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Abstract

The goal of high-level parallel programmingmodelsor languagess to facilitate the writing of
well-structured simpleandportablecode. However, the performanceof a programwritten using
a high-level languagemay vary significantly dependingon theimplementatiorof the underlying
system.

Thisdissertatiorpresentswo asynchronouschedulingalgorithmsthatprovide worst-caseip-
perboundson the spaceandtime requirement®f high-level, nested-parallgbrogramson shared
memorymachines.In particular for a programwith D depthanda serial spacerequiremenbf
S1, bothalgorithmsguarantee spaceboundof S; + O(K - p - D) on p processorsHere, K is a
usercontrollableruntimeparameterwhich specifiesthe amountof memoryathreadmayallocate
beforebeingpreemptedy the scheduler Typically, in practice, X is fixedto be a few thousand
bytes.Most parallelprogramshave asmalldepthD. For suchprogramstheabove spacéboundis
lower thanthe spaceéboundprovidedby ary previouslyimplementedystem.

Thefirst of thetwo schedulingalgorithmspresentedn this dissertationalgorithm AsyncDF,
prioritizes threadsat runtime by their serial, depth-firstexecutionorder and preemptsthreads
beforethey allocatetoo muchmemory This ensureshatthe parallelexecutiondoesnot require
too muchmorememorythanthe serialexecution. The secondschedulingalgorithm, DFDeques
enhanceslgorithm AsyncDF by addingideasfrom work stealing. It replacesthe single, flat
priority queueof AsyncDFwith orderedperprocessogueuef readythreadsandallows some
deviationfrom the depth-firstprioritieswhile schedulinghreads Consequentlyit resultsin lower
schedulingoverheadsandbetterlocality than AsyncDFfor finer-grainedthreadsat the costof a
slightincreasen memoryrequirementTo ensurescalabilitywith thenumberof processord, also
describeandanalyzefully parallelizedversionsof the scheduler$or boththealgorithms.

To verify that the theoretically-eficient schedulingalgorithmsare also practical,| have im-
plementedthemin the context of two multithreadedruntime systems,including a commercial
Pthreadgackage.Parallelbenchmarksisedto evaluatethe schedulersnclude numericalcodes,
physicalsimulationsanda dataclassifier Experimentatesultsindicatethatmy algorithmseffec-
tively reducememoryusagecomparedo previous techniqueswithout compromisingtime per
formance.In particular my schedulersllow simple,high-level, fine-grainedoenchmarkgo run
asefficiently astheir morecomple, hand-partitionedgoarse-grainedounterpartsAs expected,
DFDequesachie/es betterspeedupshan AsyncDF for finer-grainedthreads. It requiresmore
memorythan AsyncDF, but lessmemorycomparedo previousschedulersThe schedulingalgo-
rithmswereextendedo supportthefull Pthreadsnterface makingthemavailableto alargeclass
of applicationswith irregularanddynamicparallelism.Both the AsyncDF and DFDequesalgo-
rithms provide a useradjustabldrade-of betweerrunningtime andmemoryrequirementwhich
| analyzeandexperimentallydemonstrate.
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“ ... anormaladultnever stopsto think aboutproblemsof spaceandtime
Theseare thingswhich hehasthoughtaboutasa child. Butmyintellectual
developmentwasretarded, as a resultof whidh | began to wonderabout
spaceandtimeonly whenl hadalreadygrownup?”

—Albert Einstein
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Chapter 1

Intr oduction

Parallelmachinesrefastbecomingaffordable;in fact,low-endsymmetrianultiprocessor§SMPS)
areevenappearingn peoples desktopsoday However, the inherentcomplexity of writing par
allel programsmakesthe costsof generatingparallel softwarefor thesemachinesprohibitive.
Consequentljthe SMPssoldtodayareoftenrestrictedto runningindependentshortjobsonindi-
vidual processorge.g., databas¢ransaction®r websearchesyatherthanalarge paralleljob that
canmakeeffective useof multiple processorslf parallelprogrammings to becomemorepreva-
lent in the future, it is critical to allow parallelismto be expressedn a simple, well-structured,
andportablemannerMany of today’s high-level parallelprogrammindanguagesittemptto meet
thesegoalsby providing constructgo expressdynamic,fine-grainedparallelism.Suchlanguages
includedata-parallelanguagesuchasNEsL [17] andHPF[60], aswell ascontrol-parallellan-
guagessuchasID [5], Cool [36], Cilk [25], CC++[37], Sisal[59], Multilisp [77], Proteug109],
andC or C++ with lightweightthreadlibraries[15, 113,129].

Languagesvith constructdor dynamic fine-grainedparallelismareparticularlyusefulfor ex-
pressingapplicationswith irregular, data-dependemarallelism.Suchapplicationanclude phys-
ical simulationson non-uniforminputs, dataclassifiers sparse-matrixoperationscomputational
geometrycodesanda large numberof divide-and-conquealgorithmswith irregular, data-depen-
dentrecursiontrees. The usersimply exposesall the parallelismin the application,which is
typically of a much higher degree thanthe numberof processors.The languageimplementa-
tion is responsibldor schedulingthis parallelismonto the processors Becausestatic,compile-
time partitioning of such programsis generallynot possible,the parallel tasksare scheduled
onto the processorat runtime. Consequentlythe performanceof a programdependssignifi-
cantlyontheimplementatiorof the runtimesystem.A numberof previousimplementationbiave
focusedon efficiently balancingthe load and providing good datalocality in suchruntime sys-
tems[36, 39,62,70,81, 83,115,134,136]. However, in additionto goodtime performancethe
memoryrequirement®f the parallelcomputatiormustbe takeninto considerationln particular
unlesghe schedulers carefullyimplementeda fine-grainedparallelprogramcanendup creating
excessve amountof active parallelism)eadingto ahugespaceequiremenf26, 48,77,114,138].
The price of the memoryis a significantportion of the price of a parallelcomputey and parallel
computersaretypically usedto run big problemsizes.Thereforereducingthe memoryusageof a
parallelprogramthatis, makingtheexecutionspaceefficient, is oftenasimportantasreducinghe
runningtime. In fact, makinga programmorespace-dfcient oftenalsoimprovesits performance
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dueto fewer pageor TLB missesandfewer memory-relatedystemcalls.
This dissertatiorfocuseson space-andtime-eficientimplementation®f languagesvith dy-
namic,fine-grainedarallelism.My thesisstatementanbe summarizedsfollows.

By utilizing provably-efficient,asynchronousschedulingtechniquesiit is pos-
sible to obtain good spaceand time performancein both theory and practice for
high-level, nestedparallel programs. Theseschedulingtechniquescan, in prac-
tice, be extendedto generalpurpose multithr eadingsystemsdlike Pthreads,bene-
fiting a large classof applicationswith irr egular and dynamic parallelism.

To validatethethesis| presentwo asynchronouschedulingalgorithms,AsyncDFand DFD-
equesthatguaranteavorst-caséoundson the spaceandtime requiredto executea parallelpro-
gram.Low spacéboundsareachievedby prioritizing paralleltasksby their serialexecutionorder;
andpreemptingor delayingtasksthatallocatetoo muchmemory In additionto theoreticallyan-
alyzingthe schedulingalgorithms,| have implementedhemin the context of multithreadingrun-
time systemgincludingacommerciaPthread$88] packagejo scheduldightweightthreads Ex-
perimentakesultsfor avariety of parallelbenchmarkedicatethatthe algorithmsareeffective in
reducingspacaequirementsomparedo previousschedulingechniqueswhile maintaininggood
time performance.In fact, the useof thesespace-dicient schedulersllows simplercodeswith
fine-grainedhreaddo achieve performanceomparabldo their coarse-grainedyand-partitioned
counterparts.

This remainderof this chapters organizedasfollows. It first presentdwo simple examples
to demonstratehe impacta schedulercanhave on the spacerequiremenbf a parallelprogram.
The chapterthenprovidesa synopsisof this dissertationfollowed by a list of its limitations. It
concludesy describingheorganizationof the remaindeiof this dissertation.

An example

Considera very simpledensamatrix multiplicationprograminvolving thecreationof alargenum-
berof lightweightthreads.Thetwo input matrices A andB, aremultiplied usingthe divide-and-
conqueralgorithmshawvn in Figurel.1. A new, lightweightchild threadis forkedto executeeach
recursve call; the eightrecursve calls canexecutein paralle}. TemporarystorageT is allocated
to storetheresultsof eachrecursve call. At theendof theeightrecursve calls(afterall eightchild

threadshave terminated)the intermediateesultsin T areaddedto theresultmatrix C, andT is

deallocated.

This programwasimplementedusingthe natve Pthreadsdibrary on Solaris2.5; a new, user
level pthreadwasforked for eachrecursve call. The existing SolarisPthreadgpackageusesa
simpleFIFO (first-in-first-oud queueto storereadythreadsl replacedhe existing schedulewith
my space-dfcient scheduler;this modifiedimplementationof the Pthreaddibrary canbe used
by ary existing Pthreads-basegrograni. Figure 1.2 shaws the resultingspaceandtime perfor
manceon an 8-processoEnterprise5000 SMP usingboth the original FIFO schedulerandthe

Thechild threadsijn turn, fork their own child threadsat the next level of recursion.
2] simply modifiedtheimplementatiorof SCHED_OTHER, which, accordingo the Pthreadstandard88], canbe
asystem-dependesthedulingolicy; FIFO androundrobin arethe other(fixed) policiesin the Pthreadstandard.



begin Matrix_Mult(A, B, C, n)
if (n < LeafSize)
serialmult(A, B, C, n);
else
T :=memalloc(n x n);
initialize smallermatricesasquadrant®f A, B, C, andT,;
fork Matrix_Mult(A11, B11,C11,n/2);
fork Matrix_Mult(A11, B12,C12,n/2);
fork Matrix_Mult(A21, B12,C22,n/2);
fork Matrix_Mult(A21, B11,C21,n/2);
fork Matrix_Mult(A12, B21,T11,n/2);
fork Matrix_Mult(A12, B22,T12,n/2);
fork Matrix_Mult(A22, B22,T22,n/2);
fork Matrix_Mult(A22, B21,T21,n/2);
join with all forkedchild threads;
Matrix_Add(T, C);
memfree(T);
end Matrix_Mult

Temporary
Matrix A Matrix B Matrix C Storage T
Al1|A12 X B11|B12 c11|c12 T11(T12
A21|A22 B21| B22 c21|C22 T21|T22

Figure 1.1: Pseudocod® multiply two » x n matricesA andB andstoringthefinal resultin C usinga
divide-and-conquealgorithm. The Matrix_Add functionis implementedsimilarly usinga paralleldivide-
and-conquealgorithm. The constanteaf Sizeto checkfor the baseconditionof therecursionis setto 64
onal67MHz UltraSFARC.
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Figure 1.2: Spaceandtime performancdor the matrix multiply codeshowvn in Figurel1.1. The Pthreads-
basedrogramwasexecutedusingboththe original Pthreadsmplementationandthe modifiedimplemen-
tationthatuseamy space-dicientscheduler(a) Thehigh-watemarkof heapmemoryallocation.Theinput

sizeis thesizeof thethreematricesA, B, andC; theremainingmemoryallocateds thetemporarystorage.
(b) Thespeedupsvith respecto a serial,C versionof theprogram.

new, space-dfcient schedulet. The space-dfcient scheduleusedin this exampleis described
in Chapter3. Furtherdetailson the experiment,alongwith resultsfor other more complex and
irregularapplicationsarepresentedn Chapters. Theresultsin Figurel.2 indicatethatboththe
spaceandtime performances heavily dependenon the underlyingthreadscheduler Unlike the
space-difcientschedulerthe original LIFO queueresultsin excessve memoryallocation(includ-
ing bothheapandstackspace).This significantlyreduceghe speedupdueto high contentionin
systemcalls relatedto memoryallocation(seeSection5.2). Even with a better highly concur
rentkernelimplementationspace-indiciency will limit the largestproblemsizecanberunona
machinewithout paging. Thus,a space-dicient schedulers requiredto getgoodperformancen
bothspaceandtime.

Another example

| now explain how the space-dfcient schedulingechniquegpresentedn this dissertatioreffec-
tively reducethe high-watermark of memoryrequirementf the program,in comparisorto pre-
vious schedulersConsiderthe examplecodein Figurel.3(a). The codehastwo levels of paral-
lelism: thei - loop at the outerlevel andthej -loop attheinnerlevel. In general the numberof
iterationsin eachloop may not be known atcompiletime. Spacdor anarrayB is allocatedat the
startof eachi -iteration,andis freedat the endof theiteration. AssumingthatF( B, i , j ) does
not allocateary spacethe mostnaturalserialexecutionrequiresO(n) space sincethe spacefor
arrayB is reusedor eachi -iteration. Figure 1.3(b) shawvs the correspondingomputatiorgraph
for this examplecode;eachnodein the graphrepresentaninstruction while eachedgerepresents

3The resultsfor the space-dicient schedulerlsoinclude an optimizationthat cachesa small numberof thread
stacksn thelibrary, yielding anadditional13%speedup.
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a dependencéetweentwo instructions. The serialexecutionof the codenow correspondso a
depth-firstexecutionof the computatiorgraph.

alloc(n)

In parallel for i =1 ton
Tenporary B[ n] D
In parallel for j =1 ton
F(B,i,j)
Free B
(a) (b)

Figure 1.3: (a) The pseudocoddor a simple programwith dynamicparallelismand dynamicmemory
allocation.(b) Thecomputatiorgraphthatrepresentshis program.For brevity, thecurvedlinesareusedto

representhe multiple (D) instructionsexecutedserially within eachcall to F( ) ; theshadedhodesdenote
thememoryallocationgblack)anddeallocationggrey).

Now considerthe parallelimplementatiorof this functionon p processorswherep < n. If
we usea simple FIFO queueto scheduleparalleltasks(loop iterationsin this case),all thei -
iterationswouldfirst begin executionandallocater spacesach followedby the executionof their
j -iterations.Thus,asmuchasO(r?) spacevould beallocatedat sometime duringthe execution;
this spacerequirements significantly higher than the serial spacerequiremenof O(n). Such
a parallel schedulecorrespondgo a breadth-firstexecutionof the computationgraph. Several
threadpackagessuchasthe standard”thread$88] library, makeuseof suchFIFO schedulersA
simplealternatve for limiting the excessparallelismis to schedulethe outerlevel of parallelism
first, andcreateonly asmuchparallelismasis requiredto keepprocessordusy This resultsin
eachof the p processorgxecutingonei -iterationat ary time (the processoexecutesthe inner
j -loop serially), and hencethe total spaceallocatedis O(p - n). Several previous scheduling
systemg26, 30, 41, 70, 77, 83, 143], which include both heuristic-base@nd provably space-
efficienttechniquesadoptsuchanapproach.

This dissertatiorclaimsthatevena linearexpansionof spacewith processorgi.e., p timesthe
serial spacerequirement)s not alwaysnecessaryo enablean efficient parallel execution. For
example,the AsyncDF (“asynchronousgepth-first”)algorithmpresentedn this dissertatioralso
startsby schedulinghe outerparallelism,but stallsbig allocationsof space.Moreover, it prior-
itizes operationdy their serial (depth-first)executionorder As aresult,the processorsuspend
the executionof their respectie i -iterationsbeforethey allocateO(n) spaceeach,andexecute
] -iterationsbelongingto thefirsti -iterationinstead.Thus,if eachi -iterationhassufficient paral-
lelism to keepthe processorsusy, our techniqueschedulesterationsof a singlei -loop atatime.
This parallelexecutionorderis closerto the serial,depth-firstexecutionorderof the computation
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graph.In generalpur scheduleallows this parallelcomputatiorto runin just O(n + p- D) spacé,
whereD is the depth(critical pathlength)of the functionF. For programswith a large degreeof
parallelismthedepthD is typically very small. (Computatiorgraphstheir depth,anddepth-first
schedulesrreformally definedin Chapter2.)

The AsyncDFalgorithmpresentedh this dissertatioroftenpreferentiallyschedulegnerpar
allelism (which is finer grained). Consequentlywhenthe threadsin the programare very fine
grained,it cancauselarge schedulingoverheadsand poor locality comparedo algorithmsthat
scheduldhe outerparallelism.We thereforehave to manuallygroupfine-grainedterationsof in-
nermostioopsinto chunksto getgoodperformanceavith AsyncDF. However, the secondschedul-
ing algorithmpresentedn this dissertation DFDeques automaticallyanddynamicallyachieres
this coarsenindpy schedulingnultiple threadsclosein the computatiorgraphonthesameproces-
sor

1.1 Synopsisof the Dissertation

This dissertatiorpresentswo asynchronougyrovably space-dicient schedulingalgorithms,and
describesheirimplementationg thecontets of two multithreadinguntimesystemsHere,| first
describethe programmingnodelassumedh this dissertationfollowedby anoverview of eachof
theschedulingalgorithmsandtheruntimesystems.

1.1.1 Programming model

This dissertatiorassumes sharednemoryprogrammingmodel. All the experimentswerecon-
ductedon shared-memorysymmetricmultiprocessor$SMPS). Becauseof their favorableprice-
to-performanceatios,suchmachinesarecommontoday asboth desktopsand high-endseners.
The underlyingarchitecturemay differ from machineto machine,but | assumehatit provides
a fast, hardware-coheremharedmemory The programmewiews this memoryasuniformly ac-
cessiblewith little controlon the explicit placemenbf datain processocaches.The analysisof
the spacaequirementsn this dissertationincludesmemoryallocatedbothon the stack(syandthe
sharedheap;the modelallows individual instructionsto allocateanddeallocaterbitraryamounts
of memory

The schedulingalgorithmshave beenanalyzedor purely nestedparallelprograms;thesein-
cludeprogramswith nestedparallelloopsor nestedorks andjoins. For instancethe programming
examplesn Figuresl.1andl.3arenestedarallel. Thenestedparallelmodelis describedn more
detailin Chapter2. Althoughthetheoreticabnalysiss restrictedto nestedparallelprogramsthe
experimentswith Pthreadslescribedn Chapters and7 indicatethatthe schedulingalgorithms
caneffectively executemoregeneralstylesof parallelprogramssuchasprogramswith mutexes
andconditionvariables.Thisis thefirst space-dicientsystenthatsupportsaninterfaceasgeneral
asthatof Pthreads.

In theremainderof this dissertationyve referto ary independentiow of controlwithin a pro-
gramasathread irrespectveof its duration.Thenfine-grainegarallelismin high-level languages

4TheadditionalO(p - D) memoryis requireddueto the O(p - D) instructionsthatmayexecute“out of order” with
respecto theserialexecutionorderfor this code.
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canbeviewedin termsof suchthreads.Not all parallellanguageshat supportfine-grainedpar
allelism provide constructgo explicitly createthreadsin the traditional sense.For example,in
High Performancé-ortran(HPF),fine-grainedparallelismcanbe exploited acrosslementf an
arraythroughhigh-level array operations.Similarly, NESL providesconstructgo exploit paral-
lelism over elementsof avector Nonethelesswe view eachindependentlow of controlin such
languagesisa separateéhread evenif it is very fine grained.For example,consideran HPF state-
mentsuchasC = A + B thatperformsaselement-wiseadditionof two arraysA andB of the
samesize, and storesthe resultin C. This statementan be viewed as one that forks (creates),
andsubsequentlyoins (synchronizesandterminates: fine-grainedparallelthreadgwherer is
the sizeof arraysA andB); eachthreadsimply addsthe correspondingelementsof arraysA and
B. Similarly, eachi -iterationandeachj -iterationin Figure1.3(a)is consideredo be a separate
thread.Theunderlyingimplementatiorof suchthreadsnaynever createseparatexecutionstacks
or programcountersto representheir states. This dissertatiorusesthreadsas a more abstract,
high-level concepindependentf theimplementatiorstrateyy.

Advantagesof fine-grained, dynamic thr eads

Despitethe involved compleity, sharedmemoryparallel programstoday are often written in a
coarse-grainedtyle with a small numberof threads typically one per processar In contrast,a
fine-grainedorogramexpresses large numberof threadswherethe numbergrows with the prob-
lemsize,ratherthanthenumberof processorsin theextremecaseasin Figurel.3(a),a separate
threadmaybecreatedor eachfunctioncall or eachiterationof aparallelloop. Notethattheuseof
theterm“fine-grained”in this dissertatiordoesnot referexclusiely to this extremecase.For ex-
ample,in Chapterb, thetermis usedin the contet of a generalPosixthreadqPthreadspackage
which explicitly allocatesresourcesuchasa stackandregisterstatefor eachthreadexpressed.
Hencebasicoperation®on thesethreadgsuchasthreadcreationor termination)are significantly
more expensve thanfunction calls. Thereforeusingthemin the extremelyfine-grainedstyle is
impractical;however, they canbe fine-grainedenoughto allow the creationof a large numberof
threadssuchthateachthreadperforms(on average)sufficientwork to amortizeits costs.For ex-
ample,if thej -iterationsin Figurel.3(a)areof extremelyshortduration,afine-grainedPthreads
versionof the programwouldrequireeachPthreado executemultiplej -iterations.
Theadwantage®f fine-grainedhreadsaresummarizedelow.

e Simplicity. The programmeicancreatea new threadfor eachparalleltask (or eachsmall
setof paralleltasks),without explicitly mappingthe threadgo processorsThis resultsin a
simpler more naturalprogrammingstyle, particularlyfor programswith irregular and dy-
namicparallelism.Theimplicit parallelismin functionallanguagesor the loop parallelism
extractedby parallelizingcompilersis fine grained,andcanbe morenaturallyexpresseds
lightweightthreads.

e Architecture independence.The resultingprogramis architecturandependentsincethe
parallelismis not statically mappedto a fixed numberof processors.This is particularly
usefulin amultiprogrammingernvironment,wherethe numberof processorsvailableto the
computatiormay vary over the courseof its execution[3, 156].

e Load balance. Sincethe numberof threadsexpresseds muchlargerthanthe numberof
processorsthe load canbe transparentlyand effectively balancedby the implementation.
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Theprogrammerdoesnot needto implementaloadbalancingstrategy for every application
thatcannotbe staticallypartitioned.

¢ Flexibility . Lightweightthreadsn alanguageor threadlibrary aretypically implementedat
theuserlevel. Thereforetheimplementatiorcanprovide a numberof alternatescheduling
techniquesindependendf thekernelschedulerModifying theexecutionorderof individual
paralleltasksin a fine-grainedorogrammay then simply involve modifying userassigned
priorities or switchingbetweenschedulersor the correspondinghreads.In contrastsince
theexecutionorderof taskss explicitly codedn acoarse-grainegrogramchangingt may
involve extensve modificationto the programitself.

1.1.2 Space-efficientschedulingalgorithms

Although the fine-grainedthreadsmodel simplifiesthe task of the programmerhe or sherelies
heavily on the underlyingthreadimplementatiorto deliver goodperformance.In particular the
implementatiormustusean efficient scheduleto mapthreadgo processoratruntime. This dis-
sertatiompresentaintwo dynamic,asynchronouschedulinglgorithms AsyncDFandDFDeques
thatareprovably efficientin termsof bothspaceandtime.

Algorithm AsyncDFis an asynchronouand practicalvariantof the synchronouscheduling
algorithmproposedn previouswork [21]. The main goalin the designof algorithm AsyncDF
wasto maintainspace-dfciency while allowing threadsto executenon-preemptiely and asyn-
chronouslyleadingto goodlocality andlow schedulingoverheads.The algorithmmaintainsthe
threadsin a sharedwork queue;threadsin the queueare prioritized by their serial, depth-first
executionorder Further threadshatperformlarge allocationsarestalledto allow higherpriority
threadgo executeinstead Eachthreads assigneéfixed-sizenemoryquotaof A" units(whichwe
call the memorythreshold every time it is scheduledThethreadis preemptedvhenit exhausts
its memoryquotaandreachesninstructionrequiringmorememory Thesebasicideasensurehat
the executionorderof threadsandhencealsothe memoryrequiremenbf the parallel program,
aresufficiently closeto the executionorderandmemoryrequirementsiespectrely, of the serial,
depth-firstscheduleln particular algorithmAsyncDFguaranteethata parallelcomputatiorwith
a serial,depth-firstspacerequiremenbf S; anddepthD canbe executedon p processorsising
S1+ O(K - p- D) space.Most parallelprogramshave a smalldepth,sincethey have a high de-
greeof parallelism. For example,a simplealgorithmto multiply two » x n matriceshasdepth
D = 0(log n) andserialspacaequirements; = O(r?). Furtherin practice thememorythresh-
old K is fixedto bea smallconstaneamountof memory Thereforethe spaceboundprovidedby
algorithmAsyncDFis asymptoticallylowerthanthespaceboundof p - 5; guaranteetyy previous
asynchronouspace-dfcientscheduler$24, 26, 30, 143].

Although algorithm AsyncDF provides non-blockingaccessto the sharedqueueof ready
threads,the queuecan becomea bottleneckif the threadsare very fine grained. Further even
thougha singlethreadmay executeon the sameprocessofor a long periodof time, fine-grained
threadsclosetogetherin the computationgraphmay get executedon differentprocessorsSuch
threadsoften accesshe samedata,andtherefore shouldideally be executedin quick succession
on the sameprocessoto obtaingooddatalocality. Therefore fine-grainecthreadsn AsyncDF
have to be manuallychunkedto get goodtime performance The secondschedulingalgorithm,

SAlternatively, compilersupportor adynamicchunkingschemg84, 128 158 would berequired.



1.1. SYNOPSISOF THE DISSERATION 9

DFDequeswasdesignedo overcomethis dravbackof AsyncDF.

Algorithm DFDequesusesa hybrid approachtthat combinesdeasfrom AsyncDF with ideas
fromwork stealing24,31, 77,92,95,137. Theaimin designingDFDequesvasto allow dynamic
clusteringof fine-grainedhreadsclosetogethein the computatiorgraphinto a singlescheduling
unit thatis executedon oneprocessar This clusteringis achiesed by storingthreadsin a queue
of subqueuegdeques);eachprocessoowns a uniquesubqueueat ary giventime. Similar to
AsyncDF, the subqueueareprioritized by the serialexecutionordersof their threadsanda pro-
cessoigivesup its subqueuavhenit exhauststs memoryquota. However, unlike in AsyncDF,
the memoryquotacanbe usedfor multiple threadsclosetogethern the computation]eadingto
betterlocality. Whena processofindsits subqueuef readythreadsempty (or whenit givesup
its subqueue)it obtainsnew work by selectinga subqueueat randomfrom a setof high-priority
subqueuesilt stealsthe lowestpriority threadfrom the selectedsubqueuewhich is typically of
the coarsesgranularity Commonoperationssuchasthreadcreationandfinding a readythread
typically involve accesgo the processos own subqueueresultingin lower schedulingoverheads.
Algorithm DFDequeguaranteethesamespaceboundof S; +O( K -p- D) asalgorithmAsyncDF,
but, in practiceresultsin a slightly higherspacaequirementomparedo AsyncDF.

1.1.3 Multithr eadedruntime systems

Besidespresentingspace-dicient schedulingalgorithms,this dissertatiordescribesfficient im-
plementation®f runtimesystemghatusethe algorithmsto schedulearallelthreads.| have im-
plemented lightweight, multithreadeduntimesystemon the SGI Paver Challenge specifically
to evaluatealgorithmAsyncDF. | presentheresultsof executinga setof parallelbenchmarken
this systemandcompareheir spaceandtime requirementsvith previousspace-dfcientsystems
suchasCilk [25]. Theresultsindicatethatalgorithm AsyncDF providesequialenttime perfor
manceasprevious systems However, asshavn in Figurel.4, algorithm AsyncDFis effective in
loweringthe spaceaequirementsf thebenchmarksn comparisorio previousschedulers.
Posixstandardhreadsor Pthread488] have becomea popularstandardor sharedmemory
parallelprogrammingHowever, despiteproviding lightweightthreadoperationsexisting Pthread
implementationslo not handlefine-graineddynamicparallelismefficiently. In particular current
Pthreadschedulersare not space-dfcient due to their useof FIFO schedulingqueues. Conse-
quently they resultin poor spaceandtime performanceor programswith a large numberof
fine-grainedthreads. Therefore,| addedboth my schedulingalgorithms,AsyncDF and DFDe-
gues to a popular commercialPthreadgackage and evaluatedthe performanceusing a set of
parallelbenchmarksThe benchmarksncludea variety of numericalcodesphysicalsimulations,
anda dataclassifier Figure 1.5 highlightssomeof the resultsof implementingAsyncDF in the
contet of the Pthreadgpackagejt shavs the speedupgor fine-grainedand coarse-graineder-
sionsof a subsetof the Pthreaddbenchmarks.The resultsindicatethat the use of lightweight
Pthreadsanallow moderatelyfine-grainegorogramswith simplercodeto performaswell astheir
hand-partitioned;oarse-grainedounterpartgprovideda space-dicientschedulers utilized. The
resultsof usingalgorithm DFDequesfor finer-grainedPthreadfenchmarksare summarizedn
Figurel.6. Unlike AsyncDF, algorithm DFDequesnaintainshigh performancendgoodlocality
evenwhenthe granularityof the threadss reducedurther (i.e., whenthe threadsaremademore
fine grained). As shawvn in the figure, the performanceof the original FIFO scheduledeterio-
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Figure 1.4: High-watermark of memoryallocationfor two multithreadedparallelbenchmarkon a 16-
processoSGI Paver Challenge. The memoryusageshowvn for one processois the memoryrequirement
of the serial C versionof the program. “Other systems”is an estimateof the memoryrequiredby the
benchmarkon previous systemghat schedulethe outer parallelismwith higher priority (e.g., [41, 83)).
“Cilk” is the memoryrequiremenusingthe space-dfcient systemCilk [25], and“ADF” is the memory
requirementisingalgorithmAsyncDF. Resultsfor otherbenchmarkganbefoundin Chapters.

ratessignificantlyasthe threadgranularityis reduced.Both the space-dicient schedulergreate
fewer simultaneoushactive threadscomparedo the FIFO schedulertherebyconservingexpen-
sive resourcesuchasthreadstacks.The benchmarknputsandthreadgranularitiesusedin these
experimentsalongwith otherexperimentakesults,aredescribedn detailin Chapter$ and?7.

Space-Time tradeoff

Recallthatboththe schedulingalgorithms,AsyncDFand DFDequesutilize amemorythreshold
K, sothatthreadscanbe preemptedeforethey allocatetoo much(i.e.,, morethat K') space.This
parameters designedo be specifiedoy the useratthecommandine. A biggervalueof K leads
to alower runningtime in practicebecausd allowsthreadgo runlongerwithout preemptiorand
reduceschedulingcosts.However, alargervalueof K resultsin ahigherspacéoound.Therefore,
adjustingthe value of the memorythresholdi™ provides a trade-of betweenthe runningtime
andthe memoryrequiremenbf a parallelcomputation.For example,Figure 1.7 experimentally
demonstratethis trade-of for a parallelbenchmarkisingalgorithmAsyncDFto schedulghreads
onthe SGIPower Challenge.

In DFDequesincreasinghe memorythresholdi™ alsoallows morethreadsclosetogetherin
thecomputatiorgraphto executeconsecutiely onthe sameprocessqileadingto lowerscheduling
overheadsindbetterlocality. We will referto the numberof threadsexecutedon aprocessofrom
its local subqueugwithoutaccessingheglobalqueueof subqueuesgstheschedulinggranularity;
ahigherschedulinggranularitytypically resultsin betterlocality andlower schedulingoverheads.
As shawn in figure 1.8, adjustingthe value of the memorythresholdk™ in DFDequesprovidesa
trade-of betweerthe memoryrequiremenandschedulinggranularity(andrunningtime).
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Figure 1.5: Speedupsn 8 processoref an Enterprise5000SMP for 5 Pthreads-baseapplications.The
speedugor eachbenchmarks with respecto its serial, C counterpart.The coarse-grainegersionis the
original, unmodifiedbenchmarkrun with onethreadper processarThefine-grainedversionwasrewritten
to dynamicallycreateanddestroylarge numbersof lightweight PthreadsThis versionwasexecutedusing
both the Pthreadmplementatiors original FIFO schedulerandthe new AsyncDF schedulingalgorithm.
SeeChapters for furtherdetails,alongwith otherexperimentakesults.

Benchmark Max threads L2 Cachemissrate 8 processospeedup
FIFO | ADF | DFD || FIFO | ADF | DFD | FIFO | ADF | DFD
Vol. Rend. 436 36 37 4.2 3.0 | 18 5.39 | 5.99 | 6.96
DenseMM 3752 | 55 77 240 | 13 8.7 0.22 | 3.78 | 5.82
SparseMVM 173 51 49 13.8 | 13.7 | 13.7 || 3.59 | 5.04 | 6.29
FFTW 510 30 33 146 | 164 | 144 | 6.02 | 5.96 | 6.38
FMM 2030 | 50 54 140 | 21 | 1.0 1.64 | 7.03 | 7.47
BarnesHut 3570 | 42 120 || 19.0 | 39 | 29 0.64 | 6.26 | 6.97
DecisionTr. 194 | 138 | 189 5.8 49 | 46 483 | 4.85| 5.39

Figure 1.6: Summaryof resultsfor Pthreaddenchmarksvhenthethreadgranularitiesarefurtherreduced
(i.e., whenthethreadsaremademorefine grained)comparedo thefine-grainedversionin Figurel.5. The
threadgranularitiesaareadjustedo bethefinestgranularitiedor which the basicthreadoverheadgsuchas
creationandsynchronizationarewithin 5% of the runningtime. For eachschedulingechniquewe show
the maximumnumberof simultaneouslactive threadgeachof which requiresa min. 8KB stack)created
by theschedulerthe L2 cachemissegates(%), andthe speedup®n an 8-processoEnterpriseS000SMP
“FIFO” is theoriginal Pthreadschedulethatusesa FIFO queue,"ADF” algorithmAsyncDF, and“DFD”
is algorithmDFDequesFurtherdetailscanbefoundin Chapter7.
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Figure 1.7: The variationof runningtime andmemoryusagewith the memorythresholdK (in bytes)in
AsyncDF, for multiplying two 1024 x 1024 matricesusingblockedrecursve matrix multiplicationon 8
processoref a Paver Challenge. K =500-200Mytesresultsin both good performanceandlow memory

usage.
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Figure 1.8: The variation of runningtime, schedulinggranularityand memoryusagewith the memory
thresholdK (in bytes)for matrix multiplication using DFDequeson 8 processor®f an Enterprise5000.
The unitsfor the threequantitiesare shovn in separat@raphsin Chapters, alongwith similar resultsfor

synthetichenchmarks.
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1.2 Limitations of the Dissertation

Thelimiting aspect®f this dissertatiorarelisted below.

(a) Machine model. The schedulingalgorithmspresentedn this dissertatiorare designedor
sharednemorymachinesl demonstratéheir effectivenessn practiceonly on singleSMPs.Un-
like distributedmemorymachinessuchmachineshave perprocessocachef limited size,and
sharecommonmainmemorymodules Providedathreadrunson aprocessolongenougho make
gooduseof its cachewhich processoit getsschedulean haslimited impacton performanceln
contrastjn distributedmachineseachprocessohasits own sizablememorymodule,andthelocal
memorybus typically hashigherbandwidththatthe processomterconnectsOn suchmachines,
schedulinga threadthataccessedataresidentin a processos memorymoduleon thatprocessor
becomeanore important. In Chapter8, | speculateon how my schedulingalgorithmsmay be
extendedo clustersof SMPs.

(b) Programming model. The programmingmodelassumedy the schedulingalgorithmsis
purenestedparallelisnt we defineit formally in Chapter2. Parallellanguageshatprovide nested
parallelisminclude data-parallelanguagesuchasNEsL [17] andHPF [60], aswell ascontrol-
parallellanguagesuchasCilk [25] andProteug109]. Elsevhere,we have extendedour space-
efficient scheduleto the more generalmodelof synchronizatiorvariables[19]; a descriptionof
thoseresultsis beyondthe scopeof this dissertation.In practice the schedulergpresentedn this
dissertatiorcanbe easilyextendedo executeprogramswith arbitrary blockingsynchronizations
(seeChapters and7). Chapter8 briefly speculate®n how spaceboundsfor more generalpro-
grammingmodelscouldalsobe analyzedn theory

(c) Analysis. | analyzetherunningtime andspacerequirementor parallelprogramsassuminga
constant-timdetch-and-addéhstruction;theanalysisdoesnot reflectthe effectsof processorson-
tendingon synchronizationsr memoryaccessesAlso, | do not analyzethe total communication
(in theform of cachemisses)or the programs.

(d) Scalability of implementations My implementations&nd experimentswvere carriedout on
single bus-based&MPs, with up to 16 processors.Eachof my implementationghereforeused
a serializedschedulerwhich doesnot appearto be a major bottleneckfor up to 16 processors.
| describeand analyzeparallelizedversionsof the schedulerswhich I expectwould be more
effective on a machinewith a larger numberof processorsHowever, mainly dueto the lack of
cornvenientaccesso suchamachine] do not experimentallyalidatethis claim.

(e) Benchmarks Sincethe algorithmsaretargetedtowardsnestedoarallelprogramsthe bench-
marks| useto evaluatethem predominantlyusenestedparallelism. The multithreadedruntime
systemon the Powver Challengehandlesmulti-way forks that are commonin dataparallelism.
However, the Pthreadsnterfaceallows only a binary fork, andall the Pthreadbenchmarksare
written using nestedfork-join constructs. Someof the benchmarksalso make limited use of
Pthreadmutexes.However, the Pthreaddibrary itself makesextensve useof themutexesandcon-
dition variablesprovided by the Pthread#PI. The setof benchmarksncludescompute-intense
andmemory-intensie codes put no I/0O-intensve applications.
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1.3 Organization of the Dissertation

Theremaindeof this dissertations organizedasfollows.

Chapter2 begins by presentingan overviewn of previous work on representinggomputations
with graphs.l thenmotivateandexplain the dynamicdagsmodelusedthroughoutthis disserta-
tion. | alsoformally defineimportantpropertief parallelprogramsandtheir parallelexecutions,
suchasspaceequirementin termsof the dags.The chapterthendifferentiatebetweerdifferent
modelsof parallelism,ncludingnestedoarallelismandendswith anoverview of relatedwork on
dynamicschedulingechniques.

Chapter3 describesalgorithm AsyncDF, the first of the two asynchronouschedulingalgo-
rithms presentedhn this dissertationl analyzethe spaceandtime boundsfor a programexecuted
usingalgorithmAsyncDEF | thendescribehow thescheduleitself canbeparallelizedandanalyze
thespaceandtime boundsncludingthe overhead®f the parallelizedscheduler

Chapter4 describeshe implementationof a multithreadingruntime systemthat usesthe
AsyncDF schedulingalgorithm. It alsoevaluatesandcompareghe performancef the scheduler
with previousschedulingechniquesisinga setof parallelbenchmarks.

Chaptel5 explainshow aslightvariationof the AsyncDFschedulingalgorithmcanbeaddedo
alightweightPthreadsmplementationmakingit spaceefficient. | shav thatthenew schedulecan
resultin goodspaceandtime performancéor fine-grainedsersionsof a varietyof Pthreads-based
parallelbenchmarks.

Chapter6 presentshe secondspace-difcient schedulingalgorithm,namely algorithm DFDe-
gues It alsoanalyseshe spaceandtime requirement$or executinga nested-paralldbenchmark
usingthe DFDeques

Chapter7 describeghe implementatiorof DFDequesn the context of a Pthreaddibrary. |
experimentallycomparethe performanceof DFDequeswith the original Pthreadscheduleand
with algorithmAsyncDF, by usingthe Pthreads-basdesenchmarketroducedn Chaptel5. | also
presentsimulationresultsfor synthetichbenchmarkso comparethe performanceof DFDeques
with bothalgorithmAsyncDF, andwith anotherspace-dicient (work-stealing)scheduler

ChapteB summarizesheresultspresentedh this dissertationanddescribeduturedirections
for researchthatemegefrom thiswork.



Chapter 2
Background and Related Work

Dynamicallygenerategraphsareusedhroughouthisdissertationio representomputationsvith
dynamicparallelism.This chapterbegins with a descriptionof previouswork on usinggraphsto
modelparallelcomputationgSection2.1.1),followedby a definitionof thedirectedagyclic graph
(dag) modelusedin this dissertation(Section2.1.2). Sections2.1.3and2.1.4thendefinesome
propertieof the computationgor their dags)thatwill bereferredto in the remainderof this dis-
sertation.Next, Section2.2 describesomeof the modelsof parallelismthatcanbeimplemented
by fine-grainedJightweightthreads.For eachmodel,| give examplesof existing threadsystems
or parallellanguageshatimplementthe model. The chapterendswith a summaryin Section2.3
of previouswork on dynamicschedulingof lightweightthreadsfor eithergoodlocality or space
efficiengy, alongwith anexplanationof wherethis dissertatiorresearchits in.

2.1 Modeling a Parallel Computation asa Graph

Thissectionbaginsby listing somepreviouswork onmodelingparallelcomputationsvith different
typesof graphsfollowedby a descriptionof the particulargraphmodelusedin this dissertation.
The sectionendswith definitionsof importantpropertiesof parallelcomputationor their graph
representations.

2.1.1 Background

Marimont[104], Prossef130], lanov [86], andKarp [93] introduceddirectedgraphsto represent
sequentiaprograms.Sincethen, several researcherbave usedgraphsto modelboth sequential
andparallelcomputationgor avariety of purposes.

Graphshave beenusedto represenprogramsn the functionalprogrammingcommunity so
that the programscan be executedusing graphreduction[157]. Internalnodesare application
nodeswhile theleavesareeitherprimitive operator®r datavalues.Theleft child of anapplication
nodereducedo anoperatoywhile its right child representshe operandor theleft child. Graph
reductionhasbeenappliedwidely in the contet of both sequentia[29, 57, 94] andparallel[14,
125] machines.

Representingomputationsas graphsallows relationshipsbetweentheir spaceandtime re-
quirementdo be studiedusing pebblinggames. Graphsusedin pebblingaretypically directed,

15
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agyclic graphsan whichnodegsepresenbperationsandanedgefrom onenodeto anothelindicates
thattheresultof oneoperations anoperandf another Pippengef127] summarizegarlyresults
in pebblingfor sequentiaprograms.Pebblinghassubsequentlpeenappliedto generategarallel
schedulesor FFT graphg141], andto characterizgarallelcomplity classe$160].

Dennis[51] introducedstaticdataflav graphs,which were subsequenthaugmentedvith dy-
namictagsthat increasethe available parallelism[4]. A dataflav graphis a directedgraphin
which nodesrepresenbperatorgor instructions)andthe edgesrepresentiatadependencele-
tweennodes. Dataflov graphshave beenusedin the simulationof computersystemg68, 149].
As intermediateepresentationfor dataflav languagegshey arealsousedto executedataflav pro-
gramsat a fine-grainedevel, whereindividual operationsare dynamicallyscheduledn special
processor§o, 74]. Alternatively, the macro-datafley approachnvolvescompile-timepartitioning
of the graphnodesinto coarsertasksand schedulingghemonto more corventionalmultiproces-
sors[139, 140].

Computationgraphswereintroducedby Karp andMiller [91] asa modelto represenparal-
lelismin simple,repetitve processesEachnodeof a computatiorgraphis an operationandeach
edgerepresents first-in first-out queueof datadirectedfrom one nodeto another The model
wassubsequentlgxtendedo includefeaturedike conditionalbranching2, 7,52,103,106 135].
Thesegraphicalmodelshave a numberof differenttypesof nodes,including arithmeticopera-
torsandcontrolflow decisionsandhave beenusedto representanalyze manipulateandexecute
parallelcomputations.

A significantamountof work hasfocusedon staticschedulingof taskgraphson parallelcom-
puters.A taskgraphis adirectedgraphin which eachnoderepresentsa variable-lengthask(sub-
computation) An edgeconnectingwo tasksrepresentslependencdsetweerthem,with weights
denotingcommunicatiortosts.Thecommunicatiorcostis incurredonly if thetwo tasksaresched-
uledonseparat@rocessorsAlthoughthe problemof findinganoptimalschedulevasshavnto be
NP-completeevenwithoutcommunicatiorcostg100], schedulingalgorithmsthatproducesched-
uleswithin a factor of 2 of optimal have beenpresentedor variouscaseq28, 71,121]. Several
researcherbave analyzedthe trade-of betweentime and communicatiorfor differenttypesof
taskgraphdq89, 120,122 154]. A numberof heuristicshave beensuggestedb staticallypartition
andscheduldaskgraphgo minimize executiontime[55, 69,85, 107]. Taskgraphshave alsobeen
usedto predictthe performancef parallelcomputation$12, 98,110,144, 152].

Dynamic dags

All the abore approachesisegraphsasexplicit, staticrepresentationsf programs.In general,
to statically constructand schedulesuch graphs,the costsfor eachruntime instanceof a task
(node)or datacommunicatior{edge)mustbeknown atcompiletime. Thesequantitiesaredifficult

to statically estimatefor programswith dynamicparallelism,for example,programswith data-
dependenspavning andparallelrecursion,or parallelloopswith staticallyunknovn boundsand
iterationexecutiontimes, etc. Thereforejnsteadof usinga staticgraphrepresentatiorprograms
with dynamicparallelismaremodeledusingdynamicgraphsan thisdissertationA dynamicgraph
is a directedgraphthat corresponds$o a single executionof a program,andunfolds(is revealed
incrementally)asthe executionproceedsEachnodecorrespond$o a separat&xecutioninstance
of sometask. Thus,a sequentialoop would berepresentedsa linearsequencef nodescreated
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astheloop executesjnsteadof a cycle asin statictaskgraphs. The dynamicgraphsconsidered
in this dissertationare assumedo be agyclict. The complete,directedagyclic graphor dagis
availableonly at the endof anexecution,andneednot be explicitly createdoy theschedulerWe
simply view it asa traceof thatexecution.

Althoughstaticdagswereinitially usedo represenarithmeticexpression$27, 28], researchers
have morerecentlyuseddynamicdagsto modelparallelcomputationsvith dynamicparallelism.
Burtonetal. [30, 143], BlumofeandLeisersor24, 26], andBlelloch etal. [21] modeledparallel
computationgsdynamicdagsto generatefficientscheduleslLeightonetal. [99] studiedefficient,
online embeddingsn hypercubespf dagsthat representa tree of dynamically spavned tasks.
Dynamic dag representationbBave also beenusedto definerelaxed modelsof memoryconsis-
teng/ [22], or for proving correctnessf algorithmsthatdetectraceconditions[40, 58]. Bertsekas
andTsitsiklis [16] presenta goodintroductionto the dynamicdag modelfor parallelprograms.
They explain how parallelexecutionscanberepresentetly schedulesor the correspondinglags,
andthey definetherunningtime for a parallelexecutionin termsof theseschedules.

2.1.2 Dynamic dagsusedin this dissertation

Dynamicdagsareusedasanabstractmodelto represenparallelcomputationsn this dissertation.
This hasanumberof advantages.

e A dagis a simpleandintuitive representatiofor a programexecution,independenof the
parallellanguageor underlyingparallelmachine.

e Theproblemof dynamicallygeneratinga scheduldor the programreducego the problem
of generatinganonlinescheduldor thedynamicdag(seeSection2.1.4).

e Thepropertieof aparallelcomputationsuchasthetotalnumberof operation®r thecritical
pathlength,canbe definedin termsof propertief the dag(seeSection2.1.3). Similarly,
thecostsof a particularschedulecanbeanalyzedn termsof propertiesof the dag.

¢ Differentmodelsof dynamicparallelismcanbe comparedn termsof the structuralproper
tiesof thedagsgeneratedby the parallelcomputationgseeSection2.2).

In the dag modelusedin this dissertationgachnoderepresents unit of computationor an
action in a thread;therefore,l will usethe terms“node” and “action” interchangeably Each
actionmustbe executedserially, takesexactly a singletimestep(clock cycle) to be executedon
a processorA singleactionmay allocateor deallocatespace.Sincemachineinstructionsdo not
necessarilycompletein a single timestep,one machineinstructionmay translateto a seriesof
multiple actions.

Eachedgein the dagrepresents dependencéetweentwo actions. Thus,if the daghasan
edge(u, v), thenthe nodev mustbe executedafter nodeu. Oneor morenew threadsarecreated
by executinga fork instruction. Whenathreadt, forks athreadt,, threadt, is calledthe parent
of threadt,, andthreadt, a child of threadt,. Figure2.1 shavs an exampledagfor a simple
parallelcomputation. The fork edgesshovn asdashedinesin the figure, arerevealedwhena

1A graphrepresentinghe executionof a computatiorwith arbitrarysynchronizationsnay containa cycle, imply-
ing thatthe executionrepresentety the graphdeadlocksThereforewe do notconsidersuchcomputations.
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threadforks a child thread.The fork edgegoesfrom the currentnodeof the forking threadto the
initial nodeof the child thread. The dottedsynchedgesepresent synchronizatiorbetweenwo
threadsyhile eachsolid andverticalcontinueedgerepresenta sequentialependencbetweera
pair of consecutie actionswithin asinglethread.For every edge(u, v) in thedag,nodew is called
aparentof nodev, andnodev a child of nodeu.

Eachnodew in the dagis assignedinintegerweightm(v) to represena memoryallocation
or deallocation. Thus, a node (action) v that allocatesM units of memoryis assigneda label
m(v) = M. If thenodev deallocates\/ bytesthenm(v) = —Af; if it performsno allocationor
deallocationn(v) = 0. Weassumehatasinglenode(action)doesnotperformbothanallocation
andadeallocation.

If the programmingmodelsupportsmulti-way forks, a nodecanhave a high out-degree. In
contrastin systemghatonly allow binaryforks, the outdegreeof a nodecanbe at mosttwo. As
aconvention,whenathreadforks achild thread| will draw the child threadto theimmediatdeft
of the parentthread.If multi-way forks arepermitted thenthe childrenareshovn arrangedrom
left-to-rightin theforking (or programtext) ordet

Dag-determinism

Eachdagrepresenta singleexecutionof a parallelcomputationTherefore asingleparallelcom-
putationmayresultin differentdagsfor eachparallelexecutionof thecomputationTheanalysisn
this dissertatiorfocuseson parallelcomputationghat aredag-deterministi¢thatis, the structure
of thedag(includingtheweightsonits nodes)s the samefor every executionof thecomputation.
Thus,the dagrepresenting dag-deterministicomputations independenof factorssuchasthe
schedulingechniquethe numberof processorspr therelative orderof executionof actionsthat
canbe executedin parallel. A dag-deterministiparallelcomputationrmay be non-deterministic
in thetraditionalsensethatis, it may producedifferentresultsduring differentexecutions.How-
ever, to analyzethe spaceandtime costs,we simply requirethat the dagfor eachexecutionbe
the same.As anexampleof a computatiorthatis not dag-deterministicconsidera programwith
speculatre parallelism.It mayperformmore(or less)work whenexecutedon multiple processors
comparedo its serialexecution. Sincethe dagsfor thetwo executionsdiffer, the computations
not dag-deterministic.Similarly, a searchprogramwith pruningmay resultin differentdagsfor
eachexecution,andis thereforenotdag-deterministic.

The reasonfor focusingon dag-determinismn this dissertationis that the spaceandtime
costsfor a parallelscheduleare definedin termsof propertiesof the dag. For example,| define
the parallel spacerequirementS, of a computationas a propertyof the dagthat representshe
parallelexecutionof that computationon p processors.S, is thenboundin termsof the space
requirements; for a serialscheduleof the samedag. Now this boundmakessenseonly if the
serialexecutionof the computationactually produceghe samedag. Therefore this dissertation
restrictsts focusto dag-deterministicomputationso allow meaningfubnalyse®f thescheduling
algorithms. The schedulergpresentedn this dissertationare, nonethelessperfectly useful for
executingcomputationghat are not purely dag-deterministic.However, for suchcomputations,
the spaceandtime costswould be boundin termsof the worst-casespaceandtime costsfor all
possibledags.which maybedifficult to predictor computeoffline. Thisissueis discussedbriefly
in Chapte.
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Figure 2.1: An exampledagfor a parallelcomputation. Eachdashededgerepresents fork, and each
dottededgerepresents synchronizatiorof a child threadwith its parent. Solid, vertical edgesrepresent
sequentialependencesithin threadsHeret,, theinitial (root) thread forksa child threadt, , whichforks

achild thread:,.

2.1.3 Work and depth

Thework of adag-deterministiparallelcomputationis the total numberof actionsexecutedn it.
Sinceeachactionrequiresa singletimestepo beexecutedthework of a parallelcomputatioralso
equalghetimetakento executeit serially(assumingeroschedulingoverheads)A computatiors
depthis the lengthof the critical pathin it, thatis, the time requiredto executethe computation
onaninfinite numberof processorgassumingio schedulingor communicatioroverheads)Thus,
the work of a dag-deterministiparallelcomputationequalsthe total numberof nodesin its dag,
while its depthequalgsthelengthof thelongestpathin thedag. For example thedagin Figure2.1
has10 units(timestepspf work, anda depthof 6 timestepsthread:, performs5 units of work.

2.1.4 Schedules:spaceand time requirement

For analyzingthespaceandtime requirement®f a parallelcomputationthis dissertatiorassumes
thatthe clocks (timestepspf the processorsre synchronized.Therefore althoughwe aremod-
elingasynchronouparallelcomputationsthe schedulesirerepresentedssetsof nodessxecuted
in discretetimesteps With this assumptionthe parallel(or serial)executionof a computatioron
p processorsanberepresentetly a p-schedules, = Vi, V;, ..., V., whereV; is thesetof nodes
executedat timestepi. Sinceeachprocessorcanexecuteat mostonenodein ary timestep,each
setV; containsat mostp nodes. Thus,for a serialscheduleor 1-schedulegachV; consistsof at
mostasinglenode.A p-schedulanustobey the dependencedgesthatis, a nodemay appeain
asetV; only if all its parentnodesappeain previoussets.

Thelength of a p-scheduldas thetime requiredto executethe p-schedulethatis, the number
of timestepsn it. Thus,ap-schedules, = Vi, V4,...,V; haslengthr. Thespaceequiredby s,

isS, =n+mazjy,. - < i > eev, m(v)), wherer is the sizeof theinputdata,andm(v) is

=1

theamountof memoryallocatedby nodewv.
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Figure 2.2: The statetransitiondiagramfor threads. An active threadthatis eitherexecuting,readyor
suspended.

reactivated

A nodein athreadis readyto executewhenall its parentshave beenexecuted,but the node
itself hasnot yet beenexecuted. A threadthat hasbeencreatedbut hasnot yet terminatedis
calledactive. A threadis deadonceit hasterminated. At ary time during the execution, the
first unexecutednode(or action)in anactve threadis calledthethreads current node.An active
threadis executingif it is currentlybeingexecutedon someprocessorOtherwise anactive thread
is eitherreadyor suspendedThethreadis readyif its currentnodeis ready;otherwise|t is said
to be suspended Figure 2.2 shaws the statetransitiondiagramfor threads.A suspendedhread
is reawalenedwhenits currentnodebecomeseady We sayathreadis scheduledvhenits state
changedrom readyto executing. Whenit is subsequentlylescheduledit leavesthe executing
state.

In this dissertationa threads granularity refersto the averagenumberof actionsexecutedoy
thethread. Thus,threadshat performonly a few operationsarefine grained, while threadsthat
performalargenumberof operationsrecoarsegrained For example,aSPMD-stylecomputation
thatcreateonethreadperprocessqrndependentf the problemsize,hascoarse-grainethreads.
| also (informally) defineschedulinggranularity to be the averagenumberof actionsexecuted
consecutrely on a singleprocessaqrfrom threadsclosetogetherin thedag. Figure2.3 shavs two
differentmappingsof threadsfrom a parallel computationto processorshat resultin different
schedulinggranularities.

Depth-first schedulesand serial space

As demonstratedby the examplesin Chapterl, the schedulegeneratedor a parallelcomputa-
tion dependsn the algorithmusedto schedulghe threads.Thus, seseral differentserialsched-
ules(with differentspacerequirementsjnay exist for a singledag. A serialimplementatiorthat
maintainsa LIFO (last-in-first-out)stack of readythreadsresultsin a depth-firstschedule. A
depth-firstscheduleis a 1-schedulen which, at every step,we pick the mostrecentlyexecuted
nodewv thathasa readychild node,and executeary child of v. Sincethe nodev may have two
or more children,andwe do not specifywhich child nodeto pick first, a dag may have several
depth-firstscheduleskFor example Figure2.4 shavstwo possibledepth-firsischedulesor thedag
from Figure2.1.

A specificdepth-firstschedulecalleda 1DF-schedulecanbe definedfor computationdy in-
troducingprioritieson thethreads—adotal orderwheret, > t, meanghatt, hasa higherpriority
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Figure 2.3: Two differentmappings(a) and (b) of threadsin a dagonto processorg, ..., P5. (a) has
higherschedulinggranularitythan(b).

thant;,. To derie this orderingwe say that wheneer a threadt, forks a thread¢,, the forked
threadwill have ahigherpriority thantheforking thread(¢; > t¢,) but the samepriority relative to
all otherthreadscurrentlyexisting in the system.If multi-way forks are permitted,priorities are
assignedo thethreadsn the programtext order;thus,if threadt, forks . threads/,,... ,¢,ina
singletimestepthent, - ¢, > ... > t,, = 5. A 1DF-schedulas theuniquel-schedulegenerated
by alwaysexecutingthe currentaction of the highest-priorityreadythread. The orderin which
nodesareexecutedn a 1DF-scheduledeterminegheir 1DF-numbers For example,Figure2.4(b)
shavs the 1DF-numberingof the dagfrom Figure2.1. Recallthat my conventionis to drav a
newly forkedchild threadto theimmediateleft of its parent. Therefore all my exampledagsare
dravn suchthat,if ¢, = t, thent, appeardo theleft of ¢,. Thus,the 1DF-scheduléas theunique,
left-to-right depth-firstschedule.

Serialimplementation®f mary language®xecutea 1DF-schedule In fact, if the threadcre-
ations(forks) wereto be replacedby simplefunction calls, thenthe serialschedulesxecutedby
ary stack-basethnguagesuchasC is identicalto a 1DF-scheduldor mostparallelcomputations.
Thereexist someparallelcomputationgsuchasthosewith right-to-left synchedges)for which
a 1bF-scheduleneednot be the mostnaturalserial executionorder However, for the classof
computationghatthis dissertatiorfocuseson, the 1DF-schedulds indeedthe mostnaturalserial
executionorder andthereforejts spacaequirementvill bereferredto asthe serialspaceaequire-
mentsS; for aparallelcomputation.

2.2 Models of Parallelism

Researcher@n the pasthave compareddifferent modelsfor parallel machines;for example,
Traff [155 presentsa goodoverview of the PRAM modelandits variants. Therehasalsobeen
somework in classifyingparallellanguage®r modelsof parallelprogramming.Bal and Tanen-
baum[8] comparethe data-sharinggemanticf parallellanguagedor distributed memoryma-
chines.SipelsteinandBlelloch[147] review andcomparea setof parallellanguageshatprovide
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(b)

Figure 2.4: Two differentdepth-firstschedulega) and(b) for the exampledagfrom Figure2.1; eachnode
is labelledwith its executionorder A nodecannotbe executeduntil all the nodesthat have edgesinto it
have beenexecuted.(b) is a 1DF-scheduleandthereforeeachnodes labelis its 1DF-number To obtaina
1bF-scheduleprioritiesareassignedo thethreadssuchthatt, > ¢; > #g.

dataaggreyatesand operationgo manipulatethemas languageprimitives. Dekeyser and Mar-
guet[50] classifysomedata-parallelanguagesccordingto the level of abstractiorthey provide
to theprogrammerSkillicorn andTaliaclassifyalargersetof parallellanguagesto six catejories
basednsimilarcriteria. At oneendof theirspectrunmarelanguagesvith implicit parallelismsuch
asHaskell[82] andUNITY [38], for which the programmings relatively simplebut the perfor
mancereliesheavily onthelanguagemplementationAt theotherextremearelanguagesuchas
MPI [61] in which the parallelism,partitioning,schedulingcommunicatiorandsynchronization
areall specifiedby the programmer This dissertatiorresearchs applicableto the intermediate
classof languagesn which the parallelismis explicit anddynamic(in the form of lightweight
threads)while the partitioning,schedulingcommunicatiorandsynchronizatiorare all implicit,
andleft to thelanguaggor machine)mplementation.| am not awareof any previous work that
further differentiateetweerparallellanguagesn this specificclass,basedon the modelof par
allel programmingsupportedy eachlanguageThereforethis sectionis anattemptto makesuch
adifferentiation.In particular I describethedifferentmodelsof parallelismbasedn the structure
of the dagsresultingfrom the parallelcomputationsand provide examplesof parallellanguages
or computationghatsupporteachmodel.

The modelof parallelismsupportedoy a language(or threadlibrary) determineghe style in
which lightweightthreadsmay be createdor synchronizedn the language.Imposingno restric-
tionson the programmingnodelleadsto computationghatarerepresentetby arbitrary unstruc-
tureddags,and executingthem efficiently canbe difficult. Therefore,a numberof parallellan-
guageor threadibrariesprovide a setof primitivesthatleadto computationsvith well-structured
dags. Herel describefive modelsin roughly increasingorder of flexibility or expressveness.|
only cover modelsthatallow dynamiccreationof threadsasopposedo the SPMD style where
onethreadis createdper processoat the startof the computation(e.g., in MPI or Split-C [49]).
This list is by no meanscomprehensi, but coversthe modelsimplementedoy a large set of
parallellanguages.
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1. Flat parallelism

In the flat modelof parallelismthe original (root) threadis allowedto fork child threads.All the
child threadsmustsynchronizewvith therootthreadat a singlepointin the programandterminate;
the child threadscannotfork more threadsthemseles or communicatewith eachother Once
thethreadssynchronizethe parentcanonceagainfork new child threads.Figure2.5 (a) shavs a
sampledagfor aprogramwith flat parallelism.Flat,data-parallelanguage$ike High Performance
Fortran[60] supporthis styleof parallelismover element®f densearrays.Parallelizingcompilers
alsooftengeneratean outputprogramin this style. For example ,whenthe compilerencounters
loopnest,it mayparallelizeoneof thenestedoopsby creatingonechild threadperprocessqrand
partitioningthe iterationsof thatloop amongthe child threads. Alternatively, the compilermay
createonechild threadperiterationof thechoseroop, anduseastaticor dynamicschemg84, 97,
128,158 to partitionthe child threadsamongthe processorsThe child threadghensynchronize
with the parentat theendof the parallelizedoop.

2. Nestedparallelism

As with flat parallelismall thechild threadsn a nestedparallelcomputatiorsynchronizewith the
parentatasinglepointandthenterminate No othersynchronizationarepermitted andtherefore,
aswith flat parallelism,child threadsmay not communicatewith eachother However, a child

threadis allowedto fork its own child threads,andthe forks mustbe perfectly nested(seeFig-

ure 2.5 (b)). The dagsthatrepresennestedparallelcomputationsarefairly well structuredand
arecalledseries-parallalags[21]. Data-parallelanguagesuchasNEsL [17] andcontrol-parallel
languagesuchasProteuqg109] implementnestedarallelism.A numberof parallelprogramsin-

cludingdivide-and-conquezomputationshranch-and-bounsearchedunctionalexpressioreval-

uations,parallelloop nests,andoctree-basedodesfor graphicsor dynamicsapplicationsmake
useof nestedoarallelism.Theexamplesn Chapterl arenestecparallelprograms.

3. Strictness

Strict computationg24] extend nestedparallelcomputationgy allowing one or more synchro-
nizationedgedrom athreadto its ancestothreadsIn functionalprogramsthisrestrictionimplies

thatafunctioncannotbeinvokeduntil all its agumentsareavailable,althoughtheagumentsnay

be computedn parallel. Fully strict computationsare a subsetof strict computationghat only

allow synchronizatioredgesfrom a threadto its parent. For example,the dagin Figure2.5 (c)

representafully strictcomputationTheCilk programmindanguagg25] implementsasubsebdf

fully strict computationsn which, all the childrencurrentlyforked by a threadmustsynchronize
with the parentat a single point; this subsets equialentto nestedparallelcomputationsn its

expressveness.

4. Synchronization variables

A synchronizatiorvariableis awrite-oncevariable,andary threadthatperformsareadon a syn-
chronizatiorvariablebeforeit hasbeenwrittento, mustsuspendOnceawrite is performedonthe
variable,it canbe readmultiple times. Therefore thereis a synchronizatioredgefrom the node
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(@) (b)

(€) (d)

Figure 2.5: Exampledagsfor the differentmodelsof dynamicparallelism. (a) A computationwith flat
parallelism,wherethe root threadmay fork child threads. (b) A nestedparallel computation,in which
all forks and joins are nested. (c) A strict computation,which allows a threadto synchronizewith its
ancestorqthis exampleis alsofully strict becausehreadsonly synchronizewith their parents). (d) A
computatiorwith synchronizatiowariableswheresynchronizatiomdgegofrom nodeghatperformwrites
to synchronizatiowariablesto nodeghatreadthem.
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thatperformsawrite on asynchronizatiovariable to every nodethatreadst. Thereis norestric-
tion on the patternof synchronizatioredgesthatis, a synchronizatioredgemay go from athread
to ary otherthread aslong astheresultinggraphis adag(hasno cycles).As with theabove mod-
els,new threadsarecreatedy forking. Figure2.5(d) shavsanexampledagrepresentingparallel
computatiorwith synchronizatiorvariables.Synchronizatiorvariablescanbe usedto implement
futuresin suchlanguagesisMultilisp [77], Mul-T [95], Cool [36] andOLDEN [34]; I-structuresn

Id [5]; eventsin PCF[148]; streamsn SISAL [59]; andarelikely to behelpfulin implementinghe
userspecifiedsynchronizatiorconstraintsn Jade[134]. Computationsvith futuresarea special
case,in which all the synchedgesn the daggo from left to right; the 1DF-schedulds a natural
serialexecutionorderfor suchcomputations.

4. Other synchronization primitives

Computationshatusesomeof theothersynchronizatiomprimitives,suchasmutexes,semaphores,
or conditionvariablesareoftennot dag-deterministicFor example,considera programin which
the root threadforks a child thread,and both then executesomecritical sectionprotectedby a
mutex. If theroot threadacquireshe mutex first, thereis a synchronizatioredgefrom the node
in theroot threadthat unlocksthe mutex to the nodein the child threadthatlocksit. In contrast,
if thechild acquiregshe mutex first, the synchronizatioredgegoesfrom the unlockingnodein the
child threadto thelocking nodein the parent. Thus, althoughindividual executionshave unique
dagsto representhem,thecomputatioris notdag-deterministid,e., it cannotberepresentedith
asingledagthatis independentf theindividual executions.A numberof general-purpostiread
librariesprovide sucharbitrarysynchronizatiomprimitives[15, 35,44,46,88,116 150].

The schedulingalgorithmspresentedn this dissertatiorareanalyzedor nestedparallelcom-
putations. However, the Pthreads-baseidhplementationslescribedn Chapterss and7 usethe
schedulergo executecomputationsvith arbitrarysynchronizatiorprimitives,including mutexes
andconditionvariables.Theexperimentalesultsindicatethattheschedulersvork well in practice
for computationsvith amoderateamountof suchsynchronizations.

2.3 Previouswork on lightweight threadsystems

A variety of systemdhave beendevelopedto scheduldightweight, dynamicthreadq13, 25, 34,
36,47,75,76,90,102,105 111,115,126 137,159,161,162 164]. Althoughthemaingoalshave
beento achiare low runtimeoverheadsgoodloadbalancingandhigh locality, a significantbody
of work hasalsofocusedon developingschedulingechniquedo consere memoryrequirements.
This sectionpresentsan brief overview of previouswork on dynamicthreadschedulingor good
locality, followedby adescriptionof space-dicientschedulers.

2.3.1 Schedulingfor locality

Detectionof dataaccessesr datasharingpatternsamongthreadsn adynamicandirregularcom-
putationis often beyond the scopeof the compiler Further today's hardware-coherersMPs
donotallow explicit, software-controlleghlacemenof datain processocachestherefore pwner
computeoptimizationdor locality thatarepopularondistributedmemorymachineslonotapplyto
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SMPs.However, in mary parallelprogramsthreadsclosetogetheiin the computations dagoften
accesshesamedata.For example,in adivide-and-conquezomputatior(suchasquicksort)where
anew threadis forkedfor eachrecursve call, athreadshareslatawith all its descenderthreads.
Therefore,increasingschedulinggranularity typically provides good locality, and also reduces
schedulingcontention(thatis, contentionbetweenprocessorsvhile accessingharedscheduling
datastructures).For example, if the:** thread(going from left to right) in Figure 2.3 accesses
the:** block or elementof an array thenschedulingconsecutie threadson the sameprocessqr
asin Figure2.3(a), providesbetterlocality. Hencemary parallelimplementationsf fine-grained
threadsuse perprocessodatastructurego storereadythreads[66, 77, 90, 92,101, 145, 159].
Threadscreatedon a processoarestoredlocally andmoved only whenrequired,so thatmostof
the threadscreatedon one processomre executedon that processor This techniqueeffectively
increaseschedulinggranularity andcanbeappliedto avarietyof programghatdynamicallycre-
atethreadsjncludingthosewith nestedparallelismandsynchronizatiorvariables.For programs
with parallelloops,techniqueghatstaticallyor dynamicallychunkloop iterationswereproposed
to achieve similar goals[84, 97, 128,158].

An alternateapproachto schedulingfor locality hasfocusedon taking adwvantageof user
suppliedannotationor hints regardingthe dataaccesgatternsof the threads. For example, if
threadsareannotatedvith the memorylocationsthatthey accessthenthreadsaccessinghe same
or nearbylocationscanbe scheduledn closesuccessiomn the sameprocessof36, 105, 126].
Similarly, if hintsregardingthe sharingof databetweernthreadscanbe provided by the program-
mer, anestimateof the datafootprint sizesof threadsn a processos cachecanbe computedand
usedby theschedulef161]. However, suchannotationganbecumbersoméor theuserto provide
in complex programsandareoften specificto a certainlanguageor library interface.Therefore,
insteadof relying on usersuppliedhints, the algorithmpresentedn this dissertationChapter7)
usesthe heuristicof schedulingthreadsclosein the dagon the sameprocessoto obtaingood
locality.

2.3.2 Schedulingfor space-efficiency

The initial approacheso conservingmemorywere basedon heuristicsthatwork well for some
applicationsput do not provide guaranteedoundson spacg13, 32,48,56,67,70,73, 77,102,
111,118 119,124, 138]. For example, Ruggieroand Sageantintroducedthrottling [138] to
avoid the creationof too mary tasksin the Manchestedataflav maching[74]. Their technique
involvesswitchingbetweerFIFO (first-in-first-out)andLIFO (last-in-first-out)schedulingon the
basisof the systemload. Peyton-Joneset al. [124] presenta methodto control parallelismin
parallelgraphreduction,basedon spavning new paralleltasksonly whenthe systemloadis low.
Burton [32], Epstein[56], and Osborng118] suggestedechniquego control speculatre paral-
lelism by assigningprioritiesto tasks.CullerandArvind [48] proposedoop-boundingechniques
to control the excessparallelismin a dataflav languagdd [5]. Multilisp [77], a flavor of Lisp
thatsupportgarallelismthroughthe“future” construct(andthereforesupportscomputationsvith
write-oncesynchronizatiorvariables) usesperprocessostacksof readythreaddo limit the par
allelism. Eachprocessoaddsor removesthreadsrom the top of its stack,while idle processors
stealfrom the bottomof someotherprocessos stack.A similar methodwassubsequentlymple-
mentedn thecontext of Qlisp[123]. Lazyallocationof athreadstackinvolvesallocatingthestack
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whenthe threadis first executed,insteadof whenit is createdtherebyreducingthreadcreation
time andconservingmemory[13]. Lazythreadcreation[70, 90, 111] avoidsallocatingresources
for athreadunlessit is executedn parallel. Filamentg102], a packagehatsupportdine-grained
fork-join or loop parallelismusingstatelesshreadsconseresmemoryandreducesoverhead$y
coarseningand pruningexcessparallelism. Nesteddataparallellanguageshat areimplemented
usingflattening[18] mayrequirelargeamountf memory;runtimeserializatiorcanreducemem-
ory requirement$or someprogramg119]. GrunwaldandNevesusecompile-timeanalysisof the
wholeprogramto consere thestackspacaequiredfor lightweightthreadq73]; they calculatethe
exactsizeof the stackrequiredfor eachfunction,andinsertchecksor stackoverflow in recursve
functions. Fu and Yangreducememoryusagefor volatile objectsin a distributedobjectsmodel,
by clusteringandschedulingasksbasedn knowing which objectsthey acces$67].

Recentwork hasresultedin provably efficient schedulingtechniqueghat guaranteeupper
boundson the spacerequiredby the parallel computation[21, 24, 26, 30, 143. For example,
BlumofeandLeisersorf24] shavedthatrandomizedvork stealingguaranteeanupperboundof
p- S, for thespacaequiredon p processorsyheres, is theserial(depth-firstspaceequiremertt
In theiralgorithm,eachprocessomaintaingts own list of readythreadswhichit treatdike aFIFO
stack;threadsare pushedon or poppedoff the top of this readystackby the processorWhena
processorunsout of threadson its own stack, it picks anotherprocessoiat random,andsteals
from the bottomof its stack. Their modelappliesto fully-strict computationsvith binary forks,
andallows memoryallocationson a threadstack,but not on theheag. They alsoboundthetime
andcommunicatiorrequirement®f the parallelcomputationsThe Cilk runtimesystem[25] uses
this randomizedwork stealingalgorithmto efficiently executemultithreadedprograms.Various
othersystemsausesimilar work stealingstratgies[76, 111, 115 159 to controlthe parallelism.
This approachalsotypically provides good locality, sincethreadsclosetogetherin the dag are
schedulednthesameprocessor

Theschedulingalgorithmproposedy BurtonandSimpson30, 143]alsoguaranteeanupper
boundof p - S;. Their modelallows dag-deterministicomputationswith arbitrary dagsandis
thereforemoregenerathanfully strictparallelism.However, theirdefinitionof S; isthemaximum
spaceaequiredover all possibledepth-firstserialexecutionsratherthanjusttheleft-to-rightdepth-
first execution. Theremay notexist anefficientalgorithmto computethis valueof S; for arbitrary
dags.

A recentschedulingalgorithm by Blelloch et al. [21] improved the previous spacebounds
from a multiplicative factor on the numberof processorso an additive factor for nestedparallel
computations.The algorithmgenerates schedulghatusesonly S; + O(p - D) spacewhereD
is the depthof the parallelcomputation. This boundis asymptoticallylower thanthe previous
boundof p - S; whenD = o(5;), whichis truefor parallelcomputationghathave a high degree
of parallelism,suchasall programsin the classNC [42]. For example,a simple algorithmto
multiply two n x n matriceshasdepthD = O(log n) andserialspaceS; = 0©(r?), giving space
boundsof O(r?* + plog rn) insteadof O(r*p) on previoussystemsThelow spaceboundof S; +

2Morerecenwork providesastrongeupperboundthanp-S; for spaceequirementsf regulardivide-and-conquer
algorithmsusingrandomizedvork stealing[23].

3Theirmodeldoesnotallow ary allocationof spaceonaglobalheap.An instructionin athreadmayallocatestack
spaceonly if thethreadcannotpossiblyhave aliving child whentheinstructionis executed.Thestackspaceallocated
by thethreadmustbe freedwhenthethreadterminates.
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O(p - D) is achieved by ensuringthat the parallel executionfollows an orderthatis ascloseas
possibleto the serialexecution. However, the algorithm hasschedulingoverheadghat aretoo
high for it to be practical.Sinceit is synchronousthreadseedto be rescheduledfter every unit
computationto guaranteehe spacebounds. Moreover, it ignoresthe issueof locality—athread
maybe movedfrom processoto processoat every timestepandthreadslosetogetherin thedag
may getschedulean differentprocessors.

This dissertatiorpresentswo asynchronouschedulingalgorithmsAsyncDFand DFDeques
thatmaintainthe sameasymptoticspaceboundof S; 4+ O(p - D) asthe previousschedulingalgo-
rithm [21], but overcomethe above problems.The maingoalin the designof the two algorithms
wasto allow threadso executenonpreemptiely andasynchronous|yallowing for betterlocality
andlower schedulingoverheadsThelow spaceboundis achiered by prioritizing threadsaccord-
ing to their executionorderin the 1DF-schedulq(i.e., the 1DF-numberingof their currentnodes),
andpreemptinghemwhenthey run out of a preallocatedjuotaof memory In addition,threads
thatperformbig memoryallocationsaredelayedby loweringtheir priority. To ensurescalability
| presentparallelizedversionsof the schedulerfor both algorithms. | shawv that, including the
costsof the parallelizedschedulgrbothalgorithmsexecuteparallelcomputationsvith W work in
O(W/p+ D -logp) timeandsS; + O(p - log p - D) space.

ThealgorithmsAsyncDFandDFDequesaredesignedndanalyzedor nestedarallelcompu-
tationsonsharednemorymachinesOur modelallows memoryto beallocatedonthe sharecheap
aswell asthethreadstacks.Algorithm AsyncDF allows multi-way forks, while algorithm DFDe-
guesallows only binaryforks. Algorithm AsyncDF usesa single,globally orderedpriority queue
of readythreadswith input andoutputbuffersthatprovide concurrentnon-blockingaccesso the
gueue However, thisresultsin poorlocality whenthreadsarefine grained since althoughasingle
threadmay executeon the sameprocessqrthreadsclosetogetherin the dagmay be schedulean
differentprocessorsFor example,the mappingin Figure 2.3 (a) could be a possiblemappingof
threadsto processorsisingwork stealing,while algorithm AsyncDF may resultin the mapping
shavnin Figure2.3(b).

Algorithm DFDequedmprovesuponalgorithm AsyncDF by allowing processor$o usesep-
aratereadyqueueswhich areglobally ordered.Thisresultsin betterlocality (by schedulindine-
grainedthreadsclosein a dag on the sameprocessorjind lower contentionduring scheduling,
at the costof a slight increasan spacerequirement.lt is moreefficient in practicecomparedo
algorithm AsyncDF whenthe threadsare finer grained. | presentexperimentalresultsto shav
thatboththe algorithmsachiare goodperformancen termsof both memoryandtime for a vari-
ety of parallelbenchmarks Although| analyzethe algorithmsfor nestedparallelcomputations,
experimentalresultsindicatethatthey areusefulin practicefor schedulingoarallelcomputations
with moregenerakynchronizatiomprimitives,suchaslocksor conditionvariablegseeChapter$
and?).

Algorithm AsyncDFwasrecentlyextendedo executecomputationsvith synchronizatiowari-
ablesin a provably-eficientmannerf19]. This extensionallows a computationwith W work, o
synchronizations) depthands; sequentiaspacetorunin O(W/p+o-log(p-D)/p+D-log(p-D))
timeandS; + O(p - D - log(p - D)) spaceon p processorsThe boundsincludeall the spaceand
time costsfor the scheduler Lower boundsfor the specialcasewherethe computationgraphis
planarwerealsoprovided. A detaileddescriptionof the schedulingalgorithmis beyondthe scope
of thisdissertation.



Chapter 3

AsyncDF. An asynchionous,
Space-EfficientScheduler

ThischaptedescribesndanalyzeslgorithmAsyncDF, thefirst of thetwo space-dfcientschedul-
ing algorithmspresentedh this dissertation.The chaptereagins by listing the basicideasbehind
the algorithmthat makeit spaceandtime efficient (Section3.1). Section3.2 describeghe data
structuresusedby the schedulerandthen presentshe pseudocodéor algorithm AsyncDF. Sec-
tion 3.3 thenanalyzeghe spaceandtime requirement®f a parallelcomputationexecutedusing
algorithmAsyncDF. | show thataparallelcomputatiorwith depthD, work W, andserialspacee-
quirements;, is executedon p processordy algorithmAsyncDFusingS; + O(K - p - D) space
(including schedulerspace);here, K is the value of the memorythresholdusedby AsyncDF.
Further if S, is the total spaceallocatedin the computation] shav thatthe executionrequires
O(W/p+S,/(K -p)+ D) timestepsThistime bounddoesnotincludetheschedulingpverheads;
in Section3.4 | describethe implementationof a parallelizedschedulerand analyzethe space
andtime boundsincluding scheduleoverheads.The contentsof this chapterare summarizedn
Section3.5.

3.1 BasicConcepts

Algorithm AsyncDF is designedor the modelof nestedparallelismwith multi-way forks. The
algorithmis basedon the following conceptsthefirst four ensurespaceefficiencgy, while thelast
two areaimedat obtaininggoodtime performance.

e Depth-first priorities. As with the work of Blelloch et al. [21], threadsare storedin a
global queueprioritized accordingto their depth-firstexecutionorder, thatis, accordingto
the 1DF-numberingof theircurrentnodes.Thislimits thenumberof nodeghatexecute®out-
of-order”with respecto a 1bF-scheduletherebyboundingtheamountof spaceallocatedn
excessof theserialspaceequirements; of the 1bF-schedule

e Fixed memory quota. Everytime athreadis schedulean a processqrthatis, everytimeit
movesfrom thereadystateto the executingstate|it is assigned fixed memoryquotaof K
bytes.Theuseradjustablevalue i is calledthe memorythresholdof the schedulerWhen

29
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thethreadallocatesspaceon its stackor on the sharedheap the availablememoryquotais
appropriatelyreduced. Oncethe threadreachesan instructionthat requiresmore memory
thanthe remainingquota,the threadis preemptedandthe processofinds the next ready
threadto execute.

e Delaysbefore large allocations When a threadreachesan actionthat allocatesa large
amount of spacethe threadis stalledby insertingdummythreadsbeforethe large allo-
cation. In the meantime,if otherthreadswith a higher priority becomeready they get
scheduledeforethe stalledthread.

e Lazy forks. Whena threadreachesa fork instruction,it is preemptedand addedto the
schedulinggueue.lts child threadsarecreatedazily, thatis, only whenthey areselectedo
be scheduled.Until then,the parentthreadactsasa representage for all its child threads
thatareyetto becreated.

¢ Uninterrupted execution Threadsareallowedto executewithoutinterruptiononthesame
processountil they fork, suspendferminate,or run out of their memoryquota. This im-
provesuponpreviouswork [21] by providing betterlocality andlowerschedulingverheads.

e Asynchronousscheduling Theschedulings overlappedvith thecomputationandthepro-
cessorsaketurnsperformingthetaskof schedulingTheprocessorsxecuteasynchronously
with respecto eachother thatis, they do not synchronizeafterevery timestep.

Any singlethreadmay be scheduledseveral times. Every time it is scheduleda sequencef its

actionsis executednon-preemptiely. We will referto eachsuchsequencasabatch In algorithm
AsyncDF, all thenodedn abatcharepartof asinglethread.Thus,algorithmAsyncDFeffectively

splitsathreadinto oneor morebatchesThetermbatchwill be usedsubsequentlyn this chapter
to analyzethe spacerequirement.

3.2 The AsyncDF Algorithm

This sectionpresentghe AsyncDF schedulingalgorithm. It startsby listing the datastructures
requiredfor schedulingfollowedby pseudocodé&or the algorithmitself.

3.2.1 Schedulingdata structures

As mentionedin the Section 3.1, algorithm AsyncDF prioritizes threadsaccordingto the
1DF-numbersof their currentnodes By schedulinghreadsaccordingo thesepriorities,the algo-
rithm ensureshattheir executionorderin the parallelschedules closeto thatin the 1DF-schedule

To maintaintherelative threadpriorities, algorithm AsyncDF usesa sharedpriority queueR
to storereadythreadssuspendethreads andstubsthatactasplace-holderdor threadgshatare
currentlybeingexecuted. Threadsn R arestoredfrom, say left to right, in increasingorder of

1Here,a“large” allocationis anallocationexceedingthe memoryquotak .
2Theanalysishowever, assumeshatthe clockson the processoraresynchronized.



3.2. THEASYNCDFALGORITHM 31

the 1DF-numberf their currentnodes.Thelowerthe 1DF-numberof athreads currentnode the
higheris thethreads priority.

Storingthreadsin orderof their priorities requiresR to supportoperationssuchasinserting
or deletingfrom the middle of the queue. Implementingtheseoperationsin a concurrentand
efficient manneron a sharedqueueis difficult. Therefore two additionalFIFO queues();, and
Q)..t, areusedinsteado provide concurrenaiccessesy);,, andq)..; actasinputandoutputbuffers,
respectrely, to storethreadsthat areto be insertedinto or that have beenremoved from R (see
Figure3.1). Thus, processorgan performfast, non-blockingaccesse$o the two FIFO buffer
gueues,nsteadof directly accessingk. The schedulerdescribedn this chapterserializesthe
transferof threadsbetweerthe buffer queuesandR; Section3.4 describesow this transfercan
beparallelized.

Qout
l { (decreasing thread priorities)
Processors I
L] | R
[ A
Qin

Figure 3.1: Themovementof threaddetweertheprocessorandtheschedulingqueues();,, and(),,; are
FIFOs,whereask allows insertionsanddeletionsof intermediatenodes. Threadsin R are alwaysstored
from left to right in decreasing@rderof priorities.

3.2.2 Algorithm description

Figure 3.2 shaows the pseudocoddor the AsyncDF(K) schedulingalgorithm; K is the user
adjustablenemorythresholdor theschedulerTheprocessorsormallyactasworkers A worker
processotakesa threadfrom @),.;, executesit until it terminatespreemptstself, or suspends
(waiting for one or more child threadsto terminate). The workerthenreturnsthe threadto @);,
andpicksthenext threadfrom ¢),.;. Everytime athreadis pickedfrom @), it is allotteda mem-
ory quotaof K bytes;it may subsequentlyisethe quotato allocateheapor stackspace.When
the threadexhaustsits memoryquotaandreachesan actionthat requiresadditionalmemoryto
beallocatedjt mustpreemptitself beforeperformingtheallocation. A threadthatreaches fork
instructionalsopreemptstself.

In additionto actingasworkers,the processorsaketurnsin actingasthe scheduler For this
purpose,we introducespecialschedulingthreadsinto the system. Wheneer the threadtaken
from (),.; by aprocessoturnsoutto beaschedulinghread,t assumesherole of thescheduling
processoandexecuteshe scheduler(procedure We call eachexecutionof the scheduler(pro-
cedurea schedulingstep Only oneprocessocanbe executinga schedulingstepat a time dueto
thescheduletock. Thealgorithmbeginswith a schedulinghreadandthefirst (root) threadof the
programon ) ,y;-
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beginworker
while (thereexist threadsn thesystem)
currT:=remove-thread(),.;);
if (currTis aschedulinghread)
scheduler();

else
executethe computatiorassociatedvith currT;

if (currTterminatespr (currTsuspendsdr (currTpreemptstself)
insert-threadfurrT, Q);,,);
end worker

begin scheduler
acquire schedulettock;
inserta schedulinghreadinto ), .;
T :=remove-all-threadsp;,);
for eachthreadT in T
insertT into R in its original position;
if (T hasterminated)
if (T isthelastamongits siblingsto synchronizepand (theparentT’ of T is suspended)
reactvate T';
deleteT from R;
selecttheleftmostp readythreaddrom R:
createchild threadsn placeif needed;
if (therearelessthanp readythreads)
selectthemall;
inserttheseselectedhreadsnto Q),.;;
releaseschedulefock;
endscheduler

Figure 3.2: The AsyncDF schedulingalgorithm. currT is the currentthreadexecutingon a processar
The threadpreemptdtself whenit reachesa fork instruction,or whenit needsto allocatememoryafter
exhaustingits memoryquota. Whenthe schedulercreatesnew child threadsjt insertstheminto R to the
immediateleft of their parentthread. This maintainsthe invariantthatthe threadsin the readyqueueare
alwaysin increasingorderof the 1bF-numbes of their currentnodes.Child threadsareforked only when

they areto beaddedo ()., thatis, whenthey areamongtheleftmostp readythreadsn R.
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A processothatexecutesa schedulingstepstartsby puttinga new schedulinghreadon @,.;.
Next, it movesall the threadsfrom @);, to R. Eachthreadhasa pointerto a stubthat marks
its original positionrelative to the otherthreadsin R; it is insertedbackin that position. The
schedulethencompactghe readyqueueby removing threadsthat have terminated.If a thread
is the lastamongits siblingsto terminate andthe schedulefindsits parentthreadsuspendedhe
parentthreadis reactvated.All threadghatwerepreemptedlueto afork or anexhaustionof their
memoryquota,arereturnedio R in thereadystate.If athreadhasreached fork instruction,its
child threadsarecreatedandinsertedto its immediatdeft by the schedulerThe child threadsare
placedin R in orderof the 1DF-numbersof their currentnodes.Finally, the schedulemovesthe
leftmostp readythreadsrom R to @),.., leaving behindstubsto marktheir positionsin R. If R
haslessthanp readythreadsthe schedulemovesthemall to ),.;. The schedulinghreadthen
completeghe schedulingstep,andthe processoresumeshetaskof aworker.

To limit the numberof threadsn R, the child threadsof aforking threadarecreatedazily. A
child threadis not explicitly createduntil it is to bemovedto @,.., thatis, whenit is amongthe
leftmostp threadsepresentedh R. Until then,the parentthreadimplicitly representshe child
thread.A singleparentmayrepresenseveralchild threadsThisoptimizationensureshatathread
doesnot have anentryin R until it hasbeenscheduledat leastoncebefore,or is in (or aboutto
be insertedinto) @,.;. If athread? is readyto fork child threads.all its child threadswill be
forked(createdandscheduledeforeeither?’, or ary otherthreadsn R to theright of 7', canbe
scheduled.

Handling large allocations of space In algorithmAsyncDF(K ), every time a threadis sched-
uled,its memoryquotais resetto & bytes(the memorythreshold).This doesnotallow ary single
actionwithin athreadto allocatemorethan K" bytes.l now explain how suchallocationsarehan-
dled, similar to the techniquesuggestedn previouswork [21]. Thekey ideais to delaythe big
allocationssothatif threadswith lower 1DF-numberdbecomeaeadyin themeantimethey will be
executednstead.Considerathreadwith a nodethatallocatesr unitsof spacdn theoriginal dag,
wherem > K. We transformthe dagby insertinga fork of m /K parallelthreadscalleddummy
threads beforethe memoryallocation(seeFigure 3.3). Thesedummythreadsperforma single
action(a no-op)each,but do not allocateary space.Every time a processoexecutesthe no-op
in a dummythread,the threadterminatesandthe processogetsa new threadfrom (),.;. Once
all thedummythreadshave beenexecuted the original threadcanproceedwith the allocationof
m space Becausehe dummythreadswhich areaddedusinganm/ K-way fork, may executein
parallelthis transformationncreaseshedepthof the dagby at mosta constantactor. If S, isthe
total spaceallocatedin the program(not countingthe deallocations)the numberof nodesin the
transformedlagis atmostW + 5,/ K. Thistransformatiortakesplaceatruntime,andtheon-line
AsyncDF algorithm generates schedulefor this transformeddag. This ensuredhat the space
requiremenbf thegeneratedcheduleloesnotexceedour spaceboundsasprovedin Section3.3.

We now prove thefollowing lemmaregardingthe orderof thenodesn ‘R maintainedy algo-
rithm AsyncDF.

Lemma 3.1 The AsyncDFsdedulingalgorithm alwaysmaintainsthe threadsin ‘R fromleft to
right in anincreasingorder of the 1DF-numbes of their currentnodes.

Proof. This lemmacan be proved by induction. Whenthe executionbggins, R containsjust
theroot thread,andthereforeit is orderedby the 1DF-numbers.Assumethatat the startof some
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Figure 3.3: A transformatiorof the dagto handlea large allocationof spaceat a nodewithout violating
the spaceboundfor algorithm AsyncDF(K ). Eachnodeis labeledwith the amountof memoryits action
allocates.Whena threadneedsto allocatem space(m > K), m/K dummychild threadsareforkedin
parallel beforethe allocation. Eachdummy threadconsistsof a no-op actionthat doesnot allocateary
space.After thesedummythreadscompleteexecution,the original threadmay performthe allocationand
continuewith its execution.

schedulingstep,the threadsin R from left to right arein increasingorder of the 1DF-numbers
of their currentnodes. For a threadthatforks, insertingits child threadsto its immediateleft in
the orderof their 1.bDF-numbersmaintainsthe orderingby 1DF-numbers.A threadthat suspends
dueto a memoryallocationis returnedto its original position. Its new currentnodehasthe same
1pF-numberasits previous node, relative to currentnodesof otherthreads. Deleting threads
from R doesnot affecttheir ordering. Thereforethe orderingof threadsn R by 1DF-numberdgs
preseredafterevery operationperformedoy thescheduler n

Lemmag3.1 impliesthatwhenthe schedulemovesthe leftmostp readythreadsfrom R to Q).+,
their currentnodeshave thelowestl1DF-numbersamongall thereadynodesn R. We will usethis
factto prove the spaceboundof the scheduleggeneratedby algorithmAsyncDF

3.3 Analysisof Algorithm AsyncDF

In this section,| analyzethe spaceandtime requiredby a parallel computationexecutedusing
algorithmAsyncDF. Thespacéoundincludeshespaceaequiredoy theschedulinglatastructures
in the generalcase. Recallthatthe schedulein algorithm AsyncDF is serialized;therefore the
time boundin this sectionis presentednly for the specialcasewhen the schedulerdoesnot
becomea bottleneck.In generalthis bottleneckcanbe avoidedby parallelizingthe schedulerFor
adetailedanalysif thespaceandtime boundancludingtheoverhead®f aparallelizedscheduler
in thegenerakaseseeSection3.4.2.

This sectionfirst statesthe costmodelassumedy the analysis. | thenshawv thata parallel
computationwith depth D andwork W, which requiresS; spaceto executeon one processqr
is executedby the AsyncDF schedulingalgorithmon p processorsisinga memorythresholdix
in S; + O(K - p- D) spacg(includingschedulesspace).Next, | shav thatthe executionrequires
O(W/p + S./(K - p) + D) timestepswheres, is thetotal spaceallocatedn the computation.

Recallthataccordingo thedagmodeldefinedin Section2.1.2, thedepthD is definedin terms
of actions gachof whichrequiresaunit timestepclock cycle)to beexecuted Sincethegranularity
of a clock cycle is someavhat arbitrary especiallyconsideringhighly pipelinedprocessorsvith
multiple functional units, this would seemto makethe exact value of the depth D someavhat
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arbitrary For asymptoticboundsthis is not problematicsince the granularitywill only make

constanfactordifferencesin AppendixA, however, | modify the spaceéboundto beindependent
of the granularityof actions,makingit possibleto boundthe spacerequirementwithin tighter

constanfactors.

3.3.1 Costmodel

Thefollowing timing assumptionsremadein the spaceandtime analysispresentedhere. How-
ever, theseassumptiongarenotrequiredio ensurehe correctnessf thescheduleitself.

As explainedin Section2.1.2,thetimestepsaresynchronizedcrossall the processorsAt the
startof eachtimestepwe assumehata worker processors eitherbusy executinga thread,or is
accessinghe queued)..; or Q);,. An idle processorlwaysbusy waits for threadsto appeatin
Q..:- We assume constantime, atomicfetch-and-ad@perationn our system.Therefore using
thealgorithmsdescribedn AppendixC, all workerprocessorsanaccess),,, and(@),,; in constant
time. Thus,at ary timestep,if Q... hasn threadsandp; processorsireidle, thenmin(r, p;) of
the p; idle processorsre guaranteedo succeedn picking a threadfrom @),.; within a constant
numberof timesteps.We do not needto limit the durationof eachschedulingstepto prove the
spacebound;we simply assumehatit takesat leastonetimestepto execute.

3.3.2 Spacebound

Asintroducedn Section3.1,eachsequencef nodesn athreadhatis executednon-preemptiely
is calledabatch.We will call thefirst nodeto beexecutedn abatchaheavynode;it is the current
nodeof the threadwhenit is scheduled.The remainingnodesin a batcharecalledlight nodes.
Thus,a batchis a heary nodefollowed by a sequencef light nodes.Note thatthe splitting of a
threadinto batchesandhencethe classificatiorof nodesasheavy or light, dependsn thevalue
of thememorythresholdbeingusedby thescheduler

We attribute all thememoryallocatedoy light nodesin a batchto the heary nodeof the batch,
andassumehatlight nodesdo not allocateary spacethemseles (althoughthey may deallocate
space).Thisis aconserative view of spaceallocation,thatis, thetotal spaceallocationanalyzed
in this sectionusingthis assumptions equalto or morethantheactualspaceallocation.Thebasic
ideain the analysisis to boundthe numberof heary nodesthat executeout of orderwith respect
to the 1DF-schedule

Whenathreadis insertedinto ary of the queues);,, Q..; or R, we will sayits current(and
heary) nodehasbeeninsertedinto the queue.A heary nodemay getexecutedsereral timesteps
afterit becomeseadyandafterit is putinto @),.;. However, alight nodeis executedn thetimestep
it becomeseady sincea processoexecutesonsecutie light nodesn abatchnonpreemptiely.

Lets, = Vi,...,V; betheparallelschedulef thedaggeneratedy algorithmAsyncDF(K).
HereV; is thesetof nodeghatareexecutedattimestep. Let s; bethe 1DF-scheduldor thesame
dag. At ary timestepduring the executionof s, all the nodesexecutedso far form a prefix of

sp. FOry =1,...,7,aj-prefix of s, is definedasthe setof all nodesexecutedduring thefirst ;
timestepf s,, thatis, theset( J/_, V..
Consideranarbitrary j-prefix o, of s, forary j = 1,... ,7. Let o, bethelongestprefix of

s1 containingonly nodesin o, thatis, o; C ¢,. Thenthe prefix o, is calledthe corresponding
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serialprefix of o,. Thenodesn theseto, — o, arecalledprematurenodessincethey have been
executedout of orderwith respecto the 1DF-schedules;. All othernodesin o, thatis, the set
o1, arecallednon-premature For example,Figure3.4 shavs a simpledagwith a parallelprefix
o, for anarbitrary p-schedules,, andits correspondingserialprefix o;. Sinceall the premature
nodesappeain s, afterall thenon-prematur@odesthey have higherlbF-numberghanthenon-
prematurenodes.

The parallelexecutionhashighermemoryrequirementbecaus®f the spaceallocatedby the
actionscorrespondingo the prematurenodes Hencewe needto boundthe spaceallocatedby the
prematurenodesin o,. To getthis bound,we needto consideronly the heary prematurenodes,
sincethelight nodesdo notallocateary space We will assumdor now thatno singlenodein the
dagallocatesmorethan K" bytes.Laterwe will relaxthis assumptiono cover biggerallocations.
We first prove the following boundon the numberof heary prematurenodesthatget executedn
ary prefix of the parallelschedule.

Lemma 3.2 Let G bea dagof W nodesanddepthD. Lets; bethe 1DF-schedulefor 7, andlet
s, bea parallel sthedulefor G executedby the AsyncDFalgorithmon p processors.Thenthe
numberof heavyprematue nodesin any prefixof s, with respecto thecorrespondingrefix of s,
isatmostO(p - D).

Proof. Consideranarbitraryprefix o, of s,, andlet o, bethecorrespondingrefix of s,. Letv be
the lastnon-prematur@odeto be executedin the prefix o,; if therearetwo or moresuchnodes,
pick ary oneof them.Let P beapathin thedagfrom therootto v constructeguchthat,for every
edge(u,u’) along P, v is thelastparent(or ary oneof thelastparents)f «’ to be executed.(For
example for theo, shavnin Figure3.4,v is thenodelabellede, andthepath P is (a, b, €).) Since
v IS non-prematureall thenodesn P arenon-premature.

Let «; bethenodeonthepath P atdepth:; thenw, is theroot, andu; is the nodev, whered
is thedepthof v. Lett; bethetimestepin whichu; is executedjet ¢5,, bethelasttimestepn o,.
Fori=1,...,4,let[; betheintenal {¢; + 1,... ;11 }.

Considerary interval 7, for: = 1,...,§ — 1. We cannow shov thatat mostO(p) heary
prematurenodescanbe executedn thisinterval. At theendof timestept;, «; hasbeenexecuted.
If u; 4, IS alight node,it getsexecutedn the next timestep(which, by definition,is timestept; 1),
andat mostanother(p — 1) heary prematurenodescanbe executedin the sametimestepthatis,
ininterval Z;.

Considerthe casewhenw,; is a heary node. After timestept;, ()., may containp nodes.
Further becausaccesso ();, requiresconstantime,thethreadr thatcontains:; mustbeinserted
into @;,, within aconstannumberof timestepsaftert;. Duringthesetimestepsa constannhumber
of schedulingstepsmay be executed,addinganotherO(p) threadsnto @,,:. Thus,because),,.
is aFIFO, atotal of O(p) heary nodesmay be pickedfrom ), andexecutedbeforew;; all of
theseheary nodesmay be premature.However, oncethe threadr is insertedinto @;,,, the next
schedulingstepmustfind it in @);,; sincew; is the last parentof w«,,; to execute,this scheduling
stepmakesy;,; availablefor schedulingThus,this schedulingstepor ary subsequergcheduling
stepmustput u;,; on Q,,; beforeit putsary more prematurenodes,because:;,; hasa lower
1DF-number.Whenu;,, is pickedfrom @,,; andexecutedoy a workerprocessqranotherp — 1
heary prematurenodesmaygetexecutedoy theremainingworkerprocessors thesametiimestep,
which, by definition,istimestep,,. Thus,atotalof O(p) heary prematurenodesnaybeexecuted
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timestep: 1 2 3 4 5 6 7 8

P]_abcdefg—
SANRVA RV Ve SNV AVAVAVA
R - h i k1 m n
VAVAVAVA N AVAVAVAVAV

Figure 3.4: (a) A simpleprogramdag;all edgesareshavn hereassolid linesfor clarity. The 1DF-schedule
forthisdagis s; = [a, b, ¢, d, e, f,g,h,1,j,k, [, m,n]. Forp = 2, apossibleparallelschedulen processors
P, andP, isshavnin (c), andis representedss, = [{a}, {b, b}, {c,¢},{d, 5}, {e, b}, {f. 1}, {m, g}, {n}].
In this schedulegachbatchis indicatedasa curly line belon thenodesin (c). Thefirst nodein eachbatch
is a heary node;thus,the heary nodesarea, b, ¢, e, h andk, andarealsoshovn with bold outlinesin (a).
For j = 5, the j-prefix of s, is o, = {a,b, h,c,,d, j, e, k}, andthe correspondingerial prefix of s; is
o1 ={a,b,c,d,e}. o, andoy areshavnin (b). Thereforethe prematurenodesin o, thatis, thenodesin
o, — o1, areh, v, , andk. Of thesetheheay prematurenodesare’, andk.
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in interval ;. Similarly, sincev = u; is the lastnon-prematureodein o,, at mostO(p) heary
prematurenodesgetexecutedn thelastinterval /5. Because < D, o, containsatotalof O(p- D)
heary prematurenodes. ]

We canstatethefollowing lemmaboundingthe spaceallocationof a parallelschedule.

Lemma 3.3 Let (¢ be a program dag with depth D, in which every nodeallocatesat most &’
space If the 1DF-schedulefor thedagrequiresS; spacethenalgorithm AsyncDF(K ) geneates
asdedules, onp processorshatrequiresat mostS; + O(K - p - D) space

Proof. Considetthe j-prefixo, of s, forary j =1,... , 7, wherer isthelengthof s,. According
to Lemma3.2,0, hasO(p - D) heary prematurenodes.Recallthatall the memoryallocationsare
attributedto heary nodes,andeachthreadis allotteda quotaof K bytesin AsyncDF(K) every
time it is scheduled.Sinceno single nodein the dagallocatesmorethan K bytesof memory
every batchin the threadaccountdor at most K’ memory Thus, every heary nodeallocatesat
most A" bytesandlight nodesallocateno memory Therefore the total memoryallocatedby all
theprematurenodess atmostO(K - p- D). Further thetotalmemoryallocatedoy non-premature
nodescannotexceedthe serialspacaequirements;, andtherefore thetotal memoryallocatedby
all thenodesin o, cannotexceedsS; + O(K - p - D). Thus,we have boundthe spaceallocatedn
thefirst j timestepof s, forany j =1,..., 7. n

Handling allocations bigger than K. A transformatiorthe programdagto handleallocations
biggerthanthememorythresholdik” wasdescribedn Section3.2.2.Consideiary heary premature
nodev thatallocatesn > K space.Them/K dummythreadsinsertedbeforeit areexecuted
beforethe allocationtakesplace. Having no-op nodes,they do not actually allocateary space,
but areentitledto allocateatotal of m spacg A unitseach)accordingo algorithmAsyncDF(K ).

Hencev canallocatethesem units without exceedingthe spaceboundin Lemmag3.3. With this

transformationa parallelcomputatiorwith W work and D depththatallocatesatotal of S, units
of memoryresultsin a dagwith at mostW + S,/K nodesandO(D) depth. Therefore,using
Lemma3.3,we canstatethefollowing lemma.

Lemma 3.4 A computatiorof depthD andwork W, which requires S; spaceto executeon one
processaqris executedn p processordy the AsyncDFalgorithmusingS; + O(K - p - D) space
| |

Finally, we boundthe spacaequiredby the scheduleto storethethreequeues.

Lemma 3.5 Thespacerequired by thesdeduleris O(p - D).

Proof. Whenaprocessostartsexecutingaschedulingstep,it firstempties);,.. At thistime,there
canbeatmostp — 1 threadsunningon theotherprocessorsandd,.; canhave another threads
in it. The schedulemddsat mostanotherp threadgplus oneschedulinghread)to @,.;, andno

morethreadsareaddedto ()..; until the next schedulingstep. Sinceall the threadsexecutingon

theprocessorsanendupin @;,, @;, and@,,; canhave atotal of atmost3p threadsetweerthem
atary time.



3.4. A PARALLELIZED SCHEDULER 39

Finally, we boundthe numberof entriesin R, which hasoneentryfor eachactive thread. At
ary stageduring the execution,the numberof active threadss at mostthe numberof premature
nodesexecutedplusthe maximumnumberof threadsn @) ,.; (whichis 2p+ 1), plusthemaximum
numberof active threadsn the 1DF-schedule Any stepof the 1DF-schedulecanhave at most D
active threads sinceit executesthreadsin a depth-firstmanner Sincethe numberof premature
nodesis atmostO(p - D), R hasatmostO(p - D) + (2p + 1) + D = O(p - D) threads.Since
eachthreads statecanbe storedusinga constant: units of memory, the total spacerequiredby
thethreeschedulingqueuess O(c¢-p- D) = O(p - D). n

UsingLemmas3.4 and3.5, we cannow statethe following boundon the total spacerequirement
of the parallelcomputation.

Theorem 3.6 A computatiorof depthD andwork W, which requires.S; spaceto executeonone
processqris executedon p processordy the AsyncDF(K) algorithmusingS; + O(K - p- D)
space(includingsdedulerspace). x

Whenthe memorythresholdk™ is a constantalgorithmAsyncDF(K ) executegheabove compu-
tationonp processorsisings; + O(p - D) space.

3.3.3 Time bound

Finally, we boundthe time requiredto executethe parallel schedulegeneratedoy algorithm
AsyncDF(K) for a specialcase;Section3.4.2 analyzeghe time boundin the generalcase. In
this specialcase ,we assumehat the worker processorsiever have to wait for the scheduleito
addreadythreadsto ()..;. Thus,whentherearer readythreadsin the system,and» proces-
sorsareidle, ),,; hasatleastmin(r, n) readythreads.Thenmin(r, n) of theidle processorsre
guaranteedo pick readythreadsrom @), within a constanhumberof timesteps We canshawv
that the time requiredfor suchan executionis within a constantfactor of the time requiredto
executea greedyschedule.A greedyschedulas onein which at every timestep,if » nodesare
ready min(n, p) of themgetexecuted.Previousresultshave shavn thatgreedyschedule$or dags
with W nodesand D depthrequireatmostiW/p 4+ D timestepdo execute[26]. Ourtransformed
daghasW + S,/ K nodesandO(D) depth. Thereforewe canshov thatour schedulerequires
O(W/p+S,./pK+ D) timestepdo executeon p processorsWhentheallocatedspaceS, isO(W),
thenumberof timestepsequireds O(W/p+ D). Foramorein-depthanalysiof therunningtime
thatincludesthecostof a parallelizedschedulein thegenerakase seeSection3.4.2.

3.4 A Parallelized Scheduler

The time boundprovedin Section3.3.3doesnot include schedulingoverheads.The scheduler
in the AsyncDF algorithmis a serialschedulerthatis, only one processocanbe executingthe

SRecallthata threadallocatestackandheapdatafrom the globalpool of memorythatis assignedo it everytime
it is scheduledthis datais henceaccountedor in the spacéboundprovedin Lemmag3.4. Thereforethethreads state
herereferssimplyto its registercontents.
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scheduler(proceduratagiventime. However, theamountof work involvedin a schedulingstep,
andhencethe time requiredto executethe scheduler(procedurejncreaseswith the numberof
processorg. This cancauseidle worker processor$o wait longerfor readythreadsto appear
Q..:- Thereforetheschedulemustbe parallelizedo scalewith the numberof processorsin this
section] describeaparallelimplementatiorof thescheduleandanalyzdts spaceandtime costs.|
shav thatacomputatiorwith W work and D depthcanbeexecutedn O(W/p+ S,/ Kp+ D-log p)
timeandS; + O(K - D - p-log p) spaceon p processorgheseboundsncludetheoverhead®f the
parallelizedscheduler The additionallog p termis dueto the parallelprefix operationsexecuted
by thescheduler

Only atheoreticaldescriptionof a parallelizedschedulers presentedhn this dissertation.The
experimentakresultspresentedh subsequenthaptersave beenobtainedusingaserialscheduler;
theresultsdemonstrat¢hata serialscheduleprovidesgoodperformanceon a moderatenumber
of processors.

3.4.1 Parallel implementation of a lazy scheduler

Insteadof usingscheduletthreadsto periodically (andserially) executethe scheduleprocedure
asshawn in Figure 3.2, we devote a constantfraction ap of the p processorgo it (where( <
a < 1). Theremaining(l — «)p processorgslwaysexecuteasworkers. To amortizethe cost
of the schedulerwe placea larger numberof threads(up to plog p insteadof p) into Q,.;. R IS
implementedasanarrayof threadsstoredin decreasingrderof prioritiesfrom left to right.

As describedn Section3.2.2,threadsareforkedlazily; whena threadreaches fork instruc-
tion, it is simplymarkedasaseedhread.At alatertime, whenits child threadsareto bescheduled,
they arecreatedrom the seedandplacedto theimmediateleft of the seedin orderof their prior-
ities. Eachchild threadhasa pointerto its parent. Whenall child threadshave beencreatedthe
parentseed}hreadonceagainbecomesregularthread.All thechild threadgyetcreatedromthe
seedbeforethe parentthreadis next scheduledsincethey have higherpriorities thanthe parent.
Threaddeletionsarealsoperformedazily: every threadthatterminatess simply markedin R as
adeadthreado bedeletedn somesubsequertimestep.

The synchronizatior(join) betweenchild threadsof a forking threadis implementedusinga
fetch-and-decremeiafperationon a synchronizatiorcounterassociatedvith the fork. Eachchild
that terminatesmarksitself as deadand decrementshe counterby one. The last child thread
amongits siblingsto terminate(the onethatdecrementshe counterto zero)switcheson a special
last-child flag in its entry.

Unlike the serial schedulerdescribedn Section3.2, suspendedhreads(threadswaiting to
synchronizewith their child threads)renot storedin R. Every otheractve threadin this imple-
mentatiorhasanentryin R, asdodeadthreadghatareyetto bedeleted.Suspendethreadgound
in Q;, arenot put backinto R; they arestoredelsavherée, andtheir entriesin R aremarkedas
dead.A suspendethreadss subsequentlinsertedbackinto R in placeof thechild threadthathas
thelast-childflag set. If a parentreacheghe point of synchronizatiorwith its child threadsafter
all the child threadshave terminatedthe parentdoesnot suspendtself, andretainsits entryin k.

4A suspendethreadss not storedin ary datastructure;it just exists asa threaddatastructureallocatedoff the
heap.It is subsequentlpccessethroughthe parentpointerin oneof its child threads.
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For every ready(or seed)thread?’ thathasanentryin R, we useanonn@ative integerc¢(7')
to denotethe numberof readythreads!’ representsThenfor every seed?’, ¢(7') is the number
of child threadsstill to be createdfrom it, plus one (for itself). For every otherreadythread
inR, ¢(T') = 1, sinceit only representgself.

The scheduler()procedurefrom Figure 3.2 can now be replacedby a while loop that runs
until the entire computationhas beenexecuted. Eachiteration of this loop, which we call a
schedulingiteration, is executedin parallelby only the ap scheduleprocessors.Therefore, it
neednot be protectedby a scheduleldock asin Figure3.2. Let r be the total numberof ready
threadsepresenteth R afterthreaddrom @);,, aremovedto R atthe beginningof theiteration,
andlet |Q,.:| bethenumberof threadscurrentlyin @,.; whentheiterationstarts.The scheduling
iterationof alazy schedulers thendescribedn Figure3.5.

begin schedulingteration
Letg, = min(r, plogp — |Qout|)-

1. Remwetheset7 of all threadsin ¢);, from @);,,. Exceptfor suspendethreadsmove all
threaddsn 7 to R, thatis, updatetheir statesn R. For eachsuspendethreadin 7, markits
entryin R asdead.

2. Foreverydeadthreadin 7, if its last-childflagis set,andits parentis suspendedeplaceits
entryin R with the parentthreadandreactvatethe parent(markit asready).

3. Deleteall thedeadthreadsup to theleftmost(g, + 1) readyor seecthreads.

4. Performaprefix-sumsomputatioronthec(1") valuesof theleftmosty, readyor seedhreads
to find the setC' of the leftmostg, readythreadsrepresentedby thesethreads. For every
threadin C' thatis implicitly representedby a seed,createan explicit entry for the thread
in R, markingit asareadythread.

5. Move thethreadsn thesetC' from R to (),.:, leaving stubsin R to marktheir positions.

end schedulingteration

Figure 3.5: The sequencef stepsexecutedin eachschedulingteration. The ap schedulingprocessors
continuouslyexecuteschedulingterationsuntil the executionis completed.

Considera child thread7' thatis the last to terminateamongstits siblings. If 7' is not the
rightmost(lowest priority) threadamongstits siblings, then someof 7"s siblings, which have
alreadyterminatedmay be representeds deadthreaddo its right in R. If T is replacedby its
parentthread the parenthasa lower priority thanthesedeadsiblingsof 7" to its immediateright.
Thus,dueto lazy deletionsactive threaddn 'R may be out of orderwith respecto oneor more
deadthreadsto theirimmediateright. However, the scheduledeletesall deadthreadsup to the
first (¢, + 1) readyor seedhreadsThis ensureshatall deadthreaddo theimmediateright of ary
readythread(or seedrepresenting readythread)!’ aredeletecbefore? is scheduledTherefore,
no descendentsf a threadmay be createduntil all deadthreadsout of orderwith respecto the
threadaredeleted.Thus,at ary time duringthe execution,a threadmayremainout of orderin R
with respecto only thedeadthreaddo its immediateright.
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We say a threadis live whenit is eitherin ¢),.; or @;,, or whenit is being executedon a
processorOnceaschedulingterationempties?,,,, atmostplog p+ (1 — a)p threadsarelive. The
iterationmakesat mostanotherp log p threaddive beforeit ends,andno morethreadsaremade
live until the next schedulingstep. Thereforeat most2plog p + (1 — a)p threadscanbelive at
ary timestep,andeachhasonestubentryin R. We now prove the following boundon thetime
requiredto executea schedulingteration.

Lemma 3.7 For any0 < a < 1, asdedulingiterationthatdeletes: deadthreadsrunsin O(;—p +
182 timeon ap processors.

Proof. Let g, = min(r, plogp — |Q..:|) bethenumberof threadghe schedulingterationmust
move to Q),.:; then,q, < plogp. We analyzethe time requiredfor eachstepof the scheduling
iterationdescribedn Figure3.5. Recallthat7 is the setof all threadsn @);,, atthe startof the
schedulingteration.

1. At thebeginningof theschedulingteration,();, containsatmost2plog p+ (1 —«)p threads,
thatis, |7| < 2plog p + (1 — a)p. Sinceeachof thesethreadshasa pointerto its stubin R,
ap processorsanmove thethreadsin 7 to R andupdatetheir statesn O(*£2) time.

2. ap processorsanreplacedeadthreadsin 7 that have their last-child flag setwith their
suspendegarentsn O(*%2) time.

3. Let T bethe(q, + 1) readyor seedcthreadin R (startingfrom theleft end). Thescheduler
needdo deleteall deadthreadso theleft of 7'. In theworstcase all the stubsarealsoto
theleft of 7' in R. However, thenumberof stubsin R is atmost2plog p + (1 — «)p, thatis,
onefor eachlive thread.Sincetherearen deadthreadgo theleft of 7', thereareatotal of at
mostn + 2plog p+ (1 — «)p threadgo theleft of 7'. Thereforethen threadscanbedeleted
fromn + 2plog p + (1 — a)p threadsn O( % + l°£2)) timestepon ap processors.

4. After thedeletionstheleftmosty, < plog p readythreadsareamongthefirst3plog p+ (1 —
a)p threaddn R; thereforethe prefix-sumscomputatiorwill requireO(“’%) time.

5. Finally, ¢, new child threadsanbecreatedandaddedn orderto theleft endof R in O('&2)
time.

All deletionsandadditionsareperformedneartheleft endof R, which aresimpleparallelopera-
tionsin anarray’. Thus,the entireschedulingterationrunsin O(25 + 10%) time. n

3.4.2 Spaceand time boundsusingthe parallelized scheduler

We cannow statethe spaceandtime requiremenbf a parallelcomputatiorto includescheduling
overheadsTheboundsassumehata constanfractiona of thep processorg¢for ary 0 < a < 1)
arededicatedo thetaskof scheduling.Thedetailedproofsaregivenin AppendixB.

STheadditionsanddeletionsmustskip over the stubsto theleft of 7', which canaddat mosta I%Eﬁ delay
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Theorem 3.8 Let.S; bethespacerequiredbya 1DF-schedulefor a computatiorwith work W and
depthD, andlet S, bethetotal spaceallocatedin the computation.The parallelized scheduler
with a memorythresholdof K units,geneatesa scheduleonp processorshatrequiress; + O( K -
D - p-logp)spaceandO(W/p + S,/pK + D - log p) timeto execute n

Thesdime andspacéoundancludeschedulingpverheadsThetimeboundis derivedby counting
thetotal numberof timestepsluringwhichtheworkerprocessorsnay be eitheridle, or busy exe-
cutingactions.The spaceboundis provedusinganapproacksimilar to thatusedin Section3.3.2.
Whenthetotal spaceallocateds, = O(W), thetime boundreducego O(W/p + D - log p).

3.5 Summary

In thischapterl have presented\syncDF, anasynchronouspace-dfcientschedulingalgorithm.
The algorithmprioritizesthreadsat runtimeby their serialexecutionorder andpreemptghreads
beforethey allocatetoo muchmemory | first describeda simple versionof AsyncDF which
serializeghe scheduling.This versionwasshowvn to executea nested-paralletomputatiorwith a
depthof D anda serialspacerequiremenbf S; on p processorsisingS; + O(K - p - D) space;
here, K is the value of the memorythresholdusedby the scheduler (This versionis usedin
the runtime systemdescribedn Chapter4.) This chapterthenpresented versionof algorithm
AsyncDFin whichtheschedulingpperationsarefully parallelized A parallelcomputatiorcanbe
implementedvith suchascheduleusingS; +O( K- D-p-log p) spaceandO(W/p+S, /p+ D log p)
time (including scheduleoverheads)hereW is the work of the computationand S, is thetotal
spaceallocated. The next two chapterslescribeexperimentswith implementingand evaluating
the AsyncDFalgorithmin the contet of two runtimesystems.
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Chapter 4

Implementation and Evaluation of
Algorithm AsyncDF

ChaptemB presente@lgorithmAsyncDF, aprovably spaceandtime efficientschedulingalgorithm
for lightweightthreads However, thetheoreticabnalysisonly providesupper(worst-casepounds
on the spaceandtime requirement®f a multithreadeccomputation.The actualperformancdor
real parallelprogramscan be significantly betterthantheseworst-casébounds. Therefore other
space-dfcientschedulersvith asymptoticallyhigherspaceéboundshanalgorithmAsyncDF, may
still resultin lowerspaceequirement practice Further theperformancef algorithmAsyncDF
on areal parallelmachinemay be affectedby factorsnot accountedor in the assumptionsnade
duringits analysis. Therefore an experimentalevaluationis requiredto testwhetheralgorithm
AsyncDFis indeedmore spaceefficient thanprevious approachesandwhetherit doesresultin
goodtime performance.This chapterdescribeghe implementationand evaluationof a space-
efficient runtime systemthat usesalgorithm AsyncDF (as describedn Figure 3.2) to schedule
lightweightthreads.Theprototyperuntimesystemwasbuilt specificallyto evaluatethescheduling
algorithm,andto comparats performancevith previousspace-dicientapproaches.

The chapterbegins by presentingan overvien of the runtime systemimplementation(Sec-
tion 4.1), followed by a brief descriptionof eachparallelbenchmarkusedto evaluatethe sys-
tem (Section4.2). Sections4.3 and4.4 thenpresentexperimentalresultsmeasuringhe running
timesandthe memoryrequirement®f the benchmarksFor eachbenchmark| comparets space
andtime performanceon my runtime systemwith its performanceon Cilk [25], a previously ex-
isting space-dfcient system. The resultsindicatethat algorithm AsyncDF is more effective in
controlling memoryrequirementswithout compromisingtime performance. This chapterthen
describeghe experimentalkrade-of betweerrunningtime andmemoryrequirementn algorithm
AsyncDF(K ), which canbeadjustedy varyingthe valueof thecommandlingparamete(i.e., the
memorythreshold)K". Finally, Section4.5summarizesheresultspresenteadh this chapter

n particular the analysisgnoresthe effectsof the memoryhierarchiegoundon realmachines.

45
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4.1 The Runtime system

The runtimesystemhasbeenimplementedn a 16-processo5GI Pover Challengewhich hasa
sharednemoryarchitecturevith processorandmemoryconnectedia afastshared-bsintercon-
nect. The bus hasa bandwidthof 1.2 GB persecondwith a 256-bitwide databusanda separate
40-bit wide addressus. Eachprocessois a 195 MHz R10000with a 2 MB secondarycache.
Sincethenumberof processorsnthisarchitectures notverylarge,aserialimplementatiorof the
scheduleasdescribedn Section3.2 doesnot createa bottleneckin the runtimesystem.The set
R, whichis accessednly by a singleschedulinghreadat ary time, is implementedasa simple,
doubly-linkedlist to allow insertionsanddeletionsof intermediatenodes.The FIFO queues);,
and@..;, which areaccesselly thescheduleandtheworkers,arerequiredto supportconcurrent
enqueueand dequeueoperations. They areimplementedusing variantsof lock-free algorithms
basedn atomicfetch-and® primitives[108§].

The parallelprogramsexecutedon the runtimesystemhave beenexplicitly hand-codedn the
continuation-passingtyle, similar to the codegeneratedy the Cilk-1 preprocessér[25]. Each
continuationpointsto a C functionrepresentinghe next computatiorof a thread,anda structure
containingall its arguments. Thesecontinuationsare createddynamicallyand moved between
the queues. A threadthat hasreacheda fork instructionfor a parallelloop holds a pointerto
the functionrepresentinghe loop body, andtheindex of the next child threadto be forked. The
schedulefazily createseparatentriesfor eachchild threadwhenthey areto beinsertednto @,.;-
Theentriesareplacedin R to theimmediatdeft of the parentthread.As describedn Chapter3,
asynchronizatiorcounters usedto implementajoin betweerchild threads.

Onekernelthreadis forked per processoat the startof the computationto executethe task
of aworker. Eachworkertakesa continuationoff @,.;, andsimply appliesthe function pointed
to by the continuation,to its arguments. The high-level programis manuallybrokeninto such
functionsat pointswhereit executesa parallelfork, arecursve call, or amemoryallocation;thus,
eachfunction correspondso a batchof instructions(nodes)in athread. Whena workerfinds a
schedulinghreadon @,.;, it executesoneschedulingstep,asdescribedn Section3.2.

For nestedparallelloops, iterationsof the innermostloop are groupedby handinto equal-
sizedchunks(the chunk size canbe specifiedat runtime), provided it doesnot containcalls to
ary recursve functions.It shouldbepossibleto automatesuchcoarseningtaticallywith compiler
support,or at runtime usinga dynamicloop schedulingschemd84, 128 158,97]. Scheduling
a chunkat a time improves performanceby reducingschedulingoverheadsand providing good
locality, especiallyfor fine-grainedterations.

RecallthatalgorithmAsyncDH(K') prescribesddingm /K dummythreadsn parallelbefore
alargememoryallocationof m bytes.In thisimplementation| insteadaddeda delaycounter of
valuem /K unitsbeforethe memoryallocationto representhe dummythreads.Thus,whenthe
scheduleencounters threadamongthe leftmostp readythreadsn R with a non-zerovalue of
the delaycounter it simply decrementshe valueof the counterby the appropriatevalue. Each
decremenby oneunit representtheschedulingpf onedummythread,andaccordinglyfewerreal
threadsareaddedto ),.;. For example,on p processorsif the schedulefinds thatthe leftmost
readythread?” in R hasa delaycounterwith valuegreaterthanor equalto p, it decrementshe

2A preprocessegeneratedersionof aprogramonthis systemnis expectedo have similarefficieng asthestraight-
forwardhand-codedersion.
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counterby p unitsanddoesnot addary readythreadso @,.; in thatschedulingstep,evenif R
containgeadythreaddo theright of 7. Sincethescheduledecrementslelaycounterdy upto p
units, this correspondso the dummythreadseingforkedandexecutedin parallelby the worker
processorsWhenthe delaycounterof a readythreadreachesero,the threadmay be movedto
Q..t, andthe memoryallocation,if neededis performedassoonasthethreadis next scheduled
onaprocessor

4.2 Benchmark programs

Theruntimesystemwasdesignedo efficiently executeprogramswith dynamicor irregular par

allelism. | implementedive suchparallelprogramgo evaluatethe runtimesystem.This section
briefly describeghe implementatiorof theseprogramsalongwith the problemsizesandthread
granularitiesusedin the experiments.

1. Blockedrecursivematrix multiply (RecMM)

This programmultiplies two densern x n matricesusinga simplerecursve divide-and-conquer
method,andperformsO(r?) work. The recursionstopswhenthe blocksaredown to the size of
64 x 64, afterwhich a standardrow-columnmatrix multiply is executedserially Alternatively, a
fast, machine-specificoutinesuchasBLASS3 [54] could be utilized at the leafsof the recursion
tree. The codeis similar to the pseudocodshaovn in Figure 1.1. This algorithm significantly
outperformsthe row-column matrix multiply for large matrices(e.g., by a factor of over 4 for
1024 x 1024 matrices)becausets useof blocksresultsin bettercachelocality. At eachstageof
therecursiontemporarystoragas first allocatedo storeintermediateesults which aregenerated
during subsequentecursve calls. Thena new child threadis forkedto executeeachof the eight
recursve calls. Whenthe child threadserminate the resultsin the temporarystorageareadded
to the resultsin the outputmatrix, andthenthe temporarystorageis deallocated.Note thatthe
allocationof temporarystoragecan be avoided, but this leadsto either significantly increased
codecompleity or reducedparallelism. The resultsreportedare for the multiplication of two
1024 x 1024 matricesof double-precisioriloats. Althoughthe codeis restrictedto matrix sizes
thatarepowersof 2 (or, moreprecisely2” x b for someintegern, whereb is theblock size),it can
be extendedto efficiently multiply matricesof othersizes[63].

2. Strassens matrix multiply (Str MM)

The DAG for this algorithmis very similar to thatof the blockedrecursve matrix multiply (Rec
MM), but performsonly O(n*#°7) work andmakesseven recursve calls at eachstep[151]. As
with RecMM, anew threadis forkedin parallelfor eachrecursve call, andthe parallelrecursion
is terminatedwhenthe matrix sizeis reducedto 64 x 64. A simple, serialalgorithmis used
to multiply the 64 x 64 matricesat the leafs of the recursiontree. This versionof Strassers
matrix multiply, which dynamicallyforks lightweightthreadsresultsin significantlysimplercode
comparedo whenthework is statically partitionedamongthe processorsThe sizesof the input
matricesmultiplied werethe sameasfor RecMM. However, unlike in RecMM, insteadof using
aseparat®utputmatrix for theresults theresultsarestoredin oneof theinput matrices.



48 CHAPTER4. IMPLEMENTATION AND EVALUATION OF ALGORITHM ASYNCDF

3. Fastmultipole method (FMM)

FMM is an N-body algorithmthat calculateghe forcesbetweenN bodiesin O(N) work [72].
| have implementedthe mosttime-consumingohasesof the algorithm, which are a bottom-up
traversalof the octreefollowedby atop-davn traversat. In thetop-dawvn traversal,for eachlevel
of the octree,the forceson the cellsin thatlevel dueto their neighboringcells are calculatedn
parallel. For eachcell, the forcesover all its neighborsarealsocalculatedn parallel,for which
temporarystorageneeddo be allocated.This storagdas freedwhenthe forcesover the neighbors
have beensummedup to gettheresultingforce on thatcell. With two levels of parallelism,the
structureof this codelooks very similar to the pseudocodelescribedn Chapterl (Figure 1.3).
The experimentsvereconductedn a uniform octreewith 4 levels (82 leaves),using5 multipole
termsfor forcecalculation.Eachthreadn thebottom-upphasecomputeshe multipole expansion
of onecell from its child cells. In the top-donvn phase gachthreadhandlesnteractionsof a cell
with upto 25 of its neighbors.

4. Sparsematrix-vector multiply (SparseMV)

This programmultiplies an m x n sparsematrix with a n x 1 densevector The dot product
of eachrow of the matrix with the vectoris computedto getthe correspondinglementof the
resultingvector Therearetwo levels of parallelism: over eachrow of the matrix, and over the
elementof eachrow multiplied with the correspondinglementf the vectorto calculatehe dot

product.Oncethe elementof arow aremultiplied with the correspondinglementsf the dense
vector theresultsaresummedn parallelusingatree-basealgorithm.In my experiments) used
m = 20 andn = 1500000, and30% of the elementsverenon-zeroesUsing a large value of n

providessufficient parallelismwithin a row, but usinglarge valuesof m leadsto a very large size
of the input matrix, makingthe amountof dynamicmemoryallocatedin the programnegligible

in comparisof. Eachthreadcomputedthe productsof up to 10,000pairs of elementsin each
row-vectordot product.

5. 1D3 decisiontr eebuilder

Thisalgorithmby Quinlan[132] buildsadecisiontreefrom asetof trainingexampleswith discrete
attributesin atop-dovn manneyusinga recursve divide-and-conquestratgy. At theroot node,
the attribute that bestclassifiesthe training datais picked,andrecursve calls are madeto build

subtreeswith eachsubtreaisingonly thetrainingexampleswith aparticularvalueof thatattribute.
Eachrecursve call is madein parallel, and the computationof picking the bestattribute at a
node,which involvescountingthe numberof examplesin eachclassfor differentvaluesfor each
attribute,is alsoparallelized. Temporaryspacas allocatedo storethe subsebdf trainingexamples
usedto build eachsubtreeandis freedoncethe subtrees built. | built atreefrom 4 million test
examples,eachwith 4 multi-valuedattributes. The parallelrecursionwasterminatedvhenthe

3ThePthreadsersiondescribedn Chapter5 includesall the phasesn the algorithm.

4Theinputmatrixwasrandomlygeneratedthe Pthreadsersionof thealgorithmdescribedn Chapters usesnput
generatedrom arealfinite elementgproblem.

5As with SparseMV, theinputwasrandomlygeneratedthe Pthreadsersionof this algorithmdescribedn Chap-
ter5 usesarealinputdataset,andis extendedsignificantlyto handlecontinuousattributes.
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numberof exampledell under10,000 afterwhichtherecursionwasimplementederially.

4.3 Time performance

This sectionpresentshe resultsof experimentghatmeasureé@ndcomparedherunningtimesof
thefive parallelbenchmark®n my runtimesystemwith the samebenchmarksvrittenin version
5.0 of the Cilk programmindganguagdg?25]. Cilk is a space-dicient multithreadingsystemthat
guaranteeaspaceboundof p - S; for programswith a serialspacaequirementf S; onp proces-
sors.The Cilk programsverewritten ata high level with simple,fork-join style parallelismusing
theCilk instructionsspavn andsync.Cilk usesa Cilk-to-C translatotto performdataflow analysis
andcorvertthe high-level programsanto aform equivalentto the continuationpassingstyle thatl
useto write programsor my runtimesystem.Although Cilk supportamorefine grainedthreads,
to makea valid comparisonthe threadgranularitiesn the Cilk programswveresetto beidentical
to thosein my original programs.

Speedup curves
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Rec MM —+—

12 L Rec MM (Cilk) -+--
StrMM —-—
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Figure4.1: The speedupschievedonupto 16 R10000processorsf a Pover Challengemachine,using
a valueof K=1000bytes. The speedumn p processorss the time takenfor the serial C versionof the
programdivided by thetime for the multithreadedsersionto run on p processorskor eachapplication the
solid line representshe speedupsingmy systemwhile the dashedine representshe speedupusingthe
Cilk system All programaverecompiledusinggcc - Q2 - ni ps2.

Figure4.1 shaws the speedupsor thefive benchmark®n up to 16 processorsThe speedup
for eachprogramis with respecto its efficient serial C version,which doesnot usemy runtime
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system. Sincethe serial C programruns fasterthan my runtime systemon a single processar
the speedushavn for one processois lessthan1. However, for all the programsi,it is close

to 1, implying thatthe overheadsn the systemarelow. The timings on my systemincludethe

overheadslueto delaysintroducedbeforelargeallocations A valueof KX = 1000 byteswasused
for all the benchmarksn theseexperiments. Figure 4.1 also shawvs the speedupdgor the same
programsunningon Cilk. Thetimings shav thatthe performanceon my systemis comparable
with thaton Cilk. The memory-intensie programssuchas sparsematrix-vectormultiply do not

scalewell on eithersystembeyond 12 processorstheir performances probablyaffectedby bus

contentionasthe numberof processorgcreases.

Figure4.2shavsthebreakdaevn of therunningtime for oneof the programsblockedrecursve
matrix multiplication. The resultsshav thatthe percentagef time spentwaiting for threadsto
appeain @,,; increasegsthe numberof processorfncreasegsincel usea serialscheduler) A
parallelimplementatiorof the schedulersuchasonedescribedn Chapter3 (Section3.4),will be
moreefficientfor alargernumberof processors.

40 g -

’8\ _ é Idle time

£ 30 — — [ ] Queue access
w .

Schedulin

£ 20 ] ’

; [.".] Work overhead
o 10 [ ] serial work

0

1 3 5 7 9 11 13 15
Number of processors (p)

Figure4.2: Thetotalprocessotime (therunningtime multiplied by thenumberof processorg) for blocked
recursve matrix multiplication. “Serial work” is thetime takenby a singleprocessoexecutingthe equiva-
lent serialC program.For ideal speedupsall the othercomponentsvould be zero. The othercomponents
areoverheadof the parallelexecutionandthe runtimesystem.“Idle time” is the total time spentwaiting
for threadsto appearin @,.:; “gueueaccess’is the total time spentby the worker processorsnserting
threaddnto ¢);,, andremoring themfrom @),.;. “Scheduling”is thetotal time spentasthe schedulerand
“work overhead’includesoverhead®f creatingcontinuationspuilding structurego hold agumentsand
(de)allocatingmemoryfrom a sharedpool of memory aswell asthe effects of the delaycounterscache
missesandbuscontention.

4.4 Spaceperformance

Thissectionpresentsesultsof experimentshatevaluatethespaceefficiencgy of algorithmAsyncDF,
followedby anempiricaldemonstratiomf the space-timerade-of thatexistsin thealgorithm.
The memoryusageof eachapplicationwas measuredsthe high watermark of memoryal-
locationduring the executionof the program. Figure 4.3 shavs the memoryusagefor the five
applications. Herethreeimplementationgor eachprogramare compared—onén Cilk andthe
othertwo usingmy runtimesystem.Of thetwo implementation®n my systemponeinsertsdelays
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Figure 4.3: The memoryrequirement®f the parallelprograms.For p = 1 the memoryusageshown is
for the serialC version. Thememoryusageof eachprogramwhenthe big memoryallocationsaredelayed
(with K = 1000), is comparedvith whenthey areallowedto proceedwithout ary delay aswell aswith
thememoryusageon Cilk. Theversionwithoutthedelayon my system(labeled‘No delay”)is anestimate
of the memoryusageresultingfrom previous schedulingechniquesTheseresultsshav thatdelayingbig
allocationssignificantlychangeghe orderof executionof the threadsandresultsin muchlower memory
usagegespeciallyasthenumberof processorgcreases.
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beforelarge allocationswhile the otherdoesnot. For all the five programamplementedthe ver-
sionwithoutthe delayresultsin approximatelythe samespacerequirementsiswould resultfrom
schedulingthe outermostevel of parallelism. For example,in Strassers matrix multiplication,
algorithm AsyncDF without the delay would allocatetemporaryspacerequiredfor p branches
at the top level of the recursiontree beforereverting to the executionof the subtreeunderthe
first branch. On the other hand, schedulingthe outer parallelismwould allocatespacefor the
p branchesat the top level, with eachprocessorexecutinga subtreeserially Hencealgorithm
AsyncDF without the delayis usedhereto estimatethe memoryrequirement®f previoustech-
niques[41, 83], which schedulaghe outerparallelismwith higherpriority. Cilk usesessmemory
thanthis estimatedue to its useof randomization:an idle processosstealsthe topmostthread
(representinghe outermosparallelism)from the privatequeueof a randomlypickedprocessor;
this threadmay not representhe outermostparallelismin the entirecomputation.A numberof
systemq30, 70,77,92,111, 115 143,145,159 usea work stealingstratgy similar to that of
Cilk. Theresultsshov that when big allocationsare delayed,algorithm AsyncDF resultsin a
significantlylower memoryusage particularlyasthe numberof processoréncreasesA notable
exceptionis the ID3 benchmarkfor which our scheduleresultsin a similar spaceequirementis
thatof Cilk. Thisis becausehevalueof K (= 1000 bytes)is too large to sufficiently delaythe
large allocationsof spaceuntil higherpriority threadsbecomeready. In thesegraphs, have not
comparedAsyncDF to naive schedulingtechniguesuchas breadth-firstscheduleswhich have
muchhighermemoryrequirements.

Space-Time Tradeoff

The spaceboundfor algorithm AsyncDF(K ) derived in Chapter3 (Section3.3) increasewith
K, thevalueof the memoryquotaallotedto eachthreadevery time it is scheduled At the same
time, thenumberof dummythreadqi.e., thevalueof thedelaycounter)introducedoeforea large
allocationdependson the valueof K. Further the smallerthe valueof K, the moreoftenis a
threadpreempteddueto exhaustionof its memoryquota,resultingin lower locality and higher
schedulingoverheads.Hencethereexists a trade-of betweenmemoryusageand runningtime,
that canbe adjustedby varyingthe valueof K. For example,Figure4.4 shavs how the running
time andmemoryusagefor blockedrecursve matrix multiplicationareaffectedby A'. For small
K, mary dummythreaddi.e., largedelays)areintroducedandthreadsarepreemptedften. This
resultsin poorlocality andhigh schedulingoverheadstesultingin a high runningtime. However,
the executionorderis closeto a 1DF-scheduleandtherefore the memoryrequirements low. In
contrastfor large K, very few dummythreadsareinserted andthreadsare preemptedessoften.
This resultsin low runningtime, but highermemoryrequirements.A=500-2000bytesresultsin
bothgoodperformanceandlow memoryusage.

For all thefive programsamplementedthetrade-of curveslookedsimilar; however, they may
vary for otherparallelprograms.A defaultvalueof X' = 1000 bytesresultedin a goodbalance
betweenspaceandtime performancdor the five testprogramsalthoughin practiceit might be

5This problemarosebecausesomeinherentlyparallel operationsn the algorithm had beencodedserially; this
serialization althoughnot necessarysimplified the writing of the codein the continuation-passingtyle requiredby
the system.Consequentlythe depthof the programincreasedandtherewasoften not a suficient amountof inner
parallelismto keepprocessorbusy, forcing themto executethe outerparallelisminstead.
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Figure 4.4: Thevariationof runningtime andmemoryusagewith K (in bytes)for multiplying two 1024 x

1024 matricesusing blockedrecursve matrix multiplicationon 8 processorsFor very small K, running
time is high while the memoryrequirements low. In contrastfor large K, therunningtime is low while
the memoryrequiremenis high. K=500-200Mytesresultsin both good performanceandlow memory
usage.

usefulto allow usergto tunethe parametefor their needs.

4.5 Summary

In this chapter | have describedhe implementatiorof a simple, multithreadingruntime system
for the SGI Power ChallengeSMP. The implementatiorusesalgorithm AsyncDF (presentedn
Chapter3) to scheduldightweight threads.Experimentatesultsfor nested-paralldbenchmarks
onthis systemndicatethat,comparedo previousschedulergincludingaprovably space-dicient
scheduler)AsyncDFtypically leadsto a lower spaceequirementWheninnermostfine-grained
loops (or recursve calls) in the benchmarksvere groupedinto chunks,the time performanceof
algorithm AsyncDF was shavn to be comparabléo that of an efficient threadscheduler | also
experimentallydemonstratedhat the algorithm provides a trade-of betweenrunning time and
memoryrequirementby adjustingthe valueof the memorythreshold.The next chapterdescribes
the implementatiorof algorithm AsyncDF in the context of anotherruntime system,namely a
commerciaPthreadpackage.
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Chapter 5

A Space-Efficientimplementation of
Pthreads

Theexperimentaresultspresentedh Chapte#t indicatethatalgorithmAsyncDFdoesindeedpro-
vide goodspaceandtime performancean practice. Theruntimesystemdescribedn thatchapter
washuilt specificallyto implementalgorithmAsyncDF, andis restrictedio purelynestedparallel
computations.This chapterdescribesxperimentswith implementinga slight variationof algo-
rithm AsyncDFin the context of amoregenerathreaddibrary, namely Posixstandardhreadsor
Pthread$88].

Thechaptelbegginsby motivatingthe choiceof Pthreadsisa mediumfor my experimentswith
spaceefficient schedulergSection5.1). Section5.2 describes particularPthreadsmplementa-
tion, namelythe natve Pthreadsmplementatioron Solaris2.5,which | usein all my subsequent
experiments. The sectionalso presentsxperimentalresultsof implementinga simple parallel
benchmarknamely densematrix multiply, usingthe existing Pthreadamplementation;the al-
gorithm usedinvolves dynamiccreationof a large numberof Pthreadsand dynamic memory
allocation. The benchmarlexhibits poor spaceandtime performancemainly dueto the useof a
space-indfcientschedulerSection5.3thenlists themodificationd madeto theexisting Pthreads
implementatiorio makeit space-dicient, presentinghe performancef thebenchmarlaftereach
modification. Thefinal versionof theimplementatiorusesa variationof algorithm AsyncDFto
schedulghe threads.This chapteralsodescribesand presentexperimentalresultsfor the other
parallelbenchmarkst usethemto evaluateandcomparehe performancef the original Pthreads
implementatiorwith the modifiedPthreadsmplementatior{Section5.4). All thebenchmarksly-
namicallycreateanddestroylargenumbersof lightweightPthreadsFor amajority of thesebench-
marks,| startedwith a pre-&isting, publicly available,coarse-grainegtersion,which I modified
to uselargenumbersof dynamicPthreadsFor suchbenchmarksl, alsocomparethe performance
of therewritten versionwith theoriginal, coarse-grainedersion.The coarse-grainedersionsare
typically hand-codedb carefullypartitionandbalanceaheloadfor goodperformanceThechapter
endswith a brief discussioron selectingthe appropriatehreadgranularityin Section5.5. | shav
thatalgorithm AsyncDF doesnot handlefiner threadgranularitiesvery efficiently, therebymoti-
vatingtheneedfor usingalgorithmDFDequedo handlefiner-grainedhreadsFinally, Section5.6
summarizeshis chapter

The Pthread-baseddenchmarksisedto evaluatethe newv space-dicient schedulempredomi-

55



56 CHAPTERS. A SFACE-EFFICIENTIMPLEMENTATION OF PTHREADS

nantly usea nestedfork-join style of parallelism;however, someof the benchmarkslsomake
limited useof mutexes. The Pthreadmplementationtself makesextensve useof both Pthread
mutexes and condition variables. Becausehe Pthreaddibrary supportssynchronizatiorprimi-
tiveslike mutexes and conditionvariables,the classof computationghat can be expressedus-
ing Pthreadsare often not dag-deterministicTherefore definingthe serialspacerequirements,
preciselyfor Pthread-basedomputationsnay not be possible.Neverthelessthe resultingspace
requiremenfor the parallelexecutioncanbe boundedn termsof the serialspacerequiremenbf
thedagthatrepresentghe particularparallelexecution. The experimentakresultspresentedh this
chapteindicatethat,in practice thenew scheduledoeseffectively limit thespacaequiremenof
theparallelbenchmarks.

5.1 Motivation

The space-dicient schedulingalgorithmspresentedn this dissertationcould be appliedin the
contet of several multithreadedsystemsesidesPthreads.Thereare, however, several reasons
for choosingPthreadssthe platformto implementalgorithmAsyncDF (aswell asthe DFDeques
algorithmdescribedn Chapter7):

e ThePthreadnterfaceis a Posixstandardhathasrecentlybeenadoptedy thevendorsof a
numberof operatingsystemg53, 79, 87,142,153. Pthreadmplementationgarealsofreely
available for a wide variety of platforms[131]. Therefore,Pthreadshave now becomea
commonmediumfor writing portablemultithreadectodein generaland,in particular they
arepopularfor sharednemoryparallelprogramming.

e By selectingaPthreaddibrary asthemediumfor my experiments| candirectly usepublicly
availablePthread-baseddenchmarkso evaluatemy schedulersSimilarly, the benchmarks
thatl codein alightweightthreadedtylemaybeexecuteddirectly on ary platformsupport-
ing a Pthreadsmplementatiofh

e Theinterfaceprovidesa fairly broadrangeof functionality For example, Pthreadamay
synchronizeusingmutexes,conditionvariablesor joins. Thereforemy schedulersnaybe
appliedto a classof applicationdbroaderthanthosethatarepurely nestedoarallel.

¢ Most platformsthat supportPthreadd¢odayarereleasindightweight, userlevel implemen-
tationsof Pthreadshatallow thousandef threaddo beexpressedn theprogram.Examples
of currentplatformsthatscheduldightweight,userlevel threadson top of kernelthreadgto
take advantageof multiple processorsinclude Digital UNIX, Solaris,IRIX, andAlX. In
particular | hadaccesgo the sourcecodefor the popular natve Pthreadsmplementation
on Solaris.To my knowledge thisis oneof the mostefficientimplementationef userlevel
Pthread$oday

e As with MPI, Pthreadsadoptsa library approachthatis, the useof Pthreadsloesnot re-
quire adoptinga new parallelprogramminganguaggandcompilerfront end). Therefore,
Pthreadsiregainingacceptancamongthe parallelprogrammingcommunity

IFor thesebenchmarkso executeefficiently, the Pthreadsmplementatiormustbe lightweight (userlevel) and
mustusea space-dicient scheduler
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Pthread$ave two maindisadwantagestheinability to supportextremelylightweightthreadoper
ations,andthe lack of syntacticsugarto simplify the threadinterface. Multithreadinglanguages
with restrictedfunctionality, or threadsystemdhat cantake advantageof a preprocessoor spe-
cialized compiler are ableto supportextremely lightweight threadsand higherlevel threadin-
terfaces[66, 70, 102]. The broadfunctionality andthe library approachof Pthreadsmakean
extremelylightweightimplementatiorof Pthreadsmpossibleandresultsin asomevhatlargeand
complec interface.For example,creatinga userlevel Pthreads typically two ordersof magnitude
moreexpensve thanthe costof afunctioncall, andrequiresheprogrammeto explicitly packthe
threadargumentsanto a contiguouschunkof memory Further thereareno interfacefunctionsto
expresanulti-wayforks or parallelloops;Pthread®nly supporta binaryfork. However, | feelthat
thesedravbacksarea small priceto pay for the otheradvantageofferedby Pthreads.Syntactic
sugarto easethe taskof forking Pthreadsor for providing multi-way forks canalwaysbe added
througha preprocessor

Despiteseveral lightweight, userlevel implementation®f Pthreadsmostprogrammersstill
write parallelprogramsn a coarse-grainestyle,with onePthreadperprocessorThemainreason
is probablythelack of goodschedulershatcanefficiently executea programwith large numbers
of lightweight,dynamicPthreads.In particular asl shawv in the next section,a typical Pthreads
schedulercreatedoo mary simultaneoushactive threadsn sucha program. Thesethreadsnay
all contendfor stackandheapspaceeadingto poor spaceandtime performance However, this
chaptersubsequentlghons thatby usinga space-dfcient threadscheduleran existing Pthreads
implementatiorcanefficiently executeprogramswith dynamic lightweightthreads.

5.2 The Solaris Pthreadsimplementation

This sectiondescribeshenative Pthreadsmplementatioron Solaris2.5, followedby someexper
imentsmeasuringhe performanceof a parallelmatrix multiply benchmarkhatusesPthreadon
Solaris.The experimentswith theremainingopenchmarksiredescribedn Section5.4.

The Solarisoperatingsystemcontainskernelsupportfor multiple threadswithin a singlepro-
cessaddressspace[129]. One of the goalsof the Solaris Pthreadamplementations to make
thethreadssufficiently lightweightsothatthousandef themcanbe presentwvithin aprocessThe
threadsarethereforamplementedy auserlevel threaddibrary sothatcommonthreadoperations
suchascreation,destructionsynchronizatiorandcontext switchingcanbe performedefficiently
without enteringthe kernel.

Lightweight,userlevel Pthread®n Solarisaremultiplexedon top of kernel-supportethreads
calledLWPs. This assignmenbf the lightweightthreadso LWPsis controlledby the userlevel
Pthreadgmplementation150. A threadmay be eitherboundto an LWP (to schedulat on a
system-widéasis)or maybe multiplexedalongwith otherunboundhreadsof the procesontop
of oneor moreLWPs. LWPsare scheduledy the kernelonto the available CPUsaccordingto
their schedulingclassandpriority, andmayrunin parallelon amultiprocessorFigure5.1 shavs
how threadsand LWPsin a simple Solarisprocessnay be scheduled.Processl hasonethread
boundto an LWP, andtwo otherthreadsmultiplexed on anothel. WP, while proces? hasthree
threadsmultiplexed on two LWPs. This chapterfocuseson the policy usedto schedulaunbound
Pthreadsita givenpriority level ontop of LWPs.
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process 1 process 2

threads S S S S S S —

User-level
library
LWPs —

Kernel

Processors —

Figure5.1: Schedulingof lightweightPthreadsindkernel-level LWPsin Solaris. Threadsaremultiplexed
ontopof LWPsattheuserlevel, while LWPsarescheduledn processordy the kernel.
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Figure 5.2: Uniprocessotimings in microsecondgor Solaristhreadsoperationson a 167 MHz Ultra-

SFARC running Solaris2.5. Creationtime is with a preallocatedstack,anddoesnot includeary contet

switch. (Creationof a boundor unboundthreadwithout a preallocatedtackincursan additionaloverhead
200us for thesmalleststacksizeof a page(8KB).This overheadncreaseso 260us for a1MB stack.)Join

is thetimeto join with athreadthathasalreadyexited. Semaphoraynchronizatiorniime is thetime for two

threadgo synchronizausinga semaphoreandincludesthetime for onecontext switch.

SinceSolarisPthreadsrecreateddestroyedndsynchronizeavithin auserlevel library with-
out kernelintervention,theseoperationsare cheapethanthe correspondingperationon kernel
threads Figure5.2 shavs the overheadgor somePthreadperation®ona 167 MHz UltraSFARC
processarOperationn boundthreadsnvolve operationson LWPsandrequirekernelinterven-
tion; they arehencemoreexpensve thanuserlevel operation®nunboundhreadsNote,however,
thatthe userlevel threadoperationsarestill significantlymoreexpensve thanfunctioncalls;e.g.,
thethreadcreationtime of 20.5u.s correspond$o over 3400cyclesonthe 167 MHz UltraSFARC.
The Pthreadsmplementationncursthis overheador every threadexpressedn the program,and
doesnot attemptto automaticallycoarserthe parallelismby combiningthreads. Therefore the
basicthreadoverheaddimit how fine-grainedataskmaybeexpressedisingPthreadsvithout sig-
nificantly affectingperformancelt is left to the programmeto selectthefinestgranularityfor the
threadssuchthatthe overheadsemaininsignificant,while maintainingportability, simplicity and
loadbalancegseeSection5.5 for adiscussiorof threadgranularity).

Although more expensve thanfunction calls, the threadoverheadsarelow enoughto allow
the creationof mary morethreadghanthe numberof processorsluringthe executionof a paral-
lel program,sothatthe job of schedulinghesethreadsandbalancingthe load acrossprocessors
may be left to the threadsmplementation.Thus, this implementatiorof Pthreadss well-suited
to expressmedium-grainedhreads resultingin simple and efficient code, particularly for pro-
gramswith dynamicparallelism.For example Figure5.3shavsthepseudocod®r ablock-based,
divide-and-conquealgorithmfor matrix multiplication usingdynamicparallelism:eachparallel,
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recursve call is executedby forking a new thread. (This codewasintroducedasa programming
examplein Chapterl.) To ensurethatthe total overheadof threadoperationds not significant,
theparallelrecursionona 167 MHz UltraSFRARC is terminatedoncethe matrix sizeis reducedo
64 x 64 elementspeyondthatpoint, anefficient serialalgorithmis usedto performthe multipli-
catiorf. Thetotaltime to multiply two 1024 x 1024 matriceswith this algorithmon a single 167
MHz UltraSFARC processqrusinga LIFO schedulinggueueandassuminga preallocatedstack
for every threadcreatedjs 17.6s; of this, the threadoverheadsareno morethan0.2s. Themore
complex but asymptoticallyfasterStrassers matrix multiply canalsobeimplementedn a similar
divide-and-conquefashionwith afew extralinesof code;codingit with staticpartitioningis sig-
nificantly moredifficult. Further efficient, serial,machine-specifitibrary routinescanbe easily
pluggedin to multiply the64 x 64 submatricesitthebaseof therecursiortree. Temporaryspace
is allocatedat the startof eachrecursve call to storeintermediateesults.Althoughtheallocation
of this temporaryspacecanbe avoided,but this would significantlyaddto the compleity of the
codeor reducethe parallelism. The resultingdagfor this matrix multiply programis showvn in
figure5.4. Thedagis similar to theonein Figure1.3(b), exceptthatthreadshereareforkedin a
treeinsteadof theflatloop,andmemoryallocationslecreaseown thetree.Densamatrixmultiply
is afairly regularapplicationandcanbe staticallypartitioned.Nonethelesd, amusingit hereasa
simpleexampleto represeng broadclassof divide-and-conquealgorithmswith similar dagsbut
irregular, data-dependerdtructures.(Examplesof suchprogramsinclude sorts,dataclassifiers,
computationageometrycodesgetc.) Therecursve matrix multiply algorithmdiscussedheregen-
eratedargenumbersf threadsof varyinggranularitiesandmemoryrequirementsandis therefore
agoodtestfor the Pthreadscheduler

Performanceof matrix multiply using the native Pthreadsimplementation

| implementedhe algorithmin Figure5.3 on an 8-processoBunEnterprise5000 SMP running
Solariswith 2 GB of main memory Eachprocessois a 167 MHz UltraSFARC with a 512KB
L2 cache.Memory accesdateny on the Enterprises 300 ns (50 cycles),while obtaininga line
from anothermrocessos L2 cacherequires480ns (80 cycles). Figure5.5 (a) shavs the speedup
of theprogramwith respecto the serialC versionwritten with functioncallsinsteadof forks. The
speedupwvas unexpectedlypoor for a compute-intensie parallel programlike matrix multiply.
Further asshavn in Figure5.5 (b), the maximummemoryallocatedby the programduring its
execution(e.g., 115 MB on 8 processorsyignificantly exceededthe memoryallocatedby the
correspondingerialprogram(25 MB).

To detectthe causefor the poor performanceof the program,| useda profiling tool (Sun
Workshopversion4.0) to obtaina breakdevn of the executiontime, asshawvn in Figure5.6. The
processorspendasignificantportionof thetimein thekernelmakingsystenctalls. Themosttime-
consumingsystemcallswerethoseinvolvedin memoryallocation.l alsomeasuredhe maximum
numberof threadsactive duringthe executionof the program:the Pthreadsmplementatiorcreates
morethan4500 active threadduringexecutionon a singleprocessorin contrasta simple,serial,
depth-firstexecutionof the program(in which a child preemptsts parentassoonasit is forked)on
asingleprocessoshouldresultin just10 threadseingsimultaneouslyactive. Boththesemeasures
indicatethat the natve Pthreadsmplementatiorcreatesa large numberof active threadswhich

2Thematrix multiply codewasadaptedrom anexampleCilk programavailablewith the Cilk distribution[25].
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begin Matrix_Mult(A, B, C, n)
if (n < Leaf Size)
serialmult(A, B, C, n);
else
T := memalloc(n x n);
initialize smallermatricesasquadrant®f A, B, C, andT,;
fork Matrix_Mult(A11, B11,C11,n/2);
fork Matrix_Mult(A11, B12,C12,n/2);
fork Matrix_Mult(A21, B12,C22,n/2);
fork Matrix_Mult(A21, B11,C21,n/2);
fork Matrix_ Mult(A12, B21,T11,n/2);
fork Matrix_ Mult(A12, B22,T12,n/2);
fork Matrix_ Mult(A22, B22,T22,n/2);
fork Matrix_ Mult(A22, B21,T21,n/2);
join with all forkedchild threads;
Matrix_Add(T, C);
memfree(T);
end Matrix_Mult

Temporary
Matrix A Matrix B Matrix C Storage T
All|A12 B11|B12 ci1|c12 T11|T12
X =
A21|A22 B21| B22 c21(C22 T21|T22

Figure 5.3: Pseudocod® multiply two » x n matricesA andB andstoringthefinal resultin C usinga
divide-and-conquealgorithm.TheMat r i x_Add functionis implementedimilarly usinga paralleldivide-
and-conquealgorithm. The constanteaf Sizeto checkfor the baseconditionof therecursionis setto 64
onal67MHz UltraSFARC.

alloc( n? )

free(n? )

Figure 5.4: Programdagfor recursive matrix multiply; the oval outlinesdemarcatehe recursve calls at

thetop level of therecursion.Shadedhodesdenoteallocation(black) anddeallocationgrey) of temporary
space Theadditionalthreadghatperformmatrix additionin parallel(in matrix add)arenotshowvn herefor

brevity.
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Figure 5.5: Performanceof matrix multiply on an 8-processoEnterprise5000 SMP using the native
Pthreadsmplementation:(a) speedupwvith respecto a serial C version;(b) high watermark of total heap
memoryallocationduring the execution of the program. “Serial” is the spacerequiremenbf the serial
programandequalghesizeof theinputandoutput(A, B, andC) matrices.

all contendfor allocationof stackandheapspaceaswell asfor scheduletocks,resultingin poor
speedupmndhigh memoryallocation. Even if a parallelprogramexhibits good speedupgor a
givenproblemsize,it is importantto minimizeits memoryrequirementptherwise astheproblem
sizeincreaseshe performancesoonbeginsto suffer dueto excessve TLB andpagemisses.

The SolarisPthreadsmplementatiorcreatesa very large numberof active threadsbecauset
usesa FIFO queue Further whena parentthreadforks a child thread the child threadis addedo
the queueratherthanbeingscheduledmmediately Consequentlythe programdagis executedn
a breadth-firsmannerresultingin almostall the 4096threadsat the lowestlevel of the recursion
treebeingsimultaneouslyactie.

To improve the time andspaceperformancef multithreadedapplicationsa schedulingech-
niquethatcreatedewer actve threadsaswell aslimits their memoryallocation,is necessaryl
next describethe modificationsl madeto the existing Pthreadsmplementatiorto makeit space-
efficient.

5.3 Impr ovementsto the Pthreadsimplementation

This sectionliststhemodificationd madeto theuserlevel Pthreadsmplementatioron Solaris2.5
to improve the performancef the matrix multiply algorithmdescribedn Section5.2. The effect
of eachmodificationon the programs spaceandtime performances shavn in Figure5.7. All the
speedup®n Figure5.7(a)arewith respecto the serial C versionof matrix multiply. The curves
marked“Original” in thefigure arefor the original Pthreadsmplementation(with the deadlock-
avoidancefeatureof automaticcreationof new LWPs[150] disabledo getconsistentimings®).
All threadswere createdat the samepriority level, andthe term “schedulingqueue”used

3Disablingthis featurestabilizesand maginally improvesthe performanceof the applicationusingthe original
Pthreadscheduler
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Figure 5.6: A breakdevn of executiontimeson up to 8 processor$or matrix multiply. “Compute”is the
percentagef time doingusefulcomputation;'system”is the percentagef time spentin systemcalls,and
“sys-wait” is the percentagef time spentwaiting in the kernel.“Other” includesidle time, the time spent
waiting on userlevel locks,andthetime spentfaulting in text anddatapages.

below refersto the setof all threadsatthatpriority level. In the original Pthreadsmplementation,
this schedulinggueueis implementedas a FIFO queue. To prevent multiple processorgrom
simultaneouslhaccessinghe queueijt is protectedoy acommonschedulefock. | retainedheuse
of thislock in all my modifications.

1. LIFO scheduler 1 first modifiedthe schedulingqueueto be last-in-first-out(LIFO) in-
steadof FIFO. A FIFO gueueexecutesthe threadsin a breadth-firstorder while a LIFO
gueueresultsin executionthatis closerto a depth-firstorder As expected thisreduceghe
memoryrequirementHowever, the memoryrequiremenstill increasesvith the numberof
processorsThespeedupmprovessignificantly(seecurve labeledas“LIFO” in Figure5.7).

2. AsyncDF: a space-efficientscheduler Next, | implementeda variation of algorithm
AsyncDF (asshavn in Figure3.2). In this variation,insteadof usingthe queuesy;,, and
Q..t, all processorslirectly accesshe schedulinggueue(R) usingthe existing scheduler
lock. Therefore,no specialscheduletthreadsarerequired. The main differencebetween
this variationof AsyncDF andthe LIFO scheduleiis thatthreadsin the schedulingqueue
at eachpriority level arealwaysmaintainedn their serial, depth-firstexecutionorder As
describedn Chapter3, maintainingthis orderat runtimeis simpleandinexpensve. The
final schedulingalgorithmcanbe describedasfollows.

e Thereis anentryin theschedulingyueuefor every threadthathasbeencreatedout that
hasnotyetexited. Thusthreadsepresentet thequeuemaybeeitherready blocked,
or executing.Theseentriessene asplaceholders$or blockedor executingthreads.

¢ Whenathreadis preemptedit is returnedo theschedulingyueudan thesameposition
(relativeto theotherthreads}hatit wasin whenit waslastselectedor execution.This
positionwasmarkedby thethreads entryin thequeue.
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¢ Whena parentthreadforks a child thread,the parentis preemptedmmediatelyand
the processostartsexecutingthe child thread.A newly forkedthreadis placedto the
immediateeft of its parentin the schedulingqueue.

e Every time a threadis scheduledit is allocateda memoryquota(implementedas a
simpleintegercounter)nitializedto aconstants” bytes(thememorythreshold) When
it allocatesn bytesof memory the counteris decrementedly m units. Whenathread
reachesan action that needsto allocatemore memorythan the currentvalue of its
countey thethreadis preemptedIf athreadcontainsanactionthatallocatesn > K
bytes,s dummythreadgthreadgshatperformano-opandexit) areinsertedn parallef
by the new schedulebeforetheallocation,whereé is proportionalto m / K.

| modifiedthe mal | oc andf r ee library functionsto keeptrack of a threads memory
guota,andfork dummythreadsvhennecessaryThe curve labelled*ADF” in Figure5.7(a)
shaws that the speedupmproveswith the space-dicient scheduler Further the memory
requirement{seeFigure5.7(b))is significantlylower, andno longerincreasesapidly with
the numberof processorsThe memorythresholdk” wassetto 50,000bytesin theseexper
iments.

3. Reduceddefault stack size. ThePthreadibrary on Solarisspecifiesa stacksizeof 1MB
for threadscreatedwith defaultattributes,and cachesstacksof this defaultsizefor reuse.
However, for applicationsthat dynamicallycreateand destroya large numberof threads,
whereeachthreadrequiresa moremodeststacksize, the defaultsize of 1MB is too large.
Thereforeto avoid requiringthe programmeto supplyandcachethreadstacksn eachap-
plication, | changedhe defaultstacksizeto be a page(8KB). This reduceghetime spent
allocatingthe stacks.Theimproved performanceurvesaremarkedas“LIFO + smallstk”
with the LIFO schedulerand“ADF + smallstk” with thenew, space-dicientschedulerThe
final version(*ADF + smallstk”) yields goodabsoluteperformancdor matrix multiplica-
tion; it runswithin 2% of the hand-optimizedmachine-specifiBLAS3 routinefor matrix
multiplicationon Solaris2.5. The breakdevn of runningtimesin this final versionis shavn
in Figure5.8.

Theimprovementdndicatethatallowing the userto determinehe defaultthreadstacksize
may be useful. However, predictingthe requiredstacksize can be difficult for someap-
plications. In suchcasesjnsteadof conseratively allocatingan extremelylarge stack,a
techniguesuchasstackletg70] or whole programoptimization[73] could be usedto dy-
namicallyandefficiently extendstacks.

5.4 Other Parallel Benchmarks

In this section,| briefly describeexperimentswith 6 additionalPthreads-baseguhrallelprograms.
The majority of themwereoriginally written to useonethreadper processor| rewrote the pro-

4Sincethe Pthreadsnterfaceallows only a binary fork, theses threadsare forked as a binary treeinsteadof a
J-way fork.

SComparedo thethreadsdescribedn Chapter4, Pthreadsiremoreexpensie to createanddestroy Thereforea
fewer numberof Pthread¢andhencea larger K) aresuficientto delaylarge allocations.
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Figure5.7: Performancef matrixmultiply onan8-processoEnterprises000SMP usingvariationsof the
native Pthreadsmplementation{a) speedupvith respecto a serialC version;(b) highwatermarkof heap
memoryallocationduringthe executionof the program.The resultswereaveragediver 3 consecutie runs
of the program. “Original” is with the original Pthreadsmplementation;LIFO” usesa LIFO scheduler
“LIFO + smallstk” standdor the LIFO schedulewith areduceddefaultstacksize,"ADF” usesavariation
of algorithmAsyncDF, and“ADF + smallstk” usesthe variationof AsyncDFwith areduceddefaultstack
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Benchmark ProblemSize Coarsgyr. | Finegr. +orig.lib | Finegr. + new lib
Speedup | Speedup Threads| Speedup Threads

Matrix Mult. 1024 x 1024 6.63 3.65 1977 6.56 59
BarnesHut N = 100K, Plmr. model 7.53 5.76 860 7.80 34
FMM N = 10K, 5terms — 4.90 4348 7.45 24
DecisionTree 133,999nstances — 5.23 94 5.25 70
FFTW N = 2% 6.27 5.84 224 5.94 14
SparseMatrix | 30K nodes151Kedges 6.14 4.41 55 5.96 32
Vol. Rend. | 256° volume,375% image 6.79 5.73 131 6.69 25

Figure 5.9: Speedup®n 8 processorsver the correspondingerial C programdor the 7 parallelbench-
marks. Threeversionsof eachbenchmarlarelisted here: the original coarse-grainesiersion(BLAS3 for
Matrix Multiply, andnonefor FMM or DecisionTree),thefine-grainedversionthatusesa large numberof
threadswith the original SolarisPthreadsmplementationandthe fine-grainedversionwith the modified
Pthreadsmplementatior(thatusesthe space-dicient scheduleandan 8KB defaultstacksize).“Threads”
is the maximumnumberof active threadduringthe8-processoexecution.

gramsto usea large numberof Pthreadsandcomparedhe performanceof the original, coarse-
grainedprogramwith the rewritten, fine-grainedversion. The performanceof the fine-grained
versionwas measuredising both the original Pthreadamplementationrand the implementation
with the space-dicient scheduleasedon algorithm AsyncDF (using a reduced8KB default
stacksize).| referto the lattersettingasthe new Pthreadschedulefor asthe new versionof the
Pthreadsmplementation).SincePthreadsare significantlymore expensve thanfunction calls, |
coarsenegomeof the naturalparallelismavailablein the program. This simply involved setting
the chunkingsizefor parallelloopsor the terminationconditionfor parallelrecursve calls. The
coarseningamortizeshreadoperationcostsand also providesgoodlocality within a thread,but
still allows a large numberof threadsto be expressed.All threadswere createdrequestinghe
smalleststacksize of onepage(8KB). The experimentswere performedon the 8-processoEn-
terprise5000describedn Section5.2. The memorythresholdk” wassetto 50,000bytes. All
programswere compiledusing Sun's Workshopcompiler(cc) 4.2, with the optimizationflags
-fast -xarch=v8plusa -xchip=ultra -xtarget=native -xO.

5.4.1 The parallel benchmarks

Eachbenchmarks describedelown with its experimentatesults;Figure5.9summarizegheresults
for all thebenchmarks.

1. BarnesHut

This programsimulategheinteractionsn a systemof NV bodiesover seseral timestepsisingthe
Barnes-Hutlgorithm[1]. Eachtimestephasthreephasesan octreeis first built from the setof
bodiestheforceoneachbodyis thencalculatedoy traversingthis octree andfinally, the position
andvelocity of eachbodyis updated.l usedthe “Barnes” applicationcodefrom the SPLASH-2
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benchmarlsuite[163] in our experiments.

In theSPLASH-2Barnescode,onePthreads createdor eachprocessoatthebeaginningof the
execution;thethreadqprocessors3ynchronizausinga barrieraftereachphasewithin atimestep.
Oncethetreeis constructedthe bodiesarepartitionedamongthe processorsEachprocessotra-
versegheoctreeto calculateheforcesonthebodiesn its partition,andthenupdateshepositions
andvelocitiesof thosebodies.It alsousedts partitionof bodiesto constructheoctreein the next
timestep.Sincethedistribution of bodiesin spacemay be highly non-uniform the work involved
for thebodiesmayvaryto alarge extent,anda uniform partitionof bodiesacrosprocessorteads
to loadimbalance TheBarnescodethereforeusesa costzonegartitioningschemeo partitionthe
bodiesamongprocessor§l46]. This schemdriesto assignto eachprocesson setof bodiesthat
involve roughly the sameamountof work, andarelocatedcloseto eachotherin the treeto get
betterlocality.

| modifiedthe Barnescodeso that, insteadof partitioningthe work acrossthe processorsa
new Pthreads createdto executeeachsmall, constant-sizedinit of work. For example,in the
force calculationphase startingfrom theroot of the octree ,a new Pthreadvasrecursvely forked
to computethe force on the setof particlesin eachsubtree.The recursionwasterminatedvhen
thesubtreehad(on average)under8 leaves. Sinceeachleaf holdsmultiple bodies this granularity
is sufficientto amortizethe costof threadoverheadsindto provide goodlocality within athread.
Thus,wedonotneedary partitioningschemen my code sincethelargenumberof threadsn each
phaseareautomaticallyioad balancedy the Pthreadsmplementation Further no perprocessor
datastructuresvererequiredin my code,andthefinal versionwassignificantlysimplerthanthe
original code.

Thesimulationwasrunonasystenof 100,000bodiesgeneratedinderthe Plummemodel[1]
for four timestepgaswith the defaultSplash-2settings thefirst two timestepsverenot timed).
Figure5.9 shaws thatthe simpler, fine-grainedapproachachievesthe samehigh performanceas
the original code. However, the Pthreadscheduleneedso be carefullyimplementedo achiere
this performance Whenthe threadgranularityis coarsene@ndthereforethe numberof threads
is reduced,the performanceof the original scheduleralsoimproves significantly However, as
the problemsize scalesunlessthe numberof threadsncreasesthe schedulecannotbalancehe
loadeffectively. Besidedorks andjoins, this applicationusesPthreadnutexesin thetreebuilding
phasedo synchronizenodificationgto the partially built octree.

2. FastMultipole Method

This applicationexecutesthe FastMultipole Methodor FMM [72], another/N-Body algorithm.

TheFMM in threedimensionsalthoughmorecomple, hasbeenshavn to performfewer compu-
tationsthanthe Barnes-Hualgorithmfor simulationgequiringhighaccurag, suchaselectrostatic
systemg20]. Themainwork in FMM involvesthe computatiorof local andmultipole expansion
serieghatdescribehe potentialfield within andoutsidea cell, respectrely. | first wrotetheserial

C versionfor the uniform FMM algorithm,andthenparallelizedit usingPthreads.The parallel
versionis written to usealarge numberof threadsandl do notcompardt hereto any preeisting

versionwritten with onethreadper processor The programwas executedon 10,000uniformly

distributed particlesby constructinga tree with 4 levels andusing5 termsin the multipole and

localexpansions.
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Figure5.10: Memoryrequirement$or theFMM andDecisionTreebenchmarks:Orig. lib” useghenative
Pthreadémplementationyhile “New lib” usegheimplementatiormodifiedto usethenew schedulebased
on AsyncDF. “Serial” is the spacaequirementf the serialprogram.

Eachphaseof theforce calculationandits parallelizations describedelow.

1. Multipole expansiondor leaf cells are calculatedfrom the positionsand massesf their
bodies;a separat¢hreads createdor eachleafcell.

2. Multipole expansionsof interior cells are calculatedfrom their childrenin a bottom-up
phaseaseparateéhreadis createdor eachinterior (parent)cell.

3. In atop-dowvn phasethelocal expansionfor eachcell is calculatedrom its parentcell and
from its well-separatedieighborssinceeachcell canhave alarge numberof neighborqup
to 875), we createda separateéhreadto computeinteractionswith up to constantnumber
(25) of acell’'sneighborsThreadsareforkedasa binarytree.

4. Theforceson bodiesarecalculatedrom thelocal expansionof their leafsandfrom direct
interactionswith neighboringoodies;a separat¢hreadis createdor eachleafcell.

Sincethis algorithminvolvesdynamicmemoryallocation(in phase3), | measuredts space
requirementvith the original andnew versionsof the Pthreaddibrary implementationseeFig-
ure5.10(a)).As with matrix multiply, the new schedulingechniqugbasedon AsyncDF) results
in lower spacerequirement. The speedupsvith respectto the serial C versionare includedin
Figure5.9.

3. DecisionTreeBuilder

Classificationis animportantdatamining problem.l implementeda decisiontreebuilder to clas-
sify instancesvith continuousattributes. The algorithmusedis similar to ID3 [132], with C4.5-
like additionsto handlecontinuousattributes[133]. The algorithm builds the decisiontreein a
top-down, divide-and-conquefashion,by choosinga split alongthe continuous-aluedattributes
basednthebestgainratioateachstage.Theinstancearesortedoy eachattributeto calculatehe
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Figure5.11: Runningtimesfor threeversionsof the multithreadedpne-dimensiondDFT from the FFTW

library on p processors(1) usingp threads(2) using256threadswith the original Pthreadscheduler(3)
using256threadswvith the modifiedPthreadscheduler

optimalsplit. Theresultingdivide-and-conquetomputatiorgraphis highly irregularanddatade-
pendentwhereeachstageof the recursionitself involvesa paralleldivide-and-conquequicksort
to split theinstancesl usedaspeechrecognitiondatasef78] with 133,999 nstanceseachwith 4
continuousattributesanda true/falseclassificatiorastheinput. A threadis forkedfor eachrecur
sive callin thetreebuilder, aswell asfor eachrecursve call in quicksort.In bothcasesa switchto
serialrecursionis madeoncethe numberof instancess reducedo 2000. Sincea coarse-grained
implementatiorof this algorithmwould behighly comple, requiringexplicit loadbalancing] did
notimplementt. The8-processospeedupsbtainedwith theoriginalandnew Pthreadscheduler
areshowvn in Figure5.9; both the schedulersesultin goodtime performancehowever, the new
scheduleresultedn alower spacaequiremen{seeFigure5.10(b)).

4. FastFourier Transform

The FFTW (“Fastestourier Transformin the West”) library [65] computeghe one-andmultidi-
mensionatomple discreteFouriertransform(DFT). TheFFTW library is typically fasterthanall
otherpublicly availableDFT code,andis competitve or betterthanproprietary highly optimized
versionssuchas Sun's Performance.ibrary code. FFTW implementsthe divide-and-conquer
Coole/-Tukey algorithm[43]. Thealgorithmfactorsthesize N of thetransforminto N = N; - N3,
andrecursvely computesV, transformsof size N,, followedby N, transformsof size N;. The
packagencludesa versionof the codewritten with Pthreadswhich | usedin theseexperiments.
The FFTW interfaceallows the programmeto specifythe numberof threadsto be usedin the
DFT. Thecodeforks a Pthreador eachrecursve transform,until the specifiedhumberof threads
arecreatedafterthatit executegherecursiorserially Theauthorsof thelibrary recommendising
onePthreadoerprocessofor optimalperformance.

A one-dimensionaDFT of size N = 22 wasexecutedin theseexperimentsusingeitherp
threads(wherep = no. of processorsasthe coarsegrainedversion,or 256 threadsasthe fine
grainedversion.Figure5.11shavsthespeedupsvertheserialversionof thecodefor oneto eight
processorsWhenyp is a power of two, the problemsize (which is alsoa power of two) canbe
uniformly partitionedamongthe processorsising p threadsandbeinga regular computation jt
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doesnot suffer from load imbalance.Therefore for p = 2,4, 8, the versionwith p threadsruns

mamginally faster However, for all otherp, the versionwith a larger numberof threadscanbe

betterloadbalancedy the Pthreadsmplementationandthereforeperformsbetter This example
indicatesthat without ary changedo the code,the performancebecomedesssensitve to the

numberof processorsvhen a large numberof lightweight threadsare used. The performance
of this applicationwas comparablewith both the original Pthreadsschedulerand the modified

schedulefseeFigure5.9).

5. SparseMatrix Vector Product

This benchmarkinvolvesof 20 iterationsof the productw = M - v, where M is a sparsenon-
symmetricmatrix andv andw aredensevectors. The codeis a modifiedversionof the Spark98
kernels[117] which arewritten for symmetricmatrices. The sparsematrix in theseexperiments
is generatedrom afinite elementmeshusedto simulatethe motion of the groundafteranearth-
guakein the SanFernandovalley [9, 10]; it has30,169rows and 151,239non-zeroes.In the
coarse-grainedersion,onethreads createdor eachprocessoatthebeaginningof thesimulation,
andthethreadsexecutea barrierat theendof eachiteration. Eachprocessofthread)is assignec
disjointandcontiguoussetof rows of M, suchthateachrow hasroughlyequalnumberof nonze-
roes. Keepingthe setsof rows disjoint allows the resultsto be written to the w vectorwithout
locking.

In the fine-grainedversion,64 threadsare createdand destroyedn eachiteration. The rows
arepartitionedequallyratherthanby numberof nonzeroesandtheloadis automaticallybalanced
by thethreadsschedule(seeFigure5.9).

6. Volume Rendering

This applicationfrom the Splash-2benchmarksuite usesa ray castingalgorithmto rendera 3D
volume[145, 163]. Thevolumeis representetly a cubeof volumeelementsandan octreedata
structureis usedto traversethe volumequickly. The programrendersa sequencef framesfrom
changingviewpoints. For eachframe,aray is castfrom the viewing positionthrougheachpixel,
raysarenotreflected but may be terminatedearly. Parallelismis exploitedacrosshesepixelsin
theimageplane.My experimentsdo notincludetimesfor the preprocessingtagewhichreadsin
theimagedataandbuilds theoctree.

In the Splash-2code,the imageplaneis partitionedinto equalsizedrectangulablocks,one
for eachprocessorHowever, dueto the nonuniformityof the volumedata,an equalpartitioning
may notbeloadbalancedTherefore gvery block s furthersplit into tiles, which are4 x 4 pixels
in size. A taskqueueis explicitly maintainedfor eachprocessqrandis initialized to containall
thetilesin theprocessos block. Whena processorunsout of work, it stealsatile from another
processostaskqueue.Theprogramwasrunona2s6 x 256 x 256 volumedatasetof aComputed
Tomographyheadandtheresultingimageplanewas375 x 375 pixels.

In the fine-grainedversion,a separatd’threadvas createdo handleeachsetof 64 tiles (out
of atotal of 8836tiles). Sincerayscastthroughconsecutie pixels arelikely to accessnuch of
the samevolume data,groupinga small setof tiles togetheris likely to provided betterlocality.
However, sincethe numberof threadscreateds muchlargerthanthe numberof processorsthe
computations loadbalancedcrosghe processorby thePthreadscheduleranddoesnotrequire



70 CHAPTERS. A SFACE-EFFICIENTIMPLEMENTATION OF PTHREADS

T T T T

7
6

a 5

2

o 4

B 3]

n
2 new sched. <— —
1 orig. sched. —+—
0 1 1 1 1
10 50 90 130 170

GRANULARITY
Figure 5.12: Variationof speedupwith threadgranularity(definedasthe maximumnumberof 4 x 4 pixel
tiles processedby eachthread)for the volumerenderingbenchmark.“Orig. sched. is the speedupusing
the original FIFO schedulingyueue while “New sched. is the speedupsingthe space-dicient scheduler
basedn AsyncDF.

the explicit task queuesusedin the original, coarse-grainedersion. Figure 5.9 shaws thatthe
performanceof the simpler rewritten code(usingthe modified Pthreadscheduler)s competitve
with the performancef the original code.

5.5 Selectingthe optimal thr eadgranularity

Fine-grainedhreadsallow for goodloadbalancingput mayincur high threadoverheadsaandpoor
locality. In theexperimentddescribedsofar, thegranularityof the Pthreadsvasadjustedo amor
tize thecostof basicthreadoperationgsuchascreationdeletion,andsynchronization)However,
sincealgorithm AsyncDF may schedulghreadsaccessingommondataon differentprocessors,
the granularityneededo be increasedurther for someapplicationsto get good locality within
eachthread. For example,in the volumerenderingapplication,if we createa separatdéhreadto
handleeachsetof 8 4x4 tiles of theimage,the serialexecutionof the multithreadedorogramis
sloweddown by atmost2.25% dueto basicthreadoverheadscomparedo the serialC program.
However, the sameprogramon 8 processorslowvs down nearly20%, probablydueto poorerdata
locality. Tiles closetogethelin theimagearelikely to accessommondata,andthereforethe pro-
gramscaleswvell whenthethreadgranularityis increasegothateachthreadhandle4 (insteadof
8) tiles. This effect of threadgranularityon performances shavn in Figure5.12. Theapplication
slows down atlarge threadgranularitieg > 130 tiles perthread)dueto loadimbalancewhile the
slowdown at finer threadgranularitieg < 50 tiles perthread)is dueto high schedulingoverheads
andpoorlocality. Ideally, we would like the performanceo be maintainedasthe granularityis
reduced.

SincebasicPthreadoperationscannotbe avoided, the usermustcoarserthreadgranularities
to amortizetheir costs.However, ideally, we would notrequirethe userto furthercoarserthreads
for locality. Instead the schedulingalgorithmshouldschedulghreadshatareclosein the com-
putationgraphon the sameprocessqrso thatgoodlocality may be achiered. Chapter7 presents
a space-dfcient schedulingalgorithm, namely algorithm DFDequesthat wasdesignedor this
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purpose.

5.6 Summary

In this chaptey | have describeda space-dicient implementationof Posixthreadsor Pthreads.
The new scheduleaddedto the natve Pthreadsmplementatioron Solarisis basedon algorithm
AsyncDF. Thesharedschedulingjueuewithin thethreadgpackagevasessentiallycorvertedfrom
a FIFO queueo a priority queuen which Pthreadsreprioritized by their serialexecutionorder

The spaceandtime performanceof new schedulemwasevaluatedusingseven Pthreads-based
benchmarks:a densematrix multiply, a sparsematrix multiply, a volume renderer a decision
treebuilder, two N-body codes,andan FFT package.The experimentalresultsindicatethatthe
space-dfcient scheduleresultsin betterspaceandtime performancecomparedo the original
FIFO schedulerIn particulay it allows simpler, fine-grainedcodefor the benchmarkso perform
competitvely with their hand-partitioned;soarse-grainedounterparts.

Onedravbackof expressinga large numberof lightweight,fine-grainedPthreadss having to
pick theappropriatehreadgranularity SincePthreadsiretwo ordersof magnitudemoreexpensve
thanfunctioncalls,the useralwayshasto ensurehatthework performedoy thethreadsamortizes
the costof basicthreadoperations. However, with algorithm AsyncDF, further coarseningof
threadsmay be requiredto ensurdow schedulingcontentionand gooddatalocality within each
thread.Thenext chaptempresentalgorithmDFDequesnith the goal of addressinghis problem.
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Chapter 6

Automatic Coarseningof Scheduling
Granularity

Threadpackagedike Pthreadsdo not supportvery fine-grainedthreadoperationsdue to their
rich functionality and library approach. For example, becauseéPthreadscannottake advantage
of lazy threadcreationasin specializedmultithreadedanguaged70, 66, 102], every Pthread
expressedvy the programmeitincursthe costof a threadcreationanddeletion. Therefore,even
for serialexecutionsthe programmemustensurdhataveragethreadgranularitiesaresuficiently
large to amortizethe costsof basicthreadoperations However, we shovedin Chapters thatfor
someapplicationsthe AsyncDFschedulinglgorithmdoesnotresultin goodparallelperformance
even at suchthreadsgranularities. In particular threadshave to be further coarsenedo allow
goodlocality andlow schedulingoverheadsluringa parallelexecution.ldeally, however, theuser
shouldnot have to further coarserthreadsbeyond whatis requiredto amortizethe costof basic
threadoperations.Instead,the schedulingalgorithm shouldautomaticallyscheduldine-grained
threadghatareclosein thecomputations dagonthesameprocessaqrsothatgoodlocality andlow
schedulingpverheadsreachiered.

In this chapter| introducealgorithm DFDequesanimprovementon algorithmAsyncDEF, it is
aimedat providing bettertime performancdor finer grainedthread<y increasinghe scheduling
granularitybeyondthegranularitiesof individual threadsLike algorithmAsyncDF, it guarantees
a spaceboundof S; + O(K - p - D) (in the expectedcase)for a nested-paralleprogramwith
serialspacerequirementS; anddepth D executingon p processors.As before, K is the user
adjustablanemorythresholdusedby the scheduler For a simplistic costmodel,| shav thatthe
expectedunningtimeis O(W/p+ D) onp processorsHowever, whentheschedulem DFDeques
is parallelized the costsof all schedulingoperationscanbe accountedor with a morerealistic
model. Thenthe parallel computationcan be executedusing S; + O(K - D - p - log p) space
andO(W/p + D - log p) time (including schedulingoverheads)sucha parallelizedscheduleiis
describedn AppendixD.

This chapterns organizedasfollows. Section6.1 motivatesthe needfor improving algorithm
AsyncDFby providing asimpleexample;it alsoexplainsthe maindifferencedetweeralgorithms
AsyncDF and DFDeques Section6.2 thendescribeshe programmingmodelsupportedy algo-
rithm DFDequesandthe datastructurest uses,followed by the pseudocodédor the algorithm
itself. 1 analyzethe spaceandtime requirementdor a parallel computationexecutedusingal-
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root thread___»

Figure 6.1: An exampledagfor a parallelcomputationeachof the 16 threadds shovn asa shadedegion.
The threadsarenumberedrom right-to-left; threadt, is theinitial, rootthread.In this example,thread;
accesse&” elementof anarray

gorithm DFDequesn Section6.3. Finally, Section6.4 summarizeshe resultspresentedn this
chapter

6.1 Motivation and BasicConcepts

Considertheexamplein Figure6.1. The dagrepresents parallelloop thatis forked asa binary
treeof threadswith onethreadperiteration. Let the:** thread(going from right to left) execute
the :** iteration of the parallelloop; let us assumehat it accesseshe :** elementof an array
Therefore jf multiple, consecutie elementf an arrayfit into onecacheline, thenschedulinga
block of consecutie threadson one processoresultsin goodlocality; Figure6.2(a)showvs one
suchschedule.Further contentionwhile accessingchedulingdatastructurescould be reduced
by storingan entireblock of threadsin an individual processos schedulingqueue. Thenfor a
majority of the time, a processohasto accesonly its own queue. Work stealingscheduling
techniquesn which coarsefgrainedthreadsaretypically stolenby anidle processof77, 25,101,
96,159]provide suchbenefitsandaretherefordikely to resultin schedulesuchastheoneshavn
in Figure6.2(a).

Unlike work stealing,algorithm AsyncDF usesa single, flat, global schedulinggqueue. Fur-
ther, high-prioritythreadsn AsyncDFareoftendeepein thedagandthereforemorefine grained.
Consequentlyconsecutie threadsn theexamplemaybescheduledy AsyncDFon differentpro-
cessorsasshowvn in Figure6.2(b). This canresultin poorlocality andhigh schedulingoverheads
whenthethreadsarefairly fine grained.Note,however, thatif eachthreadweresomeavhatcoars-
ened,sothatit represents block of iterationsof the parallelloop andthereforeaccessseveral
consecutie memorylocations,the time performanceof algorithm AsyncDF would, in practice,
be equvalentto thatof a work stealingscheduler Further asindicatedby resultsin Chapterst
and5, it would alsotypically resultin lower memoryrequirement€omparedo previous sched-
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Figure 6.2: (a) and (b): Two different mappingsof threadsof the dagin Figure 6.1 onto processors
Fy, ..., Ps. Schedulingconsecutie threadson the sameprocessarasin (a), can provide bettercache
locality in this example.

ulers. Algorithm DFDequesnasthereforedesignedo improve uponAsyncDF by automatically
combiningfine-grainedhreadsclosetogetherin the daginto a singleschedulingunit to provide
a higherschedulinggranularity Thistypically resultsin betterlocality andlower schedulingcon-
tentionthat AsyncDF, particularly when threadsare more fine grained. Algorithm DFDeques
borrows ideasfrom work stealingto obtainthis improvementin time performancewhile main-
tainingthesameasymptoticspaceéboundasalgorithmAsyncDF. However, asshavn in Chapter7,
in practiceDFDequegesultsin amaginally highermemoryrequirementomparedo AsyncDF.

ThebasicdifferencedetweeralgorithmsAsyncDF and DFDequesaresummarizedelow.

e Threadsn AsyncDFwereorganizedn aflatpriority queugR). In contrastDFDequesises
a prioritized queueR’, eachelementof which is a deque(doubly-endedjueue). A deque
holdsmultiple threadswith contiguougqrelative) priorities. At ary time, aprocessoownsa
separateleque(unlesst is switchingbetweerdequespandtreatsit like a privateLIFO stack
to storereadythreads.

¢ In AsyncDF anidle processoalwayspicksthenext threadon @,.;; @..: buffersthehighest
priority threadsn R. In contrastanidle processoin DFDequepicksthetopthreadromits
currentdequellf it findsit'sdequeempty(or if it doesnotown adeque)it selectsatrandom
oneof thehigh-prioritydequesandstealsathreadfrom thebottomof thedeque Thisthread
is typically morecoarse-grainethanthethreadwith the absolutehighestpriority.

¢ In algorithm AsyncDF, the memorythresholdwasusedto limit the memoryallocatedby
eachindividualthreadbetweerpreemptionsathreadwaspreemptedndits memorythresh-
old wasresetwhenit reacheda fork instruction.In contrast DFDequesllows the memory
thresholdo beusedowardsthememoryallocationof multiple threaddrom thesamedeque.
This allows multiple, fine-grainedhread<closein thedagto executeon the sameprocessor
(assuminghey do notallocatemuchmemory).

e In algorithm AsyncDF, all idle processorpickedthreadsfrom the headof @),.;; for fine-
grainedthreadsaccessing),.; canthereforebecomebottleneck.DFDequesisesandom-
izationto reducecontentionbetweenidle processorsvhenthey steal. | thereforeprovide
high probability (andexpectedcase)poundsfor the spaceandtime requirementsf parallel
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computationgxecutedusingalgorithmDFDeques

6.2 Algorithm DFDeques

This sectionbaginsby describingheprogrammingmodelfor the multithreadedomputationshat
are executedby the algorithm DFDeques | thenlist the datastructuresusedin the scheduling
algorithm,followedby the descriptiorof the schedulingalgorithm.

6.2.1 Programming model

Algorithm DFDequesxecutesiestegarallelcomputationsvith binaryforksandjoins (unlikethe

multi-wayforks andjoins supportedy AsyncDF. For example thedagin Figure6.1representa

nestedarallelcomputatiorwith binaryforksandjoins. As with AsyncDF, althoughl describeand

analyzealgorithmDFDequedor nestecparallelcomputationsin practiceit canbeeasilyextended
to programawith moregenerabtylesof parallelism.For example thePthreadscheduledescribed
in Chapter7 (Section7.1) efficiently supportscomputationsvith arbitrarysynchronizationssuch
asmutexesandconditionvariables.

6.2.2 Schedulingdata structur es

As with algorithm AsyncDF, threadsareprioritizedaccordingto their serialexecutionorder(i.e.,
accordingto the 1DF-numberingof their currentnodes).The readythreadsarestoredin doubly-
endedqueuesor dequeg45]. Eachof thesedequessupportspoppingfrom and pushingonto
its top, aswell as poppingfrom the bottom of the deque. At ary time during the execution,a
processoowns at mostonedeque andexecuteshreaddrom it. A singledequehasat mostone
owner at ary time. However, unlike traditionalwork stealing,the total numberof dequesn the
systemmay exceedthe numberof processorsSincethe programmingmodelallows only binary
threadsthreadsneednot beforkedlazily to consere space.Further unlike algorithmAsyncDF,
placeholdersgor currentlyexecutingthreadsarenot requiredin algorithm DFDeques Therefore,
thedequesf threadsonly containreadythreadsandnot seedhread=or placeholders.

All the dequesarearrangedn a globallist R’ of deques.Thelist supportsaddingof a new
dequeto theimmediateright of anotheidequedeletionof adequeandfindingthem ! dequefrom
theleft endof R’. Aswewill provein thenext SectionalgorithmDFDequesnaintainghreadsn
R’ in decreasingrderof prioritiesfrom left-to-rightacrosslequesandfrom top to bottomwithin
eachdeque(seeFigure6.3).

6.2.3 The schedulingalgorithm

Theprocessorsxecutethecodein Figure6.4for algorithmDFDeques$K ), where K is themem-
ory threshold. Eachprocessotreatsits own dequeasa regular LIFO stack,andis assigneca
memoryquotaof A bytesfrom which to allocateheapand stackdata. This memoryquota K’
is equialentto the perthreadmemoryquotain algorithm AsyncDF. However, asnotedin Sec-
tion 6.1, the memoryquotais assignedo a processoto executemultiple threadsfrom a single
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Figure6.3: Thelist R’ of dequesnaintainedn the systemby algorithmDFDequesEachdequemayhave
one(or no) owner processar The dottedline tracesthe decreasingrderof priorities of the threadsin the
systemthust, in thisfigurehasthe highestpriority, while ¢, hasthe lowestpriority.

deque(ratherthana singlethread,asin AsyncDF. A threadexecuteswithout preemptionon a
processountil oneof four eventstakesplace:(a)it forks achild thread,(b) it suspendsvaiting for
a child to terminate (c) the processorunsout of its memoryquota,or (d) the threadterminates.
Whenanidle processofindsits dequeempty it deleteshe deque.Whena processorunsout of
its memoryquota,or whenit becomesdle andfindsits dequeempty it givesup ownershipof its
dequeanduseshest eal () procedurdo obtainanew deque Everyinvocationof st eal () re-
setsthe processos memoryquotato K bytes.Eachiterationof thewhi | e loopin thest eal ()
procedureareferredto asa stealattempt

The schedulingalgorithmstartswith a singledequein the system containingtheinitial (root)
thread. A processoexecutesa stealattemptby picking a randomnumberm betweenl and p,
wherep is the numberof processorslit thentriesto stealthe bottomthreadfrom the m!* deque
(startingfrom theleft end)in R’; thisthreadneednotbethehighestpriority threadn thesystem.If
R’ hasonlyn < p dequesary stealattemptdor m € [n+1, p| fail (thatis, pop_f r ombot returns
NULL). A stealattemptmayalsofail if two or moreprocessortargetthesamedeque(asexplained
in Section6.3.1),or if the dequeis empty If the stealattemptis successfulpop_f r ombot
returnsa thread),the stealingprocessocreatesa nenv dequefor itself, placesit to the immediate
right of the chosendeque,and startsexecutingthe stolenthread. Otherwise,it repeatghe steal
attempt.Whenaprocessostealghelastthreadfrom adequenot currentlyassociateaith (owned
by) any processarit deletegshedeque.

If athreadcontainsanactionthatperformsa memoryallocationof m unitssuchthatm > K,
then|m /K | dummythreadsnustbeinsertedbeforetheallocation similarto algorithmAsyncDF.
Sincethe programmingmodel supportsonly binary forks, thesedummythreadsareforkedin a
binarytree.We do notshaw this extensionin Figure6.4 for brevity. Eachdummythreadexecutes
ano-op.However, processormustgive uptheirdequesndperformastealeverytime they execute
adummythread.Onceall thedummythreadshave beenexecuted,a processomay proceedwith
the memoryallocation. This addition of dummy threadseffectively delayslarge allocationsof
spacesothathigherpriority threadsmaybe schedulednstead.

Work stealing as a special caseof algorithm DFDeques For a nested-paralletcomputation,
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while (4 threads)
if (currS=NuLL) currS:= steal();
if (currT=NuLL) currT:= pop.from_top(currS;
executecurrTuntil it forks, suspendgerminates,
or memquotaexhausted:

case(fork): procedure steal():
pushto_top(currT, curr; setmemoryquotato K;
currT:= newly forkedchild thread,; while (TRUE )
case(suspend): m = randomnumberin [1...p];
currT:= NULL; S:=m!"dequen R/;
case(memquotaexhausted): T := pop.from_bot(S);
pushto_top(currT, curr; if (T# NULL)
currT:= NULL; createnew dequeS’ containingT
currS:=NuLL; [* giveup stack;*/ andbecomats owner;
case(terminate): placeS’ to immediateright of Sin R’;
if currTwakesup suspendegarentT’ return S’;
currT:=T"

elsecurrT:= NULL;
if ((is_.emptyurrS) and (currT=NULL))
currS:= NULL;
endwhile

Figure 6.4: Pseudocodtor the DFDequegK ) schedulingalgorithmexecutedby eachof the p processors.
K is thememorythreshold designedo be a useradjustablecommand-lingparametercurrSis the proces-
sor'scurrentdeque.currTis the currentthreadbeingexecuted,changingts valuedenotes contet switch.
Memory managemenf thedequess not shonvn herefor brevity.

considerthecasewhenwe set X’ = oo onp processorsThen,algorithmDFDequegoc) produces
a scheduldadenticalto the one producedby the provably efficient work stealingscheduleused
in Cilk [25]. Sinceprocessorsever give up a dequedueto exhaustionof their memoryquota,
therearenever morethanp dequesn the system.Maintainingtherelative orderof dequesn R’
becomesuperfluousn this case sincenow stealtargetsarealwayschoseratrandomfrom among
all thedequesn thesystem.

6.3 Analysisof Algorithm DFDeques

This sectionanalyzeghe time andspaceboundsfor a parallelcomputationexecutedusingalgo-
rithm DFDequegK ), whereK is the userassigneanemorythreshold.l first statethe costmodel
assumedn the analysis followed by definitionsof sometermsusedin this section.|l thenprove
thetime andspaceéounddor acomputatiorusingalgorithmDFDequegk ). To simplify theanal-
ysis, the costmodeldefinedin this sectionassumeshatdequesanbe insertedanddeletedfrom
R’ atno additionalcost. AppendixD explainshow theseoperationsanbe performedazily, and
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e = non-premature
o = premature

Figure6.5: An examplesnapshoof a parallelscheduldor thedagfrom Figure6.1. Theshadedcodesthe
setof nodesn o,) have beenexecutedwhile theblank(white) nodeshave not. Of thenodesn o, theblack
nodedorm the correspondingarallelprefix o, while theremaininggrey nodesarepremature.

analyzegsherunningtime afterincludingtheir costs.

6.3.1 Costmodel

As with the analysisof algorithm AsyncDF, we assumehatthetimestepgclock cycles)aresyn-
chronizedacrossall the processors.Recall that eachaction (or nodein the dag) requiresone
timestepto beexecuted We assumehatanallocationof M bytesof memory(for any M > 0) has
adepthof ©(log M). Thisis areasonablassumptiorin systemswith binary forks thatzeroout
thememoryassoonasit is allocatedthis zeroingcanbe performedn parallelby forking atreeof
heightO(log M).

If multiple processorsarget a non-emptydequein a singletimestep,we assumehat one of
themsucceed# thesteal,while all the othersfail in thattimestep If thedequetargetedby oneor
morestealsis empty all of thosestealsfail in a singletimestep.Whena stealfails, the processor
attemptsanotherstealin the next timestep Whenastealsucceedshe processomsertsthe newly
createddequeinto R’ andexecuteghefirst actionfrom the stolenthreadin the sametimestep At
theendof atimestepjf aprocessos currentthreadterminatesor suspendsandit findsits deque
to be empty it immediatelydeletests dequein thattimestep.Similarly, whena processosteals
thelastthreadfrom adequenot currentlyassociateavith arny processaqrit deleteshedequen that
timestep.Thus,atthe startof atimestepjf adeques empty it mustbe ownedby a processothat
is busyexecutingathread.In practice theinsertionsof new dequesinddeletionsof emptydeques
from R’ canbeeitherserializedseeSection7.1),or performedazily in parallel(seeAppendixD).
If aprocessotriesto removethelastthreadfrom its deque andanotheiprocessoattemptsa steal
from the samedequewe assumehatary oneof themsucceed removing thethread.
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Figure 6.6: A possiblepartitioningof nodesinto batchedor the parallelprefix o, from Figure6.5. Each
batch,shavn with asa shadedegion, is executedon oneof the processors, . . . , Py in depth-firstorder
withoutinterruption.The heary nodein eachbatchis shavn shadedlack.

6.3.2 Definitions

We usethe samedefinitionsof prefixesand(non-)prematur@odesthatweredefinedin Chapter3
(Section3.3.2). Figure 6.5 shavs the prematureandnon-prematur@odesin an exampledagfor
somearbitrary parallel prefix o,. However, we definea batch(of nodes)in a slightly different
mannerfrom Chapter3. In the caseof algorithm DFDequesa batch now becomeghe setof all
nodesexecutedby a processobetweenconsecutie steals.Sincea processousesits own deque
to storeandretrieve threaddetweerstealsthis new definitionof abatchmayincludenodesrom
multiple threadsinsteadof just onethread. As before,the first nodeexecutedfrom a batchis a
heavynode,while all othernodesarelight nodes.Thus,whenaprocessostealsathreadfrom the
bottomof a deque the currentnodeof the threadbecomesa heary node. As with the analysis
of AsyncDF, heary nodesare a propertyof the particularexecution(p-scheduleyatherthan of
thedag,sincestealsmay takeplaceat differenttimesin differentexecutions.Figure6.6 shavs a
possiblepartitioningof nodesnto batchedor the parallelprefix from Figure6.5.

We assumdor now thatall nodesallocateat most/ix” memory;we will relaxthis assumption
at the end of this subsection.Sincethe memoryquotaof a processois resetto K every time it
performsa steal,a processomayallocateatmost A spacdor every heary nodeit executes.

A readythreadbeingpresenin adequeas equvalentto its first unexecutednode(action)being
in thedequeandwe will usethetwo phrasesnterchangeablyGivena p-schedules, of anested-
paralleldagG generatedby algorithmDFDequeswe canfind auniquelast parentfor every node
in G (exceptfor therootnode)asfollows. Thelastparentof anodeu in (7 is definedasthelastof
u's parentnodedto be executedin theschedules,,. If two or moreparentnodesof « werethelast
to be executed the processoexecutingone of themcontinuesexecutionof «’s thread. We label
the uniqueparentof u executedby this processorsits last parent. The processomay have to
preempt:’s threadwithout executingu if it runsout of its memoryquota;in this casejt putsu’s
threadonto its dequeandthengivesup thedeque.
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6.3.3 Spacebound

We now shav that using algorithm DFDequegK ) resultsin an expectedspacerequiremeniof
S1+ O(p - D - min(K, Sy)) for a nested-paralletomputationwith D depthand S; serialspace
requiremenbn p processorsBecausein practice,we usesmall, constantvalueof K, the space
boundreduceso S; + O(p - D), aswith algorithmAsyncDF.

The approachfor proving the spaceboundof algorithm DFDequess similar to that for al-
gorithm AsyncDF. We first prove a lemmaregardingthe order of threadsin R’ maintainedby
algorithmDFDequesthis orderis shavn pictorially in Figure6.3. We will thenboundthenumber
of heavyprematue nodesthatmay have beenexecutedin the parallelcomputationby the end of
ary timestep thatis, we boundthe cardinality of the seto, — oy, for ary prefix o, of a parallel
schedules, executedby algorithmDFDeques

Lemma 6.1 Algorithm DFDequesnaintainsthefollowing propertiesof the orderingof threadsin
thesystem.

1. Threadsin ead dequeare in deceasingorder of priorities fromtop to bottom.

2. Athreadcurrentlyexecutingon a processohashigherpriority thanall otherthreadsonthe
processors deque

3. Thethreadsin any givendequehavehigher priorities thanthreadsin all the dequedo its
rightin R'.

Proof. By inductionon the timesteps.The basecaseis the startof the execution,whenthe root
threadstheonlythreadn thesystemLetthethreepropertiedbetrueatthestartof ary subsequent
timestep.Any of the following eventsmay take placeon eachprocessoduringthe timestep;we
will shawv thatthe propertiexontinueto hold atthe endof thetimestep.

Whena threadforks a child thread,the parentis addedto the top of the processos deque,
andthe child startsexecution. Sincethe parenthasa higherpriority thatall otherthreadsn the
processos dequgby induction),andsincethechild threadhasahigherpriority (earlierdepth-first
executionorder)thanits parent,propertieq1) and(2) continueto hold. Further sincethe child
now hasthe priority immediatelyhigherthanits parentproperty(3) holds.

WhenathreadT exits, the processorchecksif 7' hasreactvateda suspendegarentthread
T,. In this case,it startsexecuting’),. Sincethe computationis nestedparallel,the processos
dequemustnow be empty (sincethe parent?,, musthave beenstolenat someearlier point and
thensuspended)Thereforeall 3 conditionscontinueto hold. If 7" did notwakeup its parentthe
processopicksthe next threadfrom thetop its deque.If the dequeis empty it deleteghe deque
andperformsasteal.Thereforeall threepropertieontinueto hold in thesecasegoo.

Whenathreadsuspendsr is preemptedlueto exhaustiorof the processos memoryquota,it
is putbackonthetop of its dequeandthedequeretainsits positionin R'. Thusall threeproperties
continueto hold.

Whena processostealsthe bottomthreadfrom anotherdeque,it addsthe nev dequeto the
right of the targetdeque. Sincethe stolenthreadhadthe lowestpriority in the tagetdeque the
propertiescontinueto hold. Similarly, removal of a threadfrom the target dequedoesnot affect
thevalidity of thethreepropertiedor thetargetdeque A threadmaybe stolenfrom a processos
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dequewhile oneof the abore eventstakesplaceon the processoitself; this doesnot affect the
validity of our argument.
Finally, deletionof oneor moredequedrom R’ doesnot affectthethreeproperties. n

We cannow boundthenumberof heary prematurenodesn ary snapshogprefix) of theparallel
schedulelet s, bethe p-scheduleof length7" generatedor ¢ by algorithm DFDeque$kK ). For
any 1 <7 <T,leto, betheprefixof s, representinghe executionafterthefirst - timestepsLet
o1 C o, bethecorrespondingerialprefixof o,. Let v bethelastnon-prematur@ode(i.e., thelast
nodefrom o) to beexecutedduringthefirst r timestepof s,. If morethanonesuchnodeexist,
let v beary oneof them.Let P beasetof nodesn thedagconstructedsfollows: P isinitialized
to {v}; for everynodeu in P, thelastparentof « is addedo P. Sincetherootis theonly nodeat
depthl, it mustbein P, andthus, P containsxactly all thenodesalonga particularpathfrom the
rootto v. Further sincev is non-prematuregll thenodesn P arenon-premature.

Let u; bethe nodein P at depth:; thenw, is theroot, andus is the nodev, whereé is the
depthof v. Let t; bethetimestepin which u; is executed;thent, = 1 sincetherootis executed
in thefirst timestep.For: = 2,... )¢ let [; betheinterval {¢;,_; + 1,... ,¢}, andlet I; = {1}.
Let/s41 = {ts+ 1,...,7}. Sinceo, consistf all thenodesexecutedn thefirst ~ timestepsthe
intervals 1y, ... , Is4, coverthedurationof executionof all nodesn o,,.

We first prove alemmaregardingthenodesn adequebelaow ary of thenodesn P.

Lemma6.2 Foranyl <: < 4, letu; bethenodein P at depth:. Then,

1. If anytimeduringthe execution(in thefirst¢; — 1 timesteps); is onsomedequethenevery
nodebelowit in its dequeis theright child of somenodein P.

2. Whenu; is executed(at timestept;) on a processqrevery nodeon the processors deque
mustbetheright child of somenodein P.

Proof. We canprovethislemmato betruefor ary «; by inductionon:. Thebasecases theroot
node.Initially it is theonly nodein its deque andgetsexecutedbeforeary nenvw nodesarecreated.
Thusthelemmais trivially true. Let usassumeéhe lemmais truefor all «;, for 0 < 57 <. We
mustprove thatit is truefor w; ;.

Sinceu; isthelastparenof u;., u;+; becomeseadyimmediatelyafterw, is executedonsome
processorTherearetwo possibilities:

1. u;y; IS executedimmediatelyfollowing «; on that processor Property(1) hold trivially
sinceu, 4 is never putonadeque.lf thedequeremainsunchangedbeforeu, is executed,
property(2) holdstrivially for u;,;. Otherwise,the only changethat may be madeto the
dequeis the additionof theright child of «,; beforew;,, is executed,if «; wasa fork with
u;4+1 asits left child. In this casetoo, property(2) holds,sincethe newv nodein the deques
right child of somenodein P.

2. u;; Is addedo theprocessos dequeafteru; is executed.Thismayhapperbecause:; was
afork andwu;,; wasits right child (seeFigure6.7), or becausehe processoexhaustedts
memoryquota. In theformercase sinceu;; is theright child of «;, nothingcanbe added
to the dequebeforew; ;. In the latter case(thatis, the memoryquotais exhaustedoefore
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Figure6.7: (a) A portionof thedynamicallyunfoldingdagduringtheexecution.Nodew;; alongthe path
P is ready andis currentlypresenin somedeque.Thedeques shavn in (b); all nodesbelow u;4;, onthe
dequemustberight childrenof somenodeson P above u; ;. In thisexample,nodew;,; wastheright child
of u;, andwasaddedto the dequewhenthe fork at «; wasexecuted.Subsequentlydescendentsf the left
child of »; (e.g, noded), maybeaddedo thedequeabore ;1.

u;41 IS executed)theonly nodethatmaybeaddedo thedequebeforeu,,, is theright child
of u;, if u; is afork. Thisdoesnotviolatethelemma. Oncew;,, is addedto the dequet
may eithergetexecutedon a processowhenit becomeshetopmostnodein thedequepr it
maygetstolen.If it getsexecutedwithout beingstolen propertieg1) and(2) hold, sinceno
new nodescanbeaddedobelow «;,; in thedequelf it is stolenthe processothatstealsand
executest hasanemptydeque andthereforepropertieq1) and(2) aretrue,andcontinueto
hold until u;,; hasbeenexecuted.

Recallthatheary nodesarea propertyof the parallelscheduleyhile prematurenodesaredefined
relative to a givenprefix o, of the parallelschedule We now prove lemmasrelatedto the number
of heary prematurenodesn o,,.

Lemma6.3 Let o, beanyparallel prefix of a p-scheduleproducedby algorithm DFDequegk’)
for a computationwith depthD. Thenthe expectednumberof heavyprematue nodesin o, is
O(p - D). Further for anye > 0, the numberof heavyprematue nodesis O(p - (D + In(1/¢)))
with probability at least]l — ¢.

Proof. Considetthestartof ary internval /; of ,,, for: = 1,... , 6 (wewill look atthelastinterval

15, separately) By Lemmaé.1, all nodesin the dequego theleft of «;’s deque,andall nodes
abore u; in its dequeare non-premature Let z; be the numberof nodesbelav w; in its deque.
Becausestealdargetthefirst p dequesn R’, heary prematuranodescanbepickedin ary timestep
from atmostp dequesFurther everytime aheary prematurenodeis picked,thedequecontaining
u; mustalsobe a candidatedequeto be pickedasatargetfor a steal;thatis, u; mustbe among
theleftmostp dequesConsideonly thetimestepsn which u; is amongtheleftmostp dequeswe
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will referto suchtimestepsascandidatetimestepsBecausaen dequesnaybecreatedo theleft
of u; atary time, thecandidatdimestepsieednotbe contiguous.

We now boundthe total numberof stealsthattakeplaceduringthe candidatdimestepsthese
aretheonly stealghatmayresultin the executionof heary prematurenodes.Because processor
may attemptat mostonestealin ary timestep gachtimestepcanhave at mostp steals.Therefore,
similar to theanalysisin previouswork [3], we canpartitionthe candidatdimestepsnto phases
suchthateachphasehasbetweery and2p — 1 steals.We call a phasan interval /; successfulf
atleastoneof its O(p) stealdamgetsthe dequecontainingu;. Let X;; betherandomvariablewith
valuel if the ;% phasen interval I; is successfuland0 otherwise.Becauseargetsfor stealsare
choseratrandomfrom theleftmostp dequeswvith uniform probability, andbecauseachphasehas
atleastP steals,Pr[X;; = 1] > 1—(1 — 1/p)’ > 1—1/e > 1/2. Thus,eachphasesucceedsith
probabilitygreaterthan1/2. Because:; mustgetexecutedoeforeor by thetime z; + 1 successful
stealstargetu;’s dequetherecanbeatmostz; + 1 successfuphasesn interval 7;. Nodew; may
getexecutedbeforez; + 1 stealstargetits dequejf its ownerprocessoexecutesu; off thetop of
thedeque Lettherebesomen; < (z; + 1) successfuphasesn theinterval 7;. FromLemma6.2,
the z; nodesbelaw u; areright childrenof nodesin P. Thereare(é — 1) < D nodesalong P not
includingus, andeachof themmayhave at mostoneright child. Further eachsuccessfubhaséan
ary of thefirst ¢ intervalsresultsin atleastoneof theseright children(or the currentreadynode
on P) beingexecuted. Therefore the total numberof successfuphasesn thefirst § intervalsis
Zle n; < 2D.

Finally, considerthe final phasels, ;. Let z bethereadynodeat the startof theinterval with
the highestpriority. Notethatz ¢ o, becaus®therwisez (or someothernode),andnot v, would
have beenthe lastnon-prematuréodeto be executedin o,. Hence,if z is aboutto be executed
on aprocessarthenintenal 75, is empty Otherwise,z mustbe atthetop of the leftmostdeque
at the startof interval /5. Usinganargumentsimilar to thatof Lemma6.2, we canshav that
the nodesbelow =z in the dequemustbe right childrenof nodesalonga pathfrom the root to =.
Thusz canhave atmost(D — 2) nodesbelow it. Because: mustbe amongtheleftmostp deques
throughoutheinterval /5, ,, the phasesn this interval areformedfrom all its timesteps.We call
aphasesuccessfuin interval /5, if atleastoneof the ©(p) stealsin the phasearmetsthe deque
containingz. Thenthisinterval musthavelessthanD successfubhasesAs before theprobability
of aphasebeingsuccessfuis atleastl /2.

We have shavn thatthefirst + timestep=f the parallelexecution(i.e., the time within which
nodesfrom o, areexecuted)musthave < 3D successfuphasesEachphasemayresultin O(p)
heary prematurenodesbeingstolenandexecuted.Further for: = 1,... .4, in eachinterval I,
anotherp — 1 heavy prematurenodesmay be executedin the sametimestepthat«; is executed.
Therefore|if o, hasa total of N phasesthe numberof heary prematurenodesin ¢, is at most
(N + D) - p. Becausehe entireexecutionmusthave lessthan3D successfuphasesandeach
phasesucceedsvith probability > 1/2, the expectednumberof total phasedeforewe see3 D
successfuphasess atmost6 D. Therefore the expectednumberof heary prematurenodesn o,
isatmost7D -p = O(p- D).

The high probability boundcan be proved asfollows. Supposehe executiontakesat least
12D + 81In(1/¢) phases.Thenthe expectednumberof successfuphasess at leasty = 6D +
41n(1/¢). Usingthe Chernof bound[112, Theorem4.2] on the numberof successfuphasesX,
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andsettinga = 6D + 81n(1/¢), we get

PriX <pu—a/2] < exp [#] ,

whichimpliesthat

Pr[(X <3D)] < exp 12[);&81/1?(1/6)}

= exp 1 (2a __81n(1/6))}

—a?
< -
_ e—a/8

(6D + 8111(1/6))}

8

= exp

< e—ln(l/e)

= €

Becausetherecan be at most3D successfuphasesalgorithm DFDequesrequiresi2D +
81In(1/¢) or morephasesvith probabilityatmoste. Recallthateachphaseconsistof O(p) steals.
Thereforeg, hasO(p - (D + In(1/¢))) heary prematurenodeswith probabilityatleastl — .

[ |

We cannow statealemmarelatingthe numberof heary prematurenodesin o, with the memory
requiremendf s,,.

Lemma 6.4 Let G beadagwith depthD, in which everynodeallocatesat mosti” spaceandfor
which the 1DF-schedulerequires S; space Let s, bethe p-stheduleof length7" geneatedfor &
by algorithm DFDeque$K ). If for any: sud that1 < : < T, theprefixo, of s, representinghe
computatiorafterthefirst: timestepgontainsat mostr heavyprematue nodesthenthe parallel
spacerequitemenof s, is atmostS; 4+ r-min( K, Sy ). Further thereareatmostD + - min( K, Sy)
activethreadsduring the execution.

Proof. We canpartitiono, into the setof non-prematur@odesandthe setof prematurenodes.
Since by definition,all non-prematuraodedorm someserialprefix of the 1DF-scheduletheir net
memoryallocationcannotexceedsS;. We now boundthe netmemoryallocatedby the premature
nodes.Considera stealthatresultsin the executionof aheary prematurenodeon a processorr,.
The nodesexecutedby P, until its next steal,cannotallocatemorethan K space.Becausehere

1The probabilityof successor a phasds not necessarilyndependentf previous phaseshowever, becaus@ach
phasesucceedsvith probabilityatleastl /2, independentf otherphaseswe canapplythe Chernof bound.
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thread t

Figure 6.8: An examplescenariovhena processomay not executea contiguoussubsequencef nodes
betweersteals.Theshadedegionsindicatethe subsebf nodesexecutedon eachof the two processorsk,

and P,. Here,processol, stealshethread: andexecutesnodew. It thenforks a child thread(containing
nodev), putsthread: onits dequeandstartsexecutingthechild. In themeantime, processof, stealdhread
t from the dequebelongingto P,, andexecutest (startingwith nodew) until it suspendsSubsequently
P, finishesexecutingthe child thread,wakesup the suspendegarent:, andresumesxecutionof ¢t. The

combinedsetsof nodesexecutedon bothprocessorformsa contiguousubsequencef the 1DF-schedule.

areatmostr heary prematurenodesexecutedthetotal spaceallocatedacrossll processorafter
1 timestepscannotexceedsS; + r - K.

We cannow obtainatighterboundwhenk™ > S;. Considethecasevhenprocessof’, stealsaa
threadandexecutesaheavry prematurenode.Thenodesexecutedoy P, beforethenext stealareall
prematureandform a seriesof oneor moresubsequenced the 1DF-schedule Theintermediate
nodeshetweerthesesubsequencdm depth-firstorder)areexecutedon otherprocessorge.g., see
Figure6.8). Theseintermediatenodesoccurwhenotherprocessorstealthreadsrom the deque
belongingto P,, andfinish executingthe stolenthreadseforeF, finishesexecutingall theremain-
ing threaddn its deque.Subsequentlywhen P,’s dequebecome®mpty the threadexecutingon
P, maywakeupits parentsothat P, startsexecutingthe parentwithout performinganothersteal.
Therefore the setof nodesexecutedby P, beforethe next steal,possiblyalongwith premature
nodesexecutedon otherprocessordprm a contiguoussubsequencef the 1DF-schedule

Assumingthatthenetspaceallocatedduringthe 1DF-schedulecannever be neggative, this sub-
sequenceannotallocatemorethanS; unitsof netmemory Thereforethe netmemoryallocation
of all the prematurenodescannotexceedr - min( /&, 51 ), andthe total spaceallocatedacrossall
processorsgfter: timestepsannotexceeds,; + r - min( K, S; ). Becausehis boundholdsfor every
prefix of s, it holdsfor the entireparallelexecution.

Themaximumnumberof active threadss atmostthenumberof threadswith prematurenodes,
plusthe maximumnumberof active threadsduringa serialexecution,whichis D. Assumingthat
eachthreadneedsto allocateat leasta unit of spacewhenit is forked (e.g., to storeits register
state),at mostmin( K, S;) threadswith prematurenodescanbe forkedfor eachheary premature
nodeexecuted.Thereforethetotal numberof active threadss atmostD + r - min(K, Sy). "

Eachactive threadrequiresat mosta constantamountof spaceo be storedby the schedulefnot
includingstackspace).ThereforeusingLemmast.3and6.4, we canstatethe following lemma.
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Lemma 6.5 Let G be a nested-paallel dag with depth D, and let every nodein G allocate at
most K space Thenthe expectedamountof spacerequired to execute on p processorsising
algorithm DFDequegK ), includingsdedulingspacejs 51 + O(p - D - min( K, S1)). Further for
anye > 0, the probability that the computatiorrequires.S; + O(p - (D + In(1/¢)) - min(K, S))
spaceis at leastl — . n

Handling large allocations of space We hadassumeckarlierin this sectionthat every node
allocatesatmost /" unitsof memory Individualnodeghatallocatemorethan A" spacearehandled
asdescribedn Section6.2. The key ideais to delaythe big allocations,so thatif threadswith
higherprioritiesbecomeaeady they will beexecutednstead.Thesolutionis to insertbeforeevery
allocationof m bytes(m > K), a binary fork tree of depthlog(m/K), sothatm/K dummy
threadsarecreatedat its leaves. Eachof the dummythreadssimply performsa no-opthattakes
onetimestep,but the threadsat the leaves of the fork tree aretreatedasif it wereallocating A’
space;a processogivesup its dequeand performsa stealafter executingeachof thesedummy
threads.Therefore by thetime them /K dummythreadsareexecuted,a processomay proceed
with the allocationof m byteswithout exceedingour spacebound.Recallthatin our costmodel,
anallocationof m bytesrequiresa depthof O(log m); therefore this transformatiorof the dag
increasests depthby at mosta constanffactor This transformatiortakesplaceat runtime,and
the on-line DFDequesalgorithm generates schedulefor this transformeddag. Therefore,the
boundonthespacaequirementf thegeneratedcheduleemainghesameasthe boundstatedn
Lemma6.5;thefinal spaceéboundis statedbelow.

Theorem 6.6 Let G be a nested-paallel dagwith depthD. Thenthe expectedamountof space
requiredto execute7 onp processorsisingalgorithmDFDequegk ), includingsdedulingspace,
isS1 4+ O(p- D-min(K, S,)). Furthet for anye > 0, theprobability thatthe computatiorrequires
S14+ O(p- (D +1n(1/e)) - min( K, S;)) spaces at least] — . n

When K is a smallconstanamountof memory the expectedspaceequirementeducedo S, +
O(p- D).

6.3.4 Lower bound on spacerequirement

We now shav thattheupperboundon spaceequirementasstatedn Theoren6.6,is tight (within
constanfactors)in theexpectedcasefor algorithmDFDeques

Theorem 6.7 (Lower bound on spacerequirement)

ForanyS; > 0,p > 0, K > 0, and D > 24log p, there exists a nestedparallel dag with a
serial spacerequirementof S; anddepth D, sud that the expectedspacerequired by algorithm
DFDeque$K) to executethedagon p processorss (.S; + min( K, Sy) - p- D).

Proof. Considerthe dagshawvn in Figure 6.9. The black nodesdenoteallocations,while the
grey nodesdenotedeallocations.The dagessentiallyjhasthe a fork treeof depthlog(p/2), atthe
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leaves of which exist subgraph% Theroot nodesof thesesubgraphsrelabelledu,, u,, . .. ,u,,
wheren = p/2. Theleftmostof thesesubgraphs(z,, shovn in Figure6.9 (b), consistf a serial
chainof d nodes.Theremainingsubgraphsreidentical,have a depthof 2d + 1, andareshowvn
in Figure6.9 (c). Theamountof spaceallocatedby eachof the blacknodesin thesesubgraphss
definedasA = min( K, S;). Sincewe areconstructingadagof depthD, thevalueof d is setsuch
that2d + 1 + 2log(p/2) = D. Thespaceaequiremenbf a 1DF-scheduldor this dagis ;.

We now examinehow algorithm DFDequegk ) would executesucha dag. One processor
startsexecutingthe root node, and executesthe left child of the currentnodeat eachtimestep.
Thus, within log(p/2) = log n timestepsit will have executednodew,. Now considemodew,;
it is guaranteedo be executedoncelog n successfustealstargettherootthread.(Recallthatthe
right child of a forking node,thatis, the next nodein the parentthread,mustbe executedeither
beforeor whenthe parentthreadis next stolen.)Becauseherearealwaysn = p/2 processorin
this examplethatareidle andattemptstealstargetingp dequesat the startof every timestep the
probability P,.., thata stealwill targeta particulardeques givenby

1 p/2
Psteal Z 1_<1__>
p
> 1 —e /2
1
> -

3
We call atimestep successfulf somenodealongthe pathfrom therootto «,, getsexecutedthis
happensvhenastealtargetsthedequecontainingthatnode.Thus,afterlog n successfulimesteps,
nodeu,, mustgetexecuted;afterthat,we canconsiderevery subsequertimestepo besuccessful.
Let S be the numberof successfutimestepsan the first 12 log n timesteps.Then,the expected
valueis givenby
E[S] > 12logn - Pseal

> 4logn
Usingthe Chernof bound[112, Theorem4.2] onthe numberof successfulimestepsye have

o< (1-1) o = o[- 57

Pr[S <logn] < exp {—— log n}

Therefore,

2All logarithmsdenotedaslog areto thebase2.
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Figure 6.9: (a) Thedagfor which the existentiallower boundholds. (b) and(c) presenthe detailsof the
subgraphshavnin (a). Theblacknodesdenoteallocationsandgrey nodesdenotedeallocationsthe nodes
aremarkedwith theamountof memory(de)allocated.
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Recallthatrn = p/2. (Thecaseof p < 4 canbeeasilyhandledseparately Let &; bethe eventthat
nodeu; is notexecutedwithin thefirst 12 log » timestepsWe have shavedthatPr[€,] < 2/3-1/n.
Similarly, we canshaw thatfor eachi = 1,... ,n — 1, Pr[&] < 2/3 - 1/n. ThereforePr[(J] &] <
2/3. Thus,fori = 1,... ,n, all theu,; nodesgetexecutedwithin thefirst 12log n timestepswith
probabilitygreaterthan1/3.

Eachsubgraphz hasd nodesat differentdepthsthatallocatememory;thefirst of thesenodes
cannotbe executedbeforetimesteplogn. Let ¢ be the first timestepat which all the «; nodes
have beenexecuted. Then, at this timestep thereareat least(d + logn — t) nodesremainingin
eachsubgraph thatallocate A byteseach,but have not yet beenexecuted. Similarly, nodew
in subgraphy, will notbe executedbeforetimestep(d + log ), thatis, another(d + logn — t)
timestepsafter timestept. Therefore,for the next (d + logn — t) timestepsthereare always
n —1=(p/2) — 1 non-emptydequegout of atotal of p dequesyluringtheexecution.Eachtime
athreadis stolenfrom oneof thesedequesa blacknode(seeFigure6.9(c)) is executed andthe
threadthensuspendsBecause/2 processorbecomedle andattempta stealat the startof each
timestep,we canshaow thatin the expectedcase at leasta constanfraction of the p/2 stealsare
successfuin every timestep. Eachsuccessfustealresultsin A = min(S5;, &) units of memory
being allocated. Considerthe casewhent = 12logn, Then, using linearity of expectations,
over thed — 11log n timestepsafter timestept, the expectedvalue of the total spaceallocated
isS +QA-p-(d—1llogn)) = S1 + YA -p- (D —logp)). (D > 24log p ensureshat
(d—11logn) > 0.)

We shavedthatwith constanprobability (> 1/3), all thew; nodeswill beexecutedwithin the
first 12 log n timesteps.Thereforejn the expectedcasethe spaceallocatedat somepoint during
theexecutionafterall v; nodeshave beenexecuted)s Q(5; + min(Sy, K) - (D — logp) - p). u

Corollary 6.8 (Lower bound usingwork stealing)

ForanyS; > 0,p > 0,and D > 24log p, ther existsa nestedparallel dagwith a serial space
requirrmenibf.S; anddepthD, sud thattheexpectedspacerequiredto executdt usingthespace-
efficientwork stealerfrom[24] onp processorss (S, - p - D). n

The corollary follows from Theorem6.7 andthe fact that algorithm DFDequesbehaeslike the
space-dicient work-stealingscheduleffor K = oc. Blumofe andLeiserson[24] presentedn
upperboundonspaceof p- S, usingrandomizedvork stealing.Theirresultis notinconsistentith

the above corollary, becauséheir analysisallows only “stack-like” memoryallocatior?, which is

morerestrictedthanour model. For suchrestricteddags,their spaceboundof p - S; alsoapplies
directly to DFDequeg>). Our lower boundis alsoconsistenwith the upperboundof p - S by

SimpsonandBurton[143], whereS is the maximumspacerequiremenbver all possibledepth-
first schedulesln this example,S = S, - D, sincetheright-to-left depth-firstschedulerequires
Sy - D space.

3Their modeldoesnot allow allocationof spaceon a globalheap. An instructionin a threadmay allocatestack
spaceonly if thethreadcannotpossiblyhave aliving child whentheinstructionis executed.Thestackspaceallocated
by thethreadmustbe freedwhenthethreadterminates.
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6.3.5 Time bound

We now provethetime boundrequiredfor a parallelcomputatiorusingalgorithmDFDequesThis
time bounddo notincludetheschedulingcostsof maintainingtherelative orderof thedequedi.e.,

insertinganddeletingdequesn R’), or finding the m** deque.In AppendixD we describehow

theschedulecanbe parallelizedandthenprove thetime boundincludingtheseschedulingcosts.
We assumédor now thatevery actionallocatesat most K spacefor someconstantk’. We relax
thisassumptiorandprovide the modifiedtime boundat the endof this subsection.

Lemma 6.9 Considera parallel computationwith work W and depth D, in which every action
allocatesat most /A" space Theexpectedimeto executethis computationon p processorsising
the DFDequegk’) sthedulingalgorithmis O(W/p+ D). Further for anye > 0, thetimerequired
to executethe computatioris O(W/p + D + In(1/¢)) with probability at leastl — .

Proof. Considerary timestep of thep-schedulelet n; bethenumberof dequesn R’ attimestep
1. We first classifyeachtimestepi into oneof two types(A andB), dependingon the valueof ;.
We thenboundthetotal numberof timestepd’s and7's of typesA andB, respecitiely.

Type A: n; > p. At thestartof timestep, let thereber < p stealattemptsan thistimestep.Then
theremainingp — r processorarebusyexecutingnodesthatis, atleastp — » nodesareexecuted
in timestep. Further atmostp — r of theleftmostp dequesnaybe empty;therestmusthave at
leastonethreadin them.

Let X; bethe randomvariablewith valuel if the ;" non-emptydequein R’ (from the left
end)getsexactly onestealrequestand0 otherwise Then,Pr[X; = 1] = (r/p) - (1 — 1/p)"~'. Let
X betherandomvariablerepresentinghetotal numberof non-emptydequegshatgetexactly one
stealrequestBecauséehereareatleastr non-emptydequestheexpectedvalueof X is givenby

BIX] > Y ELX)

1
— T':'(l—f)r_l

p p
2
> T_.(l_l)p
p p
2 1.1
> L a-0).
p p €
2
>
- 2-p-e

Recallthatp — r nodesareexecutedby thebusyprocessorsThereforejf Y istherandomvariable
denotingthetotal numberf nodesexecutedduringthistimestepthenE[Y] > (p —r) + 1% /2ep >
p/2e. ThereforeE[p—Y]| < p—p/2e = p(1 —1/2¢). Thequantity(p — V') mustbenon-ngatie;
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thereforeusingthe Markov’s inequality[112, Theorem3.2], we get

Pri(p—Y) > p(l —1/4e)] <

whichimpliesthat

Pr[Y < p/de] < 9/10,
thatis, Pr[Y > p/4e] > 1/10

We will call eachtimestepof type A successfulif > p/4e nodesget executedduring the
timestep.Thenthe probability of the timestepbeingsuccessfuis atleastl /10. Becausehereare
W nodesn theentirecomputationtherecanbe at most4e - W/p successfulimestepf typeA.
Thereforethe expectedvaluefor 74 is atmost40¢ - W/p.

The analysisof the high probability boundis similar to that for Lemma6.3. Supposehe
executiontakesmorethan80eW/p + 40 In(1/¢) timestepf type A. Thentheexpectednumbery
of successfulimestep®f typeA isatleastSeW/p+41n(1/¢). If Z istherandomvariabledenoting
the total numberof successfutimestepsthenusingthe Chernof bound[112, Theorem4.2], and
settinga = 40eW/p + 401n(1/¢), we get'

— (a/10)*
Pr[Z < p—a/l0] < exp M
2p
Therefore,
12 < 1eWj) G
Pr|Z < 4eW/p|] < exp|—: ]
| 200u
- .2
= exp|—
P17 200(a/5 — 41n(1/e))
< @
= P17 200-4/5
— e—a/40
— e—eVV/p—ln(l/c)
< e—ln(l/e)

€

4As with the proof of Lemma6.3, we can usethe Chernof boundhere becausesachtimestepsucceedsvith
probabilityatleastl /10, evenif the exactprobabilitiesof successefor timestepsarenotindependent.
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We have shavn that the executionwill not completeeven after 80eW/p + 401In(1/¢) type A
timestepsvith probabilityatmoste. Thus,forary e > 0,74 = O(W/p+1n(1/¢)) with probability
atleastl — .

Type B: n; < p. We now considertimestepsn which the numberof dequesn R’ is lessthanp.
Again,we split typeB timestepsnto phasesuchthateachphasehasbetweerp and2p — 1 steals.
We canthenusea potentialfunction agumentsimilar to the dedicatedmachinecaseby Arora
et. al. [3]. Composingphasedrom only type B timesteps(ignoring type A timestepsyetains
the validity of their analysis.| briefly outline the proof here. Nodesare assignedxponentially
decreasingotentialsstartingfrom theroot downwards.Thusa nodeat a depthof d is assignec
potentialof 32(°~%) andin thetimestegn whichit is aboutto beexecutedona processqraweight
of 32(P-4d)-1_ They shaw thatin ary phaseduringwhich betweerp and2p — 1 stealattemptsoccur
thetotal potentialof the nodesin all the dequedropsby a constanfactorwith atleasta constant
probability. Sincethe potentialatthestartof theexecutionis 3?1, theexpectedvalueof thetotal
numberof phasess O(D). Thedifferencewith our algorithmis thata processomay executea
node,andthenputupto 2 (insteadof 1) childrenof thenodeonthedequef it runsoutof memory;
however, this differencedoesnot violate the basisof their aguments.SinceeachphasehasO(p)
stealsthe expectedhumberof stealsduringtypeB timestepss O(pD). Furtherfor ary ¢ > 0, we
canshav thatthe total numberof stealsduringtimestepsof typeB is O(p - (D + In(1/¢))) with
probabilityatleastl — e.

Recallthatin every timestep,eachprocessoeither executesa stealthat fails, or executesa
nodefrom thedag. Thereforejf N.. IS thetotal the numberof stealsduringtype B timesteps,
then7’s is atmost(W + Ngeal)/p. Thereforethe expectedvaluefor 7;, is O(W/p + D), andfor
ary € > 0, thenumberof timestepss O(W/p + D + In(1/¢)) with probabilityatleastl — e.

The total numberof timestepsin the entire executionis 7y + Tg. Therefore,the expected
numberof timestepsn the executionis O(W/p + D). Further combiningthe high probability
boundsfor timestepf type A andB, (andusingthefactthat P(A U B) < P(A) + P(B)), we
canshaw thatfor ary ¢ > 0, thetotal numberof timestepsn the parallelexecutionis O(W/p +
D + In(1/¢)) with probabilityatleastl — e. "

To handlelargeallocationsrecallthatwe addbinaryforks of dummythreadslf S, is thetotal
spaceallocatedn the program(not countingthe deallocations)theadditionalnumberof nodesn
the transformediagis O(S,/K'). Thetransformatiorincreaseshe depthof the dagby at mosta
constanfactor. ThereforeusingLemma6.9,the modifiedtime boundis statedasfollows.

Theorem 6.10 Theexpectedimeto executea parallel computationwith W work, D depth,and
total spaceallocation.S, onp processorsisingalgorithmDFDequegK ) is O(W/p+ S, /pK+ D).
Further for anye > 0, thetimerequired to executethe computations O(W/p + S,/pK + D +
In(1/€)) with probability at leastl — . n

In a systemwhereevery memorylocationallocatedmustbe zeroed,5, = O(W). The expected
time boundthereforebecomes)(W/p + D), whichis asymptoticallyoptimal[28].

If we parallelizethe schedulerwe canaccountfor schedulingoverheads.Thenthe computa-
tion canbe executedin O(W/p + D log p) timestepdncludingschedulingcosts. Sucha parallel
implementatiorof the scheduleis describedandanalyzedn AppendixD.
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6.4 Summary

In this chapter| have presentedhe DFDequesschedulingalgorithm,which enhanceslgorithm
AsyncDF with ideasfrom previous work stealingapproaches.In particular algorithm DFDe-
queswasdesignedo handlefiner grainedthreadsmore efficiently thanalgorithm AsyncDF by

increasingschedulinggranularitybeyond the granularitiesof individual threads.The scheduling
granularityis increasedy schedulingine-grainedhread<closein thedagon the sameprocessar
without repeatedaccesseto the global schedulingqueue. | have shavn that the expectedspace
requiremenbf the algorithmfor executinga computationwith D depth,W work and S; serial
spaceaequirementis S; + O(p - D), while theexpectedunningtimeis O(W/p 4+ D). In thenext

chapter| describexperimentsvith implementinghe DFDequeslgorithm.



Chapter 7

Experimental Evaluation of Algorithm
DFDeques

In Chapter6, | presentedhe DFDequesschedulingalgorithm, which automaticallyincreases
schedulinggranularity In this chapter | describeexperimentsto evaluatethe performanceof
algorithm DFDequesdn practice.To evaluatethe algorithm,| have implementedt in the context
of the SolarisPthreadpackageResultsof the Pthreads-basesperimentpresenteadh thischap-
terindicatethatin practice the new DFDequesschedulingalgorithmresultsin betterlocality and
higherspeedupsomparedo bothalgorithmAsyncDF andthe FIFO scheduler (This difference
is morepronouncedor finerthreadgranularities.)DFDequegprovidesthisimprovedperformance
by schedulinghread<sclosein the dagon the sameprocessorThistypically resultsin betterlocal-
ity andlower schedulingoverheads.Throughouthis chapteralgorithm AsyncDF actuallyrefers
to the variantof the original algorithm,thatis, it doesnot usethe buffer queues);, andq@...; this
variantwasdescribedn Chapters.

Ideally, we would like to comparethe Pthreads-basedhplementationof DFDequeswith a
space-dicient work-stealingschedulerHowever, implementinga provably space-difcient work-
stealingscheduler(e.g,, [25]) that can supportthe generalPthreadgunctionality would require
significantmodificationto boththeschedulingalgorithmandthe Pthreadsmplementatioh There-
fore, to comparealgorithmDFDequego anexisting, space-dicientwork-stealingschedulerl in-
steadbuilt a simplesimulatorthatimplementssynthetic purely nested-paralldbenchmarksThe
simulationresultsindicatethat by adjustingthe memorythreshold,DFDequescancover a wide
rangeof spacerequirement&nd schedulinggranularities.At oneextremeit performssimilar to
algorithmAsyncDF, with alow spacaequiremenandsmallschedulinggranularity At the other
extreme, it behaesexactly like a work-stealingschedulerwith a higher spacerequirementnd
largerschedulinggranularity

This chapteris organizedasfollows. Section7.1 describeghe implementatiorof the algo-
rithm in the contet of Pthreadsalong with the resultsof executingthe set of Pthreads-based
benchmarkgshat were introducedin Chapter5. Section7.2 presentghe simulationresultsthat
compareDFDequeswith AsyncDF anda work-stealingschedulerand Section7.3 summarizes

1The Pthreadsmplementatioritself makesextensie useof blockingsynchronizatiomprimitivessuchasPthreads
mutexes and conditionvariables. Therefore even fully strict Pthreaddsenchmarkgannotbe executedusingsucha
work stealingschedulein the existing SolarisPthreadsmplementation.

95
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theresultspresentedh this chapter

7.1 Experimentswith Pthreads

| have implementedthe DFDequesschedulingalgorithm as part of the native SolarisPthreads
library describedn Chapter5 (Section5.2). The machineusedfor all the experimentsin this
Sectionis the 8-processoEnterprise5000 SMP describedn Section5.2. Recallthat because
Pthreadsarenot very fine grained,the useris requiredto createPthreadghatare coarseenough
to amortizethe costof threadoperations.This sectionshows thatby usingalgorithm DFDeques
high parallelperformance&anbeachiezedwithoutary additionalcoarseningf threads.Thus,the
usercannow fix thethreadgranularityto amortizethreadoperationcosts,andexpectto getgood
parallelperformancen bothspaceandtime.

As with theimplementatiorof algorithmAsyncDFfor scheduling”threadsl modifiedmem-
ory allocationroutinesmal | oc andf r ee to keeptrack of the memoryquotaof the currentpro-
cessor(or kernelthread)andto fork dummythreadseforeanallocationif required. Recallthat
algorithmDFDequegFigure6.4)wasdesignedor purelynestedoarallelcomputationsHowever,
theschedulermplementatiordescribedn this sectionis anextensionof algorithmDFDequeghat
supportsthe full Pthreaddunctionality (including mutexes and conditionvariables). To support
this functionality, it maintainsadditionalentriesin R’ for threadssuspendedn synchronizations.
Whena threadsuspendsa new dequels createdor it to theimmediateright of its currentdeque.
Although the benchmarkgpresentedn this chaptermakelimited use of mutexes and condition
variablesthe Pthreaddibrary itself makesextensve useof themboth.

Sincethe executionplatform is an SMP with a modesthnumberof processorsaccesdo the
readythreadsin R’ wasserialized. R’ is implementedas a linked list of dequesprotectedby
a sharedschedulefock. | optimizedthe commoncasesof pushingand poppingthreadsonto a
processos currentdequeby minimizing the synchronizatioriime. A stealrequiresthe scheduler
lock to be held for a longer period of time, until the processoiselectsand stealsfrom a target
stack. This Pthreads-basdadplementatiorusesa slightly differentstealingstratgy thanthe one
describedn the original DFDequesalgorithm (Figure 6.4). In this implementationjf anidle
processotries to stealfrom a dequethatis currentlynot ownedby ary processqrthe processor
takesover ownershipof thatdeque andstartsexecutingthe top threadin thatdeque.Recallthat
in the original algorithm,the processowould insteadstealthe bottomthreadfrom the dequeand
createa new dequefor itself. The goal of this modificationwasto reducethe numberof deques
presentn R'; in practice|jt alsoresultsin asmalladditionalincreasen theschedulinggranularity

In the SolarisPthreadsmplementationit is not alwayspossibleto placeareavakenedhread
on thesamedequeasthethreadthatwakesit up. Further unlike in nestedoarallelcomputations,
a threadthat wakesup anotherthreadmay continueexecution. Therefore,insteadof requiring
the processothatwakesup a threadto move the nenvly awakenedhreadto its deque the thread
remaingn its currentdequegthatwascreatedor it whenit suspended)Trhereforethisimplemen-
tation of DFDequesds an approximationof the pseudocodén Figure6.4. Further sinceaccess
to R’ is serialized,and mutexesand conditionvariablesare supportecandusedby the Pthreads
implementationsetting A’ = oo doesnot producethe samescheduleasthe space-dicient work-
stealingscheduleiintendedfor fully strict computation§24]. Therefore we canusethis setting
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only asaroughapproximatiorof a purework-stealingscheduler
| first list thebenchmarksisedin the experiments Next, | comparethe spaceandtime perfor

manceof thelibrary’s original FIFO schedulelabelled“FIFO”) with the implementatiorof al-
gorithmAsyncDF(labelled“ADF”) asdescribedn Chaptel5, andalgorithmDFDequeglabelled
“DFD”) for afixedvalueof thememoryquotak'. DFDequeg) is usedasanapproximatiorfor
a space-dicientwork-stealingschedule(labelled“DFD-inf”). To studyhow the performanceof
theschedulerss affectedby threadgranularity | presentesultsof theexperimentsattwo different
threadgranularities Finally, | measureéhetrade-of betweerrunningtime, schedulinggranularity
andspacerequiremenusingthe newv scheduletby varyingthe valueof K for oneof the bench-
marks.

7.1.1 Parallel benchmarks

The Pthreads-basgghrallelbenchmark&andthe inputsusedaredescribedn detailin Chapters.

Theparallelismin bothdivide-and-conquerecursiorandparallelloopswasexpressedsabinary
treeof forks, with a separatd’threadcreatedfor eachrecursve call. Threadgranularitywasad-
justedby serializingthe recursionnearthe leafs of the recursiontree. In the comparisorresults
in Section7.1.2,fine granularityrefersto the threadgranularitythat providesgoodparallel per

formanceusingalgorithm AsyncDF (this is the threadgranularityusedin Chapter5). As shavn

in that chaptey even at this granularity the numberof threadssignificantly exceedsthe number
of processorsallowing for simplecodeandautomatidoad balancingandyet resultingin perfor

manceequialentto hand-partitioned¢oarse-grainedode. Finer granularityrefersto the finest
threadgranularitythatallows the costof threadoperationsn a single-processaxecutionaddup

to at most5% of the serialexecutiontime?. Ideally, at this finer threadgranularity the parallel
executionsof the programsshouldalsorequireat most5% moretime thantheir fine (or coarse)
grainedversions.

Thetwo threadgranularitiedor eachof the benchmarksirespecifiedbelow:

1. Volume Rendering. Eachthreadprocessespto 644 x 4 pixel tiles of therenderedmage
atfine granularity andupto 5 tiles atfiner granularity

2. DenseMatrix Multiply . Thefine grainedversionusest4 x 64 blocksat the leafsof the
recursiontreein a divide-andconqueralgorithm; the finer grainedversionuses32 x 32
blocks.

3. SparseMatrix Vector Multiply . At fine granularity 64 threadsare usedto performthe
multiplication,while 256threadsareusedatthefiner granularity

4. FastFourier Transform. 256threadsareusedto computethe 1D FFT atfine granularity
and512threadsatfiner granularity

5. FastMultipole Method. At fine granularity eachthreadcalculate®5 interactionsof a cell
with its neighboringcells, while at finer granularity eachthreadcomputesb suchinterac-
tions.

°The exceptionwas the densematrix multiply, which is written for n x n blocks, wheren is a power of two.
Thereforefiner granularityinvolvedreducingthe block sizeby afactorof 4, andincreasinghe numberof threadsy
afactorof 8, resultingin 10%additionaloverhead.
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Benchmark Inputsize Finegrained Finergrained
total | FIFO | ADF | DFD || total | FIFO | ADF | DFD
Vol. Rend. 2563 vol, 3752 img 1427 | 195 29 29 4499 | 436 36 37

DenseMM 1024 x 1024 doubles 4687 | 623 33 48 37491 | 3752 | 55 77
SparseMVM | 30K nodes151Kedges|| 1263 54 31 31 5103 173 51 49
FFTW N =222 177 64 13 18 1777 510 30 33
FMM N = 10K,5mplterms || 4500 | 1314 | 21 29 36676 | 2030 | 50 54
BarnesHut | N = 100K, Pimrmodel || 40893 | 1264 | 33 106 || 124767 | 3570 | 42 120
DecisionTree 133,999nstances 3059 82 60 77 6995 194 | 138 | 149

Figure7.1: Inputsizesfor eachbenchmarkthetotalnumberof threadsxpressedn the programatfineand
finer granularitiesandthe maximumnumberof simultaneoushactive threadscreatedoy eachscheduleat
bothgranularities.K' wassetto 50,000bytes. Theresultsfor “DFD-inf” arenotshowvn here;it createaup
to twice asmary threadsas“DFD” for denseamatrix multiply, andat most15% morethreadghan“DFD”
for theremainingbenchmarks.

6. Barnes-Hut. At fine granularity eachthreadcomputegheforceson particlesin upto 8 leaf
cells(on average)while at thefiner granularity eachthreadnhandlesoneleafcell.

7. Decision Tree Builder. The threadgranularityis adjustedby settinga thresholdfor the
numberof instanceshelov whichtherecursions executedserially Thethresholdsvereset
to 2000and200for thefine andfiner granularitiesrespecitrely.

7.1.2 Comparisonresults

In all the comparisomresults thememorythresholdvassetto X' =50,000bytesfor the AsyncDF
and DFDequesalgorithms.An 8KB (1 page)stackwasallocatedfor eachactie thread.In each
of thethreeversions(FIFO, AsyncDF, and DFDeque}, the defaultPthreadstacksizewassetto
8KB, sothatthePthreadmplementatiortouldcachepreviously-usedtacks.In generalthespace-
efficient schedulerd AsyncDF and DFDeque} effectively consere stackmemoryby creating
fewersimultaneoushactive threadssomparedo theoriginal FIFO schedulefseeFigure7.1). The
FIFO schedulemwasfoundto spendsignificantportionsof time executingsystemcalls relatedto
memoryallocationfor both stackandheapspace.

The 8-processospeedupsor all the benchmarkat the fine andfiner threadgranularitiesare
shavn in Figure7.2. To concentraten the impactof the schedulerandto ignorethe effect of
increasedhreadoverheadqup to 5% for all exceptdensematrix multiply), speedupgor each
threadgranularityshovn hereare computedwith respecto the single-processasxecutionof the
multithreadedprogramat that granularity The speedupsndicatethat both space-dfcient algo-
rithms AsyncDF and DFDequesutperformthelibrary’s original schedulerHowever, atthefiner
threadgranularity algorithm DFDequesprovides betterperformancehanalgorithm AsyncDF.
This differencecanbe explainedby the betterlocality andlower schedulingcontentionincurred
by algorithmDFDeques

For oneof thebenchmarkgdensamatrix multiply), evenalgorithm DFDequesuffersa slow-
down atfinergranularity Dueto theuseof asingleschedulingjueueprotectedy acommonlock,
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Figure 7.2: Speedup®n 8 processorsith respectto single-processoexecutionsfor the threesched-
ulers(the original “FIFO” scheduleralgorithmAsyncDF or “ADF”, andalgorithm DFDequesor “DFD”)
at both fine and finer threadgranularities. K was setto 50,000bytes. Performanceof “DFD-inf”, be-
ing very similar to that of “DFD”, is not shavn here. All benchmarksvere compiledusingcc - f ast
-xarch=v8pl usa -xchip=ultra -xtarget=native -xO4.



100 CHAPTER7. EXPERIMENTAL EVALUATION OF ALGORITHM DFDEQUES

Benchmark | FIFO | ADF | DFD |

Vol. Rend. 4.2 3.0 1.8
DenseMM 240 | 13 8.7
SparseMVM | 13.8 | 13.7 | 13.7

FFTW 146 | 16.4 | 144

FMM 140 | 2.1 | 1.0
BarnesHut 19.0 | 3.9 2.9
DecisionTr. 5.8 4.9 4.6

Figure7.3: L2 Cachemissrateg%) for Pthreaddenchmarkstthefinerthreadgranularities'FIFO” isthe
original Pthreadsschedulethat usesa FIFO queue,"ADF” algorithm AsyncDF, and“DFD” is algorithm
DFDeques

contentionfor thelock increasest the finer threadgranularity This slovdown indicatesthatthe
currentimplementatiorof Pthreadsyith a singleschedulingock thatalsoprotectsothershared
datastructureswill notefficiently supportvery fine-grainedhreads.

To verify that DFDequegesultsin betterlocality comparedo the FIFO and AsyncDF sched-
ulers,| measuretheexternal(L2) cachamnissratesfor eachbenchmarkusingon-chipUltraSFARC
performanceounters.Figure7.3,which lists theresultsat thefiner granularity shawvs that DFD-
equesachiesesrelatively low cachemissrates.

Threeout of the seven benchmarksnakesignificantuseof heapmemory For thesebench-
marks,| measuredhe high watermark for heapmemoryallocationusing the threeschedulers.
Figure 7.4 shavs that algorithm DFDequesesultsin slightly higherheapmemoryrequirement
comparedo algorithmAsyncDF, but still outperformgheoriginal FIFO scheduler

TheCilk [66] runtimesystemusesa provably space-dfcientwork stealingalgorithmto sched-
ule threads. Becausat requiresgcc to compilethe benchmarkgwhich resultsin slower code
comparedo the native cc compileron UltraSFARCS), a direct comparisorof runningtimes of
Cilk benchmarksvith my Pthreads-basesl/stemis not possible.However, in Figure7.51 com-
parethe spaceperformancef Cilk with algorithmsAsyncDFand DFDequedor thedensamatrix
multiply benchmarkwith 32 x 32 blocks). The figure indicatesthat DFDequesrequiresmore
memorythan AsyncDF, but lessmemorythan Cilk. In particular like AsyncDF, the memory
requiremenbf DFDequesncreaseslowly with the numberof processors.

To testthe performanceof the scheduler®n a benchmarkhat makesextensve useof locks
throughouthe execution,| measuredhe performancef just the octree-liilding phaseof Barnes
Hut. Threadsin this phaseareforkedin a divide-and-conquefashion;at the leafsof the recur
siontree,eachthreadhandlesa constanhumberof particles,whichit insertsinto the octree.For
insertingparticlesinto the octree,l usedthe nave algorithmfrom the original SPLASH-2bench-
mark [163]. Eachparticleis insertedstartingat the root, andfilters down the octreedepending
on its coordinates.Whenit reachesa leaf cell, it is insertedinto the leaf; the leaf may conse-
guently be subdvided if it now containstoo mary particles. Any modificationsto the cellsin
the octreeare protectedby a lock (mutex) on the cell. Thus, the benchmarkinvolvesfrequent
locking of differentcells of the octree. The benchmarkdoesnot scalevery well because¢hreads
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(a) DenseMatr. Mult. (b) FastMultipole Method (c) DecisionTreeBuilder

Figure7.4: Highwatermarkof heapmemoryallocation(in MB) on 8 processorfor benchmark@volving
dynamicmemoryallocation(K =50,000bytesfor “ADF” and“DFD"), atboththreadgranularities:'DFD-
inf” is my approximatiorof work stealingusing DFDequegx).
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Figure 7.5: Variationof thememoryrequirementvith the numberof processorfor densamatrix multiply
usingthreeschedulersAsyncDF (“ADF"), DFDequeg“DFD”), andCilk (“Cilk”).
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Figure 7.6: Speedups$or the octree-ilding phaseof BarnesHut (for 1M particles). The phaseinvolves
extensive useof locks on cells of the treeto ensuremutual exclusion. The Pthreads-basesthedulergall
exceptCilk) supportblockinglocks.

oftencontendfor locks on cellsneartheroot of the tree. Figure 7.6 compareshe performanceof
DFDequeswith the original FIFO schedulerAsyncDF, andwith the Cilk runtime system.Due
to limited useof floating point arithmetic,the single-processqguerformancef the benchmarlon
Cilk wascomparablego that of my Pthreads-basedplementationmaking this comparisonof
speedupsneaningful. Becausdahreadssuspendften on mutexes, DFDequesdoesnot resultin
alarge schedulinggranularity;thereforejts performances comparableo thatof AsyncDF. The
FIFO scheduleperformspoorly dueto the creationof anexcessve numberof PthreadsThe dif-
ferencebetweemmy Pthreads-basesthedulersndtheCilk schedulers probablyexplainedby the
factthatCilk usesa spin-waitingimplementatiorfor locks, while my Pthreadschedulersupport
blockingimplementation®f Pthreadmutexes. Algorithm DFDequesould be easilyextendedto
supportblockingsynchronizatiorbecausét inherentlyallows moredequeghanprocessorsthus,
when a threadsuspendsit is placedon a nev deque,whereit resideswhenit is subsequently
reavakened.Futurework, asdescribedn Chapter8, involves more extensve experimentswith
suchnon-nested-parallélenchmarks.

7.1.3 Tradeoff betweenspace time, and schedulinggranularity

Recallthat betweenconsecutie steals,eachprocessoexecutesthreadsfrom a singledeque. If
thememoryquotais exhaustedy thesehreadsandsomethreadreache& memoryallocationthat
requiresmore memory the processopreemptghe thread,givesup the deque,and performsthe
next steal. Thereforewhenthevalueof thememorythresholds raisedtheschedulinggranularity
typically increasesA larger schedulinggranularityleadsto bettertime performancehowever, a
largermemorythresholdmayalsoleadto a higherspaceequirement.

This sectionshavs how the value of the memorythreshold/ix™ affectsthe runningtime, the
memoryrequirementandthe schedulinggranularityin practice. Eachprocessokeepstrack of
the numberof timesa threadfrom its own dequeis scheduledandthe numberof timesit has
to performa steal. Theratio of thesetwo counts,averagedover all the processorss usedasan
approximationof the schedulinggranularity Thetrade-of is bestillustratedin the densematrix
multiply benchmarkywhich allocatessignificantamountsof heapmemory Figure7.7 shavs the
resultingtrade-of for this benchmarlat the finer threadgranularity As expected,both memory
andschedulinggranularityincreaseavith K, while runningtimereducesask’ is increased.
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Figure7.7: Trade-of betweernrunningtime, memoryallocationandschedulinggranularityusingalgorithm
DFDequesasthe memoryquotak is varied,for the densematrix multiply benchmarlat the finer thread
granularity

7.2 A Simulator to Compare DFDequeswith Previous
Schedulers

Fully strictparallelism[24] doesnotsupportheuseof synchronizatiomprimitivessuchasmutexes
or conditionvariables that are part of the standardPthreadsnterface. Thereforeimplementing
a pure, space-dfcient work stealingalgorithm[24] intendedfor fully strict computationsn the
context of a Pthreadsmplementationwould involve significantchangedo the algorithmandto
the implementation.To comparealgorithm DFDequeswnith a work stealingalgorithm, | instead
built a simple systemthat simulatesthe parallel executionof fully strict syntheticbenchmarks.
Thebenchmarksepresentecursve, divide-and-conquectomputationgxpressedsa binarytree
of forks,in whichthememoryor time requirementateachlevel of thetreecanbevaried. Theim-
plementatiorsimulatesa space-dfcientwork schedulef24] (labeled*WS”), algorithmAsyncDF
(labeled’ADF”), andalgorithmDFDequeglabeled‘DFD”).

This sectiondescribeghe syntheticboenchmarksndtheir propertieghat canbe variedin the
simulator | thenpresentinoverview of theimplementationfollowedby the simulationresults.

7.2.1 Parallel computationsmodeledby the simulator

| simulatethe executionof threadsforked asa balancedinary treewith adjustablenemoryre-
quirementsand granularity The simulatedcomputationbegins with a root thread,which may
allocatesomememory and executesomenumberof instructions. It thenforks 2 child threads;
the child threadsmay allocatememoryand executeinstructions,after which they forks 2 child
threadseach,andsoon. Theforking stopswhenthe specifiechestinglevel is reachedWhenboth
childrenof a threadterminate the threaddeallocateshe memoryit hadallocatedandterminates
immediately All the realwork is executedby threadsbeforethey fork; afterthe fork they sim-
ply synchronizewith their childrenandexit. Thusthe nodesrepresentinghe realwork form a
balancedinarytree(seeFigure7.8), whichis referredto asthe “tree” in therestof this section.
Eachnodein thistreemayrepresenmultiple actionsthatareexecutedserially (insteadof asingle
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root
thread

Figure 7.8: A sampledagfor the classof computationsimulatedby the simulator Eachthreadforks 2

children,which fork 2 childreneach,andso on. Eachnodehererepresents variablenumberof actions
performedserially ratherthanjustoneaction. The “real work” in eachthreadis executedbeforethe fork;

afterthe fork, the threadsimply synchronizesvith its 2 child threadsandexits. The nodesperformingthe
realwork andthe edgegoining themareshown in bold; the simulatorgeneratesomputationsvherethese
nodesandedgedorm a balancedinarytreeasshown here.

action). In theremainderof this section,the depthof a threadrefersto its depthin the recursion
tree,thatis, thenumberof threaddorkedon the pathfrom theroot threadto the giventhread.

The characteristic®f the threadsin the binary tree that can be variedin the simulatorare
describedelow.

e Granularity . Thegranularity of eachthreadrefersto the numberof actionsit executes
beforeit forks ary children. When a granularityof » unitsif specifiedfor a thread,the
simulatorcan either setthe threads granularityto an exact » units, or to a value chosen
uniformly atrandomin therange[1, 2n]. Therandomvaluesareintendedo modelirregular
parallelisnd. Further the averagegranularityof athreadcanbe variedasfollows.

G1. Equalfor all threads. This settingmodelssimple recursve calls wherean approxi-
matelyequalamountof work is donein eachrecursve call.

G2. Decreasinggeometricallywith thedepthof thethread.Geometricallydecreasingran-
ularity is intendedto model divide-and-conquealgorithmsfor which the work de-
creasesvith thedepthin therecursiortree.

G3. A small,constangranularityfor all interiorthreadsanda larger, constantaluefor the
leaf threadsan thetree. This modelsa parallelloop executedasa binarytreeof forks,
in whichtherealwork is executedat theleaves.

e Memory requirement. The memoryrequirementof athreadis the amountof memoryit
allocatesvhenit startsexecuting. The memoryrequirementor eachthreadcanbevariedin
thescheduleasfollows.

3An alternatie way to modelirregularity in the executiontreewould be to executeanirregularbinarytreeinstead
of abalancedree.l choseto vary thethreadgranularitiedor simplicity.
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M1. Constanfor all threads.This modelsrecursve divide-and-conquetomputationghat
do not dynamicallyallocatememory but requirea small, constantamountof stack
spacdor eachrecursve call, whichis executedby a separatehread.

M2. Decreasinggeometricallywith the depth. This modelsdivide-and-conqueallgorithms
that dynamicallyallocatememoryat eachstageof the recursion,andthe allocations
reducewith depth.

M3. Constantfor all threadsexceptall threadsat a specifieddepth:; threadsat depth:

allocatea larger, constantamountof memory This option is usedwith option G3
(i.e.,, large granularityat the leaves),and modelstwo nestedparallelloopswherethe
outerloop has?' iterationsandallocatesa large amountof memoryatthe startof each
iteration,andthenexecutesaninner (nestedjoop with 2(=9 jterations whered is the
depthof thetree(thatis, the numberof threadsrom theroot to a leaf). Thusthreads
at depth: representhe iterationsof the outerloop forked asa binarytree. All other
threadssimply requirea small,constanamountof spacedor their stacks.

7.2.2 Implementation of the Simulator

The simulatormaintainsa linked list of dequeswith threadsstoredin their depth-firstexecution
order(asshawvn in Figure6.3). Eachprocessomayown at mostonedeque.ln eachtimestepthe
stateof eachprocessors checkedandmodified. If the processoneeddo executea steal,a steal
requestor it is queued.At the endof the timestep the stealrequestsare processedh arandom
orderto avoid giving preferenceo ary processors.All the stealrequestghat pick a particular
processos dequeastheir target arequeuedat the processqrandin eachtimestep the processor
picksoneof therequestat randomandservicest. If its deques empty it returnsafailureto the
stealerandotherwisdt returnsathreadfrom its deque.Eachstealrequiresl timestepandat most
onestealrequests servicedby eachtargetprocessom eachtimestep A threadwith granularityg
impliesit hasg actionswhereeachactiontakesonetimestepto execute.

In the simulationof algorithm DFDeques eachof the p processorsnakesstealrequestdo
oneof the leftmostp non-emptydequeschosenat random,andthreadsare stolenfrom the bot-
tom deques.Thefirst processoto makea stealrequesto a dequenot ownedby ary processor
becomedhe new owner of the deque;this changefrom the original DFDequesalgorithm does
not significantlymodify the simulationresultspresentean this section.For algorithmAsyncDF,
thetop threadfrom the leftmostdequeis alwaysstolenby anidle processorin bothalgorithms,
a binary treeof m/K dummythreadsis insertedbeforeevery large allocationof m (m > K)
units. A processomustgive up its dequeand stealevery time it executesa dummythread. |
assumehe overheadof creating,executinganddeletinga dummythreadis a constannumberof
timesteps.For both algorithmsAsyncDF and DFDequesthe simulatorassumeshat dequesare
createdinsertednto theorderedqueue anddeletedrom it atno additionalcost.In thesimulation
of algorithm AsyncDF, a processois allowedto usethe memoryquotaof A unitsfor multiple
threadsfrom a deque(insteadof just onethread). This leadsto a higherschedulinggranularity
comparedo theoriginal AsyncDFalgorithm.

To implementthe space-dicient work-stealingschedulerthe memoryquota ™ is simply set
to infinity in algorithm DFDeques This ensureghat a processonever givesup ownershipof its
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dequedueto amemoryallocation,andtherearealwaysp dequesn thesystempneownedby each
of thep processors.

7.2.3 Simulation results

For eachof thefollowing computationsl, measuretheschedulinggranularity(theaveragenumber
of actionsexecutedby a processobetweentwo steals)and the total memoryrequirementthe
high watermark of the total memoryallocatedacrossall processorsasthe memorythresholdi

is varied. An ideal schedulemwould resultin a high schedulinggranularityand a low memory
requirementAll the experimentssimulatedbinarytreesof depth15 on 64 processorsThe units
of memoryallocationareassumedo bebytes;thememoryrequirementsor threadsveresetsuch
thatthetotal memoryallocatedby all the2!¢ — 1 threadsvasapproximatelyaMB.

(a) G3+M1: Simplebinary treeor parallel loop with constantmemory requirements

This experimentsimulatesa simple binary tree, wherethe memoryrequiremeniof eachthread
was selecteduniformly at random,with a constantexpectedvalue. The granularityof interior
threadsis setto a small constant(2 units), while the granularityat the leavesis setto 50 units.
Computationgepresentedy suchgraphsinclude a simple divide-and-conquealgorithmor a
parallelloop implementedas a tree,wherethe main work is executedat the leaves. The results
in Figure7.9 shawv thatalgorithm DFDequess effective in increasinghe granularitycompared
to the AsyncDF, but is not effective in controlling memoryrequirementseven comparedo the
W S schedulerFor sucha computatiorwith adepthD, theserialspaceS, is O(D), andtherefore
the boundsof p - S; andS; + O(p - D) areasymptoticallyequivalent. For small valuesof K,
the DFDequesscheduleresultsin morepreemptedhreadscomparedo WS, which explainsthe
greatermemoryrequirementDFDequedehaessimilarto W .S when K is largecomparedo the
memoryrequirementf individual threads.In practice sincemostthreadsdlo very little work and
typically requirevery smallstacksn sucha programthevalueof K setby theusershouldindeed
be large enoughto provide good performanceausing DFDeques The resultswere similar with
constangranularityfor all threadginsteadof distinguishingheleavesfrom theinterior threads).

(b) G3+M3: Nestedloop with memory allocationin outer loop

Thisexperimentsimulatesa binarytreeof threadsn whichthememoryrequiremenof eachthread
at depth6 is large (40KB), while all otherthreadshave (on average)a small constantmemory
requirement.Sucha treerepresents nestedparallelloop, with 2¢ = 64 iterationsin the outer
loop, and2'*~% = 512 iterationsin eachinnerloop. Eachiterationof the outerloop allocatesa
large amountof memoryto executeaninnerloop. The threadgranularitieswere setto a large
constantvalue (50 units) at the leaves of the tree, and a small constantvalue (2 units) for all

interior threadsWe now beagin to seethe benefitsof algorithmDFDequegseeFigure7.10),since
S1 is nolongerjust O(D); the valueof K now providesa trade-of betweenthe granularityand
the memoryrequirement. Figure 7.10 also shaws that work stealingresultsin high scheduling
granularityandhigh spaceequirementywhile AsyncDFresultsin low schedulinggranularityand
low spacerequirement.In contrast,DFDequesallows schedulinggranularityto be tradedwith

spaceaequiremenby varying K.
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Figure 7.9: Simplebinarytreeor parallelloop with constaniaverage)granularitiesandmemoryrequire-
mentsfor eachthread.
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Figure 7.10: Nestedoopwith memoryallocationin the outerloop.
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Figure 7.11: Geometricallydecreasingnemoryandrandomnon-decreasingranularity
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Figure 7.12: Geometricallydecreasingnemoryandgranularity

(c) G1+M2: Decreasingmemory and random, non-decreasinggranularity

In this experimentthememoryrequirementsf thethreadsveresetto decreasgeometrically(by
a factor of 2) with their depth. The threadgranularitiesare selecteduniformly at randomwith
50 units asthe expectedvalue. Figure 7.11 shoesthe resultsfor this case. As before,the value
of the memorythresholdA™ is effective in generatinga trade-of betweenspaceandgranularity
for algorithm DFDequeswhich coversa rangeof behaior betweenthat of algorithmsi .S and
AsyncDF.

(d) G2+M2: Geometrically decreasingmemory and granularity

Figure 7.12 shaws the resultswhen both the memoryrequirementsand the averagegranularity
of the threadsdecreasegeometrically(by a factor of 2) with the depth. Programswith such
characteristicenclude divide-and-conquealgorithmssuchasa recursve matrix multiply or sort
(notin-place). Onceagain,we seethat DFDequesallows granularityto be tradedwith spaceby
varying K.
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7.3 Summary

In this chapter | have describedexperimentswith implementingthe DFDequesschedulingal-
gorithm that was presentedn Chapter6. The resultsof executing Pthreads-baseldenchmarks
usingthe DFDequesschedulingalgorithmindicatethatit outperformsoththeoriginal FIFO and
AsyncDFscheduler$or finer-grainedPthreadslt’ smemoryrequirements higherthanAsyncDF,
but lower thanpreviouswork-stealingschedulerandthe FIFO schedulerFurther simulationre-
sultsfor executingsimplenested-parallddbenchmarksisingalgorithmDFDequesndicatethatthe
memorythresholdprovidesa trade-of betweernthe spacerequirementandthe schedulinggranu-

larity.
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Chapter 8

Conclusions

This chapterfirst summarizeghe contributions of this dissertationandthen describegossible
directionsfor futureresearch.

8.1 ThesisContrib utions

(a) Schedulingalgorithms. | presentedwo asynchronouschedulingalgorithms,AsyncDFand

DFDequesthatprovide provableupperboundsonthespaceandtime requiredo executeaparallel

program. The boundsare expressedn termsof its total work, depth(lengthof the critical path)

andserialspacerequirement.In particular a programwith a serialspacerequirementf S; and

depthD canbe executedon p processorsisingS; + O(K - p - D) spacé. Here, K (thememory

threshold)s auseradjustableuntimeparametemwhich providesatrade-of betweerrunningtime

andspaceequirementl presenteé@ndanalyzedserializedschedulergor bothalgorithms.| also

describedhow to parallelizetheschedulersandanalyzedhethetotal spaceandtime requirements
includingschedulingoverheads.

(b) Runtime systems Thisdissertatiorhasdescribedheimplementatiorof aspecializeaduntime

systemon the SGI Powver ChallengeSMRP, that usesalgorithm AsyncDF to scheduldightweight

threads.| have alsoimplementedalgorithmsAsyncDF and DFDequesn the context of a com-

mercialuserlevel Pthreadsdibrary for Solaris-base®&MPs. Althoughthe spaceandtime bounds
of bothalgorithmswereanalyzedor purelynestedoarallelprogramstheir Pthreads-basadhple-

mentationsmay, in practice,be usedto executemoregeneralstylesof parallelism. The modified

library supportghe completePthread#PlI, including signal-handlingandblocking synchroniza-
tion. Therefore any Pthreadprogramscanbenefitirom the new schedulingechniques.

(c) Benchmarkimplementation and evaluation. | usedavarietyof benchmarksvith irregularor
dynamicparallelismon the multithreadeduntimesystemgo evaluatethe effectivenes®f thetwo
schedulinglgorithms.Thesebenchmarkécludedenseandsparsematrixmultiplies,two N-body
codesavolumerenderingpenchmarka high performancd-FT packageanda dataclassifier In
contrasto theoriginal FIFO schedulemrmy new schedulersllow simplercodefor thefine-grained

IFor the DFDequesalgorithm,this is the spaceboundin the expectedcase.
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benchmarkso obtainthe samehigh performanceastheir hand-partitionedgcoarse-grainedoun-
terparts.My experimentakesultsalsoindicatethatthe new schedulingalgorithmsareeffective in
reducingthe memoryrequirementsf thebenchmarksomparedo previousschedulers.

(d) Analysis of space-timetrade-offs. In both schedulingalgorithms,the memorythreshold
actsas a useradjustableparameteiproviding a tradeof betweenspaceand time requirements.
The theoreticalanalysisin this dissertatiorreflectsthis tradeof. In addition, | experimentally
demonstrat¢he tradeof in the executionof the parallelbenchmarksFor algorithm DFDeques|
alsodemonstrat¢hetrade-of betweerspacaequiremenandschedulinggranularity

8.2 FutureWork

Theresearclpresentedn this dissertatiorcanbeextendedn severalways.

(a) Beyond nestedparallelism. Themostobviousdirectionfor future researchs to extendboth
the analysisand the experimentsto benchmarkghat have a structuremore generalthat nested
parallelism.In particular the approacHor analyzingthe spaceboundusedin this dissertatiorcan
beappliedto moregeneraktylesof parallelismif awell-defined serialscheduleanbeidentified.
If therelative threadpriorities determinedy this serialscheduleeanbe maintainedon-line)in a
fairly efficient manneythenthe spaceandtime requirement®f the schedulecanbe boundedoy
areasonablealue.We have usedsuchanapproactio obtaina spaceandtime-eficientscheduler
for programswith synchronizatiorvariableg[19]. This schedulercould be used,for example,to
provide a provably space-dfcientimplementatiorof languagesvith futures[77, 95, 33, 64, 80].
However, for programswith arbitrary synchronizationgsucha locks), identifying the “natural”
serialscheduldbecomedlifficult. Further programswith suchsynchronizationaretypically not
dag-deterministic. Therefore,the dag for eachexecutionof the programmay be significantly
different. One approachis to analyzethe spacerequirementn termsof the worst-casespace
requiremenbver serialschedulesor all possibledags.However, the dagsmay vary significantly
andthereforeidentifying the possibleserial scheduless a difficult problem[143]. An alternate
approachs to simply specify the spacerequiremenin termsof the serial spacerequiremenof
the dagfor the particularparallel executionunderconsideration.Again, determiningthis space
requiremeneitheroffline or by runningthe programserially maynotbe possible.

The benchmarkgpresentedn this dissertationjncluding the Pthreads-basecbdes,are pre-
dominantlynestedparallel. They usealimited amountof locking (suchasin thetreeconstruction
phasan Barnes-Hut)in addition,the Pthreaddibrary usesa moderatenumberof locksandcon-
dition variablesn its own implementationHowever, sincethe schedulingalgorithmssupportthe
full Pthreadsnterfacejn thefuturethey shouldbe evaluatedor fine-grainedorogramswith more
generalstylesof parallelism.For example,it is possiblethatthe schedulingalgorithmswill have
to be modifiedto efficiently executeprogramghatmakean extensve useof locks.

(b) Finding the right memory threshold Recallthat the memorythresholdsk™ is a user

adjustableparametethat can be usedto adjustthe space-timerade-of in both the scheduling
algorithms. Onedravback of usingthis parameteis thatthe usermustsetit to a “reasonable”
value. This valuemay vary for differentapplicationsandmay dependon the underlyingthread
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implementation.In all my experiments,on a given multithreadedsystem the samevalue of K
works well for all the testedbenchmarks.However, in practice,otherbenchmarksnay exhibit
very differenttrade-of curves. Futurework involveshaving the systemautomaticallysetthevalue
of K for eachprogram. For example,it could usea trace-basedchemethat runsthe program
for small problemsizesto learnthe natureof the trade-of curve, andusethe resultsto predicta
suitable staticvalueof K for larger, morerealisticproblemsizes.Alternatively, the systemcould
dynamicallyadjustthe valueof K asthe benchmarkuns. The valueof K (andhencealsothe
numberof dummythreadsadded)would be selectecbasedon someheuristics,or if possible,n
someprovably efficientmanner For boththestaticanddynamicapproachesheusercouldspecify
somespaceandtime constraint§suchas,how muchspaceoverheadn additionto theserialspace
requirementanbetolerated or how muchslowvdown over the bestpossiblecaseis acceptable).

(c) Supporting very fine-grainedthr eads Recallthateachprocessoin the DFDequeslgorithm
treatsits dequeasa regular stack. Further in a nested-parallgbrogramwith very fine-grained
threadsthefine-grainedhreadgypically do notallocatelargeamountf memory Consequently
a processolin DFDequeswould often executea large numberof threadsfrom a single deque
betweensteals. The algorithmshould,therefore benefitfrom stack-basedptimizationssuchas
lazy threadcreation[70, 111]; thesemethodsavoid allocatingresourcedor a threadunlessit
is stolen,therebymaking mostthreadcreationsnearly as cheapas function calls. Futurework
involves using DFDequesto executevery fine-grainedbenchmarksn the context of a runtime
systemthatsupportsuchoptimizations.

(d) Scalingbeyond SMPs All the experimentshave beenconductedn single SMP with up to
16 processorsThe useof globally ordereddatastructuresmpliesthatthe AsyncDF and DFDe-
quesschedulingalgorithmsarebettersuitedfor suchtightly-coupledparallelmachines.Further
processortn SMPshave hardware-coheremtichesf limited size(a few megabytesandthey do
not supportexplicit dataplacementn thesecaches.Therefore aslong asathread(or scheduling
unit) executeson a processofong enoughto makereasonabl@seof the processos cachewhich
particularprocessoit is schedulean haslittle impacton theoverall performanceln contraston
distributedmemorymachinegor software-coherertiusters) gxecutingathreadwherethedatare-
sidesbecomesmportant. Scalingthe multithreadingmplementationso clustersof SMPswould
thereforerequiresomemulti-level stratgy. In particular a space-dfcientschedulefrom this dis-
sertationcould be deployedwithin a single SMP, while someschemeébasedon dataaffinity could
beusedacrossSMPs. It will beinterestingto explore bothanalyticalandexperimentalsolutions
in this direction. At the otherendof the spectrunof hardwareplatforms,the researctpresented
in this dissertatiorcould be appliedto the schedulingof fine-grainedhreadson emeging multi-
threadedarchitectureswith the goalof minimizing the sizeof the cachefootprint.

8.3 Summary

Conservingthe spaceusageof parallelprogramss often asimportantasreducingtheir running
time. | have shavn that for nested-parallebrograms,space-dicient, asynchronouscheduling
techniquesesultin goodspaceandtime performancen boththeoryandpractice.For a majority
of the benchmarkstheseschedulersesultin lower spacerequirementshanpreviousschedulers.
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In practice theseschedulingechniquesanalsobe extendedto programswith non-nestegbaral-
lelism, therebymakingthemapplicableto alarge classof fine-grainedparallelapplications.

Themaingoalin developingthe provably space-dicientschedulersvasto allow usergo write
high-level parallelprogramswithout manuallymappingthe work onto the processorswhile still
beingguaranteedf goodspaceandtime performancelt is relatively easyto corvince peoplethat
writing parallelprogramsin a high-level parallellanguageor modelis simplerthanusingmore
popular low-level paradigms.t is muchharderto corvince themthatthe high-level modelscan
alsoperformaswell; | hopethis dissertatiorwill be a stepin thatdirection.



Appendix A

A Tighter Bound on SpaceRequirement

In Chapter3 (Section3.3) algorithm AsyncDFwasshawn to executea parallelcomputatiorwith
depthD andserialspaceaequirements; onp processorsisings; + O(p - D) spaceln particular
whenactionsthat allocatespaceare representethy heary nodes,andeachheary nodeallocates
at most K space(the value of the memorythreshold),l proved that ary prefix of the parallel
computationhasO(p - D) heary prematurenodes. Here D is the maximumnumberof actions
alongary pathin the programdag. Thereforethevalueof D andthe numberof prematurenodes
(andhencethe spacébound)depend®n thedefinitionof anaction;recallthatanactionis a“unit”
of work thatmay allocateor deallocatespace andrequiresa timestepto be executed.An action
maybeassmallasa fractionof amachinenstruction,or aslarge asseveralmachinenstructions,
dependingon the definitionof atimestepandthe underlyingarchitectureln this section,we give
a more precisespaceboundby specifyingthe boundin termsof a ratio of the depth D, andthe
numberof actionsbetweerconsecutie heary nodes Beingaratio of two valuesspecifiedn terms
of actions,t is nolongerdependentn the granularityof anaction.

Recallthatheary nodesmayallocatek” spaceanduseit for subsequerdctionsuntil thethread
runsoutof spaceandneeddo performanotheiallocation.Thus,threadgypically have heary nodes
followedby alarge numberof light nodesandthe numberof allocationgheary nodes)longary
pathmay be muchsmallerthanthe depthof the computation.We definethe granularity g of the
computatiorto be the minimumnumberof actions(nodes)etweertwo consecutie heary nodes
onary pathin theprogramdag,thatis, theminimumnumberof actionsexecutedhon-preemptiely
by athreadeverytimeit is scheduledThegranularityof a computationasdefinedhere,depends
on the value of the memorythresholdk’. In this section,we prove that the numberof heary
prematurenodess O(p - D/g), andthereforethe parallelspaceequirements S, + O(p - D/g).

LemmaA.l Let G be a dagwith W nodes,depth D and granularity ¢, in which every node
allocatesat most/i™ space Lets; bethe 1DF-schedulefor ¢, and s, the parallel schedulefor &

executedoy the AsyncDFalgorithmon p processorsThenthe numberof heavyprematue nodes
in any prefixof s, with respecto the correspondingorefixof s; is O(p - D/g).

Proof. Theproofis similarto theprooffor Lemma3.2. Consideranarbitraryprefix o, of s,, and
let o, bethecorrespondingrefix of s;. As with Lemma3.2,we pick apath P from therootto the
lastnon-prematur@odev to be executedin ¢, suchthatfor every edge(u, v’) alongthe path,u
is thelastparentof «’ to be executed Let u; bethe:** heavynodealongP; let § bethe numberof
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heary nodeson P. Lett; bethetimestepin which «; getsexecutedjet ¢5,, bethelasttimestepn
op,. Fore=1,....4,let[; betheinterval {¢; + 1,... ,t;41}.

Considerary Interval [;, for: = 1,... .6 — 1. Let [; be the numberof nodesbetweenu;
andu;, . Sinceall thesenodesarelight nodesthey getexecutedattimesteps; + 1,... ,¢; + ;.
During thesetimestepsthe otherp — 1 worker processorsnay executeheary nodes;however,
for eachheary node,they mustexecuteat least(g — 1) light nodes. Therefore,eachof these
workerprocessorsnay executeatmost|[/;/¢| heary prematurenodesduringthefirst /; timesteps
of interval /;. At theendof timestep; + /;, theremaybeatmostp nodedn @),.;. Beforethethread
7 containingu; is insertednto @),,,, atmostanotherO(p) heary prematurenodesmaybeaddedo
Qout- Further (p — 1) heary prematurenodesmay executealongwith u; ;. HenceO(p) < ¢ p
heary prematurenodes(for someconstani) may be executedbeforeor with w,, aftertimestep
t; + ;. Thus,atotalof ((p — 1) - [l;/g] + ¢ - p) heary prematurenodesgetexecutedn theinterval
I;. Similarly, we canboundthe numberof heary prematurenodesexecutedn the lastinterval /s
to((p—1)-[ls/g]l +c-p).

Becausehereared < D/g suchintenals,andsince’’_ I; < D, thetotal numberof heary
prematurenodesexecutedover all theé intervalsis at most

(o [2] o)

s

Y (p-(Lifg+1)+c-p)

=1

IN

)
(c+Up-Dfg+plg-) L

= O(p-D/g) i

IN

Similarly, we canprove that the schedulinggueuesequireO(p - D/g) space;therefore the
computatiorrequiresatotal of S; + O(p - D/g) spaceo executeon p processors.

Now considera computationn which individual nodesallocategreaterthan A" space.Let ¢,
be the original granularityof the dag(by simply treatingthe nodesthat performlarge allocations
asheary nodes).Now the granularityof this dagmay changevhenwe adddummynodesbefore
large allocations.Let g, be the numberof actionsassociatedvith the creationand executionof
eachof thedummythreadghatwe addto the dag. Thenthe granularityof thetransformediagis
¢ = min(g1,g2). Thespaceboundusingthe parallelizedschedulercanbe similarly modifiedto
S1+O(D - p-logp/g).

Besidesnakingthespaceboundindependendf thedefinitionof anaction,thismodifiedbound
is significantlylowerthantheoriginalboundfor programswith highgranularityg, thatis, programs
thatperformalarge numberof actionsbetweerallocationsforks or synchronizations.



Appendix B

Analysis of the Parallelized Schedulerfor
AsyncDF

In this section,we prove the spaceandtime boundsfor a parallel computationexecutedusing
the parallelizedschedulefor algorithm AsyncDF, asstatedin Section3.4 (Theorem3.8). These
boundsincludethe spaceandtime overhead®f the schedulerWe first definea classof dagsthat
aremoregeneratthanthe dagsusedto represenparallelcomputationsofar. This classof dags
will be usedto representhe computatiorthatis executedby the parallelizedscheduler We then
usethis classof dagsto prove the time and spaceboundsof the parallelcomputationincluding
schedulepverheads.

B.1 Latency-weighteddags

We extend the definition of a programdag (as definedin Section2.1.2) by allowing nonnga-
tive weightson the edges;we call this new daga latency-weightedlag Let ¢ = (V, F) bea
lateny-weighteddagrepresenting parallelcomputation.Eachedge(u,v) € £ hasa nonneg-
ative weight/(w«, v) which representshe latencybetweenthe actionsof the nodesu andv. The
latency-weightedength of a pathin G is the sumof the total numberof nodesin the pathplus
the sumof thelatencieson the edgesalongthe path. We definelatency-weightedlepth D; of
to be the maximumover the lateng-weightedlengthsof all pathsin &. Sinceall latenciesare
nonn@ative, D; > D. Thedagdescribedn Section2.1.2is a specialcaseof a lateng-weighted
dagin which the latencieson all the edgesarezero. We will usenon-zerolatencieso modelthe
delayscausedy theparallelizedscheduler

Let ¢.(v) bethetimestepin which a nodev € V' getsexecuted. Thenv becomeseadyat a
timestep < t.(v) suchthat: = max, )ep(te(u)+1(u,v)+1). Thus,ap-scheduld’, V;, ..., Vr
for a lateny-weighteddag mustobey the latencieson the edgesthatis, V(u,v) € E, u € V;
andv € V; = 1 > 5 + [(u,v). We cannow boundthetime requiredto executea greedyschedule
for lateng-weighteddagsthis proofusesanapproactsimilarto thatusedby [26] for dagswithout
latencies.

Lemma B.1 Givena latency-weightedomputatiorgraph G with W nodesandlatency-weighted
depthD,, anygreedyp-scheduleof G will require at mostiW/p + D, timesteps.
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Proof. We transform(' into a dagG’ withoutlatenciesby replacingeachedge(w, v) with achain
of /(u,v) delaynodes The delay nodesdo not representeal work, but require a timestepto
be executed. Any delay nodethat becomegeadyat the endof timestept — 1 is automatically
executedn timestept, thatis, aprocessois not necessaryo executeit. Thereforereplacingeach
edge(u, v) with I(u, v) delaynodesimposeshe requiredconditionthatv becomeseady!(u, v)
timestepsafteru is executed.Thedepthof G’ is D;,.

Considerary greedyp-schedules, = (V1,... ,Vr) of G. s, canbe corvertedto a schedules;,
= (V{,...,V]) of G’ by adding(executing)delaynodesto the scheduleassoonasthey become
ready Thus,for: = 1,...,7, V/ maycontainat mostp real nodes(i.e., nodesfrom ), andan
arbitrarynumberof delaynodes,becausealelay nodesdo not requireprocessors$o be executed.
A realnodein s, becomegeadyat the sametimestepasit doesin s, sincedelay nodesnow
representhe latencieson theedges.Therefore s, is alsoa “greedy” p-scheduldor ¢, thatis, at
atimestepwhennr realnodesareready min(n, p) of themgetexecutedandall delaynodesready
in thattimestepgetexecuted.

We cannow prove thatary greedyp-schedules;, of G’ will requireatmostiV/p+ D; timesteps
to execute. Let (&% denotethe subgraphof ' containingnodesthat have not yet beenexecuted
at the beginning of timestep:; thenG;, = G’. Let n; be the numberof real nodesexecutedin
timestep:; thereforen; < p. If n, = p, therecanbe at mostW/p suchtimestepspbecauséehere
arelV realnodesan thegraph.If n; < p, considethesetof nodesk; thatarereadyatthebeginning
of timestep:, thatis, the setof root nodesin G.. Sincethis is a greedyschedulethereareless
thanp realnodesn R;. Henceall therealnodesn R; getexecutedn timestep. In addition,all the
delaynodesn R; getexecutedn this step,becausehey areready anddo notrequireprocessors.
Sinceall thenodesin R; have beenexecuted the depthof G, is onelessthanthe depthof .
Because), is thedepthof ¢}, thereareat most D, suchtimesteps.Thus,s; (andhences,) can
requireatmost W/p + D, timestepgo execute. n

Representingthe parallel executionasa latency-weighteddag

This sectiondescribesow the computationexecutedby the parallelizedschedulecanbe repre-
sentedhasa lateny-weighteddag,andthenprovespropertiesof suchadag.

As in Section3.3.2, we call the first nodein eachbatchof a threada heary node,andthe
remainingnodesdlight nodes.With the parallelizedschedulerwe considera thread(or its leading
heary nodewv) to becomereadywhenall the parentsof v have beenexecuted,and the scheduler
hasmadev availablefor scheduling Sincethis mayrequirea schedulingterationaftertheparents
of v have beenexecutedand insertedinto ();,,, the costof this iterationimposeslatencieson
edgesnto v, resultingin a latengy-weighteddag. We cannow characteriz¢he lateng-weighted
daggeneratedy the parallelizedscheduler The constant-timeaccesseto the queues),.; and
Q.. arerepresente@sadditionalactionsin this dag, while the costof the schedulingterations
arerepresentedy the latengy-weightededges. As with the analysisof the serial schedulelin
Section3.3,we assumdor now thatevery actionallocatesat most K’ spacgwherek is theuser
specifiedconstanmemorythreshold) anddealwith largerallocationdater.

Lemma B.2 Considera parallel computationwith work W and depth D, in which every action
allocatesat most/i™ space Usingthe parallelizedsdedulerwith ap processorsctingas sded-
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ulers,theremaining(1 — «)p workerprocessorg&xecutea latency-weightedagwith O(WW') work,
O(D) depth,anda latency-weightediepthof O( 1 + Dloer)  Further after thelast parentof a
nodein thedagis executedat mostoneiteration maycompletebefore the nodebecomeseady

Proof. Let G be the resultingdag executedby the worker processors Eachthreadis executed
non-preemptiely aslong asit doesnotterminateor suspendanddoesnot needto allocatemore
thana netof K units of memory Eachtime a threadis schedulecandthen preemptedr sus-
pendeda processoperformstwo constant-timeaccessew the queues),,; and@;,. As shavn
in Figure B.1, we representheseaccessess a seriesof a constantnumberof actions(nodes)
addedto the thread;thesenodesare addedboth beforea heary node(to modelthe delaywhile
accessing)..;) andafterthe seriesof light nodesthatfollow the heary node(to modelthe delay
while accessing?;,,). We will now considerthe first of theseaddednodesto bethe heary node,
insteadof therealheary nodethatallocatesspacethis givesusa conserative boundonthespace
requiremenbf the parallelcomputationpecauseve areassuminghatthe memoryallocationhas
movedto anearliertime. A threadexecutesatleastoneactionfrom theoriginal computatiorevery
time it is scheduledSincethe original computatiorhasi¥ nodesthetotal work performedoy the
workerprocessorss O(W ), thatis, theresultingdaghasO (W) work; similarly, its depthis O( D).

Next, weshav thatatmostoneschedulingterationbeginsor completesfteranodeis executed
andbeforeits child becomeseady Considerary threadr in ¢, andlet v beanodein thethread.
Lett bethetimestepn whichthelastparent: of v is completedlf v is alight node,it is executed
in the next timestep.Else,thethreadcontainingu is placedin @);, attimestept. (Recallthatwe
have alreadyaddednodessuchasu to representhe accesoverheador ();,.) In theworstcase,
a schedulingterationmay be in progress.However, the next schedulingterationmustfind « in
Q:,; thisschedulingterationmovesu to R andmakess readyto be scheduledeforetheiteration
completes.

Finally, we shav that G hasa latengy-weighteddepthof O(L—Z + %). Considerary path
in GG. Let! beits length. For ary edgee = (u, v) alongthepath,if « is thelastparentof v, we just
shavedthatv becomeseadyby the endof at mosttwo schedulingterationsafter « is executed.
Thereforethelateny [(u, v) is at mostthe durationof these2 schedulingterations.Let » andn’
be the numberof deadthreadsdeletedby thesetwo schedulingiterations,respectrely. Then,
usingLemma3.7,(u,v) = O(% + £ + “£2). Becauseeachthreadis deletecby the scheduler
at mostonce,a total of O(W') deletionstake place. Sinceary pathin ¢ hasO(D) edges;the
lateny weighteddepthof the pathis O(D) plusthe sumof thelatencieson O(D) edgeswhich
is O(L 4 Drleer), "

[}

The schedulggeneratedy the parallelizedschedulefor the lateny-weighteddagis a (1 — «a)p-
schedulebecausdt is executedon (1 — «)p workerprocessors.

B.2 Time Bound

We cannow boundthetotal runningtime of theresultingscheduleincludingscheduleoverheads.

Lemma B.3 Considera parallel computationwith depthD andwork W. For any0 < o < 1,
whenap of the processorsare dedicatedto executeas schedulers,while the remainingact as

workerprocessorsthe parallel computatioris executedn O( ;2. + Z252) time
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latency Vl

(heavy) overhead to
access Q out

(heavy) O allocation allocation
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access Q i
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FigureB.1: (a) A portionof theaoriginal computatiordag,and(b) the correspondingportionof thelateng-
weighteddagasexecutedby the parallelizedscheduler This portionis the sequenc®f nodesin a thread
executednon-preemptiely on a processqrandthereforeconsistof a heary nodefollowedby a seriesof
light nodes.The dagexecutedby the parallelizedschedulehaslatencied; andl/,; imposedby scheduling
iterations(shovn asbold edgedhere) while theadditionalgrey nodesepresentheconstantielayto access
Qin andQ),,;. We considerthe first of thesegrey nodesto be a heary node,insteadof the original heary
nodethatperformstherealallocation.

Proof. Let G bethedagexecutedoy the parallelizedschedulefor this computationWe will shov
that the generatedschedules, of (7 is a greedyschedulewith O(W/p) additionaltimestepsn
whichtheworkerprocessoramaybeidle. Considerary schedulingteration.Let ¢; bethetimestep
atwhichthe:* schedulingterationends.After threadsareinsertednto Q... by the:** scheduling
iteration,therearetwo possibilities:

|Qout| < p-log p. Thisimpliesthatall thereadythreadsarein Q..;, andnothreadsecome
readyuntil the end of the next schedulingiteration. Therefore,at every timestep; such
thatt, < 5 < t;41, if m; processorbecomeidle andr; threadsareready min(m;, ;)

threadsareschedule@dntheprocessors(Recallthatwe have alreadyaddedhodego thedag
(7 to modeltheoverhead®f accessing);, andQ,.;.)

2. |Qout| = p-logp. Since(l — a)p worker processorsvill requireat Ieast(“’gp) timesteps
to executep log p actionsnoneof theworkerprocessorsvill beidle for theflrst logp ; steps

aftert,. However, if the (i + 1) schedulingteration,which is currentlyexecutlng hasto
deleten,,, deadthreadsjt may executefor O(mi + logp ) timestepqusingLemmas3.7).

Thus,in theworstcase the processorsvill bebusyfor ‘0”' stepmndthenremamldle for
anothelO (=t + 282 stepspntil thenext schedullngteratlonends.We call suchtimesteps
|d||ng tlmesteps Of the O( Lkl loc%p) idling steps,@(lﬂ%) stepsare within a factor of
( %) of the precedlngﬂ stepswhenall workerprocessorgerebusy (for someconstant
), thereforeihey canaddupto O( la“)) O(%). In addition,becauseachthreadis

deletedonly once,atmostW threadscan bedeleted.Thereforejf the (i + 1)** scheduling
iterationresultsin an additional O( ’+1) idle steps,they add up to O( ) idle stepsover

all the schedulingiterations. Therefore,a total of O(ap) idling stepscan resultdue the
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scheduler

All timestepsbesidesthe idling stepscausedby the schedulerobey the conditionsrequiredto

makeit a greedy(1 — a)p-schedule,and thereforeadd up to O((lf‘;)p + & 4 BlEr) (using
LemmasB.1andB.2). Along with theadditionalO(L—z) idling stepsthe scheduleequiresatotal

of O gritay; + 7=22) timesteps. "

Becausex is a constantthatis, a constanffraction of the processorare dedicatedo the task of
schedulingtherunningtimereduceso O(W/p+ D log p); herep is thetotalnumberof processors,
includingboththe schedulerandtheworkers.

B.3 Spacebound

We now shaw thatthetotal spaceequiremendf the parallelscheduleexceedshe serialschedule
by O(D - p - log p). We first boundthe numberof prematurenodesthatmay exist in ary prefix of
the parallelscheduleandthenboundthe spacerequiredto storethreadsn the threescheduling
queues.

From LemmaB.2, we know that for a parallel computationwith depth D, the parallelized
scheduleexecutesadagof depth®( D). Thereforeusinganapproactsimilarto thatof Lemma3.2,
we canprove thefollowing boundfor the parallelizedscheduler

LemmaB.4 For a parallel computationwith depth D executingon p processorsthe numberof
prematue nodesin any prefix of the schedulegenertedby the parallelizedsdeduleris O(D - p -

log p).

Proof. The approachusedin the proof is similar to thatof Lemma3.2. Let G be the lateng-
weighteddagrepresentinghe executedcomputationaccordingto LemmaB.2, G hasa depthof
O(D). Let o, beary prefixof theparallelschedules, generatedby the parallelizedschedulerand
let o, bethe correspondingerialprefix, thatis, thelongestprefix of the 1DF-schedulecontaining
only nodesin o,,.

Let v be ary oneof the lastnon-prematur@odesexecutedin o,,. Let P bethe pathfrom the
rootto v suchthat,for every edge(u, u') alongthe path,u is thelastparent(or ary oneof thelast
parentspf u’ to beexecuted.Let «; bethenodealong P atdepth:. Thenw; is therootnode,and
us = v, whered is thedepthof nodev. For: = 1,... .9, let¢; bethetimestepin which u; gets
executed.Lett, = 0 andlet ¢5;, bethelasttimestepin which nodesfrom o, areexecuted.For
it =0,...,0,letI; betheinterval {t; + 1,... ,¢;11}. Thentheintervals /o, ... , s coverall the
timestepsn whichthenodesn o, areexecuted.

During interval Iy, only theroot nodew; is ready andtherefore no prematurenodesare ex-
ecutedduring 7,. Considerary intenval [;, for: = 1,...,6 — 1. We will boundthe numberof
heary prematurenodesexecutedn this interval. By theendof timestept;, thelast parentof w;
hasbeenexecuted.Thereforejf «;; is alight node,it will be executedin the next timestepand
the remainingworker processorsnay executeanother(l — «)p — 1 heary prematurenodeswith
it, thatis, atmost(1 — «)p — 1 heary prematurgetexecutedn intenal /;.

Considerthe casewhenu;,, is aheary node.Dueto latencieson the edgesy;.; maynotbe
readyin timestep; + 1. At thestartof thistimestept; + 1, @), maycontainatmostp - log p nodes,
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all of which maybeheary prematurenodesandwill be executedn theinterval /;. Lett¢, > ¢; be
thetimestepin which «;,; becomeseady By LemmaB.2, at mostoneschedulingterationmay
completeaftert; andbeforet,. Thisiterationmayaddatmostp - log p heary nodesto @,.;; all of

thesenodesmay be prematurdn theworstcase,andwill be executedin interval /;. Timestept,

onwardsy,,; mustbeaddedo (),.,; beforeary prematuranodessinceit hasalower 1bF-number.
Whenu;,, is takenoff @), andexecuted(attimestept, ;) by aworkerprocessaqrtheremaining
(I — a)p — 1 worker processorsnay pick prematurenodesfrom @),,: to executein the same
timestep.

Therefore,a total of at mostO(p - log p) heary prematurenodesmay get executedin ary
intenval [;, for: = 1,...,6 — 1. Similarly, becausey; is the last non-prematurenodeto be
executedin o, at mostanother2p - log p heavy prematurenodesmay get executedduring the
internval /5 following its execution. Therefore sinceé = O(D), summingover all the intervals
Ilo, ..., Is,atmost(p-log p- D) heary prematurenodesmaybescheduledn ary prefixof s,.  u

LemmaB.5 Thetotal spacerequired for storingthreadsin Q),,., Q)..:, and R while executinga
parallel computatiorof depthD onp processorss O(D - p - log p).

Proof. @, may hold at mostp - log p threadsat ary time. Similarly, ¢;, may hold at most
2p - logp + (1 — a)p threadswhich is the maximumnumberof active threads.Eachthreadcan
berepresentedsinga constantamountof space.Thereforethe spacerequiredfor @);, and(Q,.;
isO(p - log p).

We now boundthe spacerequiredfor R, alongwith the spacerequiredto storesuspended
threads. We will usethe limit on the numberof non-prematureodesin the ary prefix of the
parallelscheduldLemmaB.4) to derive thisbound.RecallthatR consistof readythreadsstubs
for live threads,and deadthreads. At ary timestep,the numberof suspendedhreadsplus the
numberof readythreadsandstubsin R equalsthe numberof active threadsn the system.Let us
call athreada prematurethread at timestepy if atleastoneof its heary nodesthatwasexecuted
or puton (),,; is prematuran the j-prefix o,, of the parallelschedule Thetotal numberof active
threadsatary timesteps atmostthenumberof prematurghreadsplusthenumberof stubs(which
is O(p - log p)), plusthe numberof active threadghatarenot prematurgwhichis boundedoy the
maximumnumberof actve threadsin the 1DF-schedul¢. A 1DF-schedulemay have at mostD
activethreadsatary timestep Further thenumberof prematurghreadsatary timestep: is atmost
the numberof prematurenodesin the t-prefix of the schedulewhichis at mostO(p - logp - D)
(usingLemmaB.4). Thereforethetotal numberof active threadgincludingsuspendethreadspt
ary timesteps atmostO(p - logp - D).

The scheduleperformslazy deletionsof deadthreadstherefore the numberof deadthreads
in R mustalsobe counted. Let ); bethei** schedulingterationthat movesat leastonethread
to Q.. (i.e, ¢, > 1 in Figure3.5for suchaniteration). Considerary suchiteration ;. Recall
thatthis iterationmustdeletesat leastall the deadthreadsup to the secondreadyor seedthread
in R (step3in Figure3.5). We will shav thatafterschedulingteration); performsdeletionsall
remainingdeadthreadsn R mustbe prematureéhreadsatthattimestep.Let 77 and7; bethefirst
two ready(or seed)threaddn R. Sincethe scheduledeletesall deadthreadsupto 75, therecan
be no moredeadthreadso theimmediateright of 7 thatmayhada higherpriority than7}, that
is, T1 now hasahigherpriority thanall thedeadthreadsn R. Sinceall theremainingdeadthreads
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have beenexecutedbefore’;, they mustbe prematureThereforeall deadthreadsn R attheend
of schedulingteration ; mustbe prematureandarethereforeO(p - log p - D) in number(using
LemmaB.4). Theschedulingterationsbetween\; and);,; donotmove ary thread<o @,.;, and
thereforedo not createary new entriesin R. They may, however, mark existing actve threadsas
dead. Thusthe numberof deadthreadsn R may increaseput the total numberof threadsn R
remainsthe same.Schedulingteration A, ; mustdeleteall deadthreadsup to the secondready
threadin R. Therefore,beforeit createsary new threadsthe iterationreduceshe numberof
deadthreadsackto O(p - log p - D). Thusatary time, thetotal spacerequiredfor R andfor the
suspendethreadsijs O(p - log p - D). n

Sinceevery prematurenodemay allocateat most & spacewe cannow statethe following
spaceboundusingLemmasB.4 andB.5.

Lemma B.6 A parallel computatiorwith work W anddepthD, in which everynodeallocatesat
most /K space,and which requires S; spaceto executeon one processqrcan be executedon p
processorsn S; + O(K - D - p - log p) space(including schedulerspace)usingthe parallelized
scheduler ]

Asin Section3.3.2,allocationdargerthan K™ unitsarehandledby delayingtheallocationwith
paralleldummythreadslf S, is thetotal spaceallocatedthe numberof dummynodesaddeds at
mostS, / K, andthedepthis increasedy a constanfactor Thus,usingthe parallelizedscheduler
thefinal timeboundof O(W/p+ S, /pK + D -log p) andthespaceboundof S; + O(K - D -p-log p)
follow, asstatedn Theorem3.8. Theseboundsincludethescheduleoverheads.
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Appendix C

Algorithms to AccessQueuesq);,, and Q¢

FiguresC.1 andC.2 presenthe algorithmsfor the worker processorandthe schedulethreadof
algorithmAsyncDF(asshavnin Figure3.2)to accesso thequeueg);,, and@,.;. Thealgorithms
shavn herearedesignedor the serialschedulerthus,only oneprocessoat atime accesse§);,
and@),,; astheschedulerin contrastmultiple processorsnay concurrentlyaccess);, and(@,.;
asworkers.Thealgorithmscanbe extendedor the parallelizedscheduledescribedn Section3.4.

Accordingto Lemma3.5, neitherof the two queuescanhave morethan3p threadg(p is the
total numberof processors)Thereforepoth@;,, and@,.; canbeimplementedasarraysof length
L = 3p thatwrap around. Threadsare addedto the tail andremoved from the head. The head
index H andthetail index 7' increasamonotonicallyandthe currentlocationsof the headandtail
areaccessedsingmodulo L arithmetic. The algorithmsassumehat valuesof indicesH andT
do notoverflow.

Someoperationgnay getarbitrarily delayedon ary processofe.g., dueto externalinterrup-
tions). Therefore to ensurecorrectness, introduceauxiliary bit arraysfull ;,, andfull ,,;, andan
array next_readernf index values. Theseauxiliary arraysareeachof length L. The bit in the ;'
locationof full ;,, (or full ,.;) is setwhenthe :** location of the correspondingjueuecontainsa
thread. The :** location of the next_readerarray containsthe value k; of the headindex H for
which a worker may next reada threadfrom the :** locationof Q,..; accordingto the algorithm
in FigureC.1,h; = ¢ (mod L). Thealgorithmassumeshatreadsandwritesto eachelementof
next_readerareatomic.

The auxiliary bit arraysarerequiredto provide synchronizatiorbetweerthe workersandthe
schedulerFor example,in FigureC.1,insteadof usingthefull ,,; array suppose¢heworkerswere
to simply usefetch-and-add( modulo L to obtainanindex into (),..;, andthenreada threadfrom
thecorrespondindpcationof @),;. In thiscaseaworkermayreadathreadfrom alocationbefore
theschedulehaswritten a threadto it, resultingin incorrectbehaior. Similarly, beforewriting a
threadto @),.;, the schedulemustcheckthevalueof thecorrespondindpit in full ; to ensurdhat
thelocationin @), is now empty The next_readerarrayis usedto ordertheaccesseby workers
while reading@ ... Withoutthis array two (or more)workersmay endup readingfrom thesame
locationin @),,;. This canhappenf oneworkerobtainsanindex andis delayedbeforeit reads
the correspondinghreadfrom @)..;, while anotherworker subsequentlpbtainsthe sameindex
(moduloL) into Q) ;.

Algorithm AsyncDFinherentlyensureshat,irrespectve of how long a workeror ascheduler
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maygetdelayedtherecannever bemorethan3p threadsn (or beinginsertednto) @);,.. Thus,the
functionsdefinedin FigureC.2 ensurehatthe schedulemustreadthethreadwritten by aworker
from agivenlocationin ();, beforeanothemworkerattemptsto write to the samelocation (when
the tail wrapsaround). Therefore,the algorithmfor the workerin Figure C.2 doesnot require
checkingthe contentf anauxiliary array

At the startof the execution,all thelocationsin the full ;,, andfull ,,; arraysaresetto FALSE ;

H isinitializedto 0 and7' isinitializedto —1. The:** elemenbf thenext_reademrrayis initialized
toz.

Worker Scheduler
To deletea threadfrom@),.:: Toinsertm threadsinto () ,.;:
begin Q,.:-removal begin@,.:-insertion
h :=fetch-and-ad@H, 1); t=T;
while (next_readefh mod L] # h) ; T:=T+m;
while (full ,,: [h mod L] = FALSE) ; fori:=1,...,m:
readthreadat@,,: [ mod L]; while (full ;¢ [(t + ) mod L] = TRUE ) ;
full 5+ [h mod L] := FALSE ; write threadat Q). [(¢ + ¢) mod L];
next_readefh mod L] :=h+ L; full 5 [(t 4+ 7) mod L] := TRUE ;
end Q,.;-removal end Q,;-insertion

Figure C.1: Functiongo accesgjueues),.;- The next_readearrayis usedto orderthe readsby multiple
workersfrom ary givenlocationin €),,;.

Time analysis Theabovealgorithmsto access) ... andQ);, work correctlywithoutassumingry
boundonthetime requiredfor the variousoperationsHowever, to boundthetime for eachqueue
accesgwhichis requiredo analyzethetotal runningtime andspaceaequirement)yve now assume
thecostmodeldescribedn Section3.3.1.We alsoassuméhatreadsandwritestakeconstantime.
Becausesachprocessocannow executea fetch-and-adaperationin constantime, the worker
processorsanaddathreadto ();, in constantime. Further whentherearea sufficientnumberof
threadsn @,.;, a workercanremove a threadfrom it in constantime. Thus,at ary timestep,if
Q.. hasn threadsandp; workerprocessorareidle, thenmin(n, p;) of thep; idle processorsare
guaranteetb succeedn pickingathreadfrom Q,..; within a constanhumberof timesteps.
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Worker Scheduler
Toinserta threadinto (;,,: To removaeall threadsfrom(;,,:
begin @;,-insertion begin @;,-removal
t :=fetch-and-addr’, 1); t=T;
t=t+1; n.=t—H+1,
write threadat@;,, [t mod L]; fori:=0,...,n—1:
full ;;, [t mod L] := TRUE; while (full ;,, [H mod L] = FALSE );
end @Q;,-insertion readthethreadat;, [H mod L];
full ;,, [H mod L] := FALSE ;
H:=H+1,;
end @Q;,-removal

Figure C.2: Functionsto accesgjueuesy);,. The workersneednot checkthe full bit beforeinsertinga
thread sincetherecanneverbe morethan I. threadghatareeitherin ¢);,, or areaboutto beputinto ¢);,.
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Appendix D

A Parallelized Schedulerfor Algorithm
DFDeques

| first describeand analyzea synchronousparallelizedschedulerfor algorithm DFDeques and
then briefly outline the implementatiorand analysisof an asynchronousersionof the parallel
schedulerTheparallelizatiordescribedhereis similarto theparallelimplementatiorof the sched-
ulerfor algorithmAsyncDF presentedh Section3.4. Thescheduleneedgo supportfastlookups
(i.e., findingthe m!* dequefrom theleft endon R’) andmustalsoprovide deleteandinsertopera-
tionsfor dequesn R'. ThereforepothversionamplementR’ asanarray andperforminsertions
anddeletionsof dequedazily. The synchronouschedulerequiresthe processor$o suspenadx-

ecutionof the parallelcomputatiorafter every few timestepsandsynchronoushperformupdate
to R’ (suchasinsertsanddeletes)In contrasttheasynchronousersionof the parallelizedsched-
ulerusesaconstanfractionof the processorso continuouslyexecutetheupdatego R’, while the
remainingprocessorasynchronouslgxecutethe parallelcomputation.

D.1 A Synchronous,Parallelized Scheduler

The globally orderedset of readythreadsR’ is implementedas an array; the dequesdn the the
arrayarearrangedrom left to right in decreasingrderof their threadpriorities. The processors
executethecodeshownn in Figure6.4;they selecta stealtargetby randomlypicking oneof thefirst
(leftmost)p dequesn R'. Dequesaredeletedazily; whena processoneedgo deletea dequeijt
simply marksit asdeleted.Subsequendtealsto this dequefail. Dequeghathave beenmarkedfor
deletionbut have notyet beendeletedirom R’ arecalleddeaddequesall otherdequesarecalled
live dequesWhena processocreatesanewn dequejt addsthedequeto alocalsetof dequesather
thandirectlyto R’ . Thesenew dequesio not sere astargetsfor stealsby otherprocessorsintil
they aresubsequentlynsertedinto R’. Suchdequeghat have beencreatedbut not yet inserted
into R’ arereferredto asnascentdeques.Besidesa pointerto a dequeA, eachentryin R’ also
containsalinkedlist nlist of pointersto all thenascentlequeshathave beencreatedvhenthreads
werestolenfrom the dequeA. The pointersin this nlist are storedin the correctpriority order
thatis, the orderin which the stealsfrom A wereperformed.The entry for eachdequeA in R’
alsocontainsanncountvaluethatreflectsthe numberof nascentlequesreatedueto stealdrom
dequeA. Thus,whena processostealsa threadfrom adequed, it incrementghe ncountvalue

129
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owners Pop-P3-P- - - P
ncounts 402003020
deques  [O][O[OlOI®[®[O[O] -

O = live deque
E ® = dead deque

@ = nascent deque

nlists

OO0

Figure D.1: An examplesnapshobf R’ duringthe executionof the parallelizedschedulefor algorithm
DFDeques Deaddequesare shavn crossedout, while nascentdequesare shavn asshadedgray The
ncountvaluesrecordthe numberof nascentlequescreatechsa resultof stealsfrom eachdeque.

of thedeque andaddsa pointerto thenewly createdlequeto thenlist for A. FigureD.1 shavsan
examplesnapshobf R’ at someintermediatdimestep.

To amortizethe costof schedulingoperationsuchasinsertionsanddeletionsof dequedrom
R', they areperformedevery log p timesteps.Thus,afterevery log p timestepsall the processors
temporarilyinterrupttheir currentthreadand executea schedulingiteration during which they
updateR’. Further to keepprocessordusy betweenschedulingterations,they are allowedto
stealfrom the leftmostp - log p dequesn R’ (insteadof the leftmostp deques).A scheduling
iterationinvolvesdeletingall thedeaddequeghatareto theleft of thefirst (leftmost)p - log p live
deque$in R'. Theprocessorfinally collectall thenascentiequesandinserttheninto the correct
positionsin R'. The schedulingterationthenends,andthe processorsesumeexecutionof the
codein Figure3.2.

All elementdan the nlists are allocatedfrom a contiguouschunk of memory Subsequently
performinginsertionsof nascentlequednto R’ requiresa list rankingoperationon thesenlists.
List rankingon O(p - log p) contiguouselementxanbeexecutedon p processord O(log p) time.
Flatteningthe lists for insertioninto R’ also requiresa scanoperationon the leftmostp - log p
ncountvalues,which canbe performedin O(log p) time on p processorsAdding to or deleting
from oneend(theleft end)of anarrayis straightforward.

As notedin Section6.3.1,we assumehatin everytimestepaprocessoeitherattemptsa steal
or executessomework. If the stealis successfulit begins executingthe first actionof the stolen
threadin the sametimestepthis assumptioms madeonly to simplify theanalysis.Ourasymptotic
boundsarenot affectedif a successfufor failed) stealattemptcauses constantelay

We now prove thefollowing lemmaboundingthetime requiredto executea schedulingtera-
tion.

LemmaD.1 In the syndironousschedulerfor algorithm DFDequesk ), a schedulingiteration
thatdeletes: dequesequiresO(n/p + log p) timestepdo execute

1As with the parallelizedAsyncDF schedulein Chaptei3, otherdeaddequesaredeletedduringsomesubsequent
schedulingteration,whenthey appeato theleft of theleftmost(p - logp + 1) livedequesn R’.

2SincethearrayR’ may needto be occasionallyshrunk(grown) by copyingover all the elementgo anew space,
all our schedulingcostshave amortizedbounds.
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Proof. This proofis similar to the proof of Lemma3.7, exceptthatoperationsare performedon
dequegatherthanindividual threads. Sincein eachschedulingterationonly the dequego the
left of thetheleftmostp - log p live dequesaredeletedthe n dequedo be deletedappeaamong
theleftmostn + p - log p dequesn R’. Therefore finding anddeletingtheser threadsrom the
n + p - log p threadsattheleft endof array R’ requiresO(n /p + log p) timestepon p processors
Further at mostp - log p new dequesmay be createdbetweenconsecutie schedulingterations,
andthey will needto beinsertedbetweertheleftmosty - log p live dequesn R’. By performinga
parallelprefix sumoperatioronthencountsof thefirst p - log p entriesandalist-rankingoperation
ontheir nlists, theseinsertionscanbe executedon p processoré O(log p) time. n

We cannow boundthetime requiredfor the parallelcomputation.

TheoremD.2 Considera parallel computationwith depth D and total work W. The expected
time for algorithm DFDequedo executeghis computationusingthe parallelized scheduleron p
processorsis O(W/p 4+ D -log p). Further for anye > 0, theexecutionrequiesO(W/p + (D +
In(1/€)) - log p) timewith probability at leastl — e.

Proof. | presenbnly the expectedcaseanalysishere;the analysisof the high probabilitybound
followsin asimilar mannerasthatfor Lemma6.9.

We call the timestepsrequiredto executeschedulingterationsas the schedulingtimesteps
andthe remainingtimestepsasthe worker timesteps Therearelog p worker timestepsetween
consecutie schedulingterations. Let »; be the numberof dequesdeletedin the ;** scheduling
iteration. Let R; bethe numberof live dequesn R’ attheendof the:** schedulingteration. We
look at two typesof schedulingterations,A andB, dependingon whetherR; is greateror less
thanp - log p. All timestepsattheendof atypeA (B) schedulingterationarecalledtype A (B)
timesteps.

Type A: R; > p - log p, thatis, attheendof the schedulingteration R’ containsat leastp - log p
live dequesWe will call eachsequencef log p workertimestepdollowing atype A scheduling
iterationa phase We will call aphasesuccessfulf > (p - log p/10e) nodesgetexecutedduring
the phase.Then,similar to the analysisfor Lemma6.9, we cancomputea lower boundfor the
probabilityof succes®f aphaseasfollows.

Considerary givenphase.For 1 <: < log p, let X;; bearandomvariablewith valuel if the
7% bin getsatleastonestealrequestn the:'" timestepof thephaseand0 otherwise Thevariable
X;; mustbe 1 every time the j™* bin getsexactly 1 reques{it canbe 1 at othertimestoo). Let r;
bethe numberof stealrequestsiuringthe:** timestepof this phase Then,the probabilitythatthe

3Sincethe arraysizemay have to be grown andshrunkfrom time to time, theseare amortizedooundsfor inser
tionsor deletionsinto the array However, sincethe amortizednatureof the bounddoesnot affect our analysesfor
simplicity, we usethemasworst-casdoundsin the restof the paper
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7" bin getsexactly 1 requesequalgr;/p - log p) - (1 — 1/p - log p)"i~1. Therefore,

s ri—1
E[X;] > ‘ 1—
Xi] p-logp ( p- 10gp>

o (k)
> 1 -
p-logp p- logp

2 .
p-logp e Cp logp
T 1
> — forp > 1
p-logp 2e

Recallthat sincep — r; processorsare busy, eachof them must executea node,and may
own a non-emptydeque.Further in eachtimestepof the phaseat mostp additionaldequesan
becomeempty(andbe markedasdead).Thereforethe:*" timestepof thephasemusthave atleast
(plogp— (e =1)-p—p+r;) = (plogp — 1 - p + r;) non-emptydequesamongthe leftmost
p - log p deques.Becauseevery non-emptydequethat getsa stealrequesimustresultin a node
beingexecuted the expectednumberof nodesX; executedin the:'* timestepof the given phase
is givenby

-

E|X;] > p—ri—|—~—2- plogp—1-p+r;
X (2¢-p-logp) ( )

Thisvalueof X; is minimizedatr; = p. Thereforewe have

P .
EXi] 2 p—p+ 5—7—=-(plogp—i-p+p
X (2¢-p-logp) ( )
plogp—1-p+p
2e -log p
p_(G=1-p

2¢  2e-logp

Therefore,
logp logp

plogp p :
E E[X;] > — : g 1 —1
X =z 2-€ 2e - logp (i=1)

=1 =1

_ plogp  p  logp-(logp—1)
2-€ 2e - logp 2

. Pplogp

- 4e

Thus, the expectednumberof nodesexecutedin eachphaseis at leastplog p/4e. LetY bethe
randomvariabledenotingthe numberof nodesexecutedin eachphase. Then, usingMarkov’s
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inequality(similarto the prooffor Lemma6.9), we get

E[(p-logp — V)]
p-logp-(1—1/10¢)
p-logp- (1 —1/4e)
p-logp-(1—1/10¢)

Pr[(p-logp—Y) >p-logp- (1 —1/10e)] <

Therefore,
(1 —1/4¢)
Pr|lY -1 10 -
Y <p-logp/10¢] < (1= 1/10¢)
g
20

Therefore atleastp log p/10e nodesareexecutedin a phasethatis, the phases successfulwith
probability greaterthan1/20. Becausean executioncanhave at most10e - W/plog p success-
ful phasesof type A, and eachtype A phasesucceedswith at leastconstantprobability, the
expectednumberof type A phasesn the entire executionis O(W/plog p). Sinceeachphase
haslog p timestepsthe expectednumberof type A timestepss O(W/p). Further the type A
schedulingiterationitself takesO(n;/p + log p) timesteps(usingLemmapD.1). The O(log p)
componenbf this value mustbe at mostproportionalto the type A worker timesteps. There-
fore, the expectednumberof schedulingimestepdor all type A schedulingterationsaddup to
O(W/p) + 2ok, >p10g» O(ni/P).
TypeB: R; < p-log p, thatis, attheendof theschedulingterationR’ containsk; < p - log p live
deques.Sincenascentequesarenot addedto R’ until the endof the next schedulingteration,
thenumberof live dequesn R’ remainsunderp - log p duringtheworkertimestepdollowing the
i* schedulingiteration. Using the potentialfunction agumentof Lemma6.9, it canbe shavn
thatthe expectednumberof stealsexecutedover all type B workertimestepds O(D - p - log p).
This boundholds even when nascendequesexist, althoughthey are not stealtargets. This is
becausdor every nascendequeis createdby a successfukteal,which resultsin a dropin the
potentialfunctiorf. Therefore the expectednumberof total type B workertimestepss at most
O(W/p + D - log p). Further for every log p of theseworkertimestepspnetype B scheduling
iterationwith O(n;/p + log p) timestepss executed(usingLemmab.1). Therefore suchtype B
schedulingterationsaddupto O(W/p + D -log p + > 1. .1, O(ni/p)) timesteps.

Finally, at most W dequesmay be deletedover the entire execution,i.e., ERKp.logp n; +
Y Risplogp i < W. Thereforethe expectedhumberof schedulingandworkertimestepsequired
to executethe computatioris O(W/p + D - log p). n

Sincedummythreadsareintroducedoeforelargeallocations acomputatiorwith work W and
depthD thatallocatesatotal S, spacaequiresO(W/p + S,/pK + D -log p) timestepso execute
on p processorskinally, we prove the spacebound(including schedulespaceYor a computation
executedwith the parallelizedscheduler

4If ¢ is thetotal potentialof all thedequesattheendof of thei*” schedulingteration,thentheagumentis based
on shaving that the total potentialof all dequeqincluding nascentleques)s at mosta constantraction of ¢ after
every O(p - log p) steals.
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TheoremD.3 Considera computationwith D depthanda serial spacerequirementof 5;. The
expectedamountof space(including schedulerspace)required to executethe computationon p
processorsusing algorithm DFDequesnith the parallelized scheduleris S; + O(D - p - log p).
Further for anye > 0, thespacerequirements S; + O(p - log p- (D + In(1/¢))) with probability
atleastl — e.

Proof. Recallthatwe are now allowing stealsto target the leftmostp - log p dequeg(instead
of the leftmostp deques).We first provide an informal extensionto the proof for Lemma6.3.
Considerary parallelprefix o, of the parallelscheduleafterthefirst ; timestepsAs describedn
Section6.3.3,we split thefirst j timestepsnto (6 + 1) intervals,wheres < D is thedepthof the
lastnon-prematur@odeto be executedin thefirst j timestepsForary 1 < : < ¢, considerary
interval 7;. Whennodeu; (asdefinedin thatsection)is first put onadeque,jn theworstcase|ts
dequemaybeanascentleque.Thenthedequewill belongto the nlist of someentryin R’, rather
thanin R’ itself. Thereforejt would not be a potentialstealtargetevenif it is amongthe highest
priority p - log p deques.However, the next schedulingteration,whichwill putthe dequein R’,
must startwithin the next log p timesteps;until then,p processorsnay performp - log p steals
andthereforeexecuteat mostp - log p heary prematurenodes. After the next schedulingstep,
however, theanalysisis similar to thatof Lemma6.3. Timestepsn this casearesplit into phases
of O(p - log p) (insteadof O(p)) steals. We canthenshaw that the expectednumberof phases
during all the (6 + 1) intervalsis O(D), andtherefore the expectednumberof stealsexecuted
(or the numberof heary prematurenodesin ary prefix o,,) is O(D - p - log p). Thus,usingan
argumentsimilar to that of Lemma6.4, we canshov that the expectedspaceallocationof the
parallelcomputationis S; + O(D - p - log p). The high probability boundcanbe provedin a
mannersimilarto Lemma6.3.

Next, we boundthetotal schedulespacethatis, the spacaequiredto storereadythreadsand
dequesn R’, nascentlequesn nlists,andthe suspendethreads Eachthreadcanbe storedusing
aconstanamountof spacgthis doesnotincludestackspace)andeachdequerequiresa constant
amountof space plus spaceproportionalto the numberof threadsit holds. UsingLemma7.4,
thereareatmostO(D - p - log p) activethreadswhichis thetotal numberof suspendethreadsand
readythreadsn R'. Thespacdor thenlistsis proportionalto the numberof nascentiequesThe
totalnumberof dequegincludingnascentleques)s atmostthenumberof active threadsplusthe
total numberof deaddeques.

We now boundthe total numberof deaddequesto be O(D - p - log p) usinginductionon
schedulingterations.Again, this analysigs similar to thatof LemmaB.5. At the startof thefirst
schedulingteration,therecanbeatmostp - log p deaddequesLet therebeatmostO(D - p-log p)
deadthreadsatthestartof the:'* schedulingteration.If R’ containdessthanp - log p live deques,
all deadthreadsn R’ aredeletedby theendof theiteration.Else,let A betheleftmostlive deque
in R'. After deaddequesaredeletedin this iteration,ary remainingdeaddequesnusthave held
nodesthatarenow prematuresincethey hadlower prioritiesthanreadynodesin A (or, if A is
empty thenthe nodecurrentlybeingexecutedby the processothatowns A). Sincethereareat
mostO(D - p - log p) prematurenodesthe expectechumberof deadthreadremainingafterthe: '
iterationis atmostO(D - p - log p). Further at mostanother - log p deaddequesanbe created
until the startof the next schedulingteration. Therefore the expectednumberof deadthreadsat
the startof thenext schedulingterationis O(D - p - log p).
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Thus,thetotal schedulespaceaequireds O(D - p-log p). Thereforetheexpectedspacebound
for a computatiorwith D depthand S, serialspacerequiremenusingthe parallelizedscheduler
onp processordgs S, + O(D - p - log p) onp processordncludingschedulespace. n

D.2 An AsynchronousVersionof the Scheduler

The parallelizedschedulerdescribedin SectionD.1 requiresall p processorgo interrupttheir
executionandsynchronizevery log p timesteps.This canbefairly expensve in real parallelma-
chines,wherethe processorgxecuteasynchronouslyTherefore similar to the scheman Chap-
ter 3, we caninsteaddedicatea constanfractionap of the processor¢for 0 < a < 1) to thetask
of maintainingR’; we call theseprocessorshe schedulingprocessorsThe remaining(l — «)p
worker processoralwaysasynchronouslgxecutethe parallelcomputationas describedn Fig-
ure 6.4. As with the parallelizedschedulempresentedn Section3.4, the schedulingprocessors
synchronouslyexecutea sequencef tasksrepeatedlyin a while loop; a schedulingiteration is
now usedto denoteeachiterationof this loop.
| now briefly describegheimplementatiorandanalysisof sucha scheduler

Data structures In additionto thearrayR’ of dequestheasynchronouschedulemaintainsan
array L of lengthyp - log p. At theendof eachschedulingteration,the:*" entryin £ pointsto the
i** livedequein R’ (from left to right); £ maycontainnull pointersif therearefewerthany - log p
live dequesn R’. Thus,whena workerprocessorsieedso performa stealfrom the m!* deque,
looks up the m* entryin £. Thearray £ is not strictly required,but simplifiesthe scheduling
operationspecauset allows workersto continueaccessinghe dequesvhile R’ is beingupdated
by the schedulingorocessors.

Insteadof allowing multiple entriesin annlist for every elementdeque)n R’, we now allow
atmostoneentryin eachnlist. Thus,thencountvaluefor eachdequemaybeO or 1. If adeques
choserasa stealtarget,andthe stealerfindsthe ncountvalueto be 1 (dueto someprevious steal
from thesamedeque)thestealfails. Thus,betweerconsecutie schedulingterationsatmostone
threadcanbe stolenfrom eachdeque.Thenlist entriesareemptiedout (i.e., insertednto R') and
thencountvaluesareresetto O duringsomesubsequergchedulingteration.Limiting the number
of entriesin thenlistto 1 (or someconstantpllowsthenascentiequego becollectedandinserted
into R"” withoutalist-rankingoperation.

Schedulingiterations. In eachschedulingteration,the ap schedulingorocessoréirst deleteall

deaddequedo the left of theleftmostp - log p live deques.Thenthey scanthe ncountentriesof

theleftmostp - log p live dequesemptyout their nlist entriesandinsertthemin the appropriate
positionsin R’. Finally, they updatethe entriesin £ to pointto the leftmostp - log p live deques
in R'. Eachindividual entryis updatedatomically sothatthe workersnever seeaninconsistent
pointerin £. Notethatwhile the updatesarebeingperformed somedequemay have two entries
in £ (theold entryandthe new entry)pointingto it. Thisdoesnotaffectoutspaceor time bounds.
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Analysis

This sectionbriefly describeghe analysisof the spaceand time boundsfor the asynchronous
versionof the schedulerwithout statingthe proofsformally.

Spacebound. Becausave allow only onethreadto be stolenfrom eachdequebetweenconsec-
utive schedulingterations,at mostp - log p threadanay be stolenin thatinterval. Thereforethe

analysisof the spaceboundremainsthe sameasthat for the synchronouscheduler(seeTheo-

remD.3). The spaceequiredby thenlistsis proportionalto the numberof dequesn R’, andthe

spaceequiredor £ is O(p-log p). Thus,theexpectedspaceaequirementor aparallelcomputation
with depthD andaserialspaceequiremenbf S; onp processorss S, + O(p - logp - D).

Time bound. Thetime boundcanbe proved usingargumentssimilar to thoseof LemmasB.3
and6.9. A schedulingterationnow doesnot requireallist-rankingoperation put needso update
L; this updaterequiresO(log p) time on the ap schedulingprocessors.Hence,the boundon
the time requiredto executea schedulingterationremainsthe sameasthatfor the synchronous
scheduler(seeLemmabD.1). The restrictionthat at most one threadmay be stolenfrom each
dequebetweernconsecutie schedulingterationsdoesnot affect the agumentfor thetime bound
in LemmabD.2. However, dueto this restriction,worker processorsnay beidle (i.e., their steal
attemptswill fail) for a large numberof timestepswhile the schedulingprocessorsre updating
R’ and L. Therefore theseadditionalidling stepsmustbe accountedor (similar to the proof of
LemmaB.3). For a dagwith W nodes,the schedulemay deletea total of at mostW deques.
Therefore,we canshaw thatthe total numberof suchidling stepsis O(W/p + D - log p). The
expectedimerequiredo executeaparallelcomputatiorwith with W work and D depth(assuming
all spacehatis allocateds touched)on p processorss thereforeO(W/p + D - log p).
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