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0 Settings
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Carnegie Mellon

Notations

Name Notation Meaning
S Set of states
A Set of actions

. p(s’]s, a) State transition probabilities

Environment . . e
S0 ~ po Initial state and initial distribution
r(s,a) Reward function
~v € [0,1] Discount factor

Policy m(a € Als) Distribution of actions given a state
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Carnegie Mellon

Trajectory

50 ~ pol—s - - L1 ™ m(at|st)

041 ~ p(seralse, ar)| =

7 = (80, a0, $1, a1, ...), where:
S0~ po
ay ~ 7(st)

Inifinite horizon trajectory 7 ~ 7

st+1 ~ p(+[se, ar)
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Inifinite horizon trajectory 7 ~ 7
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From the probability perspective: 7 is a random variable.
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Carnegie Mellon

Trajectory

Ag41 ™~ W(Gt |5t)

S0 ~ pol— - - ‘|St+1 ~ 10(<9t+1|5taat)|_>

7 = (80, a0, $1, a1, ...), where:

S0 ~ po
ay ~ 7(st)

st+1 ~ p(+[se, ar)

Inifinite horizon trajectory 7 ~ 7

From the probability perspective: 7 is a random variable.
Overloading notations: We will use s;(7) and a;(7) to denote the t'" state of trajectory T
and the t*" action of trajectory T, respectively. In that case, s¢(7) and a:(7) serve as random

variables, just like 7
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Probability and Likelihood of Trajectory “"""

Probability and Likelihood of a Trajectory

Given environment and policy m, a trajectory T = (so, ao, $1, a1, ...) has probability
px(7) = p(s0) - ﬁ (m(aclse) - p(set]se, ar)) (1)
t=0
Equivalently, 7 has the likelihood
log pr(7) = logp(so) + i (logm(ar|s:) + logp(sis1lse, ar)) (2)
t=0
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Carnegie Mellon

Pseudo-Finite Horizon Trajectory

In theory, a trajectory T = (so, ao, $1, a1, ...) can last forever

e In practice, we can only similuate finitely many steps of 7

TT(S(),CL(),Shal, ) = (807a0,817a1, ...,sT7aT) (3)

Probability

T
Pr H (at|st) - p(set1]st, at)) (4)

t=0

Likelihood

M=

log px (1) = log p(so) + (log m(ai|st) + log p(si+1]st, at)) (5)

t

Il
=
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Reward

Instant reward r(s,a) Received upon taking action a at state s

Discount factor 0% Further rewards count less
Discounted reward at T Rr(7) > .- v'r(sTye,arye)

Qg1 ~ 7T(flt’St

l

(8¢, at)

S0 ~ po|l—- - - - ) |St+1 "\“p(<3t~&—1|8t7a/t)|_>
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Reward: An Example

« K
2 [=Ere]

8 v
n r(state, PRESS_RIGHT)

>
Ld

state t state t+1
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RL Objective

Objective

Find a policy 7* that maximizes the expected discounted reward of all trajectories
7" = argmax B, [Ro(7)] (6)
where
oo
Ro(7 = (80, a0, 51,a1,...)) = ZVtT(Staat) (7)
t=0
v
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jecti Carnegie Mell
RL Objective so far wrnegieMellon

Three forms of RL expected discounted reward

Trajectory form  Discounted reward form

Ernn [RO(T)] Err [Zzo ¥ir(se, ar)
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9 Policy Gradients

11-695: Competitive Engineering. Spring 2018 11 / 28




Carnegie Mellon

Episodic Policy Gradient

REINFORCE equation; episodic version [Williams, 1992]

Let 7(a|s; 0) be a parameterized policy and let J(#) be the RL objective
J(0) = Err [Ro(7)] (8)

Then one can compute the gradient VgJ

VoJ(0) = Ernr [Ro(7) - Vo log px(7)] (9)
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Episodic Policy Gradient

REINFORCE equation; episodic version [Williams, 1992]

Let 7(a|s; 0) be a parameterized policy and let J(#) be the RL objective
J(8) = Ernr [Ro(7)] (®)
Then one can compute the gradient VgJ

VoJ(0) = Ernr [Ro(7) - Vo log px(7)] (9)

Why episodic? Because it has to see the whole episode, aka, trajectory T

Vo logpr(T) = Ve[logpo 50 +Z log p(st+1(st, ar) + log m(alse; ))} (10)
t=0

= ng log m(a|st; 6) (11)
t=0
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Derivation of REINFORCE ComegieMellon

Vo J(6) (12)
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Derivation of REINFORCE ComegieMellon

VoJ(0) = Ermr [Ro(7)] (12)

(15)
(16)

(17)
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Derivation of REINFORCE ComegieMellon

VoJ(0) = Ermr [Ro(7)] (12)
=V Z Ro(T)p=(T) (13)
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Derivation of REINFORCE ComegieMellon

VoJ(0) = Ermr [Ro(7)] (12)
=V Y Ro(r)px(7) (13)

=Y Ro(r)Vops(7) (14)

(15)

(16)

(17)
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Derivation of REINFORCE ComegieMellon

VoJ(0) = Ermr [Ro(7)] (12)
=V Y Ro(r)px(7) (13)

- ZRO (T)Vopx(7) (14)

- ZR V(’pﬂ ) (7 (15)

(16)

(17)
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Derivation of REINFORCE ComegieMellon

VoJ(0) = Ermr [Ro(7)] (12)
=V Y Ro(r)px(7) (13)

- ZRO (T)Vopx(7) (14)

_ ZR Vepﬂ ) pa(r) (15)

= ZRO - Vo logpr(7) - pr(7) (16)

T (17)
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Derivation of REINFORCE ComegieMellon

VoJ(0) = Ermr [Ro(7)] (12)
=V Y Ro(r)px(7) (13)
- Z Ro(T)Vopx(7) (14)
- ro - Bt o) (15)
= ZRO - Vo log px(T) - pr(T) (16)
— E:w [Ro(7) - Vo log px(7)] (17)
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Derivation of REINFORCE ComegieMellon

VoJ(0) = Ermr [Ro(7)] (12)
=V Y Ro(r)px(7) (13)
- Z Ro(T)Vopx(7) (14)
- ro - Bt o) (15)
— Z Ro(7) - Vo logpx(7) - pr(7) (16)
— E:w [Ro(7) - Vo log px(7)] (17)

REINFORCE doesn’t care about the reward function Ro(7)!
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A Deeper Look at Vylogp,(7) Carnegie Mellon

Vo logpr(7) (18)
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A_ Deeper LOOk at ve 1ngﬂ—(7_) Carnegie Mellon

Valogpx(r) = Valog (p(so) TT (aclsi:0) - plseenlse ar)) (18)
(19)
(20)
(21)
(22)
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A Deeper LOOk at ve 1ngﬂ—(7_) Carnegie Mellon

Valogpx(r) = Valog (p(so) TT (aclsi:0) - plseenlse ar)) (18)
= Vo logp(so) + f: (tog m(arlsis ) + ogp(sesalstsan) | (19)
=
(20)
(21)
(22)
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A Deeper LOOk at ve 1ngﬂ—(7_) Carnegie Mellon

oo

Valogpe(r) = Volog (p(so) [ [ wlarls 0) - plsesalst,an) ) (18)
=V [logp(so) + Z (log m(ai|se; 0) + log p(se41]st, at))} (19)
t=0

= Vo logp(so) + Z (Ve log 7(at|se; 0) + Vo logp(stﬂ\st,at)) (20)
t=0
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A Deeper LOOk at ve 1ngﬂ—(7_) Carnegie Mellon

oo

Valogpe(r) = Volog (p(so) [ [ wlarls 0) - plsesalst,an) ) (18)
=V [logp(so) + Z (log m(ai|se; 0) + log p(se41]st, at))} (19)
t=0

= Vo logp(so) + Z (Vg log 7(at|se; 0) + Vo log p(siq1]se, at)) (20)

t=0

= ZVG log (at|s¢; 0) (21)
t=0
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A Deeper LOOk at ve 1ngﬂ—(7_) Carnegie Mellon

oo

Valogpe(r) = Volog (p(so) [ [ wlarls 0) - plsesalst,an) ) (18)
=V [logp(é‘o) + Z (log m(ai|se; 0) + log p(sit1lse, at))} (19)
t=0

= Vo logp(so) + Z (Vg log 7(at|st; 0) + Vo log p(sit1]st, at)> (20)

t=0

= ZVG log (at|s¢; 0) (21)
t=0

REINFORCE doesn’t care about the environment!
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REINFORCE for Temporal StI'uCtureS Carnegie Mellon

Temporal Structure: Stuffs that involves multiple steps (¢ in equations)
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REINFORCE for Temporal StI'uCtureS Carnegie Mellon

Temporal Structure: Stuffs that involves multiple steps (¢ in equations)

We have the following equation (proof skipped for now)

VoErnr [Ro(7)] = Ernn [Z V' Re(7)Vg log m(as|se; 0) (23)

t=0
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REINFORCE for Temporal StI'uCtureS Carnegie Mellon

Temporal Structure: Stuffs that involves multiple steps (¢ in equations)

We have the following equation (proof skipped for now)

VoErr [Ro(7)] = Ernr [Z ~ Ry (7)V g log m(at|se; 6) (23)

t=0
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REINFORCE for Temporal StI'uCtureS Carnegie Mellon

Put together so far

=Ern [Ro (1) i Vo log m(at|st; 9)} (25)

t=0

[Z T)Vo log 7(a|st; )} (26)
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Carnegie Mellon

Monte Carlo Episodic Policy Gradient

Monte Carlo Episodic Policy Gradient
REINFORCE (Eqn 26) induces a method to estimate policy gradient

<

>
,i>
=

|

\,

2

3
r
M8

y Rt )Vo log m(a|st; )} (27)

t=0

% 22 Rulr)Vologm(an(lsu(r);9) (28)

Eqn 28, albeit useful, has high variance and high sample complexity.
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Baseline

To reduce the high variance in the previous slide.

(29)
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Carnegie Mellon

Baseline

To reduce the high variance in the previous slide.

Err [Z 7' R(7) Ve log mw(as|s¢; 9)} =Ern {nyt (Rt(T) — b(st))Vg log 7(a¢|st; 9)}
t=0

t=0
(29)
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Carnegie Mellon

Baseline

To reduce the high variance in the previous slide.

Eren [Z +' Ry (T)Vo log m(a|se; 9)} =E;ur { Z ~ (Rt(r) — b(st)) Vo log m(a|st; 9)}
t=0 t=0
(29)

Proof. skip for now :(
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Carnegie Mellon

Baseline

To reduce the high variance in the previous slide.

oo

IETMT[ E ’tht(T)Vglogﬂ(aﬂst;Q)} = TNW{ E fy Rt ) —b( st))Vg logﬂ'(at\st;e)}
t=0
(29)

Proof. skip for now :(

Therefore

:%ZZ (Ri(7:) = b(se(7:))) Vo log w(ar(ri)[se(r:); ) (30)
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Summary of REINFORCE

REINFORCE algorithm
@ Initialize w(als;0)

@ Repeat until converge

e Sample N trajectories 7; ~ 7
o Compute Vy.J(6)

N oo

Vo (0) = ZZ (Ri(73) — b(s4(7:))) Vo log m(ar(7:)|s:(7:); 0)

e Update b(s;(7;)) using €5 loss ||b(s:(7;)) — Ry()||*> or moving averages
e Update m(als;0)
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Carnegie Mellon

Notations

Name Notation Meaning

Expected discounted reward from state s

Value Vx(s) )
Vﬂ' (8) = anfr(a\s) |:'I‘(87 a) + 7Es’~p(s/|s,a) [Vﬂ(s )}i|

Expected discounted reward if take action a at state s

Q-value Qr(s,a) Qr(s,a) =71(s,a) + VEswp(s/|s,0) [VW(SI)]

How better is the action than average

Advantage Ax(s,a) Ax(s,a) = Qr(s,a) — Vx(s)
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PrOblemS Of REINFORCE Carnegie Mellon

Recall from REINFORCE. For each trajectory 7, we do this

Sy Ru(r) Vo log m(ar(r)|s:(7); 0) (31)

t=0
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PrOblemS Of REINFORCE Carnegie Mellon

Recall from REINFORCE. For each trajectory 7, we do this

[e3]

Sy Ru(r) Vo log m(ar(r)|s:(7); 0) (31)

t=0

Problems:
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PrOblemS Of REINFORCE Carnegie Mellon

Recall from REINFORCE. For each trajectory 7, we do this

e’}

Sy Ru(r) Vo log m(an(r)|s:(7); 0) (31)

t=0
Problems:

® The co. No update until 7 finishes.
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PrOblemS Of REINFORCE Carnegie Mellon

Recall from REINFORCE. For each trajectory 7, we do this

Sy Ru(r) Vo log m(ar(r)|s:(7); 0) (31)

t=0
Problems:
® The co. No update until 7 finishes.

® The rumors have it: high variance.
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PrOblemS Of REINFORCE Carnegie Mellon

Recall from REINFORCE. For each trajectory 7, we do this

Sy Ru(r) Vo log m(ar(r)|s:(7); 0) (31)

t=0
Problems:
® The co. No update until 7 finishes.
® The rumors have it: high variance.

® The rumors have it: high sample complexity.
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Actor-Critic [Sutton et al., 1999] Carnegiedlellon

A solution: fix this

> A Ri(r) Ve log w(ar(r)]s:(7); 0) (32)

t=0
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Actor-Critic [Sutton et al., 1999] Carnegiedlellon

A solution: fix this

mem log m(ar(7)|s:(7); 0) (32)

Z r(st,a¢)Vologm(ae(T)|se(T);0) (33)

11-695: Competitive Engineering. Spring 2018 22 / 28



Actor-Critic [Sutton et al., 1999] Carnegiedlellon

A solution: fix this

Zwtmmve log m(ax(7)|s:(7); 6) (32)

Z (s¢,a:) Vo log m(ar(7)|s¢(7); 0) (33)

How does this help? Qx(st, a:) does not need 7 to finish.
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Actor-Critic [Sutton et al., 1999]

Carnegie Mellon

A solution: fix this

> A Ri(r) Ve log w(ar(r)]s:(7); 0)

=0
T
Z = (8t,a1)Vologm(a:(7)]s:(7); 0)

How does this help? Qx(st, a:) does not need 7 to finish.
— Can update 0 after simulating 7 for T" steps.

11-695: Competitive Engineering.

Spring 2018
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Actor-Critic [Sutton et al., 1999] Carnegiedlellon

Something’s wrong! How do we know Qx(s¢, at)?
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Actor-Critic [Sutton et al., 1999] Carnegiedlellon

Something’s wrong! How do we know Qr(s¢,a:)?
We can approximiate Q- (s, a) with

Q(s,a;0q) = Qx(s,a) (34)
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Actor-Critic [Sutton et al., 1999] Carnegiedlellon

Something’s wrong! How do we know Qr(s¢,a:)?
We can approximiate Q(s,a) with

Q(s,a;0q) = Qx(s,a) (34)

Plug it in

Z (st,a1;0) Vo log w(at(7)]s:(7); 0) (35)
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Actor-Critic [Sutton et al., 1999] Carnegiedlellon

Something’s wrong! How do we know Qr(s¢,a:)?

We can approximiate Q(s,a) with

Q(s,a;0q) = Qx(s,a) (34)

Plug it in
T
D 7' QUst,a4300) Vo log m(as(7)|s¢(r): 0) (35)
t=0

How do we estimate 67 Simulate 7 and use ¢> error; Q-learning, etc.
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ACtOr-Critic [Sutton et al., 1999] Carnegie Mellon

Actor-Critic Algorithm

@ Initialize 7(a, s;0) and Q(s,a;00)
® Repeat until convergence

e Sample N trajectories 7;, each for T steps

e Compute
N T
ZZ Staat§0Q)v6’ log m(as|s¢; 0) (36)
i=1 t=0

e Update 0 using Vg.J(0)
e Update 0 using Zf\il Z;‘on 1Q(se, ar;00) — Rt(Ti)H2
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Advantage Actor-Critic [Mnih et al., 2016]

Carnegie Mellon

Actor-Critic estimates Vg for each trajectory 7 as follows

T
> 7' Q(st,a130) Vo log m(ar|st; 0) (37)

t=0

Problems:
® Theeo—Noupdateuntil+fnishes:
® The rumors have it: high variance.

® The rumors have it: high sample complexity.
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Advantage Actor-Critic [Mnih et al., 2016]

Carnegie Mellon

Solution: back to the baseline form of REINFORCE

(38)

(39)
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Advantage Actor-Critic [Mnih et al., 2016]

Carnegie Mellon

Solution: back to the baseline form of REINFORCE

Eror | 329" (Rulr)=b(s0)) Vo log m(as]si;0)| (39)

(39)
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Advantage Actor-Critic [Mnih et al., 2016]

Carnegie Mellon

Solution: back to the baseline form of REINFORCE

7~,,[E ’y Rt )V@logﬁ(at|st, )]
T
t
TW[Zw )) Vo log m(ad]se; )}
t=0
11-695: Competitive Engineering. Spring 2018
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Advantage Actor-Critic [Mnih et al., 2016]

Carnegie Mellon

Solution: back to the baseline form of REINFORCE

Eror [va (Ru(r)=b(s0)) Vo log w(as]si:0)| (39)
TNW[Z'yt Rt— )V@ log 7(at|s¢; )} (39)
t=0

Same as Actor-Critic, we will parameterize something. This time

V(s;0v) = Vi(s) (40)
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Advantage Actor-Critic [Mnih et al., 2016]

Carnegie Mellon

Solution: back to the baseline form of REINFORCE

Eror [va (Ru(r)=b(s0)) Vo log w(as]si:0)| (39)
TNW[Z'yt Rt— )V@ log 7(at|s¢; )} (39)
t=0

Same as Actor-Critic, we will parameterize something. This time
V(s30v) ~ Vi (s) (40)
With Vz(s) known, one can estimate R; the following quantity with n-steps sampling from ¢

Ry =r(se,a0) +r(seen, aren) + -+ 9" 0 (se4n1, Grpn1) + 9TV (50405 0v) (41)
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Advantage Actor-Critic [Mnih et al., 2016]

Carnegie Mellon

Solution: back to the baseline form of REINFORCE

Eror [va (Ru(r)=b(s0)) Vo log w(as]si:0)| (39)
TNW[Z'yt Rt— )V@ log 7(at|s¢; )} (39)
t=0

Same as Actor-Critic, we will parameterize something. This time
V(s;0v) = Vi(s) (40)
With Vz(s) known, one can estimate R; the following quantity with n-steps sampling from ¢
Ry = r(st,ar) + 97 (sea1, a1) + -+ 4" 7 (Segn—1, aepn—1) + 7TV (81405 0v) (41)

How do we train 6y? Small ¢ estimate error in Eqn 41 to V(s; 0v).
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Advantage Actor-Critic [Mnih et al., 2016]

Carnegie Mellon

Advantage Actor-Critic Algorithm

@ Initialize 7(a, s;0) and V(s,a;0v)
@ Repeat until convergence

e Sample N trajectories 7;
e For each state s; in any trajectory 7;, estimate using n-step sampling

Ry(m) = r(se,a0) + 7 (se415ae41) + -+ 0 (St4n—1, Ggn—1) + VTV (sp4n30v)  (42)

o Compute

Vod(

Z\H
Mz

T
nyt (R, — V(s;0v)) Vo logm(ay|se; 0) (43)
=

i=1

e Update 0 using Vy.J(0)
N 2
e Update 0y using Efil E?:o HRt(Ti) - V(st(Ti);Gv)H
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Carnegie Mellon

Summary of Actor-Critic Methods

Actor-Critic [Sutton et al., 1999]

T
V(0 Z tQ(s1,a1:00) Ve log m(ase; 0) (44)

t=0

2\
Mz

i

L(bq) =

HMZ

Z IQ(st, ai; 6q) — Re(m)]? (45)
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Summary of Actor-Critic Methods

Carnegie Mellon

Actor-Critic [Sutton et al., 1999]

N T
VeJ(0 NZZ Q(st, ar: ) Vo log w(ar|s:; 0)
i=1 t=0
N T
L(0q) = ZZHQ(%MW@)—Rt(ﬂ)||2

Advantage Actor-Critic [Mnih et al., 2016]

Rt(ﬂ') =r(se,ae) +yr(Se41,ae41) + - + ’Yn_lT(StJrn—l, Qgn—1) + 7L+nV(St+n; Ov)

N T
R 1 .
VoJ(0) = ~ Z Z'y"(Rt(‘r,,) - \/'(.s-;é)y))Vg log 7(a¢|st; )
i=1 t=0
N T

L(Ov) =

‘r,) — V(se(m); Gv)”
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Summary of Actor-Critic Methods

Carnegie Mellon

Actor-Critic [Sutton et al., 1999]

N T
N 1 .
Vol(0) = Z ny'Q(a, a:;00) Ve log m(ar|s:; )
i=1 t=0
N T
L(0a) =Y D IIQ(st, ars 0q) — Re(r)|*
i=1 t=0

Advantage Actor-Critic [Mnih et al., 2016]

Ri(1i) = (56, a0) + Y7 (8151, ar1) + - + 9" 7 (St5n—1, Gtan—1) + 7TV (81405 0v)

N T
ng(9) = % Z Z'y"(}?t(‘r,,) —V(s; ()V))Vg log m(at|st; 0)

i=1 t=0
LOv) = Re(m) = V(si(r):0v)|)”
i=1 t=0
Name Meaning Role
Etymology: Actor The policy 7 Samples trajectories
Critic Q(s,a;0q) or V(s;0y)  Scales the temporal gradient Vg logm(as|s¢;0)
Advantage  Ri(7) — V(s;0v) Estimate Ar(s,a) = Q«(s,a) — Vx(s)
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