel
versionis written to usea largenumberof threads,andI donotcompareit hereto any preexisting
versionwritten with onethreadper processor. The programwasexecutedon 10,000uniformly
distributedparticlesby constructinga treewith 4 levels andusing5 termsin the multipole and
localexpansions.
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Figure5.10: Memoryrequirementsfor theFMM andDecisionTreebenchmarks.“Orig. lib” usesthenative
Pthreadsimplementation,while “New lib” usestheimplementationmodifiedto usethenew schedulerbased
onAsyncDF. “Serial” is thespacerequirementof theserialprogram.

Eachphaseof theforcecalculationandits parallelizationis describedbelow.

1. Multipole expansionsfor leaf cells arecalculatedfrom the positionsandmassesof their
bodies;a separatethreadis createdfor eachleafcell.

2. Multipole expansionsof interior cells are calculatedfrom their children in a bottom-up
phase;aseparatethreadis createdfor eachinterior (parent)cell.

3. In a top-down phase,thelocal expansionfor eachcell is calculatedfrom its parentcell and
from its well-separatedneighbors;sinceeachcell canhave a largenumberof neighbors(up
to 875), we createda separatethreadto computeinteractionswith up to constantnumber
(25)of a cell’s neighbors.Threadsareforkedasa binarytree.

4. Theforceson bodiesarecalculatedfrom thelocal expansionsof their leafsandfrom direct
interactionswith neighboringbodies;a separatethreadis createdfor eachleafcell.

Sincethis algorithminvolvesdynamicmemoryallocation(in phase3), I measuredits space
requirementwith theoriginal andnew versionsof thePthreadslibrary implementation(seeFig-
ure5.10(a)).As with matrix multiply, thenew schedulingtechnique(basedon AsyncDF) results
in lower spacerequirement.The speedupswith respectto the serialC versionare includedin
Figure5.9.

3. DecisionTreeBuilder

Classificationis animportantdatamining problem.I implementeda decisiontreebuilder to clas-
sify instanceswith continuousattributes.Thealgorithmusedis similar to ID3 [132], with C4.5-
like additionsto handlecontinuousattributes[133]. The algorithmbuilds the decisiontree in a
top-down, divide-and-conquerfashion,by choosinga split alongthecontinuous-valuedattributes
basedonthebestgainratioateachstage.Theinstancesaresortedby eachattributeto calculatethe
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Figure5.11: Runningtimesfor threeversionsof themultithreaded,one-dimensionalDFT from theFFTW
library on ô processors:(1) using ô threads,(2) using256threadswith theoriginalPthreadsscheduler, (3)
using256threadswith themodifiedPthreadsscheduler.

optimalsplit. Theresultingdivide-and-conquercomputationgraphis highly irregularanddatade-
pendent,whereeachstageof therecursionitself involvesa paralleldivide-and-conquerquicksort
to split theinstances.I usedaspeechrecognitiondataset[78] with 133,999instances,eachwith 4
continuousattributesanda true/falseclassificationastheinput. A threadis forkedfor eachrecur-
sivecall in thetreebuilder, aswell asfor eachrecursivecall in quicksort.In bothcases,aswitchto
serialrecursionis madeoncethenumberof instancesis reducedto 2000.Sincea coarse-grained
implementationof thisalgorithmwouldbehighly complex, requiringexplicit loadbalancing,I did
not implementit. The8-processorspeedupsobtainedwith theoriginalandnew Pthreadsscheduler
areshown in Figure5.9; both theschedulersresultin goodtime performance;however, thenew
schedulerresultedin a lowerspacerequirement(seeFigure5.10(b)).

4. FastFourier Transform

TheFFTW (“FastestFourierTransformin theWest”) library [65] computestheone-andmultidi-
mensionalcomplex discreteFouriertransform(DFT).TheFFTWlibrary is typically fasterthanall
otherpublicly availableDFT code,andis competitiveor betterthanproprietary, highly optimized
versionssuchas Sun’s PerformanceLibrary code. FFTW implementsthe divide-and-conquer
Cooley-Tukey algorithm[43]. Thealgorithmfactorsthesize ñ of thetransforminto ñ½õöñø÷4ù�ñ¤ú ,
andrecursively computesñI÷ transformsof size ñ*ú , followedby ñ*ú transformsof size ñø÷ . The
packageincludesa versionof thecodewritten with Pthreads,which I usedin theseexperiments.
The FFTW interfaceallows the programmerto specify the numberof threadsto be usedin the
DFT. Thecodeforksa Pthreadfor eachrecursive transform,until thespecifiednumberof threads
arecreated;afterthatit executestherecursionserially. Theauthorsof thelibrary recommendusing
onePthreadperprocessorfor optimalperformance.

A one-dimensionalDFT of size ñ õ¾û ú�ú wasexecutedin theseexperiments,usingeither ü
threads(where ü = no. of processors)as the coarsegrainedversion,or 256 threadsas the fine
grainedversion.Figure5.11showsthespeedupsover theserialversionof thecodefor oneto eight
processors.When ü is a power of two, the problemsize(which is alsoa power of two) canbe
uniformly partitionedamongtheprocessorsusing ü threads,andbeinga regular computation,it
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doesnot suffer from load imbalance.Therefore,for üýõþû6ÿ��×ÿ��6ÿ theversionwith ü threadsruns
marginally faster. However, for all other ü , the versionwith a larger numberof threadscanbe
betterloadbalancedby thePthreadsimplementation,andthereforeperformsbetter. Thisexample
indicatesthat without any changesto the code,the performancebecomeslesssensitive to the
numberof processorswhen a large numberof lightweight threadsare used. The performance
of this applicationwas comparablewith both the original Pthreadsschedulerand the modified
scheduler(seeFigure5.9).

5. SparseMatrix Vector Product

This benchmarkinvolvesof 20 iterationsof the product �½õ�� ù�� , where � is a sparse,non-
symmetricmatrix and � and � aredensevectors.Thecodeis a modifiedversionof theSpark98
kernels[117] which arewritten for symmetricmatrices.Thesparsematrix in theseexperiments
is generatedfrom a finite elementmeshusedto simulatethemotionof thegroundafteranearth-
quakein the SanFernandovalley [9, 10]; it has30,169rows and 151,239non-zeroes.In the
coarse-grainedversion,onethreadis createdfor eachprocessorat thebeginningof thesimulation,
andthethreadsexecuteabarrierat theendof eachiteration.Eachprocessor(thread)is assigneda
disjointandcontiguoussetof rowsof � , suchthateachrow hasroughlyequalnumberof nonze-
roes. Keepingthe setsof rows disjoint allows the resultsto be written to the � vectorwithout
locking.

In the fine-grainedversion,64 threadsarecreatedanddestroyedin eachiteration. The rows
arepartitionedequallyratherthanby numberof nonzeroes,andtheloadis automaticallybalanced
by thethreadsscheduler(seeFigure5.9).

6. VolumeRendering

This applicationfrom the Splash-2benchmarksuiteusesa ray castingalgorithmto rendera 3D
volume[145, 163] . Thevolumeis representedby a cubeof volumeelements,andanoctreedata
structureis usedto traversethevolumequickly. Theprogramrendersa sequenceof framesfrom
changingviewpoints.For eachframe,a ray is castfrom theviewing positionthrougheachpixel;
raysarenot reflected,but maybeterminatedearly. Parallelismis exploitedacrossthesepixels in
theimageplane.My experimentsdo not includetimesfor thepreprocessingstagewhich readsin
theimagedataandbuilds theoctree.

In the Splash-2code,the imageplaneis partitionedinto equalsizedrectangularblocks,one
for eachprocessor. However, dueto thenonuniformityof thevolumedata,anequalpartitioning
maynotbeloadbalanced.Therefore,every block is furthersplit into tiles,which are �
	�� pixels
in size. A taskqueueis explicitly maintainedfor eachprocessor, andis initialized to containall
thetiles in theprocessor’s block. Whena processorrunsout of work, it stealsa tile from another
processor’staskqueue.Theprogramwasrunona û
����	øû��
��	Vû
��� volumedatasetof aComputed
Tomographyheadandtheresultingimageplanewas ������	������ pixels.

In thefine-grainedversion,a separatePthreadwascreatedto handleeachsetof 64 tiles (out
of a total of 8836tiles). Sincerayscastthroughconsecutive pixels arelikely to accessmuchof
the samevolumedata,groupinga small setof tiles togetheris likely to providedbetterlocality.
However, sincethenumberof threadscreatedis muchlarger thanthenumberof processors,the
computationis loadbalancedacrosstheprocessorsby thePthreadsscheduler, anddoesnotrequire
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Figure 5.12: Variationof speedupwith threadgranularity(definedasthemaximumnumberof ����� pixel
tiles processedby eachthread)for thevolumerenderingbenchmark.“Orig. sched.” is thespeedupusing
theoriginalFIFO schedulingqueue,while “New sched.” is thespeedupusingthespace-efficient scheduler
basedonAsyncDF.

the explicit taskqueuesusedin the original, coarse-grainedversion. Figure5.9 shows that the
performanceof thesimpler, rewritten code(usingthemodifiedPthreadscheduler)is competitive
with theperformanceof theoriginalcode.

5.5 Selectingthe optimal thr eadgranularity

Fine-grainedthreadsallow for goodloadbalancing,but mayincurhigh threadoverheadsandpoor
locality. In theexperimentsdescribedsofar, thegranularityof thePthreadswasadjustedto amor-
tize thecostof basicthreadoperations(suchascreation,deletion,andsynchronization).However,
sincealgorithmAsyncDF mayschedulethreadsaccessingcommondataon differentprocessors,
the granularityneededto be increasedfurther for someapplicationsto get good locality within
eachthread.For example,in thevolumerenderingapplication,if we createa separatethreadto
handleeachsetof 8 4x4 tiles of the image,the serialexecutionof the multithreadedprogramis
sloweddown by at most û��\û
��� dueto basicthreadoverheads,comparedto theserialC program.
However, thesameprogramon8 processorsslowsdown nearly û� �� , probablydueto poorerdata
locality. Tiles closetogetherin theimagearelikely to accesscommondata,andthereforethepro-
gramscaleswell whenthethreadgranularityis increasedsothateachthreadhandles64(insteadof
8) tiles. Thiseffectof threadgranularityon performanceis shown in Figure5.12.Theapplication
slows down at largethreadgranularities( !#"$�� tiles perthread)dueto loadimbalance,while the
slowdown at finer threadgranularities( %&�
 tiles perthread)is dueto high schedulingoverheads
andpoor locality. Ideally, we would like the performanceto be maintainedasthe granularityis
reduced.

SincebasicPthreadoperationscannotbe avoided,the usermustcoarsenthreadgranularities
to amortizetheir costs.However, ideally, we wouldnot requiretheuserto furthercoarsenthreads
for locality. Instead,theschedulingalgorithmshouldschedulethreadsthatareclosein thecom-
putationgraphon thesameprocessor, so thatgoodlocality maybeachieved. Chapter7 presents
a space-efficient schedulingalgorithm,namely, algorithmDFDeques, that wasdesignedfor this
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purpose.

5.6 Summary

In this chapter, I have describeda space-efficient implementationof Posix threadsor Pthreads.
Thenew scheduleraddedto thenative Pthreadsimplementationon Solarisis basedon algorithm
AsyncDF. Thesharedschedulingqueuewithin thethreadspackagewasessentiallyconvertedfrom
a FIFOqueueto apriority queuein whichPthreadsareprioritizedby their serialexecutionorder.

Thespaceandtime performanceof new schedulerwasevaluatedusingsevenPthreads-based
benchmarks:a densematrix multiply, a sparsematrix multiply, a volume renderer, a decision
treebuilder, two ñ -bodycodes,andanFFT package.Theexperimentalresultsindicatethat the
space-efficient schedulerresultsin betterspaceand time performancecomparedto the original
FIFO scheduler. In particular, it allows simpler, fine-grainedcodefor thebenchmarksto perform
competitively with theirhand-partitioned,coarse-grainedcounterparts.

Onedrawbackof expressinga largenumberof lightweight,fine-grainedPthreadsis having to
pick theappropriatethreadgranularity. SincePthreadsaretwoordersof magnitudemoreexpensive
thanfunctioncalls,theuseralwayshasto ensurethatthework performedby thethreadsamortizes
the cost of basicthreadoperations. However, with algorithm AsyncDF, further coarseningof
threadsmay berequiredto ensurelow schedulingcontentionandgooddatalocality within each
thread.Thenext chapterpresentsalgorithmDFDequeswith thegoalof addressingthisproblem.
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Chapter 6

Automatic Coarseningof Scheduling
Granularity

Threadpackageslike Pthreadsdo not supportvery fine-grainedthreadoperationsdue to their
rich functionality and library approach.For example,becausePthreadscannottakeadvantage
of lazy threadcreationas in specializedmultithreadedlanguages[70, 66, 102], every Pthread
expressedby the programmerincursthe costof a threadcreationanddeletion. Therefore,even
for serialexecutions,theprogrammermustensurethataveragethreadgranularitiesaresufficiently
largeto amortizethecostsof basicthreadoperations.However, we showed in Chapter5 that for
someapplications,theAsyncDFschedulingalgorithmdoesnotresultin goodparallelperformance
even at suchthreadsgranularities. In particular, threadshave to be further coarsenedto allow
goodlocality andlow schedulingoverheadsduringaparallelexecution.Ideally, however, theuser
shouldnot have to further coarsenthreadsbeyondwhat is requiredto amortizethe costof basic
threadoperations.Instead,the schedulingalgorithmshouldautomaticallyschedulefine-grained
threadsthatareclosein thecomputation’sdagonthesameprocessor, sothatgoodlocality andlow
schedulingoverheadsareachieved.

In thischapter, I introducealgorithmDFDeques, animprovementonalgorithmAsyncDF; it is
aimedat providing bettertime performancefor finergrainedthreadsby increasingthescheduling
granularitybeyondthegranularitiesof individual threads.Like algorithmAsyncDF, it guarantees
a spaceboundof 'X÷)(+*-,/. ù�ü¸ù1032 (in the expectedcase)for a nested-parallelprogramwith
serialspacerequirement'X÷ anddepth 0 executingon ü processors.As before, . is the user-
adjustablememorythresholdusedby thescheduler. For a simplisticcostmodel,I show that the
expectedrunningtimeis *-,54763ü8(90�2 on ü processors.However, whentheschedulerin DFDeques
is parallelized,the costsof all schedulingoperationscanbe accountedfor with a morerealistic
model. Then the parallel computationcan be executedusing ' ÷ (+*�,5. ù:0 ù�ü|ù<;ZÇ�=�ü12 space
and *-,/4>63ü
(?0¹ù�;?Ç�=�ü:2 time (includingschedulingoverheads);sucha parallelizedscheduleris
describedin AppendixD.

This chapteris organizedasfollows. Section6.1 motivatestheneedfor improving algorithm
AsyncDFby providing asimpleexample;it alsoexplainsthemaindifferencesbetweenalgorithms
AsyncDF andDFDeques. Section6.2 thendescribestheprogrammingmodelsupportedby algo-
rithm DFDequesand the datastructuresit uses,followed by the pseudocodefor the algorithm
itself. I analyzethe spaceandtime requirementsfor a parallel computationexecutedusingal-

73
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t15

root thread

t2

Figure6.1: An exampledagfor aparallelcomputation.eachof the16threadsis shown asashadedregion.
Thethreadsarenumberedfrom right-to-left; thread@BA is the initial, root thread.In this example,thread@BC
accessesDFEHG elementof anarray.

gorithm DFDequesin Section6.3. Finally, Section6.4 summarizesthe resultspresentedin this
chapter.

6.1 Moti vation and BasicConcepts

Considertheexamplein Figure6.1. Thedagrepresentsa parallelloop that is forkedasa binary
treeof threads,with onethreadper iteration. Let the I EHG thread(going from right to left) execute
the I EHG iterationof the parallel loop; let us assumethat it accessesthe I EJG elementof an array.
Therefore,if multiple, consecutive elementsof anarrayfit into onecacheline, thenschedulinga
block of consecutive threadson oneprocessorresultsin goodlocality; Figure6.2(a)shows one
suchschedule.Further, contentionwhile accessingschedulingdatastructurescould be reduced
by storingan entireblock of threadsin an individual processor’s schedulingqueue. Thenfor a
majority of the time, a processorhasto accessonly its own queue. Work stealingscheduling
techniquesin which coarser-grainedthreadsaretypically stolenby anidle processor[77, 25,101,
96,159]providesuchbenefits,andarethereforelikely to resultin schedulessuchastheoneshown
in Figure6.2(a).

Unlike work stealing,algorithmAsyncDF usesa single,flat, global schedulingqueue.Fur-
ther, high-prioritythreadsin AsyncDFareoftendeeperin thedagandthereforemorefinegrained.
Consequently, consecutivethreadsin theexamplemaybescheduledby AsyncDFondifferentpro-
cessors,asshown in Figure6.2(b).This canresultin poorlocality andhigh schedulingoverheads
whenthethreadsarefairly fine grained.Note,however, that if eachthreadweresomewhatcoars-
ened,so that it representsa block of iterationsof the parallel loop andthereforeaccessseveral
consecutive memorylocations,the time performanceof algorithmAsyncDF would, in practice,
be equivalentto thatof a work stealingscheduler. Further, asindicatedby resultsin Chapters4
and5, it would alsotypically resultin lower memoryrequirementscomparedto previoussched-



6.1. MOTIVATION AND BASIC CONCEPTS 75

P3 P2 P1 P0

P1P2 P0P3

(a) (b)

Figure 6.2: (a) and (b): Two different mappingsof threadsof the dag in Figure 6.1 onto processorsK A�LNMNMOM�L K:P . Schedulingconsecutive threadson the sameprocessor, as in (a), can provide bettercache
locality in thisexample.

ulers. Algorithm DFDequeswasthereforedesignedto improve uponAsyncDF by automatically
combiningfine-grainedthreadsclosetogetherin thedaginto a singleschedulingunit to provide
a higherschedulinggranularity. This typically resultsin betterlocality andlower schedulingcon-
tention that AsyncDF, particularly when threadsare more fine grained. Algorithm DFDeques
borrows ideasfrom work stealingto obtainthis improvementin time performance,while main-
tainingthesameasymptoticspaceboundasalgorithmAsyncDF. However, asshown in Chapter7,
in practiceDFDequesresultsin a marginally highermemoryrequirementcomparedto AsyncDF.

ThebasicdifferencesbetweenalgorithmsAsyncDFandDFDequesaresummarizedbelow.Q Threadsin AsyncDFwereorganizedin aflatpriority queue( R ). In contrast,DFDequesuses
a prioritizedqueueR�S , eachelementof which is a deque(doubly-endedqueue).A deque
holdsmultiple threadswith contiguous(relative)priorities.At any time,a processorownsa
separatedeque(unlessit is switchingbetweendeques)andtreatsit like aprivateLIFO stack
to storereadythreads.Q In AsyncDF, anidle processoralwayspicksthenext threadon TVUXW E ; TYUXW E buffersthehighest
priority threadsin R . In contrast,anidleprocessorin DFDequespicksthetopthreadfrom its
currentdeque.If it findsit’ sdequeempty(or if it doesnotown adeque),it selectsatrandom
oneof thehigh-prioritydeques,andstealsathreadfrom thebottomof thedeque.This thread
is typically morecoarse-grainedthanthethreadwith theabsolute,highestpriority.Q In algorithmAsyncDF, the memorythresholdwasusedto limit the memoryallocatedby
eachindividualthreadbetweenpreemptions;athreadwaspreemptedandits memorythresh-
old wasresetwhenit reacheda fork instruction.In contrast,DFDequesallows thememory
thresholdto beusedtowardsthememoryallocationof multiplethreadsfrom thesamedeque.
Thisallowsmultiple,fine-grainedthreadsclosein thedagto executeon thesameprocessor
(assumingthey donotallocatemuchmemory).Q In algorithmAsyncDF, all idle processorspickedthreadsfrom the headof T UXW E ; for fine-
grainedthreads,accessingT UXW E canthereforebecomeabottleneck.DFDequesusesrandom-
ization to reducecontentionbetweenidle processorswhenthey steal. I thereforeprovide
highprobability(andexpectedcase)boundsfor thespaceandtimerequirementsof parallel
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computationsexecutedusingalgorithmDFDeques.

6.2 Algorithm DFDeques

Thissectionbeginsby describingtheprogrammingmodelfor themultithreadedcomputationsthat
areexecutedby the algorithmDFDeques. I then list the datastructuresusedin the scheduling
algorithm,followedby thedescriptionof theschedulingalgorithm.

6.2.1 Programming model

AlgorithmDFDequesexecutesnestedparallelcomputationswith binaryforksandjoins(unlikethe
multi-wayforksandjoinssupportedby AsyncDF). For example,thedagin Figure6.1representsa
nestedparallelcomputationwith binaryforksandjoins. Aswith AsyncDF, althoughI describeand
analyzealgorithmDFDequesfor nestedparallelcomputations,in practiceit canbeeasilyextended
to programswith moregeneralstylesof parallelism.Forexample,thePthreadsschedulerdescribed
in Chapter7 (Section7.1)efficiently supportscomputationswith arbitrarysynchronizations,such
asmutexesandconditionvariables.

6.2.2 Schedulingdata structur es

As with algorithmAsyncDF, threadsareprioritizedaccordingto their serialexecutionorder(i.e.,
accordingto the 1DF-numberingof their currentnodes).Thereadythreadsarestoredin doubly-
endedqueuesor deques[45]. Eachof thesedequessupportspoppingfrom and pushingonto
its top, aswell aspoppingfrom the bottomof the deque. At any time during the execution,a
processorownsat mostonedeque,andexecutesthreadsfrom it. A singledequehasat mostone
ownerat any time. However, unlike traditionalwork stealing,the total numberof dequesin the
systemmayexceedthenumberof processors.Sincetheprogrammingmodelallows only binary
threads,threadsneednot beforkedlazily to conserve space.Further, unlike algorithmAsyncDF,
placeholdersfor currentlyexecutingthreadsarenot requiredin algorithmDFDeques. Therefore,
thedequesof threadsonly containreadythreads,andnotseedthreadsor placeholders.

All the dequesarearrangedin a global list R S of deques.The list supportsaddingof a new
dequeto theimmediateright of anotherdeque,deletionof adeque,andfindingthe Z EJG dequefrom
theleft endof R[S . As wewill prove in thenext Section,algorithmDFDequesmaintainsthreadsinR�S in decreasingorderof prioritiesfrom left-to-rightacrossdeques,andfrom top to bottomwithin
eachdeque(seeFigure6.3).

6.2.3 The schedulingalgorithm

Theprocessorsexecutethecodein Figure6.4for algorithmDFDeques( . ), where . is themem-
ory threshold. Eachprocessortreatsits own dequeas a regular LIFO stack,and is assigneda
memoryquotaof . bytesfrom which to allocateheapandstackdata. This memoryquota .
is equivalentto the per-threadmemoryquotain algorithmAsyncDF. However, asnotedin Sec-
tion 6.1, the memoryquotais assignedto a processorto executemultiple threadsfrom a single
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Figure6.3: Thelist ] S of dequesmaintainedin thesystemby algorithmDFDeques. Eachdequemayhave
one(or no) ownerprocessor. The dottedline tracesthedecreasingorderof prioritiesof the threadsin the
system;thus @_^ in thisfigurehasthehighestpriority, while @_` hasthelowestpriority.

deque(ratherthana singlethread,asin AsyncDF). A threadexecuteswithout preemptionon a
processoruntil oneof four eventstakesplace:(a) it forksachild thread,(b) it suspendswaitingfor
a child to terminate,(c) theprocessorrunsout of its memoryquota,or (d) the threadterminates.
Whenanidle processorfindsits dequeempty, it deletesthedeque.Whena processorrunsout of
its memoryquota,or whenit becomesidle andfindsits dequeempty, it givesup ownershipof its
dequeandusesthesteal() procedureto obtainanew deque.Every invocationof steal() re-
setstheprocessor’smemoryquotato . bytes.Eachiterationof thewhile loop in thesteal()
procedureareferredto asa stealattempt.

Theschedulingalgorithmstartswith a singledequein thesystem,containingtheinitial (root)
thread. A processorexecutesa stealattemptby picking a randomnumber Z between1 and ü ,
whereü is thenumberof processors.It thentries to stealthebottomthreadfrom the Z EHG deque
(startingfrom theleft end)in R[S ; thisthreadneednotbethehighestpriority threadin thesystem.IfR S hasonly ab% ü deques,any stealattemptsfor Z�cedfa8(�"�ÿ ü�g fail (thatis,pop from bot returns
NULL). A stealattemptmayalsofail if two or moreprocessorstargetthesamedeque(asexplained
in Section6.3.1),or if the dequeis empty. If the stealattemptis successful(pop from bot
returnsa thread),thestealingprocessorcreatesa new dequefor itself, placesit to the immediate
right of the chosendeque,andstartsexecutingthe stolenthread. Otherwise,it repeatsthe steal
attempt.Whenaprocessorstealsthelastthreadfrom adequenotcurrentlyassociatedwith (owned
by) any processor, it deletesthedeque.

If a threadcontainsanactionthatperformsa memoryallocationof Z unitssuchthat Zh!i. ,
then jBZk6�.�l dummythreadsmustbeinsertedbeforetheallocation,similarto algorithmAsyncDF.
Sincethe programmingmodelsupportsonly binary forks, thesedummythreadsareforked in a
binarytree.Wedo notshow this extensionin Figure6.4for brevity. Eachdummythreadexecutes
ano-op.However, processorsmustgiveuptheirdequesandperformastealeverytimethey execute
a dummythread.Onceall thedummythreadshave beenexecuted,a processormayproceedwith
the memoryallocation. This additionof dummy threadseffectively delayslarge allocationsof
space,sothathigherpriority threadsmaybescheduledinstead.

Work stealing as a specialcaseof algorithm DFDeques. For a nested-parallelcomputation,
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while ( m threads)
if (currS= NULL ) currS:= steal();
if (currT = NULL ) currT := pop from top(currS);
executecurrTuntil it forks,suspends,terminates,

or memquotaexhausted:
case(fork):

pushto top(currT, currS);
currT := newly forkedchild thread;

case(suspend):
currT := NULL ;

case(memquotaexhausted):
pushto top(currT, currS);
currT := NULL ;
currS:= NULL ; /* giveupstack;*/

case(terminate):
if currTwakesupsuspendedparentT S

currT := T S ;
elsecurrT := NULL ;

if ((is empty(currS)) and (currT= NULL ))
currS:= NULL ;

endwhile

procedure steal():
setmemoryquotato K;
while (TRUE )n := randomnumberin [ o MNMNM ô ];

S := n EHG dequein ] S ;
T := pop from bot(S);
if (T pq NULL )

createnew dequeS S containingT
andbecomeits owner;

placeS S to immediateright of S in ] S ;
return S S ;

Figure6.4: Pseudocodefor theDFDeques( r ) schedulingalgorithmexecutedby eachof the ô processors.r is thememorythreshold,designedto bea user-adjustablecommand-lineparameter. currSis theproces-
sor’scurrentdeque.currT is thecurrentthreadbeingexecuted;changingits valuedenotesa context switch.
Memorymanagementof thedequesis notshown herefor brevity.

considerthecasewhenwe set . õts on ü processors.Then,algorithmDFDeques( s ) produces
a scheduleidentical to the oneproducedby the provably efficient work stealingschedulerused
in Cilk [25]. Sinceprocessorsnever give up a dequedueto exhaustionof their memoryquota,
therearenever morethan ü dequesin thesystem.Maintainingtherelative orderof dequesin R�S
becomessuperfluousin thiscase,sincenow stealtargetsarealwayschosenat randomfrom among
all thedequesin thesystem.

6.3 Analysisof Algorithm DFDeques

This sectionanalyzesthe time andspaceboundsfor a parallelcomputationexecutedusingalgo-
rithm DFDeques( . ), where . is theuser-assignedmemorythreshold.I first statethecostmodel
assumedin theanalysis,followedby definitionsof sometermsusedin this section.I thenprove
thetimeandspaceboundsfor acomputationusingalgorithmDFDeques( . ). To simplify theanal-
ysis, thecostmodeldefinedin this sectionassumesthatdequescanbe insertedanddeletedfromR S at no additionalcost.AppendixD explainshow theseoperationscanbeperformedlazily, and
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= non-premature
= premature

σp

Figure6.5: An examplesnapshotof aparallelschedulefor thedagfrom Figure6.1.Theshadednodes(the
setof nodesin u�v ) havebeenexecuted,while theblank(white)nodeshavenot. Of thenodesin u�v , theblack
nodesform thecorrespondingparallelprefix uÈ÷ , while theremaininggrey nodesarepremature.

analyzestherunningtimeafterincludingtheir costs.

6.3.1 Costmodel

As with theanalysisof algorithmAsyncDF, we assumethatthetimesteps(clock cycles)aresyn-
chronizedacrossall the processors.Recall that eachaction (or nodein the dag) requiresone
timestepto beexecuted.Weassumethatanallocationof � bytesof memory(for any � !w ) has
a depthof x-,X;ZÇ
=)�&2 . This is a reasonableassumptionin systemswith binary forks thatzeroout
thememoryassoonasit is allocated;thiszeroingcanbeperformedin parallelby forking a treeof
height x-,X;?Ç�=)�&2 .

If multiple processorstarget a non-emptydequein a singletimestep,we assumethat oneof
themsucceedsin thesteal,while all theothersfail in thattimestep.If thedequetargetedby oneor
morestealsis empty, all of thosestealsfail in a singletimestep.Whena stealfails, theprocessor
attemptsanotherstealin thenext timestep.Whenastealsucceeds,theprocessorinsertsthenewly
createddequeinto R�S andexecutesthefirst actionfrom thestolenthreadin thesametimestep.At
theendof a timestep,if a processor’s currentthreadterminatesor suspends,andit findsits deque
to beempty, it immediatelydeletesits dequein that timestep.Similarly, whena processorsteals
thelastthreadfrom adequenotcurrentlyassociatedwith any processor, it deletesthedequein that
timestep.Thus,at thestartof a timestep,if a dequeis empty, it mustbeownedby aprocessorthat
is busyexecutinga thread.In practice,theinsertionsof new dequesanddeletionsof emptydeques
from R�S canbeeitherserialized(seeSection7.1),or performedlazily in parallel(seeAppendixD).
If a processortriesto removethelastthreadfrom its deque,andanotherprocessorattemptsa steal
from thesamedeque,we assumethatany oneof themsucceedsin removing thethread.
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= heavy nodes
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P2

P3

P4

Figure 6.6: A possiblepartitioningof nodesinto batchesfor theparallelprefix u v from Figure6.5. Each
batch,shown with asa shadedregion, is executedon oneof theprocessors

K A LOMNMOM�L K:y in depth-firstorder
without interruption.Theheavy nodein eachbatchis shown shadedblack.

6.3.2 Definitions

We usethesamedefinitionsof prefixesand(non-)prematurenodesthatweredefinedin Chapter3
(Section3.3.2). Figure6.5 shows theprematureandnon-prematurenodesin anexampledagfor
somearbitraryparallelprefix z v . However, we definea batch(of nodes)in a slightly different
mannerfrom Chapter3. In thecaseof algorithmDFDeques, a batchnow becomesthesetof all
nodesexecutedby a processorbetweenconsecutive steals.Sincea processorusesits own deque
to storeandretrievethreadsbetweensteals,thisnew definitionof abatchmayincludenodesfrom
multiple threadsinsteadof just onethread. As before,the first nodeexecutedfrom a batchis a
heavynode,while all othernodesarelight nodes.Thus,whenaprocessorstealsa threadfrom the
bottomof a deque,the currentnodeof the threadbecomesa heavy node. As with the analysis
of AsyncDF, heavy nodesarea propertyof the particularexecution(ü -schedule)ratherthanof
thedag,sincestealsmaytakeplaceat differenttimesin differentexecutions.Figure6.6shows a
possiblepartitioningof nodesinto batchesfor theparallelprefixfrom Figure6.5.

We assumefor now thatall nodesallocateat most . memory;we will relax this assumption
at theendof this subsection.Sincethe memoryquotaof a processoris resetto . every time it
performsa steal,a processormayallocateatmost . spacefor every heavy nodeit executes.

A readythreadbeingpresentin adequeis equivalentto its first unexecutednode(action)being
in thedeque,andwe will usethetwo phrasesinterchangeably. Givena ü -schedule{$v of a nested-
paralleldag | generatedby algorithmDFDeques, we canfind auniquelastparentfor everynode
in | (exceptfor therootnode)asfollows. Thelastparentof anode} in | is definedasthelastof} ’s parentnodesto beexecutedin theschedule{ v . If two or moreparentnodesof } werethelast
to beexecuted,theprocessorexecutingoneof themcontinuesexecutionof } ’s thread.We label
the uniqueparentof } executedby this processorasits last parent. The processormay have to
preempt} ’s threadwithout executing } if it runsout of its memoryquota;in this case,it puts } ’s
threadon to its dequeandthengivesup thedeque.
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6.3.3 Spacebound

We now show that usingalgorithmDFDeques( . ) resultsin an expectedspacerequirementof' ÷ (&*-, ünù<0¹ù�~��J��,5.nÿO' ÷ 2�2 for a nested-parallelcomputationwith 0 depthand ' ÷ serialspace
requirementon ü processors.Because,in practice,we usesmall,constantvalueof . , thespace
boundreducesto ' ÷ (�*-, ü@ù�032 , aswith algorithmAsyncDF.

The approachfor proving the spaceboundof algorithmDFDequesis similar to that for al-
gorithm AsyncDF. We first prove a lemmaregardingthe orderof threadsin R[S maintainedby
algorithmDFDeques; thisorderis shown pictorially in Figure6.3.Wewill thenboundthenumber
of heavypremature nodesthatmayhave beenexecutedin theparallelcomputationby theendof
any timestep,that is, we boundthecardinalityof the set z v�� z ÷ , for any prefix z v of a parallel
schedule{ v executedby algorithmDFDeques.

Lemma 6.1 AlgorithmDFDequesmaintainsthefollowingpropertiesof theorderingof threadsin
thesystem.

1. Threadsin each dequeare in decreasingorderof priorities fromtop to bottom.

2. A threadcurrentlyexecutingona processorhashigherpriority thanall otherthreadsonthe
processor’s deque.

3. Thethreadsin anygivendequehavehigherpriorities than threadsin all thedequesto its
right in R�S .

Proof: By inductionon the timesteps.Thebasecaseis thestartof theexecution,whenthe root
threadis theonly threadin thesystem.Let thethreepropertiesbetrueatthestartof any subsequent
timestep.Any of thefollowing eventsmaytakeplaceon eachprocessorduringthe timestep;we
will show thatthepropertiescontinueto holdat theendof thetimestep.

Whena threadforks a child thread,the parentis addedto the top of the processor’s deque,
andthechild startsexecution. Sincethe parenthasa higherpriority that all otherthreadsin the
processor’sdeque(by induction),andsincethechild threadhasahigherpriority (earlierdepth-first
executionorder)thanits parent,properties(1) and(2) continueto hold. Further, sincethechild
now hasthepriority immediatelyhigherthanits parent,property(3) holds.

Whena thread � exits, the processorchecksif � hasreactivateda suspendedparentthread� v . In this case,it startsexecuting � v . Sincethe computationis nestedparallel,the processor’s
dequemustnow be empty(sincethe parent � v musthave beenstolenat someearlierpoint and
thensuspended).Therefore,all 3 conditionscontinueto hold. If � did not wakeup its parent,the
processorpicksthenext threadfrom thetop its deque.If thedequeis empty, it deletesthedeque
andperformsasteal.Thereforeall threepropertiescontinueto hold in thesecasestoo.

Whenathreadsuspendsor is preempteddueto exhaustionof theprocessor’smemoryquota,it
is putbackonthetopof its deque,andthedequeretainsits positionin R S . Thusall threeproperties
continueto hold.

Whena processorstealsthe bottomthreadfrom anotherdeque,it addsthenew dequeto the
right of the targetdeque.Sincethestolenthreadhadthe lowestpriority in the targetdeque,the
propertiescontinueto hold. Similarly, removal of a threadfrom the targetdequedoesnot affect
thevalidity of thethreepropertiesfor thetargetdeque.A threadmaybestolenfrom a processor’s
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dequewhile oneof the above eventstakesplaceon the processoritself; this doesnot affect the
validity of ourargument.

Finally, deletionof oneor moredequesfrom R�S doesnotaffect thethreeproperties.

Wecannow boundthenumberof heavy prematurenodesin any snapshot(prefix)of theparallel
schedule.Let { v bethe ü -scheduleof length � generatedfor | by algorithmDFDeques( . ). For
any "Y�?���i� , let z v betheprefixof { v representingtheexecutionafterthefirst � timesteps.Letz ÷��iz v bethecorrespondingserialprefixof z v . Let � bethelastnon-prematurenode(i.e., thelast
nodefrom z ÷ ) to beexecutedduringthefirst � timestepsof { v . If morethanonesuchnodeexist,
let � beany oneof them.Let � beasetof nodesin thedagconstructedasfollows: � is initialized
to �
��� ; for everynode } in � , thelastparentof } is addedto � . Sincetheroot is theonly nodeat
depth1, it mustbein � , andthus, � containsexactlyall thenodesalongaparticularpathfrom the
root to � . Further, since � is non-premature,all thenodesin � arenon-premature.

Let } C be the nodein � at depth I ; then } ÷ is the root, and }:� is the node � , where � is the
depthof � . Let � C bethe timestepin which } C is executed;then �3÷µõ�" sincethe root is executed
in thefirst timestep.For IµõAû8ÿ�������ÿ�� let ��C be the interval ���5CH� ÷ (t"�ÿ��$���Xÿ��5CX� , andlet � ÷ õ���"�� .
Let � ��� ÷ õ&��� � (�"�ÿ��$���Xÿ��:� . Sincez�v consistsof all thenodesexecutedin thefirst � timesteps,the
intervals � ÷ ÿ$�����XÿO� �_� ÷ cover thedurationof executionof all nodesin z�v .

We first provea lemmaregardingthenodesin a dequebelow any of thenodesin � .

Lemma 6.2 For any "Y��I��?� , let } C bethenodein � at depthI . Then,

1. If anytimeduring theexecution(in thefirst � C�� " timesteps)} C is onsomedeque,thenevery
nodebelowit in its dequeis theright child of somenodein � .

2. When }<C is executed(at timestep�5C ) on a processor, every nodeon the processor’s deque
mustbetheright child of somenodein � .

Proof: We canprove this lemmato betruefor any } C by inductionon I . Thebasecaseis theroot
node.Initially it is theonly nodein its deque,andgetsexecutedbeforeany new nodesarecreated.
Thusthe lemmais trivially true. Let usassumethe lemmais true for all }�� , for  b�+�7��I . We
mustprove thatit is truefor }<C � ÷ .

Since}<C is thelastparentof }<C � ÷ , }<C � ÷ becomesreadyimmediatelyafter }<C is executedonsome
processor. Therearetwo possibilities:

1. } C � ÷ is executedimmediatelyfollowing } C on that processor. Property(1) hold trivially
since } C � ÷ is neverput ona deque.If thedequeremainsunchangedbefore} C � ÷ is executed,
property(2) holdstrivially for } C � ÷ . Otherwise,the only changethat may be madeto the
dequeis theadditionof the right child of } C before } C � ÷ is executed,if } C wasa fork with} C � ÷ asits left child. In this casetoo,property(2) holds,sincethenew nodein thedequeis
right child of somenodein � .

2. } C � ÷ is addedto theprocessor’s dequeafter } C is executed.Thismayhappenbecause} C was
a fork and }<C � ÷ wasits right child (seeFigure6.7), or becausethe processorexhaustedits
memoryquota.In theformercase,since }<C � ÷ is theright child of }<C , nothingcanbeadded
to the dequebefore }<C � ÷ . In the latter case(that is, thememoryquotais exhaustedbefore
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Figure6.7: (a)A portionof thedynamicallyunfoldingdagduringtheexecution.Node   C � ÷ alongthepathK
is ready, andis currentlypresentin somedeque.Thedequeis shown in (b); all nodesbelow  �C � ÷ on the

dequemustberight childrenof somenodeson
K

above   C � ÷ . In thisexample,node  C � ÷ wastheright child
of   C , andwasaddedto thedequewhenthe fork at   C wasexecuted.Subsequently, descendentsof theleft
child of   C (e.g., node ¡ ), maybeaddedto thedequeabove   C � ÷ .} C � ÷ is executed),theonly nodethatmaybeaddedto thedequebefore} C �:÷ is theright child

of } C , if } C is a fork. This doesnot violate the lemma. Once } C � ÷ is addedto thedeque,it
mayeithergetexecutedonaprocessorwhenit becomesthetopmostnodein thedeque,or it
maygetstolen.If it getsexecutedwithoutbeingstolen,properties(1) and(2) hold,sinceno
new nodescanbeaddedbelow } C � ÷ in thedeque.If it is stolen,theprocessorthatstealsand
executesit hasanemptydeque,andthereforeproperties(1) and(2) aretrue,andcontinueto
holduntil } C � ÷ hasbeenexecuted.

Recallthatheavy nodesarea propertyof theparallelschedule,while prematurenodesaredefined
relative to a givenprefix z v of theparallelschedule.We now prove lemmasrelatedto thenumber
of heavy prematurenodesin z v .
Lemma 6.3 Let z v beanyparallel prefix of a ü -scheduleproducedby algorithmDFDeques( . )
for a computationwith depth 0 . Thenthe expectednumberof heavypremature nodesin z v is*-, ünù�032 . Further, for any ¢Y!£ , thenumberof heavypremature nodesis *-, ünù�,/0#(�;H�¤,�"�6
¢�2�2¥2
with probabilityat least " � ¢ .
Proof: Considerthestartof any interval � C of z v , for I õ+"�ÿ��$���Xÿ�� (wewill look at thelastinterval�N���:÷ separately).By Lemma6.1, all nodesin thedequesto the left of } C ’s deque,andall nodes
above } C in its dequearenon-premature.Let ¦ C be the numberof nodesbelow } C in its deque.
Becausestealstargetthefirst ü dequesin R[S , heavy prematurenodescanbepickedin any timestep
from atmostü deques.Further, everytimeaheavy prematurenodeis picked,thedequecontaining} C mustalsobe a candidatedequeto bepickedasa target for a steal;that is, } C mustbeamong
theleftmostü deques.Consideronly thetimestepsin which } C is amongtheleftmostü deques;we
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will referto suchtimestepsascandidatetimesteps.Becausenew dequesmaybecreatedto theleft
of } C at any time, thecandidatetimestepsneednotbecontiguous.

We now boundthetotalnumberof stealsthattakeplaceduringthecandidatetimesteps;these
aretheonly stealsthatmayresultin theexecutionof heavy prematurenodes.Becauseaprocessor
mayattemptat mostonestealin any timestep,eachtimestepcanhave at mostü steals.Therefore,
similar to theanalysisin previouswork [3], we canpartitionthecandidatetimestepsinto phases,
suchthateachphasehasbetweenü and ûhü � " steals.We call a phasein interval � C successfulif
at leastoneof its x�, ü:2 stealstargetsthedequecontaining} C . Let § C � betherandomvariablewith
value1 if the � EJG phasein interval � C is successful,and0 otherwise.Becausetargetsfor stealsare
chosenatrandomfrom theleftmostü dequeswith uniformprobability, andbecauseeachphasehas
at least � steals, ¨ª©�d«§ C �Ãõ+"Ng8¬t" � ,�" � "�63ü12 v ¬+" � "�6
­Y!&"�6^û . Thus,eachphasesucceedswith
probabilitygreaterthan "�6^û . Because} C mustgetexecutedbeforeor by thetime ¦ C (®" successful
stealstarget } C ’s deque,therecanbeat most ¦ C (?" successfulphasesin interval � C . Node } C may
getexecutedbefore ¦ C (?" stealstargetits deque,if its ownerprocessorexecutes} C off thetop of
thedeque.Let therebesomea C �¯,_¦ C (�"�2 successfulphasesin theinterval � C . FromLemma6.2,
the ¦ C nodesbelow } C areright childrenof nodesin � . Thereare ,�� � "�2)%&0 nodesalong � not
including }1� , andeachof themmayhaveatmostoneright child. Further, eachsuccessfulphasein
any of thefirst � intervalsresultsin at leastoneof theseright children(or thecurrentreadynode
on � ) beingexecuted.Therefore,the total numberof successfulphasesin thefirst � intervals is° �C²± ÷ a C %�û�0 .

Finally, considerthefinal phase� �_� ÷ . Let ³ bethereadynodeat thestartof the interval with
thehighestpriority. Notethat ³b´cµz�v becauseotherwise³ (or someothernode),andnot � , would
have beenthe lastnon-prematurenodeto beexecutedin z�v . Hence,if ³ is aboutto beexecuted
on a processor, theninterval � ���:÷ is empty. Otherwise,³ mustbeat thetop of the leftmostdeque
at the startof interval � ���:÷ . Using anargumentsimilar to thatof Lemma6.2, we canshow that
the nodesbelow ³ in thedequemustbe right childrenof nodesalonga pathfrom the root to ³ .
Thus ³ canhave atmost ,/0 � û�2 nodesbelow it. Because³ mustbeamongtheleftmostü deques
throughouttheinterval �N�_� ÷ , thephasesin this interval areformedfrom all its timesteps.We call
a phasesuccessfulin interval �N���:÷ if at leastoneof the x-, ü:2 stealsin thephasetargetsthedeque
containing³ . Thenthisintervalmusthavelessthan 0 successfulphases.Asbefore,theprobability
of a phasebeingsuccessfulis at least "�6Dû .

We have shown that thefirst � timestepsof theparallelexecution(i.e., the time within which
nodesfrom z v areexecuted)musthave %£��0 successfulphases.Eachphasemayresultin *-, ü:2
heavy prematurenodesbeingstolenandexecuted.Further, for I¤õ¶"�ÿ����$�Xÿ�� , in eachinterval � C ,
anotherü � " heavy prematurenodesmaybeexecutedin thesametimestepthat } C is executed.
Therefore,if z v hasa total of ñ phases,the numberof heavy prematurenodesin z v is at most,yñ·(&092Fù^ü . Becausethe entireexecutionmusthave lessthan ��0 successfulphases,andeach
phasesucceedswith probability !h"�6^û , the expectednumberof total phasesbeforewe see ��0
successfulphasesis at most ��0 . Therefore,theexpectednumberof heavy prematurenodesin z v
is atmost ��0�ù3üÝõt*�, üÕù�092 .

The high probability boundcanbe proved as follows. Supposethe executiontakesat least"9û�0¸(?�8;J�¹,�"�6�¢�2 phases.Thenthe expectednumberof successfulphasesis at least ºwõ·��0»(�ª;J�¹,�"�6�¢�2 . Using theChernoff bound[112, Theorem4.2] on the numberof successfulphasesX,
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andsetting ¼oõ½��0+(e�8;J�¾,�"�6
¢�2 , weget1¨ª©�d¿§À%®º � ¼�6Dû�gÁ% Â�Ã�Ä Å � ,�¼<6^û�2 úû�º Æ ÿ

which impliesthat ÇÉÈ�ÊÌËBÍÏÎwÐ�Ñ9Ò�ÓÁÎ Ô�Õ�Öµ× Ø�Ù�Ú�Û�ÜÝ�Þ Ñ#ßáà8âHã¹Ë Ý Û
ä Ò�åæ Ô�Õ�Öµ× ØçÙ ÚÜ-è Ë Þ Ù-Ø à8âHã¹Ë Ý Û
ä Ò�Ò åé Ô�Õ�Öµ× ØçÙ Úà Ù åæ ê�ë�ì�í�îæ Ô�Õ�Ö ×�Ø Ë_ï�Ñ+ßeà¾âHã¾Ë Ý Û�ä Ò�Òà åÎ ê�ë¾ð«ñ�òJó�í5ôJõæ ä
Becausetherecan be at most

Ð�Ñ
successfulphases,algorithm DFDequesrequires

Ý�Þ Ñößà8âJã¹Ë Ý Û�ä Ò
or morephaseswith probabilityatmost

ä
. Recallthateachphaseconsistsof ÷ ËHø1Ò steals.

Therefore,ù�ú has û ËHø è Ë/Ñ+ß7âJã¹Ë Ý Û�ä Ò¥Ò�Ò heavy prematurenodeswith probabilityat least
Ý Ø®ä

.

We cannow statea lemmarelatingthenumberof heavy prematurenodesin ù�ú with thememory
requirementof üOú .
Lemma 6.4 Let ý bea dagwith depth

Ñ
, in which everynodeallocatesat mostþ space,andfor

which the1DF-schedulerequires ÿ ó space. Let ü$ú bethe

ø
-scheduleof length � generatedfor ý

by algorithmDFDeques( þ ). If for any � such that
Ý é � é � , theprefix ù�ú of üOú representingthe

computationafter thefirst � timestepscontainsat most� heavypremature nodes,thentheparallel
spacerequirementof ü ú is at mostÿ ó ß � è ��� ã<Ë þ��Oÿ ó Ò . Further, thereareat most

Ñbß � è ��� ã�Ë þ��Nÿ ó Ò
activethreadsduring theexecution.

Proof: We canpartition ù�ú into thesetof non-prematurenodesandthesetof prematurenodes.
Since,by definition,all non-prematurenodesform someserialprefixof the1DF-schedule, theirnet
memoryallocationcannotexceedÿ ó . We now boundthenetmemoryallocatedby thepremature
nodes.Considera stealthatresultsin theexecutionof a heavy prematurenodeona processor	 ì .
Thenodesexecutedby 	 ì until its next steal,cannotallocatemorethan þ space.Becausethere

1Theprobabilityof successfor a phaseis not necessarilyindependentof previousphases;however, becauseeach
phasesucceedswith probabilityat least 
���
 , independentof otherphases,wecanapplytheChernoff bound.
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Figure 6.8: An examplescenariowhena processormay not executea contiguoussubsequenceof nodes
betweensteals.Theshadedregionsindicatethesubsetof nodesexecutedoneachof thetwo processors,� ì
and ��� . Here,processor� ì stealsthethread� andexecutesnode � . It thenforks a child thread(containing
node� ), putsthread� onitsdeque,andstartsexecutingthechild. In themeantime,processor��� stealsthread� from the dequebelongingto � ì , andexecutesit (startingwith node � ) until it suspends.Subsequently,� ì finishesexecutingthechild thread,wakesup thesuspendedparent� , andresumesexecutionof � . The
combinedsetsof nodesexecutedonbothprocessorsformsa contiguoussubsequenceof the1DF-schedule.

areat most � heavy prematurenodesexecuted,thetotal spaceallocatedacrossall processorsafter� timestepscannotexceedÿ ó ß � è þ .
Wecannow obtainatighterboundwhen þ��½ÿ ó . Considerthecasewhenprocessor	 ì stealsa

threadandexecutesaheavy prematurenode.Thenodesexecutedby 	 ì beforethenext stealareall
premature,andform a seriesof oneor moresubsequencesof the1DF-schedule. Theintermediate
nodesbetweenthesesubsequences(in depth-firstorder)areexecutedonotherprocessors(e.g., see
Figure6.8). Theseintermediatenodesoccurwhenotherprocessorsstealthreadsfrom thedeque
belongingto 	 ì , andfinishexecutingthestolenthreadsbefore	 ì finishesexecutingall theremain-
ing threadsin its deque.Subsequently, when 	 ì ’s dequebecomesempty, thethreadexecutingon	 ì maywakeup its parent,sothat 	 ì startsexecutingtheparentwithoutperforminganothersteal.
Therefore,the setof nodesexecutedby 	 ì beforethe next steal,possiblyalongwith premature
nodesexecutedonotherprocessors,form a contiguoussubsequenceof the1DF-schedule.

Assumingthatthenetspaceallocatedduringthe1DF-schedulecanneverbenegative,thissub-
sequencecannotallocatemorethan ÿ ó unitsof netmemory. Therefore,thenetmemoryallocation
of all theprematurenodescannotexceed� è ��� ã1Ë þ��Oÿ ó Ò , andthe total spaceallocatedacrossall
processorsafter � timestepscannotexceedÿ ó ß � è ��� ã<Ë þ��Oÿ ó Ò . Becausethisboundholdsfor every
prefixof üOú , it holdsfor theentireparallelexecution.

Themaximumnumberof activethreadsis atmostthenumberof threadswith prematurenodes,
plusthemaximumnumberof active threadsduringa serialexecution,which is

Ñ
. Assumingthat

eachthreadneedsto allocateat leasta unit of spacewhenit is forked (e.g., to storeits register
state),at most ��� ã1Ë þ��Oÿ ó Ò threadswith prematurenodescanbeforkedfor eachheavy premature
nodeexecuted.Therefore,thetotalnumberof active threadsis at most

Ñ¯ß � è ��� ã�Ë þ��Oÿ ó Ò .
Eachactive threadrequiresat mosta constantamountof spaceto bestoredby thescheduler(not
includingstackspace).Therefore,usingLemmas6.3and6.4,wecanstatethefollowing lemma.
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Lemma 6.5 Let ý be a nested-parallel dag with depth

Ñ
, and let every nodein ý allocateat

most þ space. Thentheexpectedamountof spacerequired to executeý on

ø
processorsusing

algorithmDFDeques( þ ), includingschedulingspace,is ÿ ó ß û ËJø è Ñ è ��� ã1Ë þ��Oÿ ó Ò¥Ò . Further, for
any

ä ��� , theprobability that thecomputationrequires ÿ ó ß û ËJø è Ë/Ñ#ßeâJã¹Ë Ý Û�ä Ò¥Ò è ��� ã1Ë þ��Oÿ ó Ò¥Ò
spaceis at least

Ý Ø®ä
.

Handling large allocations of space. We hadassumedearlier in this sectionthat every node
allocatesatmost þ unitsof memory. Individualnodesthatallocatemorethan þ spacearehandled
asdescribedin Section6.2. The key ideais to delaythe big allocations,so that if threadswith
higherprioritiesbecomeready, they will beexecutedinstead.Thesolutionis to insertbeforeevery
allocationof � bytes( � � þ ), a binary fork treeof depth

â ��� Ë � Û þ Ò , so that � Û þ dummy
threadsarecreatedat its leaves. Eachof thedummythreadssimply performsa no-opthat takes
onetimestep,but the threadsat the leavesof the fork treearetreatedasif it wereallocating þ
space;a processorgivesup its dequeandperformsa stealafter executingeachof thesedummy
threads.Therefore,by thetime the � Û þ dummythreadsareexecuted,a processormayproceed
with theallocationof � byteswithout exceedingour spacebound.Recallthat in our costmodel,
an allocationof � bytesrequiresa depthof û ËBâ ��� � Ò ; therefore,this transformationof the dag
increasesits depthby at mosta constantfactor. This transformationtakesplaceat runtime,and
the on-line DFDequesalgorithmgeneratesa schedulefor this transformeddag. Therefore,the
boundon thespacerequirementof thegeneratedscheduleremainsthesameastheboundstatedin
Lemma6.5;thefinal spaceboundis statedbelow.

Theorem6.6 Let ý bea nested-parallel dagwith depth

Ñ
. Thentheexpectedamountof space

requiredto executeý on

ø
processorsusingalgorithmDFDeques( þ ), includingschedulingspace,

is ÿ ó ß û ËJø è Ñ è ��� ã Ë þ��Oÿ ó Ò¥Ò . Further, for any

ä ��� , theprobabilitythat thecomputationrequiresÿ ó ß û ËHø è Ë/Ñ+ß7âJã�Ë Ý Û
ä Ò�Ò è ��� ã1Ë þ��Oÿ ó Ò�Ò spaceis at least
Ý Ø®ä

.

When þ is a smallconstantamountof memory, theexpectedspacerequirementreducesto ÿ ó ßû ËHø è Ñ3Ò .
6.3.4 Lower bound on spacerequirement

Wenow show thattheupperboundonspacerequirement,asstatedin Theorem6.6,is tight (within
constantfactors)in theexpectedcase,for algorithmDFDeques.

Theorem6.7 (Lower bound on spacerequirement)
For any ÿ ó ��� , ø ��� , þ � � , and

Ñ ! Þ Ü â ��� ø , there exists a nestedparallel dag with a
serial spacerequirementof ÿ ó anddepth

Ñ
, such that theexpectedspacerequired by algorithm

DFDeques( þ ) to executethedagon

ø
processorsis " Ë ÿ ó ß ��� ã Ë þ#�Oÿ ó Ò è ø è Ñ3Ò .

Proof: Considerthe dagshown in Figure6.9. The black nodesdenoteallocations,while the
grey nodesdenotedeallocations.Thedagessentiallyhasthea fork treeof depth

â �$� ËHø Û Þ Ò , at the
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leavesof which exist subgraphs2. Theroot nodesof thesesubgraphsarelabelled % ó �&% Ú �(')')'��&%+* ,
where , æ ø Û Þ . Theleftmostof thesesubgraphs,ý.- , shown in Figure6.9(b), consistsof a serial
chainof / nodes.Theremainingsubgraphsareidentical,have a depthof

Þ / ß Ý , andareshown
in Figure6.9 (c). Theamountof spaceallocatedby eachof theblacknodesin thesesubgraphsis
definedas 0 æ ��� ã1Ë þ��Oÿ ó Ò . Sinceweareconstructingadagof depth

Ñ
, thevalueof / is setsuch

that
Þ / ß Ý ß Þ â �$� ËJø Û Þ Ò æ Ñ . Thespacerequirementof a 1DF-schedulefor this dagis ÿ ó .

We now examinehow algorithmDFDeques( þ ) would executesucha dag. Oneprocessor
startsexecutingthe root node,andexecutesthe left child of the currentnodeat eachtimestep.
Thus,within

â �$� ËHø Û Þ Ò æ â ��� , timesteps,it will have executednode % ó . Now considernode %1* ;
it is guaranteedto beexecutedonce

â �$� , successfulstealstarget theroot thread.(Recallthat the
right child of a forking node,that is, the next nodein theparentthread,mustbe executedeither
beforeor whentheparentthreadis next stolen.)Becausetherearealways, æ ø Û Þ processorsin
this examplethatareidle andattemptstealstargeting

ø
dequesat thestartof every timestep,the

probability 	�2436587 ð thata stealwill targeta particulardequeis givenby	 2436587 ð ! Ý Ø:9 Ý Ø Ýø<; ú í Ú! Ý Ø ê ë<ó_í Ú� ÝÐ
We call a timestep� successfulif somenodealongthepathfrom theroot to %1* getsexecuted;this
happenswhenastealtargetsthedequecontainingthatnode.Thus,after

â �$� , successfultimesteps,
node% * mustgetexecuted;afterthat,wecanconsidereverysubsequenttimestepto besuccessful.
Let ÿ be the numberof successfultimestepsin the first

Ý�Þ â ��� , timesteps.Then,the expected
valueis givenby = Ê ÿ Ó ! Ý$Þ â �$� , è 	>26345?7 ð! Ü â ��� ,
UsingtheChernoff bound[112, Theorem4.2] on thenumberof successfultimesteps,we haveÇÉÈ�Ê ÿ Î 9 Ý Ø ÐÜ ; è = Ê ÿ Ó�Ó é Ô�Õ�ÖA@ ØB9 ÐÜ ; Ú è = Ê ÿ ÓÞDC
Therefore,

ÇÉÈ�Ê ÿ Îeâ �$� , Ó é Ô�Õ�Öµ× Ø�Eà â ��� , åæ Ô�Õ�Öµ× Ø Eà è âJã ,âHã Þ åÎ ê�ë�óGF H Ú�I ð«ñ *æ , ë - F H Ú è Ý,Î Þ Ð è Ý, J � È�ø ! Ü
2All logarithmsdenotedas KML�N areto thebase2.
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Figure 6.9: (a) Thedagfor which theexistentiallower boundholds. (b) and(c) presentthedetailsof the
subgraphsshown in (a). Theblacknodesdenoteallocationsandgrey nodesdenotedeallocations;thenodes
aremarkedwith theamountof memory(de)allocated.
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Recallthat , æ ø Û Þ . (Thecaseof

ø�Î Ü
canbeeasilyhandledseparately.) Let OQP betheeventthat

node%1P is notexecutedwithin thefirst
Ý�Þ â ��� , timesteps.Wehaveshowedthat

ÇªÈ�Ê OQ* Ó¾Î Þ Û Ð è Ý Û , .
Similarly, wecanshow thatfor each� æ Ý �)')')'R�&, Ø Ý , ÇªÈ
Ê OQP Ó¾Î Þ Û Ð è Ý Û , . Therefore,

ÇªÈ
ÊMS * ó OQP Ó éÞ Û Ð
. Thus,for � æ Ý �)'(')'R�T, , all the %1P nodesgetexecutedwithin thefirst

Ý�Þ â ��� , timestepswith
probabilitygreaterthan

Ý Û Ð
.

Eachsubgraphý has/ nodesat differentdepthsthatallocatememory;thefirst of thesenodes
cannotbe executedbeforetimestep

â ��� , . Let U be the first timestepat which all the %1P nodes
have beenexecuted.Then,at this timestep,thereareat least

Ë / ß®â ��� , Ø U Ò nodesremainingin
eachsubgraphý that allocate 0 byteseach,but have not yet beenexecuted.Similarly, node V
in subgraphý.- will not beexecutedbeforetimestep

Ë / ßeâ ��� , Ò , that is, another

Ë / ß®â ��� , Ø U Ò
timestepsafter timestepU . Therefore,for the next

Ë / ß&â ��� , Ø U Ò timestepsthereare always, Ø Ý æ ËHø Û Þ Ò Ø Ý non-emptydeques(outof a totalof

ø
deques)duringtheexecution.Eachtime

a threadis stolenfrom oneof thesedeques,a blacknode(seeFigure6.9 (c)) is executed,andthe
threadthensuspends.Because

ø Û Þ
processorsbecomeidle andattempta stealat thestartof each

timestep,we canshow that in theexpectedcase,at leasta constantfractionof the

ø Û Þ
stealsare

successfulin every timestep.Eachsuccessfulstealresultsin 0 æ ��� ã1Ë ÿ ó �Oþ Ò units of memory
being allocated. Considerthe casewhen U æ Ý�Þ â ��� , , Then, using linearity of expectations,
over the / Ø Ý
Ý â �$� , timestepsafter timestepU , the expectedvalueof the total spaceallocated
is ÿ ó ß " Ë 0 è ø è Ë / Ø Ý�Ý â ��� , Ò¥Ò æ ÿ ó ß " Ë 0 è ø è Ë/Ñ Ø â �$� ø1Ò�Ò . (

Ñ ! Þ Ü â ��� ø ensuresthat

Ë / Ø Ý�Ý â ��� , Ò �W� .)
Weshowedthatwith constantprobability( � Ý Û Ð ), all the % P nodeswill beexecutedwithin the

first
Ý�Þ â ��� , timesteps.Therefore,in theexpectedcase,thespaceallocated(at somepoint during

theexecutionafterall % P nodeshavebeenexecuted)is " Ë ÿ ó ß ��� ã1Ë ÿ ó �Oþ Ò è Ë5Ñ ØYX8Z([ ø1Ò è ø1Ò .
Corollary 6.8 (Lower bound usingwork stealing)
For any ÿ ó �\� , ø �\� , and

Ñ ! Þ Ü â ��� ø , there existsa nestedparallel dagwith a serial space
requirementof ÿ ó anddepth

Ñ
, such thattheexpectedspacerequiredto executeit usingthespace-

efficientworkstealerfrom[24] on

ø
processorsis " Ë ÿ ó è ø è Ñ9Ò .

Thecorollary follows from Theorem6.7 andthe fact thatalgorithmDFDequesbehaveslike the
space-efficient work-stealingschedulerfor þ æ^] . Blumofe andLeiserson[24] presentedan
upperboundonspaceof

ø è ÿ ó usingrandomizedwork stealing.Theirresultis notinconsistentwith
theabove corollary, becausetheir analysisallows only “stack-like” memoryallocation3, which is
morerestrictedthanour model. For suchrestricteddags,their spaceboundof

ø è ÿ ó alsoapplies
directly to DFDeques( ] ). Our lower boundis alsoconsistentwith the upperboundof

ø è ÿ by
SimpsonandBurton [143], where ÿ is themaximumspacerequirementover all possibledepth-
first schedules.In this example, ÿ æ ÿ ó è Ñ , sincethe right-to-left depth-firstschedulerequiresÿ ó è Ñ space.

3Their modeldoesnot allow allocationof spaceon a globalheap.An instructionin a threadmayallocatestack
spaceonly if thethreadcannotpossiblyhave a living child whentheinstructionis executed.Thestackspaceallocated
by thethreadmustbefreedwhenthethreadterminates.
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6.3.5 Time bound

Wenow provethetimeboundrequiredfor aparallelcomputationusingalgorithmDFDeques. This
timebounddonot includetheschedulingcostsof maintainingtherelativeorderof thedeques(i.e.,
insertinganddeletingdequesin _�` ), or finding the �#a4b deque.In AppendixD we describehow
theschedulercanbeparallelized,andthenprove thetimeboundincludingtheseschedulingcosts.
We assumefor now thatevery actionallocatesat most þ space,for someconstantþ . We relax
thisassumptionandprovide themodifiedtimeboundat theendof this subsection.

Lemma 6.9 Considera parallel computationwith work c and depth

Ñ
, in which every action

allocatesat most þ space. Theexpectedtime to executethis computationon

ø
processorsusing

theDFDeques( þ ) schedulingalgorithmis û Ë c Û ø ß�Ñ3Ò . Further, for any

ä �W� , thetimerequired
to executethecomputationis û Ë c Û ø ß�Ñ¯ß>âHã¹Ë Ý Û
ä Ò�Ò with probabilityat least

Ý Ø®ä
.

Proof: Considerany timestep� of the

ø
-schedule;let ,dP bethenumberof dequesin _ ` at timestep� . We first classifyeachtimestep� into oneof two types(A andB), dependingon thevalueof ,eP .

We thenboundthetotalnumberof timesteps�df and �dg of typesA andB, respectively.

Type A: ,dP ! ø . At thestartof timestep� , let therebe � é ø stealattemptsin this timestep.Then
theremaining

ø Ø � processorsarebusyexecutingnodes,thatis, at least

ø Ø � nodesareexecuted
in timestep� . Further, at most

ø Ø � of theleftmost

ø
dequesmaybeempty;therestmusthave at

leastonethreadin them.
Let

Íih
be the randomvariablewith value1 if the j a4b non-emptydequein _ ` (from the left

end)getsexactlyonestealrequest,and0 otherwise.Then,

ÇªÈ�Ê¿Íih æ Ý Ó æ Ë � Û ø:Ò è Ë Ý Ø Ý Û ø1Òlk ë<ó . Let

Í
betherandomvariablerepresentingthetotal numberof non-emptydequesthatgetexactly one

stealrequest.Becausethereareat least� non-emptydeques,theexpectedvalueof

Í
is givenby= Ê«ÍkÓ ! km hon ó =

Ê¿Íih¥Ó
æ � è �ø è Ë Ý Ø Ýø Ò k ë<ó! � Úø è Ë Ý Ø Ýø Ò ú! � Úø è Ë Ý Ø Ýø Ò è Ýê! � ÚÞ è ø è ê

Recallthat

ø Ø � nodesareexecutedby thebusyprocessors.Therefore,if p is therandomvariable
denotingthetotalnumberof nodesexecutedduringthistimestep,then

= Ê p Ó ! ËJø Ø � Ò�ß � Ú Û Þ ê ø !ø Û Þ ê . Therefore,

= Ê ø Ø p Ó é ø Ø ø Û Þ ê�æ ø�Ë Ý Ø Ý Û Þ ê Ò . Thequantity

ËHø Ø p Ò mustbenon-negative;
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therefore,usingtheMarkov’s inequality[112,Theorem3.2],we getÇªÈ
ÊÌËJø Ø p Ò � ø�Ë Ý Ø Ý Û$Ü ê Ò�ÓÁÎ = ÊÌËJø Ø p Ò�Óørq Ý Ø ósutwvé q Ý Ø óÚ t vq Ý Ø ósutwv �
which impliesthat

ÇªÈ�Ê p Î7ø Û�Ü ê ÓÁÎ E Û Ý �x�
thatis,

ÇªÈ�Ê p ! ø Û�Ü ê Ó � Ý Û Ý �
We will call eachtimestepof type A successfulif

! ø Û$Ü ê nodesget executedduring the
timestep.Thentheprobabilityof thetimestepbeingsuccessfulis at least

Ý Û Ý � . Becausetherearec nodesin theentirecomputation,therecanbeat most

Ü ê è c Û ø successfultimestepsof typeA.
Therefore,theexpectedvaluefor � f is at most

Ü � ê è c Û ø .
The analysisof the high probability boundis similar to that for Lemma6.3. Supposethe

executiontakesmorethan

à � ê c Û ø�ß Ü � âHã¤Ë Ý Û
ä Ò timestepsof typeA. Thentheexpectednumbery
of successfultimestepsof typeA isatleast

à ê c Û ø ß Ü âJãªË Ý Û�ä Ò . If z is therandomvariabledenoting
thetotal numberof successfultimesteps,thenusingtheChernoff bound[112, Theorem4.2], and
setting

Ù æ Ü � ê c Û ø�ß Ü � âHã¾Ë Ý Û�ä Ò , we get4ÇªÈ�Ê z Î y Ø7Ù<Û Ý � ÓöÎ Ô$Õ�ÖA@ Ø Ë Ù<Û Ý � Ò ÚÞ y C
Therefore, ÇªÈ�Ê z Î Ü ê c Û ø�ÓöÎ Ô$Õ�Öµ× Ø Ù ÚÞ ���{y åæ Ô$Õ�Öµ× Ø Ù�ÚÞ ��� Ë Ù�Û}|�Ø Ü âHã¾Ë Ý Û�ä Ò�ÒNåé Ô$Õ�Öµ× Ø Ù ÚÞ ��� è�Ù�Û}| åæ ê�ë�ì¥í s -æ ê ë t8~ í ú ë�ð«ñ�òJó�í5ôJõé ê�ë¾ð«ñ�òHó_í5ôHõæ ä

4As with the proof of Lemma6.3, we can usethe Chernoff boundherebecauseeachtimestepsucceedswith
probabilityat least 
u��
�� , evenif theexactprobabilitiesof successesfor timestepsarenot independent.
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We have shown that the executionwill not completeeven after

à � ê c Û øáß Ü � âHã¤Ë Ý Û
ä Ò type A
timestepswith probabilityatmost

ä
. Thus,for any

ä ��� , �ef æ û Ë c Û øªß�âJã¾Ë Ý Û
ä Ò�Ò with probability
at least

Ý Ø ä
.

Type B: ,eP Î�ø . We now considertimestepsin which thenumberof dequesin _ ` is lessthan

ø
.

Again,wesplit typeB timestepsinto phasessuchthateachphasehasbetween

ø
and

Þ ø Ø Ý
steals.

We can thenusea potentialfunction argumentsimilar to the dedicatedmachinecaseby Arora
et. al. [3]. Composingphasesfrom only type B timesteps(ignoring type A timesteps)retains
the validity of their analysis. I briefly outline the proof here. Nodesareassignedexponentially
decreasingpotentialsstartingfrom theroot downwards.Thusa nodeat a depthof / is assigneda
potentialof

Ð Ú òM�ªëQ�/õ , andin thetimestepin whichit is aboutto beexecutedonaprocessor, aweight
of

Ð Ú òM�ªëQ�/õFë<ó . They show thatin any phaseduringwhichbetween

ø
and

Þ ø Ø Ý
stealattemptsoccur,

thetotal potentialof thenodesin all thedequesdropsby a constantfactorwith at leasta constant
probability. Sincethepotentialat thestartof theexecutionis

Ð Ú �ªë<ó , theexpectedvalueof thetotal
numberof phasesis û Ë5Ñ3Ò . Thedifferencewith our algorithmis thata processormayexecutea
node,andthenputupto 2 (insteadof 1) childrenof thenodeonthedequeif it runsoutof memory;
however, this differencedoesnot violatethebasisof their arguments.Sinceeachphasehas ÷ ËHø1Ò
steals,theexpectednumberof stealsduringtypeB timestepsis û ËHø1Ñ3Ò . Further, for any

ä �W� , we
canshow that the total numberof stealsduringtimestepsof typeB is û ËHø è Ë/Ñ£ß®âJã¹Ë Ý Û�ä Ò�Ò¥Ò with
probabilityat least

Ý Ø®ä
.

Recall that in every timestep,eachprocessoreitherexecutesa stealthat fails, or executesa
nodefrom thedag. Therefore,if � 26345?7 ð is the total thenumberof stealsduringtypeB timesteps,
then �eg is at most

Ë c ß ��26345?7 ð Ò Û ø . Therefore,theexpectedvaluefor �>� is û Ë c Û ø�ß�Ñ9Ò , andfor
any

ä �W� , thenumberof timestepsis û Ë c Û ø9ß®Ñ+ß7âJã¹Ë Ý Û�ä Ò�Ò with probabilityat least
Ý Ø ä

.
The total numberof timestepsin the entireexecutionis �df ß �eg . Therefore,the expected

numberof timestepsin the executionis û Ë c Û økß&Ñ3Ò . Further, combiningthe high probability
boundsfor timestepsof typeA andB, (andusingthe fact that 	 Ë 0���� Ò é 	 Ë 0 Ò¾ß 	 Ë � Ò ), we
canshow that for any

ä �\� , thetotal numberof timestepsin theparallelexecutionis û Ë c Û ø�ßÑ+ß7âJã¹Ë Ý Û�ä Ò�Ò
with probabilityat least

Ý Ø®ä
.

To handlelargeallocations,recallthatweaddbinaryforksof dummythreads.If ÿ ì is thetotal
spaceallocatedin theprogram(not countingthedeallocations),theadditionalnumberof nodesin
thetransformeddagis û Ë ÿ ì Û þ Ò . Thetransformationincreasesthedepthof thedagby at mosta
constantfactor. Therefore,usingLemma6.9,themodifiedtimeboundis statedasfollows.

Theorem6.10 Theexpectedtimeto executea parallel computationwith c work,

Ñ
depth,and

total spaceallocation ÿ ì on

ø
processorsusingalgorithmDFDeques( þ ) is û Ë c Û ø ß ÿ ì Û ø þ ß�Ñ9Ò .

Further, for any

ä �B� , thetimerequired to executethecomputationis û Ë c Û ø�ß ÿ ì Û ø þ ß�Ñ#ßâHã¤Ë Ý Û
ä Ò�Ò
with probabilityat least

Ý Øeä
.

In a systemwhereevery memorylocationallocatedmustbezeroed,ÿ ì æ û Ë c Ò . Theexpected
timeboundthereforebecomesû Ë c Û ø3ß�Ñ3Ò , which is asymptoticallyoptimal[28].

If we parallelizethescheduler, we canaccountfor schedulingoverheads.Thenthecomputa-
tion canbeexecutedin û Ë c Û ø�ßiÑeâ ��� ø:Ò timestepsincludingschedulingcosts.Sucha parallel
implementationof thescheduleris describedandanalyzedin AppendixD.
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6.4 Summary

In this chapter, I have presentedtheDFDequesschedulingalgorithm,which enhancesalgorithm
AsyncDF with ideasfrom previous work stealingapproaches.In particular, algorithm DFDe-
queswasdesignedto handlefiner grainedthreadsmoreefficiently thanalgorithmAsyncDF by
increasingschedulinggranularitybeyond thegranularitiesof individual threads.Thescheduling
granularityis increasedby schedulingfine-grainedthreadsclosein thedagon thesameprocessor,
without repeatedaccessesto the globalschedulingqueue.I have shown that theexpectedspace
requirementof the algorithmfor executinga computationwith

Ñ
depth, c work and ÿ ó serial

spacerequirement,is ÿ ó ß û ËJø è Ñ3Ò , while theexpectedrunningtimeis û Ë c Û ø�ßeÑ9Ò . In thenext
chapter, I describeexperimentswith implementingtheDFDequesalgorithm.



Chapter 7

Experimental Evaluation of Algorithm
DFDeques

In Chapter6, I presentedthe DFDequesschedulingalgorithm, which automaticallyincreases
schedulinggranularity. In this chapter, I describeexperimentsto evaluatethe performanceof
algorithmDFDequesin practice.To evaluatethealgorithm,I have implementedit in thecontext
of theSolarisPthreadspackage.Resultsof thePthreads-basedexperimentspresentedin thischap-
ter indicatethatin practice,thenew DFDequesschedulingalgorithmresultsin betterlocality and
higherspeedupscomparedto bothalgorithmAsyncDF andtheFIFO scheduler. (This difference
is morepronouncedfor finer threadgranularities.)DFDequesprovidesthis improvedperformance
by schedulingthreadsclosein thedagon thesameprocessor. This typically resultsin betterlocal-
ity andlower schedulingoverheads.Throughoutthis chapter, algorithmAsyncDF actuallyrefers
to thevariantof theoriginalalgorithm,thatis, it doesnotusethebuffer queues��PM* and ���?� a ; this
variantwasdescribedin Chapter5.

Ideally, we would like to comparethe Pthreads-basedimplementationof DFDequeswith a
space-efficient work-stealingscheduler. However, implementinga provably space-efficient work-
stealingscheduler(e.g., [25]) that cansupportthe generalPthreadsfunctionality would require
significantmodificationtoboththeschedulingalgorithmandthePthreadsimplementation1. There-
fore, to comparealgorithmDFDequesto anexisting,space-efficientwork-stealingscheduler, I in-
steadbuilt a simplesimulatorthat implementssynthetic,purelynested-parallelbenchmarks.The
simulationresultsindicatethat by adjustingthe memorythreshold,DFDequescancover a wide
rangeof spacerequirementsandschedulinggranularities.At oneextremeit performssimilar to
algorithmAsyncDF, with a low spacerequirementandsmallschedulinggranularity. At theother
extreme,it behavesexactly like a work-stealingscheduler, with a higherspacerequirementand
largerschedulinggranularity.

This chapteris organizedasfollows. Section7.1 describesthe implementationof the algo-
rithm in the context of Pthreads,along with the resultsof executingthe set of Pthreads-based
benchmarksthat were introducedin Chapter5. Section7.2 presentsthe simulationresultsthat
compareDFDequeswith AsyncDF anda work-stealingscheduler, andSection7.3 summarizes

1ThePthreadsimplementationitself makesextensive useof blockingsynchronizationprimitivessuchasPthreads
mutexesandconditionvariables.Therefore,even fully strict Pthreadsbenchmarkscannotbeexecutedusingsucha
work stealingschedulerin theexisting SolarisPthreadsimplementation.
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theresultspresentedin this chapter.

7.1 Experimentswith Pthreads

I have implementedthe DFDequesschedulingalgorithmas part of the native SolarisPthreads
library describedin Chapter5 (Section5.2). The machineusedfor all the experimentsin this
Sectionis the 8-processorEnterprise5000 SMP describedin Section5.2. Recall that because
Pthreadsarenot very fine grained,theuseris requiredto createPthreadsthatarecoarseenough
to amortizethecostof threadoperations.This sectionshows thatby usingalgorithmDFDeques,
highparallelperformancecanbeachievedwithoutany additionalcoarseningof threads.Thus,the
usercannow fix thethreadgranularityto amortizethreadoperationcosts,andexpectto getgood
parallelperformancein bothspaceandtime.

As with theimplementationof algorithmAsyncDFfor schedulingPthreads,I modifiedmem-
ory allocationroutinesmalloc andfree to keeptrackof thememoryquotaof thecurrentpro-
cessor(or kernelthread)andto fork dummythreadsbeforeanallocationif required.Recallthat
algorithmDFDeques(Figure6.4)wasdesignedfor purelynestedparallelcomputations.However,
theschedulerimplementationdescribedin thissectionis anextensionof algorithmDFDequesthat
supportsthe full Pthreadsfunctionality (including mutexesandconditionvariables).To support
this functionality, it maintainsadditionalentriesin _�` for threadssuspendedon synchronizations.
Whena threadsuspends,a new dequeis createdfor it to the immediateright of its currentdeque.
Although the benchmarkspresentedin this chaptermakelimited useof mutexesandcondition
variables,thePthreadslibrary itself makesextensive useof themboth.

Sincethe executionplatform is an SMP with a modestnumberof processors,accessto the
readythreadsin _ ` was serialized. _ ` is implementedas a linked list of dequesprotectedby
a sharedschedulerlock. I optimizedthe commoncasesof pushingandpoppingthreadsonto a
processor’s currentdequeby minimizing thesynchronizationtime. A stealrequiresthescheduler
lock to be held for a longerperiodof time, until the processorselectsandstealsfrom a target
stack.This Pthreads-basedimplementationusesa slightly differentstealingstrategy thantheone
describedin the original DFDequesalgorithm (Figure 6.4). In this implementation,if an idle
processortries to stealfrom a dequethat is currentlynot ownedby any processor, theprocessor
takesover ownershipof thatdeque,andstartsexecutingthe top threadin thatdeque.Recallthat
in theoriginal algorithm,theprocessorwould insteadstealthebottomthreadfrom thedequeand
createa new dequefor itself. Thegoalof this modificationwasto reducethenumberof deques
presentin _ ` ; in practice,it alsoresultsin asmalladditionalincreasein theschedulinggranularity.

In theSolarisPthreadsimplementation,it is not alwayspossibleto placea reawakenedthread
on thesamedequeasthethreadthatwakesit up. Further, unlike in nestedparallelcomputations,
a threadthat wakesup anotherthreadmay continueexecution. Therefore,insteadof requiring
theprocessorthatwakesup a threadto move thenewly awakenedthreadto its deque,the thread
remainsin its currentdeque(thatwascreatedfor it whenit suspended).Therefore,this implemen-
tation of DFDequesis an approximationof the pseudocodein Figure6.4. Further, sinceaccess
to _ ` is serialized,andmutexesandconditionvariablesaresupportedandusedby the Pthreads
implementation,setting þ æ\] doesnot producethesamescheduleasthespace-efficient work-
stealingschedulerintendedfor fully strict computations[24]. Therefore,we canusethis setting
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only asa roughapproximationof a purework-stealingscheduler.
I first list thebenchmarksusedin theexperiments.Next, I comparethespaceandtime perfor-

manceof the library’s original FIFO scheduler(labelled“FIFO”) with the implementationof al-
gorithmAsyncDF(labelled“ADF”) asdescribedin Chapter5, andalgorithmDFDeques(labelled
“DFD”) for a fixedvalueof thememoryquota þ . DFDeques( ] ) is usedasanapproximationfor
a space-efficientwork-stealingscheduler(labelled“DFD-inf ”). To studyhow theperformanceof
theschedulersis affectedby threadgranularity, I presentresultsof theexperimentsat two different
threadgranularities.Finally, I measurethetrade-off betweenrunningtime,schedulinggranularity,
andspacerequirementusingthenew schedulerby varyingthe valueof þ for oneof thebench-
marks.

7.1.1 Parallel benchmarks

ThePthreads-basedparallelbenchmarksandthe inputsusedaredescribedin detail in Chapter5.
Theparallelismin bothdivide-and-conquerrecursionandparallelloopswasexpressedasabinary
treeof forks, with a separatePthreadcreatedfor eachrecursive call. Threadgranularitywasad-
justedby serializingthe recursionnearthe leafsof the recursiontree. In the comparisonresults
in Section7.1.2,fine granularityrefersto the threadgranularitythatprovidesgoodparallelper-
formanceusingalgorithmAsyncDF (this is thethreadgranularityusedin Chapter5). As shown
in that chapter, even at this granularity, the numberof threadssignificantlyexceedsthe number
of processors,allowing for simplecodeandautomaticloadbalancing,andyet resultingin perfor-
manceequivalentto hand-partitioned,coarse-grainedcode. Finer granularityrefersto thefinest
threadgranularitythatallows thecostof threadoperationsin a single-processorexecutionaddup
to at most5% of the serialexecutiontime2. Ideally, at this finer threadgranularity, the parallel
executionsof the programsshouldalsorequireat most5% moretime thantheir fine (or coarse)
grainedversions.

Thetwo threadgranularitiesfor eachof thebenchmarksarespecifiedbelow:

1. VolumeRendering. Eachthreadprocessesup to 64

Ü���Ü
pixel tiles of therenderedimage

atfine granularity, andup to 5 tilesat finergranularity.

2. DenseMatrix Multiply . Thefine grainedversionuses

ï Ü�� ï Ü
blocksat the leafsof the

recursiontree in a divide-andconqueralgorithm; the finer grainedversionuses

Ð Þ � Ð Þ
blocks.

3. SparseMatrix Vector Multiply . At fine granularity, 64 threadsareusedto performthe
multiplication,while 256threadsareusedat thefinergranularity.

4. Fast Fourier Transform. 256threadsareusedto computethe1D FFT at fine granularity,
and512threadsatfinergranularity.

5. Fast Multipole Method. At finegranularity, eachthreadcalculates25 interactionsof a cell
with its neighboringcells,while at finer granularity, eachthreadcomputes5 suchinterac-
tions.

2The exceptionwasthe densematrix multiply, which is written for ����� blocks,where � is a power of two.
Therefore,finer granularityinvolvedreducingtheblocksizeby a factorof 4, andincreasingthenumberof threadsby
a factorof 8, resultingin 10%additionaloverhead.
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Benchmark Inputsize Finegrained Finergrained

total FIFO ADF DFD total FIFO ADF DFD

Vol. Rend. 
w����� vol, ���w��� img 1427 195 29 29 4499 436 36 37

DenseMM 
���
T���r
u�w
T� doubles 4687 623 33 48 37491 3752 55 77

SparseMVM 30K nodes,151Kedges 1263 54 31 31 5103 173 51 49

FFTW �W� 
��l� 177 64 13 18 1777 510 30 33

FMM �¡�¢
���£ , 5 mpl terms 4500 1314 21 29 36676 2030 50 54

BarnesHut �W��
u�w��£ , Plmrmodel 40893 1264 33 106 124767 3570 42 120

DecisionTree 133,999instances 3059 82 60 77 6995 194 138 149

Figure7.1: Inputsizesfor eachbenchmark,thetotalnumberof threadsexpressedin theprogramatfineand
finergranularities,andthemaximumnumberof simultaneouslyactive threadscreatedby eachschedulerat
bothgranularities.¤ wassetto 50,000bytes.Theresultsfor “DFD-inf ” arenot shown here;it createsup
to twice asmany threadsas“DFD” for densematrix multiply, andat most15%morethreadsthan“DFD”
for theremainingbenchmarks.

6. Barnes-Hut. At finegranularity, eachthreadcomputestheforcesonparticlesin upto 8 leaf
cells(onaverage),while at thefinergranularity, eachthreadhandlesoneleafcell.

7. DecisionTree Builder. The threadgranularityis adjustedby settinga thresholdfor the
numberof instances,below whichtherecursionis executedserially. Thethresholdswereset
to 2000and200for thefineandfinergranularities,respectively.

7.1.2 Comparisonresults

In all thecomparisonresults,thememorythresholdwassetto þ æ 50,000bytesfor theAsyncDF
andDFDequesalgorithms.An 8KB (1 page)stackwasallocatedfor eachactive thread.In each
of thethreeversions(FIFO,AsyncDF, andDFDeques), thedefaultPthreadstacksizewassetto
8KB, sothatthePthreadimplementationcouldcachepreviously-usedstacks.In general,thespace-
efficient schedulers(AsyncDF and DFDeques) effectively conserve stackmemoryby creating
fewersimultaneouslyactivethreadscomparedto theoriginalFIFOscheduler(seeFigure7.1). The
FIFO schedulerwasfoundto spendsignificantportionsof time executingsystemcalls relatedto
memoryallocationfor bothstackandheapspace.

The8-processorspeedupsfor all thebenchmarksat thefine andfiner threadgranularitiesare
shown in Figure7.2. To concentrateon the impactof the scheduler, andto ignorethe effect of
increasedthreadoverheads(up to 5% for all except densematrix multiply), speedupsfor each
threadgranularityshown herearecomputedwith respectto thesingle-processorexecutionof the
multithreadedprogramat that granularity. The speedupsindicatethat both space-efficient algo-
rithmsAsyncDFandDFDequesoutperformthelibrary’soriginalscheduler. However, at thefiner
threadgranularity, algorithmDFDequesprovidesbetterperformancethanalgorithmAsyncDF.
This differencecanbe explainedby the betterlocality andlower schedulingcontentionincurred
by algorithmDFDeques.

For oneof thebenchmarks(densematrixmultiply), evenalgorithmDFDequessuffersa slow-
down atfinergranularity. Dueto theuseof asingleschedulingqueueprotectedby acommonlock,
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Figure 7.2: Speedupson 8 processorswith respectto single-processorexecutionsfor the threesched-
ulers(theoriginal “FIFO” scheduler, algorithmAsyncDF or “ADF”, andalgorithmDFDequesor “DFD”)
at both fine and finer threadgranularities. ¤ wasset to 50,000bytes. Performanceof “DFD-inf ”, be-
ing very similar to that of “DFD”, is not shown here. All benchmarkswerecompiledusingcc -fast
-xarch=v8plusa -xchip=ultra -xtarget=native -xO4.
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Benchmark FIFO ADF DFD

Vol. Rend. 4.2 3.0 1.8

DenseMM 24.0 13 8.7

SparseMVM 13.8 13.7 13.7

FFTW 14.6 16.4 14.4

FMM 14.0 2.1 1.0

BarnesHut 19.0 3.9 2.9

DecisionTr. 5.8 4.9 4.6

Figure7.3: L2 Cachemissrates(%) for Pthreadsbenchmarksatthefinerthreadgranularities.“FIFO” is the
original Pthreadsschedulerthatusesa FIFO queue,“ADF” algorithmAsyncDF, and“DFD” is algorithm
DFDeques.

contentionfor the lock increasesat thefiner threadgranularity. This slowdown indicatesthat the
currentimplementationof Pthreads,with a singleschedulinglock thatalsoprotectsothershared
datastructures,will notefficiently supportveryfine-grainedthreads.

To verify thatDFDequesresultsin betterlocality comparedto theFIFO andAsyncDFsched-
ulers,I measuredtheexternal(L2) cachemissratesfor eachbenchmarkusingon-chipUltraSPARC
performancecounters.Figure7.3,which lists theresultsat thefinergranularity, shows thatDFD-
equesachievesrelatively low cachemissrates.

Threeout of the seven benchmarksmakesignificantuseof heapmemory. For thesebench-
marks,I measuredthe high watermark for heapmemoryallocationusingthe threeschedulers.
Figure7.4 shows that algorithmDFDequesresultsin slightly higherheapmemoryrequirement
comparedto algorithmAsyncDF, but still outperformstheoriginalFIFOscheduler.

TheCilk [66] runtimesystemusesaprovablyspace-efficientwork stealingalgorithmto sched-
ule threads.Becauseit requiresgcc to compile the benchmarks(which resultsin slower code
comparedto the native cc compileron UltraSPARCs),a direct comparisonof runningtimesof
Cilk benchmarkswith my Pthreads-basedsystemis not possible.However, in Figure7.5 I com-
parethespaceperformanceof Cilk with algorithmsAsyncDFandDFDequesfor thedensematrix
multiply benchmark(with

Ð Þ � Ð Þ
blocks). The figure indicatesthat DFDequesrequiresmore

memorythanAsyncDF, but lessmemorythanCilk. In particular, like AsyncDF, the memory
requirementof DFDequesincreasesslowly with thenumberof processors.

To testthe performanceof the schedulerson a benchmarkthatmakesextensive useof locks
throughouttheexecution,I measuredtheperformanceof just theoctree-building phaseof Barnes
Hut. Threadsin this phaseareforked in a divide-and-conquerfashion;at the leafsof the recur-
siontree,eachthreadhandlesa constantnumberof particles,which it insertsinto theoctree.For
insertingparticlesinto theoctree,I usedthenaive algorithmfrom theoriginal SPLASH-2bench-
mark [163]. Eachparticleis insertedstartingat the root, andfilters down the octreedepending
on its coordinates.When it reachesa leaf cell, it is insertedinto the leaf; the leaf may conse-
quentlybe subdivided if it now containstoo many particles. Any modificationsto the cells in
the octreeareprotectedby a lock (mutex) on the cell. Thus, the benchmarkinvolves frequent
locking of differentcellsof theoctree.Thebenchmarkdoesnot scalevery well becausethreads
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Figure7.4: High watermarkof heapmemoryallocation(in MB) on8 processorsfor benchmarksinvolving
dynamicmemoryallocation( ¥ = 50,000bytesfor “ADF” and“DFD”), atboththreadgranularities.“DFD-
inf ” is my approximationof work stealingusingDFDeques( ¦ ).
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Figure 7.5: Variationof thememoryrequirementwith thenumberof processorsfor densematrix multiply
usingthreeschedulers:AsyncDF(“ADF”), DFDeques(“DFD”), andCilk (“Cilk”).
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Figure 7.6: Speedupsfor theoctree-building phaseof BarnesHut (for 1M particles).Thephaseinvolves
extensive useof lockson cells of the treeto ensuremutualexclusion. ThePthreads-basedschedulers(all
exceptCilk) supportblockinglocks.

oftencontendfor lockson cellsneartheroot of thetree.Figure7.6comparestheperformanceof
DFDequeswith theoriginal FIFO scheduler, AsyncDF, andwith the Cilk runtimesystem.Due
to limited useof floatingpoint arithmetic,thesingle-processorperformanceof thebenchmarkon
Cilk wascomparableto that of my Pthreads-basedimplementation,making this comparisonof
speedupsmeaningful. Becausethreadssuspendoftenon mutexes,DFDequesdoesnot result in
a largeschedulinggranularity;therefore,its performanceis comparableto thatof AsyncDF. The
FIFO schedulerperformspoorlydueto thecreationof anexcessive numberof Pthreads.Thedif-
ferencebetweenmy Pthreads-basedschedulersandtheCilk scheduleris probablyexplainedby the
fact thatCilk usesa spin-waitingimplementationfor locks,while my Pthreadsschedulerssupport
blockingimplementationsof Pthreadmutexes.Algorithm DFDequescouldbeeasilyextendedto
supportblockingsynchronizationbecauseit inherentlyallowsmoredequesthanprocessors;thus,
whena threadsuspends,it is placedon a new deque,whereit resideswhen it is subsequently
reawakened.Futurework, asdescribedin Chapter8, involvesmoreextensive experimentswith
suchnon-nested-parallelbenchmarks.

7.1.3 Tradeoff betweenspace,time, and schedulinggranularity

Recall that betweenconsecutive steals,eachprocessorexecutesthreadsfrom a singledeque. If
thememoryquotais exhaustedby thesethreadsandsomethreadreachesamemoryallocationthat
requiresmorememory, theprocessorpreemptsthe thread,givesup thedeque,andperformsthe
next steal.Therefore,whenthevalueof thememorythresholdis raised,theschedulinggranularity
typically increases.A largerschedulinggranularityleadsto bettertime performance;however, a
largermemorythresholdmayalsoleadto ahigherspacerequirement.

This sectionshows how the valueof the memorythreshold ¨ affects the runningtime, the
memoryrequirement,andthe schedulinggranularityin practice. Eachprocessorkeepstrack of
the numberof timesa threadfrom its own dequeis scheduled,and the numberof timesit has
to performa steal. Theratio of thesetwo counts,averagedover all theprocessors,is usedasan
approximationof theschedulinggranularity. Thetrade-off is bestillustratedin thedensematrix
multiply benchmark,which allocatessignificantamountsof heapmemory. Figure7.7 shows the
resultingtrade-off for this benchmarkat thefiner threadgranularity. As expected,bothmemory
andschedulinggranularityincreasewith ¨ , while runningtimereducesas ¨ is increased.
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Figure7.7: Trade-off betweenrunningtime,memoryallocationandschedulinggranularityusingalgorithm
DFDeques, asthememoryquota ¥ is varied,for thedensematrix multiply benchmarkat thefiner thread
granularity.

7.2 A Simulator to CompareDFDequeswith Previous
Schedulers

Fully strictparallelism[24] doesnotsupporttheuseof synchronizationprimitivessuchasmutexes
or conditionvariables,that arepart of the standardPthreadsinterface.Therefore,implementing
a pure,space-efficient work stealingalgorithm[24] intendedfor fully strict computationsin the
context of a Pthreadsimplementationwould involve significantchangesto the algorithmandto
the implementation.To comparealgorithmDFDequeswith a work stealingalgorithm,I instead
built a simplesystemthat simulatesthe parallelexecutionof fully strict syntheticbenchmarks.
Thebenchmarksrepresentrecursive,divide-and-conquercomputationsexpressedasa binarytree
of forks,in whichthememoryor timerequirementsateachlevel of thetreecanbevaried.Theim-
plementationsimulatesaspace-efficientwork scheduler[24] (labeled“WS”), algorithmAsyncDF
(labeled“ADF”), andalgorithmDFDeques(labeled“DFD”).

This sectiondescribesthesyntheticbenchmarksandtheir propertiesthatcanbevariedin the
simulator. I thenpresentanoverview of theimplementation,followedby thesimulationresults.

7.2.1 Parallel computationsmodeledby the simulator

I simulatethe executionof threadsforkedasa balancedbinary treewith adjustablememoryre-
quirementsand granularity. The simulatedcomputationbegins with a root thread,which may
allocatesomememory, andexecutesomenumberof instructions. It thenforks 2 child threads;
the child threadsmay allocatememoryandexecuteinstructions,after which they forks 2 child
threadseach,andsoon. Theforking stopswhenthespecifiednestinglevel is reached.Whenboth
childrenof a threadterminate,thethreaddeallocatesthememoryit hadallocatedandterminates
immediately. All the realwork is executedby threadsbeforethey fork; after the fork they sim-
ply synchronizewith their childrenandexit. Thusthe nodesrepresentingthe real work form a
balancedbinary tree(seeFigure7.8),which is referredto asthe “tree” in therestof this section.
Eachnodein this treemayrepresentmultipleactionsthatareexecutedserially(insteadof asingle
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root
thread

Figure 7.8: A sampledagfor the classof computationssimulatedby thesimulator. Eachthreadforks 2
children,which fork 2 childreneach,andso on. Eachnodehererepresentsa variablenumberof actions
performedserially, ratherthanjust oneaction. The“real work” in eachthreadis executedbeforethe fork;
after the fork, the threadsimply synchronizeswith its 2 child threadsandexits. Thenodesperformingthe
realwork andtheedgesjoining themareshown in bold; thesimulatorgeneratescomputationswherethese
nodesandedgesform a balancedbinarytreeasshown here.

action). In theremainderof this section,thedepthof a threadrefersto its depthin the recursion
tree,thatis, thenumberof threadsforkedon thepathfrom theroot threadto thegiventhread.

The characteristicsof the threadsin the binary tree that can be varied in the simulatorare
describedbelow.ª Granularity . The granularity of eachthreadrefersto the numberof actionsit executes

beforeit forks any children. When a granularityof « units if specifiedfor a thread,the
simulatorcaneither set the thread’s granularityto an exact « units, or to a valuechosen
uniformly at randomin therange[1, ¬$« ]. Therandomvaluesareintendedto modelirregular
parallelism3. Further, theaveragegranularityof a threadcanbevariedasfollows.

G1. Equal for all threads. This settingmodelssimple recursive calls wherean approxi-
matelyequalamountof work is donein eachrecursivecall.

G2. Decreasinggeometricallywith thedepthof thethread.Geometricallydecreasinggran-
ularity is intendedto model divide-and-conqueralgorithmsfor which the work de-
creaseswith thedepthin therecursiontree.

G3. A small,constantgranularityfor all interiorthreads,anda larger, constantvaluefor the
leaf threadsin thetree. This modelsa parallelloop executedasa binarytreeof forks,
in which therealwork is executedat theleaves.ª Memory requirement. Thememoryrequirementof a threadis theamountof memoryit

allocateswhenit startsexecuting.Thememoryrequirementfor eachthreadcanbevariedin
theschedulerasfollows.

3An alternativewayto modelirregularity in theexecutiontreewouldbeto executeanirregularbinarytreeinstead
of a balancedtree.I choseto vary thethreadgranularitiesfor simplicity.
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M1. Constantfor all threads.This modelsrecursive divide-and-conquercomputationsthat
do not dynamicallyallocatememory, but requirea small, constantamountof stack
spacefor eachrecursivecall, which is executedby aseparatethread.

M2. Decreasinggeometricallywith thedepth.This modelsdivide-and-conqueralgorithms
that dynamicallyallocatememoryat eachstageof the recursion,andthe allocations
reducewith depth.

M3. Constantfor all threadsexcept all threadsat a specifieddepth ­ ; threadsat depth ­
allocatea larger, constantamountof memory. This option is usedwith option G3
(i.e., large granularityat the leaves),andmodelstwo nestedparallel loopswherethe
outerloophas ¬�® iterationsandallocatesa largeamountof memoryat thestartof each
iteration,andthenexecutesaninner(nested)loopwith ¬Q¯±°�²³®µ´ iterations,where¶ is the
depthof thetree(that is, thenumberof threadsfrom theroot to a leaf). Thusthreads
at depth ­ representthe iterationsof the outerloop forked asa binary tree. All other
threadssimply requirea small,constantamountof spacefor theirstacks.

7.2.2 Implementation of the Simulator

Thesimulatormaintainsa linked list of dequeswith threadsstoredin their depth-firstexecution
order(asshown in Figure6.3). Eachprocessormayown at mostonedeque.In eachtimestep,the
stateof eachprocessoris checkedandmodified. If theprocessorneedsto executea steal,a steal
requestfor it is queued.At theendof the timestep,thestealrequestsareprocessedin a random
order to avoid giving preferenceto any processors.All the stealrequeststhat pick a particular
processor’s dequeastheir targetarequeuedat theprocessor, andin eachtimestep,theprocessor
picksoneof therequestsat randomandservicesit. If its dequeis empty, it returnsa failure to the
stealer, andotherwiseit returnsathreadfrom its deque.Eachstealrequires1 timestep,andatmost
onestealrequestis servicedby eachtargetprocessorin eachtimestep.A threadwith granularity·
impliesit has· actions,whereeachactiontakesonetimestepto execute.

In the simulationof algorithmDFDeques, eachof the ¸ processorsmakesstealrequeststo
oneof the leftmost ¸ non-emptydequeschosenat random,andthreadsarestolenfrom the bot-
tom deques.The first processorto makea stealrequestto a dequenot ownedby any processor
becomesthe new owner of the deque;this changefrom the original DFDequesalgorithmdoes
not significantlymodify thesimulationresultspresentedin this section.For algorithmAsyncDF,
the top threadfrom the leftmostdequeis alwaysstolenby anidle processor. In bothalgorithms,
a binary treeof ¹»º$¨ dummythreadsis insertedbeforeevery large allocationof ¹ ( ¹ ¼½¨ )
units. A processormustgive up its dequeandstealevery time it executesa dummythread. I
assumetheoverheadof creating,executinganddeletinga dummythreadis a constantnumberof
timesteps.For bothalgorithmsAsyncDF andDFDeques, thesimulatorassumesthatdequesare
created,insertedinto theorderedqueue,anddeletedfrom it atnoadditionalcost.In thesimulation
of algorithmAsyncDF, a processoris allowedto usethe memoryquotaof ¨ units for multiple
threadsfrom a deque(insteadof just onethread). This leadsto a higherschedulinggranularity
comparedto theoriginalAsyncDFalgorithm.

To implementthespace-efficient work-stealingscheduler, thememoryquota ¨ is simply set
to infinity in algorithmDFDeques. This ensuresthata processornever givesup ownershipof its
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dequedueto amemoryallocation,andtherearealwayş dequesin thesystem,oneownedby each
of the ¸ processors.

7.2.3 Simulation results

Foreachof thefollowingcomputations,I measuredtheschedulinggranularity(theaveragenumber
of actionsexecutedby a processorbetweentwo steals)and the total memoryrequirement(the
high watermarkof thetotal memoryallocatedacrossall processors)asthememorythreshold̈
is varied. An ideal schedulerwould result in a high schedulinggranularityanda low memory
requirement.All theexperimentssimulatedbinary treesof depth ¾)¿ on À{Á processors.Theunits
of memoryallocationareassumedto bebytes;thememoryrequirementsfor threadsweresetsuch
thatthetotal memoryallocatedby all the ¬QÂ8ÃÅÄW¾ threadswasapproximately4MB.

(a) G3+ M1: Simple binary tr eeor parallel loop with constantmemory requirements

This experimentsimulatesa simplebinary tree,wherethe memoryrequirementof eachthread
wasselecteduniformly at random,with a constantexpectedvalue. The granularityof interior
threadsis set to a small constant(2 units),while the granularityat the leaves is set to 50 units.
Computationsrepresentedby suchgraphsinclude a simple divide-and-conqueralgorithm or a
parallelloop implementedasa tree,wherethe main work is executedat the leaves. The results
in Figure7.9 show that algorithmDFDequesis effective in increasingthe granularitycompared
to the AsyncDF, but is not effective in controlling memoryrequirements,even comparedto theÆBÇ

scheduler. For sucha computationwith adepth È , theserialspace
Ç Â is ÉËÊGÈ�Ì , andtherefore

the boundsof ¸ Í Ç Â and
Ç ÂÏÎ ÉËÊ4¸�ÍdÈ�Ì areasymptoticallyequivalent. For small valuesof ¨ ,

theDFDequesschedulerresultsin morepreemptedthreadscomparedto
ÆBÇ

, which explainsthe
greatermemoryrequirement.DFDequesbehavessimilar to

ÆBÇ
when ¨ is largecomparedto the

memoryrequirementof individual threads.In practice,sincemostthreadsdo very little work and
typically requireverysmallstacksin sucha program,thevalueof ¨ setby theusershouldindeed
be large enoughto provide goodperformanceusingDFDeques. The resultsweresimilar with
constantgranularityfor all threads(insteadof distinguishingtheleavesfrom theinterior threads).

(b) G3+M3: Nestedloop with memory allocation in outer loop

Thisexperimentsimulatesabinarytreeof threadsin whichthememoryrequirementof eachthread
at depth6 is large (40KB), while all other threadshave (on average)a small constantmemory
requirement.Sucha treerepresentsa nestedparallel loop, with ¬{Ã Ð�À�Á iterationsin the outer
loop, and ¬QÂÒÑ�²³Ã�ÐÓ¿Ô¾)¬ iterationsin eachinner loop. Eachiterationof the outerloop allocatesa
large amountof memoryto executean inner loop. The threadgranularitieswereset to a large
constantvalue (50 units) at the leaves of the tree, and a small constantvalue (2 units) for all
interior threads.Wenow begin to seethebenefitsof algorithmDFDeques(seeFigure7.10),sinceÇ Â is no longerjust ÉËÊoÈÕÌ ; the valueof ¨ now providesa trade-off betweenthegranularityand
the memoryrequirement.Figure7.10 alsoshows that work stealingresultsin high scheduling
granularityandhighspacerequirement,while AsyncDFresultsin low schedulinggranularityand
low spacerequirement.In contrast,DFDequesallows schedulinggranularityto be tradedwith
spacerequirementby varying ¨ .
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Figure 7.9: Simplebinarytreeor parallelloop with constant(average)granularitiesandmemoryrequire-
mentsfor eachthread.
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Figure 7.10: Nestedloopwith memoryallocationin theouterloop.
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Figure7.11: Geometricallydecreasingmemoryandrandom,non-decreasinggranularity.
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Figure7.12: Geometricallydecreasingmemoryandgranularity.

(c) G1+ M2: Decreasingmemory and random, non-decreasinggranularity

In thisexperiment,thememoryrequirementsof thethreadsweresetto decreasegeometrically(by
a factor of 2) with their depth. The threadgranularitiesareselecteduniformly at randomwith
50 units asthe expectedvalue. Figure7.11shoesthe resultsfor this case.As before,the value
of the memorythreshold̈ is effective in generatinga trade-off betweenspaceandgranularity
for algorithmDFDeques, which coversa rangeof behavior betweenthatof algorithms

ÆBÇ
and

AsyncDF.

(d) G2+M2: Geometrically decreasingmemory and granularity

Figure7.12 shows the resultswhenboth the memoryrequirementsand the averagegranularity
of the threadsdecreasesgeometrically(by a factor of 2) with the depth. Programswith such
characteristicsincludedivide-and-conqueralgorithmssuchasa recursive matrix multiply or sort
(not in-place). Onceagain,we seethatDFDequesallows granularityto be tradedwith spaceby
varying ¨ .
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7.3 Summary

In this chapter, I have describedexperimentswith implementingthe DFDequesschedulingal-
gorithm that waspresentedin Chapter6. The resultsof executingPthreads-basedbenchmarks
usingtheDFDequesschedulingalgorithmindicatethatit outperformsboththeoriginalFIFO and
AsyncDFschedulersfor finer-grainedPthreads.It’ smemoryrequirementis higherthanAsyncDF,
but lower thanpreviouswork-stealingschedulersandtheFIFO scheduler. Further, simulationre-
sultsfor executingsimplenested-parallelbenchmarksusingalgorithmDFDequesindicatethatthe
memorythresholdprovidesa trade-off betweenthespacerequirementsandtheschedulinggranu-
larity.
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Chapter 8

Conclusions

This chapterfirst summarizesthe contributionsof this dissertation,and thendescribespossible
directionsfor futureresearch.

8.1 ThesisContrib utions

(a) Schedulingalgorithms. I presentedtwo asynchronousschedulingalgorithms,AsyncDFand
DFDeques, thatprovideprovableupperboundsonthespaceandtimerequiredto executeaparallel
program.Theboundsareexpressedin termsof its total work, depth(lengthof thecritical path)
andserialspacerequirement.In particular, a programwith a serialspacerequirementof

Ç Â and
depth È canbeexecutedon ¸ processorsusing

Ç Â<Î ÉËÊG¨�Í�¸ÕÍ³È�Ì space1. Here, ¨ (thememory
threshold)is auser-adjustableruntimeparameter, whichprovidesatrade-off betweenrunningtime
andspacerequirement.I presentedandanalyzedserializedschedulersfor bothalgorithms.I also
describedhow to parallelizetheschedulers,andanalyzedthethetotalspaceandtimerequirements
includingschedulingoverheads.

(b) Runtime systems. Thisdissertationhasdescribedtheimplementationof aspecializedruntime
systemon theSGI Power ChallengeSMP, thatusesalgorithmAsyncDF to schedulelightweight
threads.I have alsoimplementedalgorithmsAsyncDF andDFDequesin the context of a com-
mercialuser-level Pthreadslibrary for Solaris-basedSMPs.Althoughthespaceandtime bounds
of bothalgorithmswereanalyzedfor purelynestedparallelprograms,theirPthreads-basedimple-
mentationsmay, in practice,beusedto executemoregeneralstylesof parallelism.Themodified
library supportsthecompletePthreadsAPI, includingsignal-handlingandblockingsynchroniza-
tion. Therefore,any Pthreadsprogramscanbenefitfrom thenew schedulingtechniques.

(c) Benchmark implementationandevaluation. I usedavarietyof benchmarkswith irregularor
dynamicparallelismon themultithreadedruntimesystemsto evaluatetheeffectivenessof thetwo
schedulingalgorithms.Thesebenchmarksincludedenseandsparsematrixmultiplies,two × -body
codes,a volumerenderingbenchmark,a high performanceFFT package,anda dataclassifier. In
contrastto theoriginalFIFOscheduler, my new schedulersallow simplercodefor thefine-grained

1For theDFDequesalgorithm,this is thespaceboundin theexpectedcase.
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benchmarksto obtainthesamehigh performanceastheir hand-partitioned,coarse-grainedcoun-
terparts.My experimentalresultsalsoindicatethatthenew schedulingalgorithmsareeffective in
reducingthememoryrequirementsof thebenchmarkscomparedto previousschedulers.

(d) Analysis of space-timetrade-offs. In both schedulingalgorithms,the memorythreshold
actsas a user-adjustableparameterproviding a tradeoff betweenspaceand time requirements.
The theoreticalanalysisin this dissertationreflectsthis tradeoff. In addition, I experimentally
demonstratethetradeoff in theexecutionof theparallelbenchmarks.For algorithmDFDeques, I
alsodemonstratethetrade-off betweenspacerequirementandschedulinggranularity.

8.2 Futur eWork

Theresearchpresentedin thisdissertationcanbeextendedin severalways.

(a) Beyond nestedparallelism. Themostobviousdirectionfor futureresearchis to extendboth
the analysisand the experimentsto benchmarksthat have a structuremore generalthat nested
parallelism.In particular, theapproachfor analyzingthespaceboundusedin thisdissertationcan
beappliedto moregeneralstylesof parallelismif awell-defined,serialschedulecanbeidentified.
If therelative threadprioritiesdeterminedby this serialschedulecanbemaintained(on-line)in a
fairly efficient manner, thenthespaceandtime requirementsof theschedulercanbeboundedby
areasonablevalue.Wehaveusedsuchanapproachto obtainaspace-andtime-efficientscheduler
for programswith synchronizationvariables[19]. This schedulercouldbeused,for example,to
provide a provably space-efficient implementationof languageswith futures[77, 95, 33,64, 80].
However, for programswith arbitrarysynchronizations(sucha locks), identifying the “natural”
serialschedulebecomesdifficult. Further, programswith suchsynchronizationsaretypically not
dag-deterministic.Therefore,the dag for eachexecutionof the programmay be significantly
different. One approachis to analyzethe spacerequirementin termsof the worst-casespace
requirementover serialschedulesfor all possibledags.However, thedagsmayvarysignificantly,
andthereforeidentifying the possibleserialschedulesis a difficult problem[143]. An alternate
approachis to simply specify the spacerequirementin termsof the serialspacerequirementof
the dagfor the particularparallelexecutionunderconsideration.Again, determiningthis space
requirementeitheroffline or by runningtheprogramseriallymaynotbepossible.

The benchmarkspresentedin this dissertation,including the Pthreads-basedcodes,arepre-
dominantlynestedparallel.They usea limited amountof locking (suchasin thetreeconstruction
phasein Barnes-Hut);in addition,thePthreadslibrary usesa moderatenumberof locksandcon-
dition variablesin its own implementation.However, sincetheschedulingalgorithmssupportthe
full Pthreadsinterface,in thefuturethey shouldbeevaluatedfor fine-grainedprogramswith more
generalstylesof parallelism.For example,it is possiblethat theschedulingalgorithmswill have
to bemodifiedto efficiently executeprogramsthatmakeanextensive useof locks.

(b) Finding the right memory thr eshold. Recall that the memory thresholds̈ is a user-
adjustableparameterthat canbe usedto adjustthe space-timetrade-off in both the scheduling
algorithms. Onedrawbackof usingthis parameteris that the usermustset it to a “reasonable”
value. This valuemay vary for differentapplications,andmay dependon theunderlyingthread
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implementation.In all my experiments,on a given multithreadedsystem,the samevalueof ¨
works well for all the testedbenchmarks.However, in practice,otherbenchmarksmay exhibit
verydifferenttrade-off curves.Futurework involveshaving thesystemautomaticallysetthevalue
of ¨ for eachprogram. For example,it could usea trace-basedschemethat runsthe program
for smallproblemsizesto learnthenatureof the trade-off curve, andusethe resultsto predicta
suitable,staticvalueof ¨ for larger, morerealisticproblemsizes.Alternatively, thesystemcould
dynamicallyadjustthe valueof ¨ asthe benchmarkruns. The valueof ¨ (andhencealsothe
numberof dummythreadsadded)would beselectedbasedon someheuristics,or if possible,in
someprovablyefficientmanner. Forboththestaticanddynamicapproaches,theusercouldspecify
somespaceandtimeconstraints(suchas,how muchspaceoverheadin additionto theserialspace
requirementcanbetolerated,or how muchslowdown over thebestpossiblecaseis acceptable).

(c)Supporting very fine-grainedthr eads. Recallthateachprocessorin theDFDequesalgorithm
treatsits dequeasa regular stack. Further, in a nested-parallelprogramwith very fine-grained
threads,thefine-grainedthreadstypically donotallocatelargeamountsof memory. Consequently,
a processorin DFDequeswould often executea large numberof threadsfrom a single deque
betweensteals.Thealgorithmshould,therefore,benefitfrom stack-basedoptimizationssuchas
lazy threadcreation[70, 111]; thesemethodsavoid allocatingresourcesfor a threadunlessit
is stolen,therebymakingmost threadcreationsnearlyascheapas function calls. Futurework
involvesusing DFDequesto executevery fine-grainedbenchmarksin the context of a runtime
systemthatsupportssuchoptimizations.

(d) Scalingbeyond SMPs. All theexperimentshave beenconductedon singleSMPwith up to
16 processors.Theuseof globally ordereddatastructuresimpliesthat theAsyncDF andDFDe-
quesschedulingalgorithmsarebettersuitedfor suchtightly-coupledparallelmachines.Further,
processorsin SMPshave hardware-coherentcachesof limited size(a few megabytes)andthey do
not supportexplicit dataplacementin thesecaches.Therefore,aslong asa thread(or scheduling
unit) executeson aprocessorlongenoughto makereasonableuseof theprocessor’s cache,which
particularprocessorit is scheduledonhaslittle impacton theoverall performance.In contrast,on
distributedmemorymachines(or software-coherentclusters),executingathreadwherethedatare-
sidesbecomesimportant.Scalingthemultithreadingimplementationsto clustersof SMPswould
thereforerequiresomemulti-level strategy. In particular, a space-efficientschedulerfrom thisdis-
sertationcouldbedeployedwithin a singleSMP, while someschemebasedon dataaffinity could
beusedacrossSMPs. It will be interestingto explorebothanalyticalandexperimentalsolutions
in this direction. At theotherendof thespectrumof hardwareplatforms,the researchpresented
in this dissertationcouldbeappliedto theschedulingof fine-grainedthreadson emerging multi-
threadedarchitectures,with thegoalof minimizingthesizeof thecachefootprint.

8.3 Summary

Conservingthespaceusageof parallelprogramsis oftenasimportantasreducingtheir running
time. I have shown that for nested-parallelprograms,space-efficient, asynchronousscheduling
techniquesresultin goodspaceandtime performancein boththeoryandpractice.For a majority
of thebenchmarks,theseschedulersresultin lower spacerequirementsthanpreviousschedulers.
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In practice,theseschedulingtechniquescanalsobeextendedto programswith non-nestedparal-
lelism,therebymakingthemapplicableto a largeclassof fine-grained,parallelapplications.

Themaingoalin developingtheprovablyspace-efficientschedulerswasto allow usersto write
high-level parallelprogramswithout manuallymappingthework ontotheprocessors,while still
beingguaranteedof goodspaceandtimeperformance.It is relatively easyto convincepeoplethat
writing parallelprogramsin a high-level parallel languageor model is simpler thanusingmore
popular, low-level paradigms.It is muchharderto convince themthat thehigh-level modelscan
alsoperformaswell; I hopethisdissertationwill bea stepin thatdirection.



Appendix A

A Tighter Bound on SpaceRequirement

In Chapter3 (Section3.3)algorithmAsyncDFwasshown to executea parallelcomputationwith
depth È andserialspacerequirement

Ç Â on ¸ processorsusing
Ç ÂRÎ ÉËÊ6¸rÍ{È�Ì space.In particular,

whenactionsthatallocatespacearerepresentedby heavy nodes,andeachheavy nodeallocates
at most ¨ space(the value of the memorythreshold),I proved that any prefix of the parallel
computationhas ÉËÊ4¸�Í+È�Ì heavy prematurenodes.Here È is the maximumnumberof actions
alongany pathin theprogramdag.Therefore,thevalueof È andthenumberof prematurenodes
(andhencethespacebound)dependson thedefinitionof anaction;recallthatanactionis a“unit”
of work thatmayallocateor deallocatespace,andrequiresa timestepto beexecuted.An action
maybeassmallasa fractionof amachineinstruction,or aslargeasseveralmachineinstructions,
dependingon thedefinitionof a timestepandtheunderlyingarchitecture.In this section,we give
a moreprecisespaceboundby specifyingthe boundin termsof a ratio of the depth È , andthe
numberof actionsbetweenconsecutiveheavy nodes.Beingaratioof two valuesspecifiedin terms
of actions,it is no longerdependenton thegranularityof anaction.

Recallthatheavy nodesmayallocatë spaceanduseit for subsequentactions,until thethread
runsoutof spaceandneedsto performanotherallocation.Thus,threadstypicallyhaveheavy nodes
followedby a largenumberof light nodes,andthenumberof allocations(heavy nodes)alongany
pathmaybemuchsmallerthanthedepthof thecomputation.We definethegranularity g of the
computationto betheminimumnumberof actions(nodes)betweentwo consecutive heavy nodes
onany pathin theprogramdag,thatis, theminimumnumberof actionsexecutednon-preemptively
by a threadevery time it is scheduled.Thegranularityof a computation,asdefinedhere,depends
on the value of the memorythreshold ¨ . In this section,we prove that the numberof heavy
prematurenodesis ÉËÊ4¸ÕÍ�È�ºw·eÌ , andtherefore,theparallelspacerequirementis

Ç ÂØÎ ÉËÊ6¸�Í�ÈÕº�·eÌ .
Lemma A.1 Let Ù be a dag with

Æ
nodes,depth È and granularity · , in which every node

allocatesat most ¨ space. Let Ú Â be the1DF-schedulefor Ù , and ÚwÛ theparallel schedulefor Ù
executedby theAsyncDFalgorithmon ¸ processors.Thenthenumberof heavypremature nodes
in anyprefixof Ú(Û with respectto thecorrespondingprefixof Ú Â is ÉiÊ4¸ÕÍ�È�ºw·eÌ .
Proof: Theproof is similar to theproof for Lemma3.2.Consideranarbitraryprefix Ü Û of Ú Û , and
let Ü Â bethecorrespondingprefixof Ú Â . As with Lemma3.2,wepick apath Ý from theroot to the
lastnon-prematurenode Þ to beexecutedin ÜxÛ , suchthat for every edge ÊÒßRàTß1áâÌ alongthepath, ß
is thelastparentof ß+á to beexecuted.Let ß ® bethe ­?ã4ä heavynodealong Ý ; let å bethenumberof
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heavy nodeson Ý . Let æ ® bethetimestepin which ß ® getsexecuted;let æ�çÒè Â bethelasttimestepinÜxÛ . For ­éÐB¾$à)ê)ê)êRà&å , let ë ® betheinterval ì�æ ®1Î ¾$à)ê)ê)êRà�æ ® è ÂTí .
Considerany Interval ë ® , for ­#Ð ¾�à(ê)ê)êRàTårÄ:¾ . Let î ® be the numberof nodesbetweenß ®

and ß ® è Â . Sinceall thesenodesarelight nodes,they getexecutedat timestepsæ ®eÎ ¾�à)ê(ê)êRà�æ ®dÎ î ® .
During thesetimesteps,the other ¸�ÄB¾ worker processorsmay executeheavy nodes;however,
for eachheavy node,they mustexecuteat least Êï·ðÄ:¾�Ì light nodes. Therefore,eachof these
workerprocessorsmayexecuteat most ñ8î ® ºw·óò heavy prematurenodesduringthefirst î ® timesteps
of interval ë ® . At theendof timestepæ ®wÎ î ® , theremaybeatmosţ nodesin ôöõ?÷ ã . Beforethethreadø containingß ® is insertedinto ô ®úù , atmostanotherÉËÊ6¸eÌ heavy prematurenodesmaybeaddedtoô�õ8÷ ã . Further, Ê6¸�Äû¾{Ì heavy prematurenodesmayexecutealongwith ß ® è Â . Hence ÉËÊ6¸dÌöüBýþÍ(¸
heavy prematurenodes(for someconstantý ) maybeexecutedbeforeor with ß ® è Â after timestepæ ®³Î î ® . Thus,a totalof Ê�Ê4¸ÿÄ�¾{Ì Í+ñïî ® ºw·óò Î ý Ío¸eÌ heavy prematurenodesgetexecutedin theintervalë ® . Similarly, we canboundthenumberof heavy prematurenodesexecutedin the last interval ë�ç
to Ê�Ê6¸�ÄW¾{Ì Í�ñïî ç&º�·óò Î ý�ÍT¸dÌ .

Becausethereare å � ÈÕº�· suchintervals,andsince � ç®��dÂ î ® � È , thetotal numberof heavy
prematurenodesexecutedover all the å intervalsis at mostç� ®��dÂ � Ê6¸�Ä¡¾�Ì<Í�� î ®·
	 Î ý�Í�¸��� ç� ®��dÂ Ê6¸�Í³Êlî ® ºw· Î ¾{Ì Î ýÏÍ�¸dÌ� Êlý Î ¾{Ì ¸ÕÍ�È�ºw· Î ¸dº�·�Í ç� ®��dÂ î ®Ð ÉËÊ6¸�Í�ÈÕº�·eÌ

Similarly, we canprove that the schedulingqueuesrequire ÉiÊ4¸ Í1È�ºw·eÌ space;therefore,the
computationrequiresa totalof

Ç Â Î ÉËÊ4¸ÕÍ�È�ºw·eÌ spaceto executeon ¸ processors.
Now considera computationin which individual nodesallocategreaterthan ¨ space.Let · Â

betheoriginal granularityof thedag(by simply treatingthenodesthatperformlargeallocations
asheavy nodes).Now thegranularityof this dagmaychangewhenwe adddummynodesbefore
large allocations.Let ·�
 be the numberof actionsassociatedwith the creationandexecutionof
eachof thedummythreadsthatwe addto thedag.Thenthegranularityof thetransformeddagis·YÐ������eÊï· Â àG·�
wÌ . Thespaceboundusingthe parallelizedschedulercanbesimilarly modifiedtoÇ Â Î ÉËÊGÈ\ÍT¸�Í������ ¸eºw·eÌ .

Besidesmakingthespaceboundindependentof thedefinitionof anaction,thismodifiedbound
issignificantlylowerthantheoriginalboundfor programswith highgranularity· , thatis,programs
thatperforma largenumberof actionsbetweenallocations,forksor synchronizations.
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Analysisof the Parallelized Schedulerfor
AsyncDF

In this section,we prove the spaceand time boundsfor a parallel computationexecutedusing
theparallelizedschedulerfor algorithmAsyncDF, asstatedin Section3.4 (Theorem3.8). These
boundsincludethespaceandtime overheadsof thescheduler. We first definea classof dagsthat
aremoregeneralthanthedagsusedto representparallelcomputationsso far. This classof dags
will beusedto representthecomputationthat is executedby theparallelizedscheduler. We then
usethis classof dagsto prove the time andspaceboundsof the parallelcomputationincluding
scheduleroverheads.

B.1 Latency-weighteddags

We extend the definition of a programdag (as definedin Section2.1.2) by allowing nonnega-
tive weightson the edges;we call this new daga latency-weighteddag. Let Ù Ð^Ê�� à��iÌ be a
latency-weighteddagrepresentinga parallelcomputation.Eachedge ÊlßRàTÞ1Ì �!� hasa nonneg-
ative weight îoÊlßRàTÞ1Ì which representsthe latencybetweentheactionsof thenodesß and Þ . The
latency-weightedlength of a pathin Ù is the sumof the total numberof nodesin the path ¸óî?ßeÚ
thesumof the latencieson theedgesalongthepath. We definelatency-weighteddepth È " of Ù
to be the maximumover the latency-weightedlengthsof all pathsin Ù . Sinceall latenciesare
nonnegative, È "$#:È . Thedagdescribedin Section2.1.2is a specialcaseof a latency-weighted
dagin which the latencieson all theedgesarezero. We will usenon-zerolatenciesto modelthe
delayscausedby theparallelizedscheduler.

Let æ&%TÊlÞ1Ì be the timestepin which a node Þ'�(� getsexecuted.Then Þ becomesreadyat a
timestep­ � æ&%�ÊÒÞ+Ì suchthat ­ØÐ)�+*-, ¯ ÷�. / ´1032 Ê8æ4%TÊÒß Ì Î îGÊÒß à&Þ+Ì Î ¾�Ì . Thus,a ¸ -schedule� Â à�� 
 à)ê)ê)êRà���5
for a latency-weighteddagmustobey the latencieson the edges,that is, 6 ÊÒß à&Þ+Ì7�8� àeß!���:9
and Þ+�;� ®$< ­�¼>= Î îGÊÒß à&Þ+Ì . We cannow boundthetime requiredto executea greedyschedule
for latency-weighteddags;thisproofusesanapproachsimilarto thatusedby [26] for dagswithout
latencies.

Lemma B.1 Givena latency-weightedcomputationgraph Ù with
Æ

nodesandlatency-weighted
depth È " , anygreedy̧ -scheduleof Ù will require at most

Æ º&¸ Î È " timesteps.

117
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Proof: We transformÙ into a dag Ù á without latenciesby replacingeachedgeÊÒßRàTÞ+Ì with a chain
of îGÊÒß à&Þ+Ì delaynodes. The delay nodesdo not representreal work, but requirea timestepto
be executed. Any delaynodethat becomesreadyat the endof timestepæÏÄ ¾ is automatically
executedin timestepæ , thatis, aprocessoris notnecessaryto executeit. Therefore,replacingeach
edge ÊÒßRàTÞ+Ì with îGÊÒß à&Þ+Ì delaynodesimposesthe requiredconditionthat Þ becomesready îGÊÒß à&Þ+Ì
timestepsafter ß is executed.Thedepthof Ù.á is È " .

Considerany greedy̧ -scheduleÚwÛÏÐ\Ê�� Â à)ê(ê)êRà���5�Ì of Ù . ÚwÛ canbeconvertedto a scheduleÚ)áÛÐÓÊ���áÂ à)ê)ê(êRà���á5 Ì of Ù á by adding(executing)delaynodesto thescheduleassoonasthey become
ready. Thus,for ­.Ð ¾�à)ê(ê)êRà@? , ��á® maycontainat most ¸ realnodes(i.e., nodesfrom Ù ), andan
arbitrarynumberof delaynodes,becausedelaynodesdo not requireprocessorsto be executed.
A real nodein Ú)áÛ becomesreadyat the sametimestepas it doesin Ú(Û , sincedelaynodesnow
representthe latencieson theedges.Therefore,Ú)áÛ is alsoa “greedy” ¸ -schedulefor Ù á , that is, at
a timestepwhen « realnodesareready, �����eÊÒ«Øàl¸eÌ of themgetexecuted,andall delaynodesready
in thattimestepgetexecuted.

Wecannow provethatany greedy̧ -scheduleÚ)áÛ of Ù á will requireatmost
Æ º&¸ Î È " timesteps

to execute. Let Ù á® denotethe subgraphof Ù.á containingnodesthat have not yet beenexecuted
at the beginning of timestep­ ; then Ù á Â Ð½Ù.á . Let « ® be the numberof real nodesexecutedin
timestep­ ; therefore« ® � ¸ . If « ® Ð ¸ , therecanbeat most

Æ ºT¸ suchtimesteps,becausethere
are
Æ

realnodesin thegraph.If « ® üA¸ , considerthesetof nodesA ® thatarereadyatthebeginning
of timestep­ , that is, the setof root nodesin Ù á® . Sincethis is a greedyschedule,thereareless
thaņ realnodesin A ® . Henceall therealnodesin A ® getexecutedin timestep­ . In addition,all the
delaynodesin A ® getexecutedin this step,becausethey areready, anddo not requireprocessors.
Sinceall thenodesin A ® have beenexecuted,thedepthof Ù á® è Â is onelessthanthedepthof Ù á® .
BecauseÈ " is thedepthof Ù á Â , thereareat most È " suchtimesteps.Thus, Ú áÛ (andhenceÚ Û ) can
requireatmost

Æ ºT¸ Î È " timestepsto execute.

Representingthe parallel executionasa latency-weighteddag

This sectiondescribeshow thecomputationexecutedby theparallelizedschedulercanberepre-
sentedasa latency-weighteddag,andthenprovespropertiesof suchadag.

As in Section3.3.2,we call the first nodein eachbatchof a threada heavy node,and the
remainingnodeslight nodes.With theparallelizedscheduler, we considera thread(or its leading
heavy node Þ ) to becomereadywhenall theparentsof Þ have beenexecuted,and thescheduler
hasmadeÞ availablefor scheduling.Sincethismayrequireaschedulingiterationaftertheparents
of Þ have beenexecutedand insertedinto ô ®úù , the cost of this iteration imposeslatencieson
edgesinto Þ , resultingin a latency-weighteddag. We cannow characterizethe latency-weighted
daggeneratedby the parallelizedscheduler. Theconstant-timeaccessesto the queuesô�õ?÷ ã andô ®úù arerepresentedasadditionalactionsin this dag,while the costof the schedulingiterations
are representedby the latency-weightededges. As with the analysisof the serial schedulerin
Section3.3,we assumefor now thateveryactionallocatesat most ¨ space(where ¨ is theuser-
specified,constantmemorythreshold),anddealwith largerallocationslater.

Lemma B.2 Considera parallel computationwith work
Æ

anddepth È , in which everyaction
allocatesat most ¨ space. Usingtheparallelizedschedulerwith Bd¸ processorsactingassched-



B.2. TIME BOUND 119

ulers,theremainingÊu¾ØÄCB<Ì ¸ workerprocessorsexecutea latency-weighteddagwith ÉËÊ Æ Ì work,ÉËÊGÈ�Ì depth,anda latency-weighteddepthof ÉËÊ-DE Û ÎGF$H IKJML ÛE Ì . Further, after the last parent of a
nodein thedagis executed,at mostoneiteration maycompletebefore thenodebecomesready.

Proof: Let Ù be the resultingdagexecutedby the workerprocessors.Eachthreadis executed
non-preemptively aslong asit doesnot terminateor suspend,anddoesnot needto allocatemore
thana net of ¨ units of memory. Eachtime a threadis scheduledandthenpreemptedor sus-
pended,a processorperformstwo constant-timeaccessesto thequeuesô�õ8÷ ã and ô ®Mù . As shown
in Figure B.1, we representtheseaccessesas a seriesof a constantnumberof actions(nodes)
addedto the thread;thesenodesareaddedboth beforea heavy node(to model the delaywhile
accessingô õ8÷ ã ) andaftertheseriesof light nodesthatfollow theheavy node(to modelthedelay
while accessingô ®Mù ). We will now considerthefirst of theseaddednodesto betheheavy node,
insteadof therealheavy nodethatallocatesspace;this givesusa conservativeboundon thespace
requirementof theparallelcomputation,becausewe areassumingthatthememoryallocationhas
movedto anearliertime. A threadexecutesat leastoneactionfrom theoriginalcomputationevery
time it is scheduled.Sincetheoriginalcomputationhas

Æ
nodes,thetotalwork performedby the

workerprocessorsis ÉËÊ Æ Ì , thatis, theresultingdaghasÉËÊ Æ Ì work; similarly, its depthis ÉËÊoÈÕÌ .
Next, weshow thatatmostoneschedulingiterationbeginsorcompletesafteranodeisexecuted

andbeforeits child becomesready. Considerany threadø in Ù , andlet Þ bea nodein thethread.
Let æ bethetimestepin which thelastparentß of Þ is completed.If Þ is a light node,it is executed
in thenext timestep.Else,thethreadcontainingß is placedin ô ®Mù at timestepæ . (Recallthatwe
have alreadyaddednodessuchas ß to representtheaccessoverheadfor ô ®Mù .) In theworstcase,
a schedulingiterationmaybe in progress.However, thenext schedulingiterationmustfind ß inô ®úù ; thisschedulingiterationmoves ß to N andmakesÞ readyto bescheduledbeforetheiteration
completes.

Finally, we show that Ù hasa latency-weighteddepthof ÉiÊ DE Û Î F$H IKJML ÛE Ì . Considerany path
in Ù . Let î beits length.For any edgeO ÐBÊlßRàTÞ1Ì alongthepath,if ß is thelastparentof Þ , we just
showedthat Þ becomesreadyby theendof at mosttwo schedulingiterationsafter ß is executed.
Thereforethelatency îGÊÒß à&Þ+Ì is at mostthedurationof these2 schedulingiterations.Let « and «eá
be the numberof deadthreadsdeletedby thesetwo schedulingiterations,respectively. Then,
usingLemma3.7, îoÊlßRàTÞ1ÌÏÐ ÉËÊ ùE Û Î ù3PE Û ÎQIKJ�L ÛE Ì . Becauseeachthreadis deletedby thescheduler
at mostonce,a total of ÉËÊ Æ Ì deletionstakeplace. Sinceany path in Ù has ÉËÊGÈ�Ì edges,the
latency weighteddepthof thepathis ÉËÊGÈ�Ì plus thesumof the latencieson ÉËÊGÈ�Ì edges,which
is ÉiÊ-DE Û ÎRF$H IKJML ÛE Ì .
Theschedulegeneratedby theparallelizedschedulerfor the latency-weighteddagis a Êu¾�ÄSB<Ì ¸ -
schedule,becauseit is executedon Ê�¾ Ä>B<Ì ¸ workerprocessors.

B.2 Time Bound

Wecannow boundthetotal runningtimeof theresultingschedule,includingscheduleroverheads.

Lemma B.3 Considera parallel computationwith depth È andwork
Æ

. For any T¢üUBBü ¾ ,
when Be¸ of the processorsare dedicatedto executeas schedulers,while the remainingact as
workerprocessors,theparallel computationis executedin ÉËÊ DE ¯6Âo² E ´ Û ÎVF$H IKJ�L ÛE Ì time.
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FigureB.1: (a)A portionof theoriginalcomputationdag,and(b) thecorrespondingportionof thelatency-
weighteddagasexecutedby theparallelizedscheduler. This portion is thesequenceof nodesin a thread
executednon-preemptively on a processor, andthereforeconsistsof a heavy nodefollowedby a seriesof
light nodes.Thedagexecutedby theparallelizedschedulerhaslatenciesZ Â and Z 
 imposedby scheduling
iterations(shown asboldedgeshere),while theadditionalgrey nodesrepresenttheconstantdelayto access[ ®Mù and

[ õ?÷ ã . We considerthefirst of thesegrey nodesto bea heavy node,insteadof theoriginal heavy
nodethatperformstherealallocation.

Proof: Let Ù bethedagexecutedby theparallelizedschedulerfor thiscomputation.Wewill show
that the generatedscheduleÚwÛ of Ù is a greedyschedule,with ÉËÊ Æ º&¸dÌ additionaltimestepsin
whichtheworkerprocessorsmaybeidle. Considerany schedulingiteration.Let æ ® bethetimestep
atwhichthe ­?ã4ä schedulingiterationends.After threadsareinsertedinto ôöõ?÷ ã by the ­?ã4ä scheduling
iteration,therearetwo possibilities:

1. \ ô�õ?÷ ã \ üA¸�Í]����� ¸ . This impliesthatall thereadythreadsarein ôöõ?÷ ã , andnothreadsbecome
readyuntil the end of the next schedulingiteration. Therefore,at every timestep= such
that æ ® ü^= � æ ® è Â , if ¹_9 processorsbecomeidle and `]9 threadsare ready, �����eÊÒ¹_9)àa`]9�Ì
threadsarescheduledontheprocessors.(Recallthatwehavealreadyaddednodesto thedagÙ to modeltheoverheadsof accessingô ®úù and ô�õ?÷ ã .)

2. \ ô õ?÷ ã \RÐB¸�Í������ ¸ . Since Ê�¾�Ä)BéÌ ¸ workerprocessorswill requireat least IKJML Û¯6Âo² E ´ timesteps

to executȩb����� ¸ actions,noneof theworkerprocessorswill beidle for thefirst IKJML Û¯4ÂG² E ´ steps

after æ ® . However, if the Êl­ Î ¾{Ìlã4ä schedulingiteration,which is currentlyexecuting,hasto
delete « ® è Â deadthreads,it may executefor ÉËÊ ù3ced�fE Û ÎQIKJML ÛE Ì timesteps(usingLemma3.7).

Thus,in theworstcase,theprocessorswill bebusyfor IKJML Û¯6Âo² E ´ stepsandthenremainidle for

anotherÉËÊ ù3cgd�fE Û Î>IKJML ÛE Ì steps,until thenext schedulingiterationends.Wecall suchtimesteps

idling timesteps.Of the ÉËÊ ù3cgd�fE Û ÎhIKJML ÛE Ì idling steps,iËÊ IKJ�L ÛE Ì stepsarewithin a factor ofj ¯4ÂG² E ´E of thepreceding IKJML Û¯4ÂG² E ´ stepswhenall workerprocessorswerebusy(for someconstantý ); therefore,they canaddup to ÉiÊ3D Û Í ¯4Âo² E ´E Ì ÐBÉËÊ-DE Û Ì . In addition,becauseeachthreadis
deletedonly once,at most

Æ
threadscanbedeleted.Therefore,if the Êl­ Î ¾�Ì ã4ä scheduling

iterationresultsin an additional ÉËÊ ù3cgd�fE Û Ì idle steps,they addup to ÉËÊ-DE Û Ì idle stepsover

all the schedulingiterations. Therefore,a total of ÉËÊ-DE Û Ì idling stepscan result due the
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scheduler.

All timestepsbesidesthe idling stepscausedby the schedulerobey the conditionsrequiredto
makeit a greedy Êu¾ÕÄkB<Ì ¸ -schedule,and thereforeadd up to ÉËÊlD¯6Âo² E ´ Û Î DE Û ÎmFnIKJML ÛE Ì (using

LemmasB.1 andB.2). Along with theadditional ÉiÊ-DE Û Ì idling steps,theschedulerequiresa total

of ÉËÊ DE ¯4Âo² E ´ Û Î F$H IKJML ÛE Ì timesteps.

BecauseB is a constant,that is, a constantfractionof theprocessorsarededicatedto thetaskof
scheduling,therunningtimereducesto ÉËÊ Æ ºT¸ Î Èo����� ¸eÌ ; herȩ is thetotalnumberof processors,
includingboththeschedulersandtheworkers.

B.3 Spacebound

We now show thatthetotal spacerequirementof theparallelscheduleexceedstheserialschedule
by ÉËÊGÈ:ÍT¸�Í-����� ¸eÌ . We first boundthenumberof prematurenodesthatmayexist in any prefix of
the parallelschedule,andthenboundthe spacerequiredto storethreadsin the threescheduling
queues.

From LemmaB.2, we know that for a parallel computationwith depth È , the parallelized
schedulerexecutesadagof depthiËÊoÈÕÌ . Therefore,usinganapproachsimilarto thatof Lemma3.2,
we canprove thefollowing boundfor theparallelizedscheduler.

Lemma B.4 For a parallel computationwith depth È executingon ¸ processors,thenumberof
premature nodesin anyprefixof theschedulegeneratedby theparallelizedscheduleris ÉËÊoÈ:ÍT¸�Í���p� ¸dÌ .
Proof: The approachusedin the proof is similar to that of Lemma3.2. Let Ù be the latency-
weighteddagrepresentingtheexecutedcomputation;accordingto LemmaB.2, Ù hasa depthofiËÊGÈ�Ì . Let ÜxÛ beany prefixof theparallelscheduleÚ(Û generatedby theparallelizedscheduler, and
let Ü Â bethecorrespondingserialprefix, thatis, thelongestprefixof the1DF-schedulecontaining
only nodesin ÜóÛ .

Let Þ beany oneof the lastnon-prematurenodesexecutedin ÜxÛ . Let Ý be thepathfrom the
root to Þ suchthat,for everyedgeÊlßRàTß á Ì alongthepath, ß is thelastparent(or any oneof thelast
parents)of ß1á to beexecuted.Let ß ® bethenodealong Ý at depth­ . Then ß Â is therootnode,andßeçÿÐ Þ , where å is thedepthof node Þ . For ­.Ð ¾$à)ê)ê)êRà&å , let æ ® bethe timestepin which ß ® gets
executed.Let æMqrÐhT andlet æ�çÒè Â be the last timestepin which nodesfrom ÜxÛ areexecuted.For­.ÐhTÔà)ê)ê)êRàTå , let ë ® be the interval ì�æ ®>Î ¾$à)ê)ê)êRà�æ ® è Â�í . Thenthe intervals ë@q�à)ê(ê)ê�àwë�ç cover all the
timestepsin which thenodesin ÜxÛ areexecuted.

During interval ë q , only the root node ß Â is ready, andtherefore,no prematurenodesareex-
ecutedduring ë q . Considerany interval ë ® , for ­ÿÐ�¾�à(ê)ê)êRàTåiÄ�¾ . We will boundthenumberof
heavy prematurenodesexecutedin this interval. By theendof timestepæ ® , thelastparentof ß ® è Â
hasbeenexecuted.Therefore,if ß ® è Â is a light node,it will beexecutedin thenext timestep,and
theremainingworkerprocessorsmayexecuteanotherÊu¾.ÄrBéÌ ¸�Ä�¾ heavy prematurenodeswith
it, thatis, atmost Ê�¾ÏÄ>B<Ì ¸�ÄW¾ heavy prematuregetexecutedin interval ë ® .

Considerthecasewhen ß ® è Â is a heavy node.Dueto latencieson theedges,ß ® è Â maynot be
readyin timestepæ ®�Î ¾ . At thestartof thistimestepæ ®wÎ ¾ , ô�õ8÷ ã maycontainatmosţ�Ís����� ¸ nodes,
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all of which maybeheavy prematurenodesandwill beexecutedin theinterval ë ® . Let æMt�¼ûæ ® be
thetimestepin which ß ® è Â becomesready. By LemmaB.2, at mostoneschedulingiterationmay
completeafter æ ® andbeforeæMt . This iterationmayaddatmost ¸rÍ������ ¸ heavy nodesto ôöõ?÷ ã ; all of
thesenodesmaybeprematurein theworstcase,andwill beexecutedin interval ë ® . TimestepæMt
onwards,ß ® è Â mustbeaddedto ô�õ?÷ ã beforeany prematurenodes,sinceit hasalower1DF-number.
When ß ® è Â is takenoff ô�õ?÷ ã andexecuted(at timestepæ ® è Â ) by a workerprocessor, theremainingÊ�¾rÄkB<Ì ¸¢Ä ¾ worker processorsmay pick prematurenodesfrom ô�õ?÷ ã to executein the same
timestep.

Therefore,a total of at most ÉËÊ4¸AÍu���p�Ø¸eÌ heavy prematurenodesmay get executedin any
interval ë ® , for ­�Ð ¾�à(ê)ê)êRàTå�Ä:¾ . Similarly, becauseßeç is the last non-prematurenodeto be
executedin ÜóÛ , at mostanother ¬�¸�Ív���p� ¸ heavy prematurenodesmay get executedduring the
interval ë�ç following its execution. Therefore,since å�Ð½ÉiÊoÈÕÌ , summingover all the intervalsë@q(à)ê)ê)êRàwë�ç , atmost Ê6¸ÏÍw����� ¸ÏÍ�È�Ì heavy prematurenodesmaybescheduledin any prefixof ÚwÛ .
Lemma B.5 Thetotal spacerequired for storing threadsin ô ®Mù , ôöõ?÷ ã , and N while executinga
parallel computationof depth È on ¸ processorsis ÉËÊGÈ Í�¸�Í������ ¸eÌ .
Proof: ôöõ?÷ ã may hold at most ¸ Í����p�Ø¸ threadsat any time. Similarly, ô ®Mù may hold at most¬w¸�Í����p� ¸ Î Ê�¾ÏÄ>B<Ì ¸ threads,which is themaximumnumberof active threads.Eachthreadcan
berepresentedusinga constantamountof space.Thereforethespacerequiredfor ô ®Mù and ôöõ?÷ ã
is ÉiÊ4¸ÕÍ������ ¸dÌ .

We now boundthe spacerequiredfor N , alongwith the spacerequiredto storesuspended
threads. We will usethe limit on the numberof non-prematurenodesin the any prefix of the
parallelschedule(LemmaB.4) to derive thisbound.Recallthat N consistsof readythreads,stubs
for live threads,anddeadthreads. At any timestep,the numberof suspendedthreadsplus the
numberof readythreadsandstubsin N equalsthenumberof active threadsin thesystem.Let us
call a threada prematurethreadat timestep= if at leastoneof its heavy nodesthatwasexecuted
or put on ô�õ?÷ ã is prematurein the = -prefix ÜxÛ of theparallelschedule.Thetotal numberof active
threadsatany timestepis atmostthenumberof prematurethreads,plusthenumberof stubs(which
is ÉiÊ4¸ÕÍ������ ¸dÌ ), plusthenumberof active threadsthatarenotpremature(which is boundedby the
maximumnumberof active threadsin the 1DF-schedule). A 1DF-schedulemayhave at most È
activethreadsatany timestep.Further, thenumberof prematurethreadsatany timestepæ is atmost
thenumberof prematurenodesin the æ -prefix of the schedule,which is at most ÉiÊ4¸�Í����p�Ø¸�ÍxÈ�Ì
(usingLemmaB.4). Therefore,thetotalnumberof active threads(includingsuspendedthreads)at
any timestepis atmost ÉËÊ6¸�Í������ ¸rÍ�ÈÕÌ .

Theschedulerperformslazy deletionsof deadthreads;therefore,thenumberof deadthreads
in N mustalsobe counted.Let x ® be the ­ ã4ä schedulingiterationthat movesat leastonethread
to ô õ8÷ ã (i.e., y õ # ¾ in Figure3.5 for suchan iteration). Considerany suchiteration x ® . Recall
that this iterationmustdeletesat leastall the deadthreadsup to thesecondreadyor seedthread
in N (step3 in Figure3.5). We will show thatafterschedulingiteration x ® performsdeletions,all
remainingdeadthreadsin N mustbeprematurethreadsat thattimestep.Let ? Â and ?z
 bethefirst
two ready(or seed)threadsin N . Sincetheschedulerdeletesall deadthreadsup to ? 
 , therecan
beno moredeadthreadsto theimmediateright of ? Â thatmayhada higherpriority than ? Â , that
is, ? Â now hasahigherpriority thanall thedeadthreadsin N . Sinceall theremainingdeadthreads
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havebeenexecutedbefore? Â , they mustbepremature.Therefore,all deadthreadsin N at theend
of schedulingiteration x ® mustbepremature,andarethereforeÉËÊ6¸�Í-���p�Ø¸�ÍQÈ�Ì in number(using
LemmaB.4). Theschedulingiterationsbetweenx ® and x ® è Â donotmove any threadsto ôöõ?÷ ã , and
thereforedo not createany new entriesin R. They may, however, markexisting active threadsas
dead.Thusthenumberof deadthreadsin N may increase,but the total numberof threadsin N
remainsthesame.Schedulingiteration x ® è Â mustdeleteall deadthreadsup to thesecondready
threadin N . Therefore,beforeit createsany new threads,the iterationreducesthe numberof
deadthreadsbackto ÉËÊ6¸�Í-���p�Ø¸�Í³ÈÕÌ . Thusat any time, thetotal spacerequiredfor N andfor the
suspendedthreads,is ÉËÊ4¸�Í������<¸rÍ�È�Ì .

Sinceevery prematurenodemay allocateat most ¨ space,we cannow statethe following
spaceboundusingLemmasB.4 andB.5.

Lemma B.6 A parallel computationwith work
Æ

anddepth È , in which everynodeallocatesat
most ¨ space,and which requires

Ç Â spaceto executeon oneprocessor, can be executedon ¸
processorsin

Ç Â<Î ÉËÊG¨�ÍxÈ:Í)¸�Í-���p�<¸dÌ space(includingschedulerspace)usingtheparallelized
scheduler.

As in Section3.3.2,allocationslargerthan ¨ unitsarehandledby delayingtheallocationwith
paralleldummythreads.If

Çz{
is thetotal spaceallocated,thenumberof dummynodesaddedis at

most
Çz{ º$¨ , andthedepthis increasedby aconstantfactor. Thus,usingtheparallelizedscheduler,

thefinal timeboundof ÉËÊ Æ ºT¸ Î Çz{ º&¸d¨ Î ÈAÍ|����� ¸dÌ andthespaceboundof
Ç Â$Î ÉËÊG¨WÍlÈ Í±¸ Í|�����Ï¸eÌ

follow, asstatedin Theorem3.8.Theseboundsincludethescheduleroverheads.
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Appendix C

Algorithms to AccessQueues }�~ and � �S�
FiguresC.1 andC.2 presentthealgorithmsfor theworkerprocessorsandtheschedulerthreadof
algorithmAsyncDF(asshown in Figure3.2)to accessto thequeuesô ®Mù and ô�õ8÷ ã . Thealgorithms
shown herearedesignedfor theserialscheduler;thus,only oneprocessorat a time accessesô ®Mù
and ô�õ8÷ ã asthescheduler. In contrast,multiple processorsmayconcurrentlyaccessô ®Mù and ôöõ?÷ ã
asworkers.Thealgorithmscanbeextendedfor theparallelizedschedulerdescribedin Section3.4.

Accordingto Lemma3.5, neitherof the two queuescanhave morethan ��¸ threads(̧ is the
totalnumberof processors).Therefore,both ô ®Mù and ôöõ?÷ ã canbeimplementedasarraysof length� Ð��w¸ thatwrap around. Threadsareaddedto the tail andremoved from the head. The head
index � andthetail index ? increasemonotonically, andthecurrentlocationsof theheadandtail
areaccessedusingmodulo

�
arithmetic. Thealgorithmsassumethatvaluesof indices � and ?

donotoverflow.
Someoperationsmaygetarbitrarily delayedon any processor(e.g., dueto externalinterrup-

tions). Therefore,to ensurecorrectness,I introduceauxiliary bit arraysfull ®Mù andfull õ?÷ ã , andan
arraynext readerof index values.Theseauxiliary arraysareeachof length

�
. Thebit in the ­?ã4ä

locationof full ®Mù (or full õ8÷ ã ) is setwhenthe ­?ã4ä locationof the correspondingqueuecontainsa
thread. The ­ ã4ä locationof the next readerarraycontainsthe value � ® of the headindex � for
which a workermaynext reada threadfrom the ­ ã4ä locationof ô õ?÷ ã ; accordingto thealgorithm
in FigureC.1, � ®�� ­rÊs����� � Ì . Thealgorithmassumesthat readsandwritesto eachelementof
next readerareatomic.

Theauxiliary bit arraysarerequiredto provide synchronizationbetweentheworkersandthe
scheduler. For example,in FigureC.1,insteadof usingthefull õ?÷ ã array, supposetheworkerswere
to simplyusefetch-and-add() modulo

�
to obtainanindex into ô�õ?÷ ã , andthenreada threadfrom

thecorrespondinglocationof ôöõ?÷ ã . In thiscase,aworkermayreadathreadfrom a locationbefore
theschedulerhaswrittena threadto it, resultingin incorrectbehavior. Similarly, beforewriting a
threadto ôöõ?÷ ã , theschedulermustcheckthevalueof thecorrespondingbit in full õ?÷ ã to ensurethat
thelocationin ô�õ8÷ ã is now empty. Thenext readerarrayis usedto ordertheaccessesby workers
while readingô�õ?÷ ã . Without this array, two (or more)workersmayendup readingfrom thesame
locationin ô�õ?÷ ã . This canhappenif oneworkerobtainsan index andis delayedbeforeit reads
the correspondingthreadfrom ôöõ?÷ ã , while anotherworker subsequentlyobtainsthe sameindex
(modulo

�
) into ô�õ?÷ ã .

Algorithm AsyncDF inherentlyensuresthat,irrespective of how long a workeror a scheduler
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maygetdelayed,therecanneverbemorethan �w¸ threadsin (or beinginsertedinto) ô ®Mù . Thus,the
functionsdefinedin FigureC.2ensurethattheschedulermustreadthethreadwrittenby a worker
from a given locationin ô ®úù beforeanotherworkerattemptsto write to thesamelocation(when
the tail wrapsaround). Therefore,the algorithmfor the worker in FigureC.2 doesnot require
checkingthecontentsof anauxiliaryarray.

At thestartof theexecution,all thelocationsin thefull ®úù andfull õ?÷ ã arraysaresetto FALSE ;� is initializedto T and ? is initializedto ÄË¾ . The ­?ã4ä elementof thenext readerarrayis initialized
to ­ .

Worker Scheduler

To deletea threadfrom
[��s�@�

:

begin
[��s�@�

-removal�
:= fetch-and-add( � , 1);

while � next reader� �����p� ���
 ¡ ��¢ ;
while (full

�s�@� � � �£������� = FALSE ) ;
readthreadat ¤ �s�@� � ���£��� ��� ;
full
�s�@� � � �£������� := FALSE ;

next reader� �¥�£�p�¥��� := �§¦¨� ;
end ¤ �s�@� -removal

To insert © threadsinto ¤ �s�@� :
begin ¤ �ª�@� -insertion«

:= ¬ ;¬ := ¬ ¦ © ;
for ­¯® ¡)°²±´³´³�³:± © :

while (full
�s�@� ��� « ¦ ­ ¢¯�£�p�¥��� ¡ TRUE ) ;

write threadat ¤ �s�@� ��� « ¦ ­ ¢¯�£��� ��� ;
full
�s�@� ��� « ¦ ­ ¢¯�£�p�¥��� := TRUE ;

end ¤ �ª�@� -insertion

Figure C.1 : Functionsto accessqueues¤ �ª�@� . Thenext readerarrayis usedto orderthereadsby multiple
workersfrom any givenlocationin ¤ �ª�@� .
Time analysis. Theabovealgorithmsto accessµ �s�@� and µ�¶¸· workcorrectlywithoutassumingany
boundon thetimerequiredfor thevariousoperations.However, to boundthetime for eachqueue
access(whichis requiredto analyzethetotalrunningtimeandspacerequirement),wenow assume
thecostmodeldescribedin Section3.3.1.Wealsoassumethatreadsandwritestakeconstanttime.
Becauseeachprocessorcannow executea fetch-and-addoperationin constanttime, the worker
processorscanadda threadto µ ¶¸· in constanttime. Further, whenthereareasufficientnumberof
threadsin µ �s�@� , a workercanremove a threadfrom it in constanttime. Thus,at any timestep,ifµ �ª�@� has¹ threads,and º ¶ workerprocessorsareidle, then »�¼�½¿¾À¹ÂÁwº ¶wÃ of the º ¶ idle processorsare
guaranteedto succeedin pickinga threadfrom µ �s�@� within a constantnumberof timesteps.
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Worker Scheduler

To inserta threadinto ¤ ¶¸· :
begin ¤ ¶¸· -insertion«

:= fetch-and-add( ¬ , 1);«
:=
« ¦ ° ;

write threadat ¤ ¶¸· � « �£��� ��� ;
full ¶¸· � « �£�p�¥��� := TRUE ;

end ¤ ¶¸· -insertion

To removeall threadsfrom ¤ ¶¸· :
begin ¤ ¶¸· -removal«

:= ¬ ;Ä :=
«zÅ � ¦ ° ;

for ­¯® ¡'Æ:±´³�³´³v± Ä Å ° :
while (full ¶¸· �e� �£��� ��� = FALSE );
readthethreadat ¤ ¶¸· �g� �£��� ��� ;
full ¶¸· �e� �£��� ��� := FALSE ;
H := H + 1;

end ¤ ¶¸· -removal

Figure C.2: Functionsto accessqueues¤ ¶¸· . The workersneednot checkthe full bit beforeinsertinga
thread,sincetherecanneverbemorethan

�
threadsthatareeitherin ¤ ¶¸· or areaboutto beput into ¤ ¶¸· .
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Appendix D

A Parallelized Schedulerfor Algorithm
DFDeques

I first describeandanalyzea synchronous,parallelizedschedulerfor algorithmDFDeques, and
thenbriefly outline the implementationandanalysisof an asynchronousversionof the parallel
scheduler. Theparallelizationdescribedhereis similarto theparallelimplementationof thesched-
uler for algorithmAsyncDFpresentedin Section3.4.Theschedulerneedsto supportfastlookups
(i.e., findingthe Ì ��Í dequefrom theleft endon Î�Ï ) andmustalsoprovidedeleteandinsertopera-
tionsfor dequesin Î�Ï . Therefore,bothversionsimplementÎ�Ï asanarray, andperforminsertions
anddeletionsof dequeslazily. Thesynchronousschedulerrequirestheprocessorsto suspendex-
ecutionof theparallelcomputationafterevery few timesteps,andsynchronouslyperformupdate
to Î�Ï (suchasinsertsanddeletes).In contrast,theasynchronousversionof theparallelizedsched-
ulerusesaconstantfractionof theprocessorsto continuouslyexecutetheupdatesto Î�Ï , while the
remainingprocessorsasynchronouslyexecutetheparallelcomputation.

D.1 A Synchronous,Parallelized Scheduler

The globally orderedsetof readythreadsÎ Ï is implementedasan array; the dequesin the the
arrayarearrangedfrom left to right in decreasingorderof their threadpriorities. Theprocessors
executethecodeshown in Figure6.4;they selectastealtargetby randomlypickingoneof thefirst
(leftmost) º dequesin Î Ï . Dequesaredeletedlazily; whena processorneedsto deletea deque,it
simplymarksit asdeleted.Subsequentstealsto thisdequefail. Dequesthathave beenmarkedfor
deletionbut have notyet beendeletedfrom Î�Ï arecalleddeaddeques;all otherdequesarecalled
livedeques.Whenaprocessorcreatesanew deque,it addsthedequeto a localsetof dequesrather
thandirectly to Î�Ï . Thesenew dequesdo not serve astargetsfor stealsby otherprocessorsuntil
they aresubsequentlyinsertedinto Î�Ï . Suchdequesthat have beencreatedbut not yet inserted
into Î�Ï arereferredto asnascentdeques.Besidesa pointerto a dequeÐ , eachentry in Î�Ï also
containsa linkedlist nlist of pointersto all thenascentdequesthathavebeencreatedwhenthreads
werestolenfrom the dequeÐ . Thepointersin this nlist arestoredin the correctpriority order,
that is, theorderin which thestealsfrom Ð wereperformed.Theentry for eachdequeÐ in Î�Ï
alsocontainsanncountvaluethatreflectsthenumberof nascentdequescreateddueto stealsfrom
dequeÐ . Thus,whena processorstealsa threadfrom a dequeÐ , it incrementsthencountvalue
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owners P0 P3 P2 P1

nlists

ncounts 4 32 20 0 0 00

= dead deque
= live deque

= nascent deque

deques ...

Figure D.1 : An examplesnapshotof Ñ Ï during the executionof the parallelizedschedulerfor algorithm
DFDeques. Deaddequesareshown crossedout, while nascentdequesareshown as shadedgray. The
ncountvaluesrecordthenumberof nascentdequescreatedasa resultof stealsfrom eachdeque.

of thedeque,andaddsapointerto thenewly createddequeto thenlist for Ð . FigureD.1 showsan
examplesnapshotof Î�Ï atsomeintermediatetimestep.

To amortizethecostof schedulingoperationssuchasinsertionsanddeletionsof dequesfromÎ�Ï , they areperformedevery Ò�Ó�ÔÕº timesteps.Thus,afterevery Ò�ÓpÔÂº timesteps,all theprocessors
temporarilyinterrupt their currentthreadandexecutea schedulingiteration during which they
updateÎ�Ï . Further, to keepprocessorsbusy betweenschedulingiterations,they areallowed to
stealfrom the leftmost º×Ö:Ò�ÓpÔ$º dequesin Î Ï (insteadof the leftmost º deques).A scheduling
iterationinvolvesdeletingall thedeaddequesthatareto theleft of thefirst (leftmost)ºØÖ�Ò�Ó�Ô
º live
deques1 in Î Ï . Theprocessorsfinally collectall thenascentdequesandinserttheninto thecorrect
positionsin Î Ï . Theschedulingiterationthenends,andtheprocessorsresumeexecutionof the
codein Figure3.2.

All elementsin the nlists areallocatedfrom a contiguouschunkof memory. Subsequently
performinginsertionsof nascentdequesinto Î�Ï requiresa list rankingoperationon thesenlists.
List rankingon Ù ¾�º§ÖMÒ�ÓpÔ�º Ã contiguouselementscanbeexecutedon º processorsin Ù ¾sÒ�Ó�Ô$º Ã time.
Flatteningthe lists for insertioninto Î�Ï also requiresa scanoperationon the leftmost ºÚÖvÒ�Ó�ÔÕº
ncountvalues,which canbe performedin Ù ¾sÒ�ÓpÔ$º Ã time on º processors.Adding to or deleting
from oneend(theleft end)of anarrayis straightforward2.

As notedin Section6.3.1,weassumethatin everytimestep,aprocessoreitherattemptsa steal
or executessomework. If thestealis successful,it beginsexecutingthefirst actionof thestolen
threadin thesametimestep;thisassumptionis madeonly to simplify theanalysis.Ourasymptotic
boundsarenotaffectedif a successful(or failed)stealattemptcausesaconstantdelay.

We now prove thefollowing lemmaboundingthetime requiredto executea schedulingitera-
tion.

Lemma D.1 In the synchronousschedulerfor algorithm DFDeques( Û ), a schedulingiteration
thatdeletes¹ dequesrequires Ù ¾w¹ÝÜaº_Þ'Ò�Ó�Ô
º Ã timestepsto execute.

1As with theparallelizedAsyncDFschedulerin Chapter3, otherdeaddequesaredeletedduringsomesubsequent
schedulingiteration,whenthey appearto theleft of theleftmost ßgànáMâ¸ã�ä�àbå+æ4ç livedequesin èêé .

2Sincethearray èêé mayneedto beoccasionallyshrunk(grown) by copyingover all theelementsto a new space,
all our schedulingcostshave amortizedbounds.



D.1. A SYNCHRONOUS,PARALLELIZED SCHEDULER 131

Proof: This proof is similar to theproof of Lemma3.7,exceptthatoperationsareperformedon
dequesratherthanindividual threads.Sincein eachschedulingiterationonly the dequesto the
left of thetheleftmost º�Ö�Ò�ÓpÔÂº live dequesaredeleted,the ¹ dequesto bedeletedappearamong
the leftmost ¹+Þ¨ºëÖ-Ò�ÓpÔ
º dequesin Î�Ï . Therefore,finding anddeletingthese¹ threadsfrom the¹¥Þ+º�Ö@Ò�Ó�Ô
º threadsat theleft endof array Î�Ï requiresÙ ¾w¹ÝÜaºìÞ×Ò�Ó�Ô
º Ã timestepson º processors3.
Further, at most º+Ö�Ò�ÓpÔ$º new dequesmay becreatedbetweenconsecutive schedulingiterations,
andthey will needto beinsertedbetweentheleftmostºØÖ�Ò�ÓpÔ
º livedequesin Î�Ï . By performinga
parallelprefixsumoperationonthencountsof thefirst ºnÖwÒ�Ó�Ô
º entries,andalist-rankingoperation
on theirnlists,theseinsertionscanbeexecutedon º processorsin Ù ¾ªÒ�Ó�ÔÕº Ã time.

We cannow boundthetime requiredfor theparallelcomputation.

TheoremD.2 Considera parallel computationwith depth í and total work î . Theexpected
time for algorithmDFDequesto executesthis computationusingtheparallelizedscheduleron º
processors,is Ù ¾�î'Üaº_Þ>íkÖ�Ò�Ó�Ô$º Ã . Further, for any ïñð)ò , theexecutionrequires Ù ¾�î'Üaº_Þó¾�íRÞÒ�½�¾4ô²Üpï Ã4Ã Ö�Ò�Ó�Ô
º Ã timewith probabilityat least ôêõöï .
Proof: I presentonly theexpectedcaseanalysishere;theanalysisof thehigh probabilitybound
follows in asimilarmannerasthatfor Lemma6.9.

We call the timestepsrequiredto executeschedulingiterationsas the schedulingtimesteps,
andthe remainingtimestepsasthe worker timesteps. Thereare Ò�Ó�Ô
º worker timestepsbetween
consecutive schedulingiterations. Let ¹÷¶ be the numberof dequesdeletedin the ø ��Í scheduling
iteration.Let ùn¶ bethenumberof live dequesin Î Ï at theendof the ø ��Í schedulingiteration.We
look at two typesof schedulingiterations,A andB, dependingon whether ùn¶ is greateror less
than º+Ö²Ò�Ó�Ô
º . All timestepsat theendof a typeA (B) schedulingiterationarecalledtypeA (B)
timesteps.

Type A: ù ¶bú ºûÖ²Ò�Ó�ÔÕº , that is, at theendof theschedulingiteration Î�Ï containsat leastºûÖ²Ò�Ó�ÔÕº
live deques.We will call eachsequenceof Ò�Ó�Ô
º workertimestepsfollowing a typeA scheduling
iterationa phase. We will call a phasesuccessfulif ú ¾�º�Ö²Ò�Ó�ÔÕº÷Ü:ô3òýü Ã nodesgetexecutedduring
the phase.Then,similar to the analysisfor Lemma6.9, we cancomputea lower boundfor the
probabilityof successof aphaseasfollows.

Considerany givenphase.For ôØþRøñþRÒ�Ó�Ô
º , let ÿ ¶�� bea randomvariablewith value1 if the� ��Í
bin getsat leastonestealrequestin the ø ��Í timestepof thephase,and0 otherwise.Thevariableÿ ¶�� mustbe1 every time the

� ��Í
bin getsexactly 1 request(it canbe1 at othertimestoo). Let � ¶

bethenumberof stealrequestsduringthe ø ��Í timestepof thisphase.Then,theprobabilitythatthe

3Sincethe arraysizemayhave to begrown andshrunkfrom time to time, theseareamortizedboundsfor inser-
tionsor deletionsinto thearray. However, sincetheamortizednatureof thebounddoesnot affect our analyses,for
simplicity, weusethemasworst-caseboundsin therestof thepaper.
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bin getsexactly 1 requestequals¾�� ¶ Ü@ºûÖ�Ò�ÓpÔ$º Ã Ö:¾&ônõ)ô²Üaº�Ö�Ò�Ó�Ô$º Ã����	��
 . Therefore,��
 ÿ ¶����mú � ¶ºûÖ�Ò�ÓpÔ
º Ö � ô§õ ôº_Ö�Ò�Ó�Ô
º�� ���	��
ú �´¶ºûÖ�Ò�ÓpÔ
º Ö � ô§õ ôº_Ö�Ò�Ó�Ô
º ����� �������ú � ¶ºûÖ�Ò�ÓpÔ
º Ö ô ü Ö � ô§õ ôºØÖ�Ò�Ó�ÔÕº �ú � ¶ºûÖ�Ò�ÓpÔ
º Ö ô� ü  Ó"!
ºÚðoô
Recall that since º õ#� ¶ processorsare busy, eachof them must executea node,and may

own a non-emptydeque.Further, in eachtimestepof thephase,at most º additionaldequescan
becomeempty(andbemarkedasdead).Therefore,the ø ��Í timestepof thephasemusthaveat least¾�ºñÒ�Ó�ÔÕºÚõQ¾wø�õ!ô Ã ÖpºÚõ>ºëÞ$� ¶ªÃ&% ¾�ºbÒ�Ó�ÔÕºÚõoøbÖ-ºëÞ$� ¶ªÃ non-emptydequesamongthe leftmostº+Ö:Ò�Ó�Ô
º deques.Becauseevery non-emptydequethat getsa stealrequestmustresult in a node
beingexecuted,theexpectednumberof nodesÿ ¶ executedin the ø ��Í timestepof thegivenphase
is givenby ��
 ÿ ¶	�mú ºØõ'� ¶ Þ � ¶¾ � ünÖ@ºûÖ�Ò�ÓpÔ
º Ã Ö:¾�ºñÒ�Ó�ÔÕº_õ>øzÖ@º Þ(� ¶sÃ
Thisvalueof ÿØ¶ is minimizedat ��¶ % º . Therefore,we have�)
 ÿ ¶	�mú ºûõ×º¥Þ º¾ � ünÖ@ºûÖ�Ò�ÓpÔ
º Ã Ö:¾�ºñÒ�Ó�ÔÕº_õ>øzÖ@º Þ º Ã% ºbÒ�Ó�ÔÕº_õ>ø�Ö@ºØÞ×º� üêÖ´Ò�Ó�ÔÕº% º� ü õ ¾wø¯õ)ô Ã Ö@º� ünÖ�Ò�Ó�Ô
º
Therefore,

�����*�+ ¶-, 
/. 
 ÿ ¶0�mú ºñÒ�Ó�ÔÕº� Ö�ü õ º� ü Ö�Ò�Ó�ÔÕº Ö �����1�+ ¶2, 
 ¾wø¯õ)ô Ã% ºñÒ�Ó�ÔÕº� Ö�ü õ º� ü Ö�Ò�Ó�ÔÕº Ö Ò�ÓpÔÂºûÖ:¾sÒ�Ó�Ô
ºûõSô Ã�
ú ºñÒ�Ó�ÔÕº3 ü

Thus,the expectednumberof nodesexecutedin eachphaseis at least ºñÒ�Ó�ÔÕº�Ü 3 ü . Let 4 be the
randomvariabledenotingthe numberof nodesexecutedin eachphase. Then,usingMarkov’s
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inequality(similar to theproof for Lemma6.9),weget5 ! 
 ¾�ºØÖ�Ò�Ó�Ô
ºûõ'4 Ã ð'ºØÖ�Ò�ÓpÔ
º_Ö:¾&ônõ)ô²Ü:ô3òýü Ã��76 �)
 ¾�ºØÖ�Ò�Ó�Ô
º_õ'4 Ã��ºûÖ�Ò�Ó�Ô
ºûÖ:¾4ônõ)ô-Ü:ô�ò:ü Ãú ºØÖ�Ò�ÓpÔÂºûÖ:¾4ônõ)ô-Ü 3 ü ÃºûÖ�Ò�Ó�Ô
ºûÖ:¾4ônõ)ô-Ü:ô�ò:ü Ã
Therefore, 5 ! 
 4 6 ºûÖ�Ò�Ó�Ô
º¿Ü:ô�ò:ü �86 ¾&ônõ)ô²Ü 3 ü Ã¾&ônõ)ô²Ü:ô3òýü Ã6 ô:9� ò
Therefore,at leastºbÒ�Ó�ÔÕº÷Ü:ô3òýü nodesareexecutedin a phase,that is, thephaseis successful,with
probability greaterthan ô-Ü � ò . Becausean executioncanhave at most ô3òýü Ö÷î'ÜaºbÒ�ÓpÔ$º success-
ful phasesof type A, and eachtype A phasesucceedswith at least constantprobability, the
expectednumberof type A phasesin the entire executionis Ù ¾�î Ü@ºbÒ�Ó�Ôñº Ã . Sinceeachphase
has Ò�Ó�ÔÕº timesteps,the expectednumberof type A timestepsis Ù ¾�î Ü@º Ã . Further, the type A
schedulingiteration itself takes Ù ¾w¹¿¶wÜ@º×ÞkÒ�ÓpÔÂº Ã timesteps(using LemmaD.1). The Ù ¾sÒ�ÓpÔ$º Ã
componentof this valuemustbe at mostproportionalto the type A worker timesteps.There-
fore, theexpectednumberof schedulingtimestepsfor all type A schedulingiterationsaddup toÙ ¾�î'Üaº Ã Þ<;>= �	? �@� �����A� Ù ¾w¹¿¶wÜ@º Ã .TypeB: ù ¶B6 º�Ö@Ò�Ó�ÔÕº , thatis, at theendof theschedulingiteration Î�Ï containsù ¶B6 º¥Ö@Ò�ÓpÔ
º live
deques.Sincenascentdequesarenot addedto Î�Ï until theendof thenext schedulingiteration,
thenumberof livedequesin Î�Ï remainsunderºûÖ�Ò�ÓpÔ
º duringtheworkertimestepsfollowing theø ��Í schedulingiteration. Using the potentialfunction argumentof Lemma6.9, it canbe shown
that theexpectednumberof stealsexecutedover all typeB workertimestepsis Ù ¾Mí^Ö�º�Ö�Ò�ÓpÔÂº Ã .
This boundholds even when nascentdequesexist, althoughthey are not stealtargets. This is
becausefor every nascentdequeis createdby a successfulsteal,which resultsin a drop in the
potentialfunction4. Therefore,the expectednumberof total type B worker timestepsis at mostÙ ¾�î'ÜaºÚÞRíhÖ:Ò�ÓpÔ$º Ã . Further, for every Ò�Ó�ÔÕº of theseworker timesteps,onetype B scheduling
iterationwith Ù ¾w¹ ¶ Ü@º_Þ>Ò�Ó�ÔÕº Ã timestepsis executed(usingLemmaD.1). Therefore,suchtypeB
schedulingiterationsaddup to Ù ¾Mî'Ü@º_ÞóíQÖ�Ò�Ó�Ô
ºØÞC;>= �ED ��� ������� Ù ¾À¹ ¶ Üaº Ã@Ã timesteps.

Finally, at most î dequesmay be deletedover the entire execution, i.e., ;F= �	D �@� �����*� ¹ ¶ Þ;F= �G? �@� �����A� ¹¿¶ÂþRî . Therefore,theexpectednumberof schedulingandworkertimestepsrequired
to executethecomputationis Ù ¾�î'Üaº_ÞSíQÖ�Ò�Ó�Ô
º Ã .

Sincedummythreadsareintroducedbeforelargeallocations,acomputationwith work î and
depthí thatallocatesa total HJI spacerequiresÙ ¾�î'Üaº¥ÞKHJI�Ü@º¿Û�Þ íVÖ4Ò�Ó�Ô$º Ã timestepsto execute
on º processors.Finally, we prove thespacebound(includingschedulerspace)for a computation
executedwith theparallelizedscheduler.

4If L is thetotal potentialof all thedequesat theendof of the MGNPO schedulingiteration,thentheargumentis based
on showing that the total potentialof all deques(includingnascentdeques)is at mosta constantfractionof L after
every QbßeànáMâ¸ã´ä�à�ç steals.
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TheoremD.3 Considera computationwith í depthanda serial spacerequirementof H 
 . The
expectedamountof space(including schedulerspace)required to executethe computationon º
processorsusingalgorithm DFDequeswith the parallelizedscheduleris H 
 ÞkÙ ¾�ímÖ-ºÚÖ�Ò�ÓpÔÂº Ã .
Further, for any ïñð)ò , thespacerequirementis H 
 Þ>Ù ¾�ºûÖ�Ò�ÓpÔ$º Ö:¾�íRÞ¨Ò�½�¾4ô²Üpï Ã4Ã&Ã with probability
at least ônõSï .
Proof: Recall that we are now allowing stealsto target the leftmost º×ÖuÒ�Ó�Ô
º deques(instead
of the leftmost º deques).We first provide an informal extensionto the proof for Lemma6.3.
Considerany parallelprefix R � of theparallelscheduleafterthefirst

�
timesteps.As describedin

Section6.3.3,we split thefirst
�

timestepsinto ¾�S§Þoô Ã intervals,whereSûþ!í is thedepthof the
lastnon-prematurenodeto beexecutedin thefirst

�
timesteps.For any ô�þGøêþTS , considerany

interval U ¶ . Whennode V ¶ (asdefinedin thatsection)is first put on a deque,in theworstcase,its
dequemaybea nascentdeque.Thenthedequewill belongto thenlist of someentryin Î�Ï , rather
thanin Î�Ï itself. Therefore,it would not bea potentialstealtargetevenif it is amongthehighest
priority º�Ö�Ò�ÓpÔÂº deques.However, thenext schedulingiteration,which will put thedequein Î�Ï ,
muststartwithin the next Ò�Ó�Ô
º timesteps;until then, º processorsmay perform ºÚÖ�Ò�Ó�Ô
º steals
and thereforeexecuteat most º×ÖvÒ�Ó�Ô
º heavy prematurenodes. After the next schedulingstep,
however, theanalysisis similar to thatof Lemma6.3. Timestepsin this casearesplit into phases
of W ¾�ºëÖ�Ò�ÓpÔÂº Ã (insteadof W ¾�º Ã ) steals. We can thenshow that the expectednumberof phases
during all the ¾�S7Þ(ô Ã intervals is Ù ¾Mí Ã , andtherefore,the expectednumberof stealsexecuted
(or the numberof heavy prematurenodesin any prefix R � ) is Ù ¾�ímÖ-º×Ö:Ò�ÓpÔ
º Ã . Thus,usingan
argumentsimilar to that of Lemma6.4, we canshow that the expectedspaceallocationof the
parallel computationis H 
 ÞQÙ¥¾MímÖ:º×ÖvÒ�Ó�Ô
º Ã . The high probability boundcan be proved in a
mannersimilar to Lemma6.3.

Next, we boundthetotal schedulerspace,that is, thespacerequiredto storereadythreadsand
dequesin Î�Ï , nascentdequesin nlists,andthesuspendedthreads.Eachthreadcanbestoredusing
aconstantamountof space(thisdoesnot includestackspace),andeachdequerequiresaconstant
amountof space,plus spaceproportionalto the numberof threadsit holds. Using Lemma7.4,
thereareatmost Ù ¾�íóÖsºêÖMÒ�Ó�ÔÕº Ã activethreads,whichis thetotalnumberof suspendedthreadsand
readythreadsin Î Ï . Thespacefor thenlistsis proportionalto thenumberof nascentdeques.The
totalnumberof deques(includingnascentdeques)is atmostthenumberof active threads,plusthe
totalnumberof deaddeques.

We now boundthe total numberof deaddequesto be Ù ¾�í Ö�º¨ÖvÒ�Ó�Ô$º Ã using inductionon
schedulingiterations.Again, this analysisis similar to thatof LemmaB.5. At thestartof thefirst
schedulingiteration,therecanbeatmostº§ÖMÒ�ÓpÔ
º deaddeques.Let therebeatmost Ù¥¾Mí)Öªº§ÖMÒ�ÓpÔ$º Ã
deadthreadsat thestartof the ø ��Í schedulingiteration.If Î�Ï containslessthanº§ÖMÒ�ÓpÔÂº livedeques,
all deadthreadsin Î�Ï aredeletedby theendof theiteration.Else,let Ð betheleftmostlivedeque
in Î�Ï . After deaddequesaredeletedin this iteration,any remainingdeaddequesmusthave held
nodesthatarenow premature,sincethey hadlower priorities thanreadynodesin Ð (or, if Ð is
empty, thenthenodecurrentlybeingexecutedby theprocessorthatowns Ð ). Sincethereareat
most Ù ¾MíGÖ&ºØÖ�Ò�Ó�Ô
º Ã prematurenodes,theexpectednumberof deadthreadremainingafterthe ø ��Í
iterationis at most Ù ¾�í�Ö´º�Ö-Ò�ÓpÔÂº Ã . Further, at mostanotherºûÖ²Ò�Ó�Ô$º deaddequescanbecreated
until thestartof thenext schedulingiteration. Therefore,theexpectednumberof deadthreadsat
thestartof thenext schedulingiterationis Ù ¾MíGÖ@ºûÖ�Ò�ÓpÔ
º Ã .
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Thus,thetotalschedulerspacerequiredis Ù¥¾Mí'Ö�ºbÖªÒ�Ó�Ô�º Ã . Therefore,theexpectedspacebound
for a computationwith í depthand H 
 serialspacerequirementusingtheparallelizedscheduler
on º processors,is H 
 ÞSÙ ¾�íQÖ@ºûÖ�Ò�Ó�Ô
º Ã on º processors,includingschedulerspace.

D.2 An AsynchronousVersionof the Scheduler

The parallelizedschedulerdescribedin SectionD.1 requiresall º processorsto interrupt their
executionandsynchronizeevery Ò�Ó�Ô
º timesteps.Thiscanbefairly expensive in realparallelma-
chines,wheretheprocessorsexecuteasynchronously. Therefore,similar to theschemein Chap-
ter 3, we caninsteaddedicatea constantfraction X¿º of theprocessors(for ò 6 X 6 ô ) to thetask
of maintainingÎ�Ï ; we call theseprocessorstheschedulingprocessors.The remaining ¾&ô£õ>X Ã º
worker processorsalwaysasynchronouslyexecutethe parallelcomputationasdescribedin Fig-
ure 6.4. As with the parallelizedschedulerpresentedin Section3.4, the schedulingprocessors
synchronouslyexecutea sequenceof tasksrepeatedlyin a while loop; a schedulingiteration is
now usedto denoteeachiterationof this loop.

I now briefly describetheimplementationandanalysisof suchascheduler.

Data structur es. In additionto thearray Î Ï of deques,theasynchronousschedulermaintainsan
array Y of length º_Ö-Ò�ÓpÔÂº . At theendof eachschedulingiteration,the ø ��Í entryin Y pointsto theø ��Í livedequein Î Ï (from left to right); Y maycontainnull pointersif therearefewerthanº¥Ö4Ò�Ó�ÔÕº
live dequesin Î Ï . Thus,whena workerprocessorsneedsto performa stealfrom the Ì ��Í deque,
looks up the Ì ��Í entry in Y . The array Y is not strictly required,but simplifiesthe scheduling
operations,becauseit allows workersto continueaccessingthedequeswhile Î�Ï is beingupdated
by theschedulingprocessors.

Insteadof allowing multipleentriesin annlist for every element(deque)in Î�Ï , we now allow
at mostoneentryin eachnlist. Thus,thencountvaluefor eachdequemaybe0 or 1. If a dequeis
chosenasa stealtarget,andthestealerfindsthencountvalueto be1 (dueto someprevioussteal
from thesamedeque),thestealfails. Thus,betweenconsecutiveschedulingiterations,atmostone
threadcanbestolenfrom eachdeque.Thenlist entriesareemptiedout (i.e., insertedinto Î�Ï ) and
thencountvaluesareresetto 0 duringsomesubsequentschedulingiteration.Limiting thenumber
of entriesin thenlist to 1 (or someconstant)allowsthenascentdequesto becollectedandinserted
into Î�Ï ’ withouta list-rankingoperation.

Schedulingiterations. In eachschedulingiteration,the X÷º schedulingprocessorsfirst deleteall
deaddequesto the left of the leftmost º�Ö�Ò�ÓpÔ
º live deques.Thenthey scanthencountentriesof
the leftmost º+Ö�Ò�ÓpÔ$º live deques,emptyout their nlist entriesandinsertthemin theappropriate
positionsin Î�Ï . Finally, they updatetheentriesin Y to point to the leftmost º+Ö²Ò�Ó�Ô
º live deques
in Î�Ï . Eachindividual entry is updatedatomically, so that theworkersnever seean inconsistent
pointerin Y . Notethatwhile theupdatesarebeingperformed,somedequemayhave two entries
in Y (theold entryandthenew entry)pointingto it. Thisdoesnotaffectoutspaceor timebounds.
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Analysis

This sectionbriefly describesthe analysisof the spaceand time boundsfor the asynchronous
versionof thescheduler, withoutstatingtheproofsformally.

Spacebound. Becausewe allow only onethreadto bestolenfrom eachdequebetweenconsec-
utive schedulingiterations,at most º�Ö-Ò�ÓpÔÂº threadsmaybestolenin that interval. Therefore,the
analysisof the spaceboundremainsthe sameas that for the synchronousscheduler(seeTheo-
remD.3). Thespacerequiredby thenlists is proportionalto thenumberof dequesin Î Ï , andthe
spacerequiredfor Y is W ¾�º¯Ö¸Ò�Ó�ÔÕº Ã . Thus,theexpectedspacerequirementfor aparallelcomputation
with depth í andaserialspacerequirementof H 
 on º processorsis H 
 ÞSÙ ¾�º�Ö�Ò�Ó�Ô
ºØÖ�í Ã .
Time bound. The time boundcanbe proved usingargumentssimilar to thoseof LemmasB.3
and6.9. A schedulingiterationnow doesnot requirea list-rankingoperation,but needsto updateY ; this updaterequires Ù ¾sÒ�Ó�Ô$º Ã time on the X¿º schedulingprocessors.Hence,the boundon
the time requiredto executea schedulingiterationremainsthe sameasthat for thesynchronous
scheduler(seeLemmaD.1). The restrictionthat at most one threadmay be stolenfrom each
dequebetweenconsecutive schedulingiterationsdoesnot affect theargumentfor thetime bound
in LemmaD.2. However, dueto this restriction,workerprocessorsmay be idle (i.e., their steal
attemptswill fail) for a large numberof timestepswhile the schedulingprocessorsareupdatingÎ�Ï and Y . Therefore,theseadditionalidling stepsmustbeaccountedfor (similar to theproof of
LemmaB.3). For a dagwith î nodes,the schedulermay deletea total of at most î deques.
Therefore,we canshow that the total numberof suchidling stepsis Ù ¾Mî'Ü@ºÚÞRí Ö:Ò�ÓpÔÂº Ã . The
expectedtimerequiredto executeaparallelcomputationwith with î workand í depth(assuming
all spacethatis allocatedis touched)on º processorsis thereforeÙ ¾�î'Üaº_ÞSíQÖ�Ò�Ó�ÔÕº Ã .
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