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Recent evidence of population coding in motor cortex has led some
researchers to claim that certain variables such as hand direction or
force may be coded within a Cartesian coordinate system with respect
to extrapersonal space. These claims are based on the ability to pre-
dict the rectangular coordinates of hand movement direction using a
“population vector” computed from multiple cells’ firing rates. I show
here that such a population vector can always be found given a very
general set of assumptions. Therefore the existence of a population
vector constitutes only weak support for the explicit use of a particular
coordinate representation by motor cortex.

1 Introduction

Recent results suggest that the representation of arm movement in motor
cortex involves the simultaneous activity of many cells, and that the pat-
tern of activation over the group of cells specifies the motion that occurs
(Caminiti ef al. 1990; Kalaska and Crammond 1992, for review). These
results have led many researchers to ask whether movement variables
are coded internally in terms of a particular coordinate system such as a
Cartesian or polar representation of extrapersonal space, a representation
of muscle lengths around relevant joints, or some other set of coordinates.
In the following, I distinguish between a coded variable (such as hand po-
sition) and the coordinates used to represent that variable (such as Carte-
sian coordinates). I will summarize certain experiments that demonstrate

" that hand movement direction is represented within motor cortex, but I

claim that these experiments cannot be used to determine the coordinate
system in which movements are coded.

I discuss a set of experiments that investigated the relationship be-
tween cell firing rates during free arm movements in awake monkeys,
and the direction in which the hand was moved to a target in space
(Georgopoulos et al. 1988; Kettner et al. 1988; Schwartz et al. 1988). These
experiments led to the following results:

R1: The firing rate of 89.1% (486/568) of the cells tested in motor cor-
tex varied consistently with the direction of hand motion within a
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limited region of space, and many cells would be simultaneously
active for any given direction.

R2: A statistically significant component of the variance of the firing
rate of 83.6% of the cells could be accounted for by a broadly tuned
function of the form

d,(M) ~b; + ki COS(G,' - 0M) (1.1)

where d;(M) is the firing rate of cell i for hand motion in the di-
rection of a unit vector M, 6; is the direction of motion in which
the cell has maximal response, 6; — 8y is the angle' between the di-
rection of hand motion 8y and the cell’s preferred direction, and b;
and k; determine the average firing rate and modulation depth, re-
spectively. (Here and in the following, capital letters indicate vector
quantities.)

R3: The preferred directions 6; are approximately uniformly distributed
with respect to directions in the workspace.

R4: The hand direction vector M can be approximated in Cartesian co-
ordinates by a population vector P computed from a linear combi-
nation of the cell firing rates.

R5: The coefficients of this linear combination are given by unit vectors
C; along the preferred direction 6; for each cell, so that

M=~P=3 Cd, (1.2)

where the d; have been normalized to account for resting firing rate
and response amplitude, and both the movement direction M and
the preferred direction vectors C; are given in Cartesian coordinates
with respect to the external workspace.

Together, these results might suggest that a Cartesian representation of
the direction of hand motion is coded in motor cortex (Schwartz ef al.
1988).

I will show that results R2, R4, and R5 are direct consequences of
results R1, R3, and the experimental design. This in no way reduces the
importance of these experiments, but rather emphasizes the fact that re-
sults R1 and R3 contain the most significant information. Although their
importance was recognized in Georgopoulos et al. (1988), the fact that
they imply the other results was not. Previous investigations have stud-
ied the conditions under which results R4 and R5 hold, and it has been
shown that the population vector predicts the direction of hand motion if

1A difference of 3D angles is defined by 6 — 0m = cos~1(C;- M), where C; and M are
both unit vectors.



Population Coding in Motor Cortex 31

the tuning curve is symmetric and the distribution of preferred directions
is uniform (Georgopoulos et al. 1988) or has no second harmonic compo-
nents (Mussa-Ivaldi 1988). I derive a necessary and sufficient condition
that is even broader, since it requires only that the three components of
the preferred directions be uncorrelated with each other over the popu-
lation. Before doing this, I will first show that the cosine tuning curves
found in (Schwartz et al. 1988) may be an artifact of the analytic tech-
niques used.

2 Single Unit Timing Curves

In Schwartz et al. (1988), the firing rate of each tuned cell d4;(M) is approx-
imated by a linear combination of the normalized Cartesian coordinates
of the target toward which the monkey is reaching. These coordinates
are relative to the initial hand position X, and are given by a unit vector
in the direction of motion M = (m,, m,, m,). The linear approximation is

d,-(M) = b; + biym, + b,-ymy + b,m, (2.1)

and an F test showed that the variance of 83.6% of all cells was at least
partly accounted for by this linear regression. The preferred direction
vector C; is calculated from

ki = (bi+b%+b%)? 2.2)

Ci = (bu/ki,biy/ki, bi/ki) 23)
and we can now write ‘

d,(M) ~b+kC;i-M » 2.4)

which is equivalent to equation 1.1. Note that cells with k; = 0 are not
sensitive to the direction of movement and were not analyzed further, so
ki # 0.

To understand results R1 and R2, I perform a simplified analysis
‘of movement in two dimensions (the extension to three dimensions is
straightforward but complicates the notation significantly). For a fixed
initial hand position and with all other variables held constant, consider
any arbitrary firing rate function d(fy) that depends on the direction of
hand movement 6. 6y is a periodic variable, so the output of d(0m)
will be periodic, and if eight uniformly spaced directions are tested then
the complete behavior can be described by a discrete Fourier series with
periods up to 7/2

4
d(6m) = Y axcos(kfy + &x) 2.5)
k=0 .

where ¢ is the phase for each angular frequency component k. Note that
for k > 1 the terms have no directional component, since they consist of
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either two, three, or four “lobes” symmetrically placed around the circle.
Thus a linear regression on the Cartesian coordinates x = cos(fm), ¥ =
sin(fy) will be unaffected by the values of ay, as, and a4 and will depend
only on ag and ;. To see this, note that linear regression computes the
three expected values:

S
E[d(OM)] = E Zak cos(kfpm + ¢k):|
| k=0

=

Eld(6m)x] = E Li oy cos(kfm + ) cos(HM)}
k=0

= Eloy cos(fm + ¢1) cos(dm)]

= (%) cos(¢1)
E[d(6um)y] = E [}4: oy cos(kbm + éx) sin(BM)}

k=0
= E[a; cos(6m + ¢1) sin(6m)]

= (%) sin(¢1)

where the expectation operator E[] is taken over all tested directions Ou.
The preferred direction is therefore equal to ¢, and is independent of
¢, 3, or ¢4. Even if more than eight directions are tested, the linear
regression will respond only to the ¢; component. .

The “goodness of fit” to the linear regression is the extent to which
the k = 0 and k = 1 terms capture the behavior of d(6n). However, it is
important to realize that a statistically significant F test does not indicate
a good fit to a linear model in the sense of having small prediction error
variance. Fit is determined by mean squared error, which distributes
according to a x? statistic. The F test estimates only the probability that
the linear model accounts for some portion of the total variance. This is
equivalent to testing if oy is significantly different from 0. A significant
F test does not imply that a; describes the dominant response behavior,
and a, as, or oy might well be larger. If a set of tuning curves were
generated randomly by selecting the coefficients oy independently from
a normal distribution, then one would expect 95% of the tuning curves
to have statistically significant values of ;. Thus the observed value of
83.6% [93% in Caminiti et al. (1990)] does not support statistical arguments
that the population has been “engineered” to have directional tuning.

Since this method of analysis ignores terms for k > 1, it in effect
low-pass filters the tuning curves. So the cosine tuning results from the
method of analysis and may not be justified by the original data. These
considerations show that result R2 does not provide any information
beyond result R1, since R2 would be true for a randomly chosen set of
tuning curves satisfying R1 that were analyzed in this way.
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True cosine tuning could be verified by fitting equation 1.1 to data
samples from many different directions and measuring the average mean-
squared approximation error over the population using a x? statistic. A
similar test was done in the two-dimensional case, where it was found
that 75% of 241 cells had a normalized mean-squared approximation error
less than 30% of the total variance (Georgopoulos et al. 1982). Although
this is not a statistically good fit to the population, there may have been
individual cells whose response was well predicted by cosine tuning.

What is the significance of the cells that were well fit by a cosine
tuning curve? As shown in equation 2.4, these cells have a response
d that is approximately linearly related to the hand movement vector
M. We can thus claim either that these cells are in fact linear in the
movement direction, or else that they are linear in the testing region but
may be nonlinear if tested in other regions of space. So if we write the
response as d(X,, X) where X; is the initial hand position and X is the
target, then we know that d(Xo, X) must be sufficiently smooth that it
appears locally linear for the positions X that were tested.

Over larger distances, d may not be well approximated linearly, but
it can still be written as

d(M) ~ b+ kC(Xo) - M 2.6)

where C(Xp) emphasizes that the preferred direction may become depen-
dent on the initial position, as was indeed found in Caminiti cf al. (1990).
But equation 2.6 is a general representation for arbitrary smooth func-
tions, so even an accurate fit to a locally linear function does not allow
one to claim much beyond the fact that the preferred direction remains
approximately constant over the tested region.

3 Population Vectors

Result R4 that there exists a linear combination of the firing rates that
can predict the Cartesian coordinates of hand motion follows as a di-
rect consequence of well-known results on coarse coding and the theory
of radial basis functions (Poggio and Girosi 1990, for example), since a
raised cosine function of angle can be thought of as a local basis func-
tion centered on the preferred direction. An alternate way to prove this
fact follows. Define an N x 3 matrix Q whose rows are the preferred
direction vectors C;. Let D be an N-dimensional column vector formed
from the firing rates of all the cells by the formula [D]; = (d; — b;)/k; as in
Georgopoulos et al. (1988). Then from equation 2.4 we can write

D=QM (3.1)

We seek a 3 x N weighting matrix H such that a population vector of the
form HD predicts hand direction M according to

M ~ HD ~ HQM (3.2)
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There are many matrices I that will satisfy this equation. One possibility
is to use linear least-squares regression, giving

H=(Q"Q)'Q" (3.3)

where the inverse (QTQ)~! will always exist so long as there are three
linearly independent preferred direction vectors. We now have

M~ HD ~ HQOM = (Q"Q)"'Q"QM = M (3.4)

as desired. This equation means that so long as there exist three linearly
independent direction vectors, the hand direction will be approximately
linearly related to the cell firing rates d; in any coordinate system for M
that satisfies equation 3.1. So far I have shown that result R1 implies
both results R2 and R4, given the method of analysis.

In Georgopoulos et al. (1988) the columns of H were not found by
performing a regression of the cell firing rates against the hand direction
according to equation 3.3, but instead were assumed a priori to be equal
to the preferred direction C; for each cell, so that H = QT. I now dis-
cuss under what conditions result R5 holds, so that this particular linear
combination will give the right answer. The population vector is given
by equation 1.2, which we can rewrite in vector notation as

M=~P=Q™D~Q'QM (3.5)

and if this holds for all directions M then we must have QTQ = I. This is
a necessary condition for the existence of a population vector. In Geor-
gopoulos et al. (1988) a more restrictive sufficient condition satisfying
equation 1.2 is that the distribution of preferred directions is uniform
over the sphere. Another necessary and sufficient condition based on
Fourier analysis of the distribution of preferred directions for the planar
case is given in Mussa-Ivaldi (1988).

To understand the meaning of equation 3.5, we can write each com-
ponent of Q'Q as

N
1Q"Qlix = Z[Ci]j[Ci]k (3.6)

and | = QTQ implies that ¥,[C];[Clk = O whenever j # k. This ex-
pression is the correlation of the jth and kth components of the preferred
direction vectors C;, so a necessary and sufficient condition for equation
1.2 to work is that the x, y, and z components of these vectors are uncor-
related and have equal variance. The result that equation 1.2 is satisfied
is thus implied by the approximately uniform distribution of cell pre-
ferred directions in result R3. Note that for other coordinate systems,
even if the components of the C;s are correlated there will still exist a lin-
ear combination H # QT of the firing rates that will predict the desired
values, although the matrix H may need to be found by regression using
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equation 3.3. But if both results R1 and R3 hold, then result R5 must
hold.

Suppose that rather than using the predicted value QM we use the
true measured value D and this includes significant noncosine (nonlinear)
terms. Then we have

D=QM+E

where E is a vector with components

4 .
ei(Om) = )_ aicos(kOpm + di)
k=2
If the terms aj; and ¢y are distributed independently of the components
of C;, then Q'E = 0 and these terms will not affect the value of the
population vector. So even if the individual cells do not have cosine
tuning, the population vector will correctly predict hand direction if the
terms for k > 1 do not correlate with the terms for k = 1 in the expansion
given in equation 2.5.

If the experiments are repeated with differing initial positions as in
Caminiti et al. (1990), then the preferred directions C; may change. This
will lead to a new matrix Q' so that D' = Q'M. Population vector analysis
under the new conditions will give P’ = QT(Q’M, so again the requirement
for success is that the components of the new preferred directions are un-
correlated. The fact that population vectors “proved to be good predic-
tors of movement direction regardless of where in space the movements
were performed” (Caminiti et al. 1990, p. 2039) provides no information
beyond the knowledge that the components of the preferred directions
remain uncorrelated as the initial hand position changes.

4 Coordinate-Free Representations

One might ask if the experiments described above could be modified to
determine the “true” coordinate system used by motor cortex to describe
hand movement direction. However, I claim that for certain classes of
distributed representation this is not a well-defined question. Distributed
representations of measured variables can be coordinate-free in the sense
that they do not imply any particular coordinate system. To see this, let X
be any variable represented in cortex (such as hand movement direction),
and let D(X) be a vector-valued function representing the outputs of a
large set of basis functions d;(X) that describe the behavior of (motor)
cortical cells. D(X) is then a distributed representation of the variable
X. Now, consider a vector function T(X) that measures X in a particular
coordinate system [T(X) might give the three Cartesian components of
hand movement direction, for example]. If there exists a matrix H such
that HD(X) ~ T(X), then one can say that the distributed representation
D codes the coordinate system T. Yet this will hold for any T(X) that is
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close to the linear span of the basis functions di(X), so we cannot claim
that D encodes any single coordinate system for X within this span better
than another.

5 Conclusion

In this letter, I have extended the generality of previous results (Geor-
gopoulos et al. 1988; Mussa-Ivaldi 1988) to show that cosine tuning curves
will be found for large classes of arbitrary response functions if they are
analyzed according to the statistical techniques in Schwartz et al. (1988),
and that the existence of a population vector as found in Georgopoulos
et al. (1988) is determined by very general necessary and sufficient condi-
tions that depend only on the distribution of preferred directions rather
than on any intrinsically coded coordinate system. The concept that a
distributed representation codes a particular coordinate system may not
be well-defined, since certain types of representations can be considered
weoordinate-free.” These considerations imply that experiments of the
type described may yield population vectors which predict many dif-
ferent three-dimensional coordinates (such as Cartesian, polar, muscle
lengths, or joint angles).

It is important to understand that the considerations presented here
in no way reduce the importance of the results reported in Schwartz et
al. (1988), Georgopoulos et al. (1988), Kettner ef al. (1988), Caminiti et al.
(1990), and elsewhere. The fact that results R2, R4, and RS are direct
consequences of R1 and R3 serves only to underscore the significance of .
these two results. They show that large populations of motor cortical cells
respond to hand motionina predictable way, and that the preferred direc-
tions are approximately uniformly distributed with respect to a Cartesian
representation of extrapersonal space. No additional conclusions can be
drawn from the population vector, since its existence is a mathematical
conseqquence of these two facts. However, if the distribution of preferred
directions is nonuniform with respect to other coordinate systems or if
the distribution can be modified through experience, then this would pro-
vide significant information about cortical representations. In addition,
it cosine tuning can be verified by explicitly fitting cell tuning curves to
2 lincar regression model, then further studies may discover constraints
that explain why more than 486 linear cells are needed to code for only
3 linearly independent components of hand direction.
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