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Abstract We propose an iterated version of Nesterov’s first-order smoothing method
for the two-person zero-sum game equilibrium problem

min max xTAy = max min xTAy.
xeQ1 yeQr yeQa xeQ

This formulation applies to matrix games as well as sequential games. Our
new algorithmic scheme computes an e-equilibrium to this min-max problem in

@ (% In(1 /e)) first-order iterations, where §(A) is a certain condition measure

of the matrix A. This improves upon the previous first-order methods which required
O(1/¢) iterations, and it matches the iteration complexity bound of interior-point meth-
ods in terms of the algorithm’s dependence on €. Unlike interior-point methods that are
inapplicable to large games due to their memory requirements, our algorithm retains
the small memory requirements of prior first-order methods. Our scheme supplements
Nesterov’s method with an outer loop that lowers the target € between iterations (this
target affects the amount of smoothing in the inner loop). Computational experiments
both in matrix games and sequential games show that a significant speed improvement
is obtained in practice as well, and the relative speed improvement increases with the
desired accuracy (as suggested by the complexity bounds).
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1 Introduction

Game-theoretic solution concepts provide an appealing normative basis for designing
agents for multi-agent settings. The concepts are particularly robust in two-person
zero-sum games. Equilibrium-finding algorithms for computing approximately opti-
mal strategies have recently been successfully applied to games as large as two-person
Texas Hold’em poker [3,21,22].

The Nash equilibrium problem for a two-person zero-sum game can be formulated
as a saddle-point problem (we will describe this in detail later). The latter can in turn be
cast as a linear program (LP). However, for many interesting instances of games, such
as those that arise in real poker, these LPs are enormous and unsolvable via standard
algorithms such as the simplex or interior-point methods.

To address this computional challenge, some alternative algorithms have been
developed and have been shown to be effective in finding e-equilibria, where nei-
ther player can benefit more than € by deviating. These include an algorithm based
on regret minimization [22] (which has iteration-complexity O (1 / 62)) and iterative
bundle-based methods [9,21].

Another recent approach [6] is based on Nesterov’s [12,13] first-order smoothing
techniques. The main strength is simplicity and low computational cost of each iter-
ation. That algorithm finds an e-equilibrium within O(1/€) iterations. In contrast,
interior-point methods find an €-equilibrium within O(In(1/€)) iterations [19], but do
not scale to large games due to memory requirements.

In this paper we propose an iterated version of Nesterov’s smoothing technique

for nonsmooth convex optimization [13] that runs in O (% In(1/ e)) iterations. In

terms of ¢, the iteration complexity is thus the same as that of interior-point methods
and exponentially better than that of prior first-order methods. The complexity also
depends on a certain condition measure, § (A), of the payoff matrix A. Unlike interior-
point methods, we inherit the manageable memory usage of prior first-order methods.
So, our algorithm scales to large games and small €.

Our algorithm can be applied to general linear programs via the classical reformu-
lation of a linear program as the Nash equilibrium problem of a two-person zero-sum
game (see, e.g., [2]). It is known that the set of Nash equilibria of this reformulation is
in one-to-one correspondence with the set of primal-dual optimal solutions to the lin-
ear program provided that both the primal and dual problems are strictly feasible [2].
For this class of linear programs, we obtain an infeasible primal-dual algorithm similar
in spirit to the homogeneous self-dual interior-point methods for linear programming
discussed in [19,20]. From our main complexity result, it readily follows that for a
linear program of the form

max CT)C

Ax <b
x >0,

our algorithm finds a primal-dual pair within € of both feasibility and optimality in
O(cond(A, b, ¢) In(1/¢)) first-order iterations. Here cond(A, b, ¢) is a combination
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of the condition measure §(-) applied to the reformulation of the linear program as a
Nash equilibrium problem, and a measure of strict primal and dual feasibility.

2 First-order methods

Assume Q C R" is a compact convex set and f : Q0 — R is convex. Consider the
convex optimization problem

min{ f(x) : x € Q}. (D

This paper is concerned with first-order methods for solving a particular form of prob-
lem (1). The defining feature of these methods is that the search direction at each
main iteration is obtained using only first-order information, such as the gradient or
subgradient of the function f. This feature makes their computational overhead per
iteration extremely low, and hence makes them attractive for large-scale problems.

The complexity of first-order methods for finding an approximate solution to (1)
depends on the properties of f and Q. For the setting where f is continuously differ-
entiable with Lipschitz gradient, Nesterov [11] proposed a gradient-based algorithm
with convergence rate O(1/./€). In other words, within O(1//€) iterations, the algo-
rithm outputs a value x € Q such that f(x) < f(x’) +¢€ forall x’ € Q, including the
optimal one. We refer to this algorithm as Nesterov’s optimal gradient algorithm since
it can be shown that for that smooth class of problems, no gradient-based algorithm has
faster convergence. A variant by Lan, Liu, and Monteiro [8] also features O(1//€)
convergence and outperformed the original in experiments.

For the setting where f is non-differentiable, subgradient algorithms are often used.
They have complexity @ (1/€?) [4]. However, this pessimistic result is based on treat-
ing f as a black box, whose value and subgradient are available through an oracle. For
a function f with a suitable structure, Nesterov [12,13] devised a first-order method
with convergence rate O(1/¢). The method is based on a smoothing technique. The
idea is that the structure of f can be used to construct a smooth function with Lipschitz
gradient thatresembles f. Then, a gradient algorithm (for example, Nesterov’s optimal
gradient algorithm) applied to the smooth function yields an approximate minimizer
for f. This latter technique in particular applies to equilibrium problems arising in
two-person zero-sum games, as explained below.

We note that first-order algorithms have also proven to be effective for finding
approximate solutions to large-scale LPs [1] and to large-scale nonlinear convex pro-
grams [17]. These approaches use O(1/€?) iterations on non-smooth problems. For
a special class of continuously differentiable minimization problems (which is very
different from our non-differentiable setting) the first-order algorithm presented by
Smola et al. [17] runs in O(In(1/¢)) iterations.

2.1 Smoothing scheme for matrix games

In this subsection we describe a smoothing method for the min-max matrix game
problem
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min max xTAy = max min xTAy 2)
xeAy, yeA, yEA, XEAy
where A,, = {x e R™: Z:"zl xi=1,x> 0} is the set of mixed strategies for a

player with m pure strategies. The game interpretation is that if player 1 plays x € A,,
and player 2 plays y € A,, then 1 receives payoff —xTAy and 2 receives payoff x TAy.
Nesterov [13] formulated a first-order smoothing technique for solving for each
agent’s strategy in a matrix game separately. We present that idea here, but applied to
a formulation where we solve for both players’ strategies at once.
Problem (2) can be rewritten as the primal-dual pair of nonsmooth optimization
problems

min{f(x) : x € Ay} = max{¢(y) : y € An}
where
o0 = max [ v v e A,
#(y) := min {MTAy ue Am} .

For our purposes it will be convenient to cast this as the primal-dual nonsmooth convex
minimization problem

min{F(x,y) : (x,y) € Apm X Ay}, 3)
where
F(x,y) = max {xTAv —uTAy : (u, v) € Ay X A,,} . )

Observe that F(x,y) = f(x) — ¢(y) is convex and min{F (x, y) : (x,y) € A, X
A,} = 0. Also, a point (x,y) € A, X A, is an e-solution to (2) if and only if
F(x,y) <e.

Since the objective function F (x, y) in (3) is nonsmooth, a subgradient algorithm
would be appropriate. Thus, without making any attempt to exploit the structure of
our problem, we would be faced with a worst-case bound on a subgradient-based
algorithm of O(1/€?). However, we can get a much better bound by exploiting the
structure of our problem as we now show.

The following objects associated to Eq. (3) play a central role in the sequel. Let

Opt := Argmin{F(x, y) : (x,y) € Ay x Ay}

be the set of all optimal solutions and let dist : A,, x A,, — R be the distance function
to the set Opt, i.e.,

dist(x, y) := min{||(x, y) — (u, v)| : (u, v) € Opt}.
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Let (u, v) € Ay x A, and > 0. Consider the following smoothed version of F:

Fute, y)=max {x"Av =Ty =11t v) = @ DI : (0, 0) € Ay x A},
5)

where || - || denotes the Euclidean norm.
Let (u(x, y), v(x, y)) € A; x A, denote the maximizer in (5). This maximizer is
unique since the function

“TAv — uTAy — % I, v) — G )]

is strictly concave in u and v [13]. It follows from [13, Theorem 1] that F}, is smooth

with gradient
0 Alflu(x,y)
VFu(x,y) = [_AT 0} [v(x, y)]’

and V F,, is Lipschitz with constant A= ” , where || A|| is the Euclidean matrix norm of
A. Let

D := max

{ ll(u, v) — (@, D)]|?

> :(u,v)eAmXAn}.

Nesterov’s optimal gradient algorithm applied to the problem
min{F,(x,y) : (x,y) € Ay X Ay} (6)

yields the following algorithm. Assume (xo, yo) € A, X A, and € > 0 are given.

smoothing(A, xg, yo, €)

1. Let u = 5% and (wo, z0) = (x0, Yo)
2. Fork=0,1,...

@) (ur, vi) = 35 (Wi 20) + g (K V1)
(b) (Xk+1, Yk+1) = argmin {VFu(uk, v) (Cx, y) — (uk, i)
+ B ) = s w0l £ (0 3) € A x A
(c) If F(xk+1, Vk+1) < € Return
(@ (i zxe) = argmin { T BV FL @i, 00w, 2) = @i, )
+ B L 1w, ) = o 301t (w,2) € A x A ]
We note that the Algorithm smoothing is essentially identical to Algorithm (3.11) in

[13] with a shift in the indices of the sequences (xk, yx) and (u, vg). This re-statement
of Nesterov’s algorithm was proposed by Lan, Lu, and Monteiro [8].
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Proposition 1 Algorithm smoothing finishes in at most

)

€

k::{ZJE-HAH-v53-mSKMLwa

first-order iterations.

Proof This result is similar to [8, Theorem 9]. Since this is a key step for our main
complexity result, we next present a detailed proof. Recall the following property of
Nesterov’s smoothing algorithm (see [13, Theorem 2]).

1
Gt ») = Go Yo I +Z’+

i=1

Fu(x < min
4 (ks k) = (X, Y)EARX Ay

(k + 1)(k +2) {II 2

X I:F;L(xiv yl) + VF/,L(xiv Yi)T((x, y) - (xiv yl)):l ] .

In particular, since F), is convex, it follows that for all (x, y) € A, x A,

20 A11% - [[(x, y) = (x0, yo)II?
wk + Dk +2) '

Fﬂ(xka Vi) — Fp,(X, y) =

On the other hand, by the construction (5) it follows that the smooth function F),
satisfies

0<F(x,y)— Fu(x,y) <pu-D forall (x,y) € Ay X A,.
Hence for all (x,y) € A, X Ay

Fxp, yo)) = F(x,y) - D+ Fp(xp, yo) — Fu(x,y) <p-D

2 A% - [1(x, ) = (xo, yo)II?
wk + 1)k +2)

Therefore, taking the minimum over (x, y) € Opt, we obtain

2- | A|% - dist(xo, yo)> €  4-|A|?- D -dist(xo, YO)2
< p—
wlk + Dk +2) 2 €-k2

F(xg, yi) <pu-D+
®
In the last step we used pu = % The bound (7) now readily follows from (8) O

Note that the vectors i, v canbe any vectorsin A,, and A,,. In our implementation,
we take these vectors to be those corresponding to a uniformly random strategy.
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2.2 Iterated smoothing scheme for matrix games

We are now ready to present our main contribution. The new algorithm is a simple

extension of Algorithm smoothing. At each iteration we call the basic smoothing sub-

routine with a target accuracy. Between the iterations, we reduce the target accuracy

by y > 1. Consider the following iterated first-order method for minimizing F(x, y).
iterated(A, xo, Yo, ¥, €)

1. Letey = F(xg, yo)

2. Fori=0,1,...
o € =73
® (xi+1, yi+1) = smoothing(A, x;, yi, €41)
o If F(xit1,yi+1) < € halt

While the modification to the algorithm is simple, it yields an exponential speedup
with respect to reaching the target accuracy e:

Theorem 2 Each call to smoothing in Algorithm iterated halts in at most

2V2-y - |All-VD
5(A)

&)
first-order iterations, where 6(A) is a positive condition measure of the matrix A.

Algorithm iterated halts in at most

In(2||All/€)
In(y)

outer iterations, that is, in at most

22y - |lAll - In2|All /€) - VD
In(y) - 5(A)

(10)

first-order iterations. O
Proof See Sect. 2.4 below.
By setting y = e &~ 2.718... the bound (10) becomes

2v2-e- Al - In|All/e) - VD
5(A) '

It can be shown that this is the optimal setting of y for the overall complexity bound
in Theorem 2.

It is natural to ask whether the complexity of Algorithm iterated could be much
worse than that of Algorithm smoothing when the condition measure §(A) is close to
zero. As Proposition 3 below states, Algorithm iterated converges in at most O(1/¢)
iterations regardless of §(A). The dependence on € in the same as that of Algo-
rithm smoothing. Indeed, Proposition 3 is an easy consequence of Proposition 1. The
specific complexity bound (12) therein is similar to (7).
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Proposition3 Fori = 0,1,..., the i-th call to smoothing in Algorithm iter-
ated halts in at most

8- |All-D -yt

(11
F(xo0, y0)
first-order iterations. Consequently, Algorithm iterated halts in at most
8-y2-|lAll-D
Y~ - Al 12)
(y—1-€

first-order iterations.

Proof From Proposition 1, it follows that the i-th call to smoothing in Algorithm
iterated halts in at most

22 - |A|l - VD - dist(x;, yi)

€it+1

first-order iterations. Since €41 = eo/y' ! = F(xo, yo)/y't! and dist(x;, y;) <
24/2D, the bound (11) readily follows. Next, observe that Algorithm iterated will
halt after at most N outer iterations, where N is such that

N N—1
€/y" =env <€ <ey_1=¢€/y" .

Hence from (11), it follows that Algorithm iterated halts in at most

N-1

Z8'||A||~D:8~||A||.D.y<yN—1>< 8-y lAI-D _8-y>-|A|-D
~ co/y'™! €0 y=1 “=-D-e/y" ' (y-D-e’
first-order iterations. O

2.3 The condition measure §(A)

We define the condition measure of a matrix A as

F(x,y)
1)

8(A) = sup [8 sdist(x, y) < Y(x,y) € Ay X An] .
s

Notice that §(A) can be geometrically visualized as a measure of “steepness” of the
function F'(x, y). The following technical lemma shows that §(A) > O for all A. In
other words, the function F has a sharp minimum.

Lemma 4 Assume A € R™*" and F is as in (4). There exists § > 0 such that

F ’
dist(x, y) < % forall (x, y) € Ap X Ay (13)
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Proof Since the function F : A, x A, — Ris polyhedral and its domain is a bounded
polytope, its epigraph epi(F) = {(x, y, 1) : t = F(x,y), (x,y) € Ay X Ay} ispoly-
hedral. It thus follows that

epi(F) = conv{(x;, yi, t;) :i =1,..., M} + {0} x {0} x [0, c0)

for a finite set of points (x;, yi, ;) € Ay X Ay X Ry, i = 1,..., M. Therefore F
can be expressed as

M M
F(x,y) = min [Zt,-,\i > (i ki = (), k€ AM]. (14)
i=1

i=1

Since min {F (x, y) : (x,y) € A, X Ay} =0, we have min{t;,i = 1,..., M} = 0.
Without loss of generality assume ¢t > fp > -+ >ty > 0 =ty = - = ty. We
assume N > 1 as otherwise Opt = A,, x A, and 13 readily holds for any § > 0.
Thus Opt = conv{(x;, y;) :i =N+ 1,..., M}. Let

Cy— tN
max{||(x;, yi) — (x, y)| :i =1,..., N, (x,y) € Opt}
max{[|(x;, y;)) — (xj, ypl:i=1,...,N,j=N+1,..., M}

We claim that § satisfies (13). To prove this claim, let (x,y) € A,, X A, be any
arbitrary point. We need to show that dist(x, y) < F(x, y)/8. Assume F(x,y) > 0
as otherwise there is nothing to show. From (14) it follows that

M M N
() =D (i ydkis FOr,y) =D tiki = D tiki
i=1 i=1

i=1

for some A € Ay Let u = ZZNZI Ai > 0, and let X e Ay be the vector defined
by putting A; := A;/u, i = 1,..., N.In addition, let (%, §) = Zf\lzl(xi, Vi)Ai =
Z,N=1(xi, YiAi/ € Ay x Ay, and (X, ¥) € Opt be as follows

G ’ZZNH(x,-,y,-)x,-/(l —w i<l
(xm> ym) if =1
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Then (x, y) = w(x, y) + (1 — u)(x, ¥) and consequently
G, y) = &, DI = pllE, 9) — &, P

=pu

N ~
D kil yi) — (&, &))H
i=1

N
< 1 RillG, y) — & D)
i=1

< pmax {||(xr. y) — (. )] :i=1,....N, (x.y) € Opt)

— MIN

To finish, observe that
N N
F(x,y) = Zti?»i = Mzti?»i > WUiN.
i=1 i=1

Therefore,

dist(x, y) < [ICx,y) — (&, Pl < pin/8 < F(x,y)/8.

2.4 Proof of Theorem 2

By construction, for eachi = 0, 1, ... we have

€& V- €+l

dist(x;, y;) < m 5(A)

The iteration bound (9) then follows from Proposition 1.
After N outer iterations Algorithm iterated yields (xy, yy) € A, X A, with

F(xo.0) _ 2IIAl
yN yN

F(xy, yn) < en =
Thus, F(xy, yny) < e for N = % and (10) follows from (9). O

2.5 The subroutine smoothing for matrix games

Algorithm smoothing involves fairly straightforward operations except for the solu-
tion of a subproblem of the form

argmin [%H(u, v)||2 — (g, h)T(u, v):(u,v) € Ay X An] .
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This problem in turn separates into two subproblems of the form
T N
argmin 2||u|| gu:ue,i. (15)

Problem (15) can easily be solved via its Karush-Kuhn-Tucker optimality conditions:
u—g=MM+u, reR, ueR?, uecA,, ulp =0.
From these conditions it follows that the solution to (15) is given by
u; =max{0, g —A}, i=1,...,m,

where A € Rissuch that Z:ﬂ:] max {0, (g; — X))} = 1. This value of A can be computed
in O(m In(m)) steps via a binary search in the sorted components of the vector g.

3 Smoothing scheme for sequential games

Algorithm iterated and its complexity bound can be extended to sequential games.
The Nash equilibrium problem of a two-player zero-sum sequential game with imper-
fect information can be formulated using the sequence form representation as the
following saddle-point problem [7,15,18]:

min max xTAy = max min xTAy. (16)
xeQ1 ye02 YeQ2 x€Q]

In this formulation, the vectors x and y represent the strategies of players 1 and 2
respectively. The strategy spaces Q; € RS, i = 1,2 are the sets of realization plans
of players 1 and 2 respectively, where S; is the set of sequences of moves of player i.

The approach we presented for equilibrium finding in matrix games extends to
sequential games in the natural way: recast (16) as a nonsmooth convex minimization
problem

min{F (x, y) : (x,y) € Q1 x O}, (17)
for
F(x,y) = max{x 'Av — uTAy : (u,v) € O x Q1) (18)

Algorithms smoothing and iterated extend to this context by replacing A,, and A,
with Q1 and Q», respectively. Proposition 1 and Theorem 2 also extend in the same
fashion. However, the critical subproblem in the subroutine smoothing becomes more
challenging, as described next.
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3.1 The subroutine smoothing for sequential games

Here we describe how to solve each of the two argmin subproblems of smoothing
in the sequential game case. Each of those two subproblems decomposes into two
subproblems of the form

T R
argmin 2||u|| gu:ueQi, 19)

where Q is a set of realization plans.

Our algorithm for this is a generalization of the solution approach described above
for the case Q@ = Ay. In order to describe it, we use some features of the sets of
realization plans in the sequence form representation of sequential games. A detailed
discussion of the sequence form can be found in [18]. Recall that an extensive form
sequential game is given by a tree, payoffs at the leaves, chance moves, and informa-
tion sets [14]. Each node in the tree determines a unique sequence of choices from the
root to that node for each one of the players. Under the assumption of perfect recall,
all nodes in an information set u of a player define the same sequence o, of choices.

Assume U is the set of information sets of a particular player. For each u € U let
C, denote the set of choices for that player. Then the set of sequences S of the player
can be written as

S={WU{oy,c:uelU, ceCy}

where the notation o,,¢ denotes the sequence of moves o, followed by the move c. A
realization plan for this player is a non-negative mapping x : S — R that satisfies
x(@) =1, and

—x(0oy) + Z x(oyc) =0

ceCy

for all u € U. A realization plan x can be seen as an |S|-dimensional vector whose
entries are indexed by the set of sequences S. Under this interpretation, x (o) is the
component of x indexed by an element o € S.

It is immediate that the set of realization plans of the player as above, seen as
|S|-dimensional vectors, can be written in the form

{x>0:Ex =¢}

for some (14|U|) x | S| matrix E with entries {0, 1, —1} and the (1+|U|)-dimensional
vector ¢ = (1,0, ..., 0)T. It also follows that sets of realization plans are treeplexes.
A treeplex is a generalization of a simplex, and can be recursively defined as follows:

(C1) The empty set @ is a treeplex.
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(C2) Assume Q; C R% for j =1, ...,k are treeplexes. Then the following set is
a treeplex
{(uo,ul,...,uk) € Ritdit+di . 0 ¢ Ak, ul e u? -Qj, j=1, ...,k} .

(The operation u(J). - Q; multiplies all elements of Q; by the j-th entry of u?,
that is, u).)

(C3) Assume Q; C RY for j = 1,..., k are treeplexes. Then the following set
(their Cartesian product) is a treeplex

{(ul,...,uk) e RO+-+di . yj ¢ 0j, j:l,...,k}.

Note that any simplex is a treeplex: A is obtained by applying (C2) with Q; =
B, j=1,... k.

A slightly different definition of treeplexes was given in [6]. It is easy to see that the
two definitions are equivalent, but the above definition is better suited for the purposes
of this paper.

Given a treeplex Q € R? and a vector g € R?, define the value function Vo,g -
Ry — Ras

] 2 T, .
vQ,g(f) := min §||u|| —gu:uet-Qg.

Theorem 5 below shows that v , is differentiable in R and its derivative is strictly
increasingin Ry . Let g ¢ = v/Q’g and let 6 , be the inverse function of Ao ,. Since
AQ,g 1s strictly increasing in R, its minimum value is A g ¢ (0). The function 6¢ , can
be defined in all of R by putting 69 o (1) := 0 forall A < A ¢(0). Finally, define the
minimizer functionug ¢ : Ry — Q as

— |1 2 T, .
uQ,g(t) := argmin §||u|| —gu:uect-Q

The recursive algorithm TreeplexSubproblem below computes the functions

V0,g. 20,5, 00,g. andu g ¢ for any given treeplex Q. In particular, it computes the solu-
tion u g (1) to the subproblem (19). The algorithm assumes that either Q is as in (C2)
and g = (g% g', ..., g*) e RAF i+ or Qisasin (C3)and g = (g'. ..., g") €
Ré1+-+di

TreeplexSubproblem(Q, g)

1. If Q is as in (C2) then ~ ~
(@ Fori=1,...,klet}; : Ry - Rand6; : R — Ry be

X,-(t) =t — g? + A0, o (1), é,- = 5{1.
(b) Letfg ¢ == 21—, 6 and Ao , =05,
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(c) Letug g : Ry — QO be

.o ()Y 1= 0; (Lo (1))

and
i _ 0
uQg(t) :=ug, i (“Q,g(’)i)

fori =1,..., k.
2. If Qisasin (C3) tl]1<en
. -1
(@) Lethgg =2 1Ag, g andfp g =1y,
(b) Letug g : Ry — Qbe

MQ,g(t)i =Ug, o (1)

fori =1,... k.

While we presented Algorithm TreeplexSubproblem in recursive form for ped-
agogical reasons, for efficiency purposes we implemented it as a dynamic program.
The implementation first performs a bottom-up pass that computes and stores the func-
tions A g ¢. Subsequently a top-down pass computes the components of the minimizer

uQ,g(t).

Theorem 5 Algorithm TreeplexSubproblem is correct. In particular, the function
ro,g =V, , exists and is piecewise linear. Furthermore, if Q is as in (C2) or is as in
(C3), then the total number of breakpoints B(Q, g) of Ag,g is at most

k
D max{B(Qi. 8. 1}.
i=1

If the breakpoints of %o, ,i are available, then the breakpoints of Lo ¢ can be con-
structed in

O(B(Q, g)In(B(Q, 8)))
steps, i.e., this is the run time of Algorithm TreeplexSubproblem.

Proof First, assume that Q is as in (C2). Then the value function vy ,(¢) can be written
as

k
B 2 T
v0,¢(f) = min EH“OH —(go) u0+Zij7g,» (u(;):uoet~Ak . (0
i=1
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This is a constrained optimization problem in the variables «. Its Karush-Kuhn-Tucker
optimality conditions are

0 0 ) 0y _ .
u§ =0+ ag, o (40) =2+ uj,
LeR, peRk, (21)
uoet-Ak, ,uTu0=0.

In particular, the multiplier A € R is the unique solution to
k
> max{g) =g, i@ +2,0}=1. (22)
j=1

Since this A is unique, by basic differentiability properties from convex analysis (see,
e.g., [5, Chapter D]), it follows that v’Q’ (t) = A, (1) exists and is precisely the value
of A that solves (22). Furthermore, from (22) it readily follows that Ag  is strictly
increasing. From the optimality conditions (21), we get u(} =0 i), j=1,...,k
for the functions 6 ; constructed in step 1 of Algorithm TreeplexSubproblem. Hence

k
t= Zug = Zéj(,\).

Jj=1 Jj=1

Therefore, g , = ZIJC':] 6;. This shows the correctness of Steps 1.a and 1.b of Algo-
rithm TreeplexSubproblem. Finally, the correctness of Step 1.c follows from (20)
and (21).

On the other hand, if Q is as in (C3) then the value function vg 4 (¢) can be decoupled
as follows

I/ti

koo 2 NT .. k
vo.¢(1) = D min [5 | = (&) uiui e Q,-] =g 0. @3
i=1 i=1

This yields the correctness of Steps 2.a and 2.b.

The piecewise linearity of A g , readily follows from the correctness of Algorithm
TreeplexSubproblem. As for the number of breakpoints, consider first the case when
Q is as in (C2). Observe that the number of breakpoints of 6; is the same as that of ;,
which is either the same as thatof 1. g Gf Q; # P)or 1 (if Q; = ). To get the bound
on B(Q, g), note that the total number of breakpoints of A ¢ , is the same as that of
00,g» which is at most the sum of the number of breakpoints of all 5,', i=1,...,k.
The breakpoints of 6p , can be obtained by sorting the breakpoints of all of the 6;
together. This can be done in O(B(Q, g) In(B(Q, g))) steps. In the case when Q is as
in (C3) the number of breakpoints of Ao , is at most the sum of the number of break-
points of all A;, i = 1,..., k. The breakpoints of 1o , can be obtained by sorting
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the breakpoints of all of the }; together. This can be done in O(B(Q, g) In(B(Q, g)))
steps. O

3.2 TreeplexSubproblem example

We include a simple example to illustrate Algorithm TreeplexSubproblem, as well
as the use of our recursive definition of treeplexes. For simplicity of the example, let
Q1 = Az and Q7 = . Then applying the recursive definition of treeplexes, (C2), we
get that Q is the set

[(uo,ul) cu¥ e Az,ul € u?le].

In a sequential game corresponding to this set of realization plans, the player first
chooses among actions a? and ag , with probabilities ”(1) and ug, respectively, and con-
ditioned on choosing action a?, the player may be asked to choose among actions all
and azl, which are played with probabilities u % / u? and u% / u(l), respectively. (Note that
there is no u” in the above equation since Q» = #, i.e., if the agent plays ag , he will
have no further actions.) The treeplex Q can also be written as {x > 0 : Ex = e} for

1 100 1
EZ[—I 01 1}“:[0}'

Now, given input vector g! € R?, we define the value function for Q; as

1 2 T
Vo, q! (u?) = min IE ”ul H - (gl) u tul e ”(1) . Ql] .

Then, as was done in the proof of Theorem 5, we can write the value function for Q as
1 2 T
v g(t) ;= min [5 HMOH — (go) u® + Vo, .g! (“(1)) cul et Az]

for g = (g, g') € R*. This is the problem that TreeplexSubproblem is trying to
solve in our example.

We first demonstrate the algorithm as it executes TreeplexSubproblem(Q1, g!),
i.e., the bottom of the recursion. Since Q1 has no “sub-treeplexes”, we have

a@t) i=1—gj.
Ja(t) =1—g).

The equations are graphed on the left in Fig. 1. Step 1 of the algorithm constructs the
6; functions to be the inverse of the A; (z) functions. Once these inverses are computed,
Step 2 of the algorithm adds the 6; functions to obtain the 0o, ¢! function, which is in
turn inverted to construct the A, .1 function. This process of inverting, adding, and
inverting again has a more intuitive description in the form of a “horizontal addition”
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/5\1(15)
)\(thl)(t)
A(t) g
) A N

>t "t

—g?

Fig. 1 An illustration of Steps 1 and 2 of Algorithm TreeplexSubproblem applied to 0 and g1

L ()
- ha(t) -’
Ag(t)
—(9? + g2)
4 |

4 t

Fig. 2 An illustration of Steps 1 and 2 of Algorithm TreeplexSubproblem applied to Q and g

0
92

operation on the A; functions. In such an operation, two functions are added as normal,
except we flip the axis of the graph so that the x-axis and y-axis are switched. This
operation is illustrated in Fig. 1. The graph on the left in Fig. 1 contains the A;(f)
functions. These functions are “horizontally added” to obtain Ay, .1 on the right in
Fig. 1.

At non-bottom parts of the recursion (Lg ¢ in our example) we construct the
piecewise linear functions similarly, except that we have to take into account subse-
quent actions using the piecewise linear functions (function A5, ,1 () in our example)
already computed for the nodes below the current node in the recursion tree:

() =1t—g) +hg, (0,
ha(t) :=1— g3
The “horizontal addition” operation for this case is depicted in Fig. 2.
Since A, ,1(7) and A , are piecewise linear, our implementation simply repre-

sents them as a set of breakpoints, which are represented by solid circles in Figs. 1
and 2. Given that we have finally constructed the piecewise linear function at the root,
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we can determine the values of u° and u' that solve the optimization problem in (19)
as described in Step 3 of Algorithm TreeplexSubproblem. Specifically, we first take
¢t = 1 and solve for u°. To do this, we evaluate Ag,¢(1). Then we find the values of
u(l) and ug such that

@) = ro (1),
Al) =g (D).

This last operation is straightforward since the functions in question are monotonically
increasing and piecewise linear.

Once we have computed u(l), we can evaluate A, ¢! (u(l)) and find u} and u; that
satisfy

Ay = kg, o)),
Ja(uy) = Ly, o).

Again, this operation is easy due to the functions being monotonically increasing and
piecewise linear. This completes the execution of Algorithm TreeplexSubproblem
on our example.

4 Computational experiments

In this section we report on our computational experience with our new method. We
compared our iterated algorithm against the basic smoothing algorithm. We tested
the algorithms on matrix games as well as sequential games.

For matrix games, we generated 100 games of three different sizes where the pay-
offs are drawn uniformly at random from the interval [—1, 1]. This is the same instance
generator as in Nesterov’s [13] experiments.

For sequential games, we used the benchmark instances 81, 10k, and 160k
which have been used in the past for benchmarking equilibrium-finding algorithms
for sequential imperfect-information games [6]. These instances are all abstracted ver-
sions of Rhode Island Hold’em poker [16], and they are named to indicate the number
of variables in each player’s strategy vector.

Figure 3 displays the results. Each graph is plotted with € on the x-axis (using an
inverse logarithmic scale). The y-axis is the number of seconds (using a logarithmic
scale) needed to find e-equilibrium for the given €. The matrix game graphs also
display the standard deviation.

In all settings we see that our iterated algorithm indeed outperforms the
smoothing algorithm (as the worst-case complexity results would suggest). In fact, as
the desired accuracy increases, the relative speed difference also increases.

We also tested a version of our iterated smoothing algorithm that used the
Lan et al. [8] variant of Nesterov’s algorithm for smooth optimization (subroutine
smoothing). The only difference in that subroutine is in Step 2(d) of smoothing.
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5 10x10 Matrix Games " 100x100 Matrix Games 5 1000x1000 Matrix Games
10 iterative : 10 iterative = 10 iterative ———
—~ 10! smoothing ~-=>«" 10° smoothing —=<-- ~ 10* smoothing —-~-==
) i @ Pl ) ==
z <) z
[ o 2 [
E - £
= = 10! =
100 2 3 4 5 3
10 107 107 107 10
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Fig. 3 Time taken (in seconds) for each algorithm to find an e-equilibrium for various values of €

Although the guarantee of Theorem 2 does not hold, that version performed almost
identically.

5 Conclusions

We presented a new algorithm for finding e-equilibria in two-person zero-sum games.
It applies to both matrix and sequential games. The algorithm has convergence rate
@ (% In(1/ e)), where §(A) is a condition measure of the matrix A. In terms of
the dependence on €, this matches the complexity of interior-point methods and is
exponentially faster than prior first-order methods. Furthermore, our algorithm, like
other first-order methods, uses dramatically less memory than interior-point methods,
indicating that it can scale to games much larger than previously possible.

Our scheme supplements Nesterov’s first-order smoothing method with an outer
loop that lowers the target € between iterations (this target affects the amount of
smoothing in the inner loop). We find it surprising that such a simple modification
yields an exponential speed improvement, and wonder whether a similar phenomenon
might occur in other optimization settings as well.

Finally, computational experiments both in matrix games and sequential games
show that a significant speed improvement is obtained in practice as well, and the
relative speed improvement increases with the desired accuracy (as suggested by the
complexity bounds).

Some recent work by Mordukhovich, Pefia, and Roshchina [10] gives additional
insight into the condition measure §(A). In particular, this article gives an explicit
characterization of §(A) by relying on tools from variational analysis. This may lead
to further understanding of the condition measure § (A) such as lower bounds on § (A)
for particular classes of matrices A, or lower bounds on the expected value of §(A)
for randomly chosen A.
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