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Variatonal (weak) form of linear elasticity

In this handout I derive the weak form of the equations of linear elasticity in symbolic form. This requires
some facility with tensors. First, some notation: For vector � and tensors
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The linear elastic deformation of an isotropic solid is described in terms of the stress tensor % , the strain
tensor & , the displacement vector ' , the traction vector ( , the body force vector ) , and the Lamé constants* and + . The governing field equations consist of the equilibrium equation, �-� % � ) �
the strain-displacement relation & �-./ ��� '10 � '32 � �
and the constitutive law % � / * &405+ ����� ' �76�#
The displacement form of the equilibrium equation is thus, ���98 * ��� ':0 � ' 2 � 05+ ����� ' �76�;<� ) #
Finally, we need some boundary conditions, for example' � =' on >@? �(BA�%BC � =( on >ED #
Now we’re ready to construct the weak form. We multiply the residual by a test (vector) function � and
integrate over the domain F , GIH � �9� , ��� % , ) �KJ F �MLN#
Using a Green’s formula, we obtainGIH � � � % J F � GIH � � ) J FO0 GQP � � %BC J > #
Then we substitute for the stress and tractionG H � � �R8 * ��� ':0 � ' 2 � 05+ ���-� ' �76�;<J F � G H � � ) J FO0 G P � � ( J > #
Finally, define S as the space of all vector functions whose derivatives are square integrable and that satisfy
the essential boundary condition, and T as the space of all vector functions whose derivatives are square
integrable and that vanish on >U? . Rearranging and making use of the boundary conditions, we obtain the
weak form of the linear elasticity problem: Find VOWXS such thatG H * / ��� ':0 � 'Y2 � �9��� � 0 � � 2 �EJ FZ0 G H + ���[� ' � ���[� ���KJ F � G H � � ) J FO0 G P]\ � � =( J >
for all � W^T . This form is clearly symmetric.


