
Lec 10: Governing Equations

Instructor: Minchen Li

15-769: Physically-based Animation of Solids and Fluids (F23)
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Recap: Stress
• a tensor field (like F) measuring pressure (unit: force per area)

• related to F through a constitutive relationship, e.g. neo-Hookean model

• Cauchy stress

Calculation in the diagonal space (isotropic):



Recap: Stress Derivative

• Other ways to compute: Analytic Eigensystems for Isotropic Distortion Energies [Smith et al. 2019] 
• Modes with negative Eigenvalues are directly projected out
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Recap: Inversion-Free Elastodynamics



Strong Form
Definition



• Conservation of Mass:   is constant over time


• the material takes more or less space, but the amount (mass) won’t change

Bt
ϵ

Strong Form — Conservation of Mass

• Automatically satisfied in Lagrangian methods 
• Needs to be explicitly considered in Eulerian methods

 is the ball of radius  surrounding an arbitrary Bt
ϵ ϵ X ∈ Ω0

mass(Bt
ϵ) = ∫Bt

ϵ

R(X(x), t)dx = ∫B0
ϵ

R(X, t)J(X, t)dX = mass(B0
ϵ ) = ∫B0

ϵ

R(X,0)dX

• Density:



Strong Form — Conservation of Momentum
Traction
• Types of forces:


• body forces (or external forces, e.g. gravity) 


• surface forces (or internal forces, which is stress-based, e.g. elasticity)


• defined via traction (force per area)



Strong Form — Conservation of Momentum
Traction and Stress

— the force per unit area(3D)/length(2D) that material in  exerts on material in N+ N−

(Internal forces inside  are self-balanced)B0
ϵ

B0
ϵ

X
N

T(X, N)

• Traction

• Stress (based on Cauchy’s Stress Theorem)
N+ N−



Strong Form — Conservation of Momentum
Derivation — Applying Newton’s 2nd Law



Strong Form — Conservation of Momentum
Derivation — Applying Divergence Theorem

Applying Divergence Theorem:



Strong Form — Conservation of Momentum
Derivation — Extract the Integrand



Weak Form Derivation
Applying Test Function
Ignoring external force for simplicity

For arbitrary test function , compute the dot product to both sides and integrateQ( ⋅ , t) : Ω0 → ℝd

— equivalent to strong form as it needs to hold for arbitrary Q

In index notation:

Duplicate indices for summation:



Weak Form Derivation
Applying Integration by Parts



Weak Form Derivation
Applying Divergence Theorem



Weak Form Discretization
Spatial Sampling and Interpolation
Looking at a specific moment :t = tn

Example in 1D:

 can be higher-order,  
or globally supported.
N



Weak Form Discretization
Spatial Sampling and Interpolation (Cont.)

Then



Weak Form Discretization
Mass Matrix



Weak Form Discretization
Choosing Test Functions
• Our discretization limit our solution space to the d*n interpolation functions


• Test function can be chosen to generate d*n functions



Weak Form Discretization
Time Discretization

Different time discretization gives  
different time integration rules



Weak Form Discretization
Zero Traction Boundary Condition

By applying mass lumping and zero traction boundary condition , we getT(X, t) = 0

with elasticity force  obtained by evaluatingf(xn+1)



Remarks
• Strong form: d-dimensional equation for arbitrary X


• Weak form: 1-dimensional equation for arbitrary Q


• Discrete weak form: 1-dimensional equation for arbitrary Qa|i


• Discrete form (after choosing Qa|i): dn-dimensional equation (n is # of sample points)


• Discretization on the weak form:


• FEM, MPM


• Directly discretize the strong form:


• Finite difference method


• Smoothed-particle hydrodynamics (SPH)



Next Lecture: Finite Element Discretization

• Evaluation of elasticity forces


• Boundary treatment



Image Sources

• https://en.wikipedia.org/wiki/Stress%E2%80%93strain_curve


