
Lec 12: Frictional Self-Contact

Instructor: Minchen Li

15-769: Physically-based Animation of Solids and Fluids (F23)



Recap: Piecewise Linear Displacement
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Similarly, in world space:
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• We partition the space into simplex elements (triangles in 2D)
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• Approximate the world-space coordinates (DOF) via 
interpolation:



Recap: Mass Matrix

(Assuming uniform density , 
 and  are the 2nd and 3rd vertices, 
 is the triangle area)
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Recap: Lumped Mass Matrix



Recap: Elasticity

•  can be calculated with :P =
∂Ψ
∂F

F =
∂x
∂X

Higher-order  and 
non-simplex elements 
are both possible

N



Recap: Boundary Conditions
Dirichlet:

Neumann:

assume the 2nd and 3rd vertices are 
on the boundary:

assume constant T:



Today: Frictional Self-Contact

(Here  can overlap with  or  )ΓC ΓD ΓN



• Needs accumulation for multiple minima
Remarks:

Normal Contact
Approximation with Conservative Force
Two disjoint colliding boundaries  , Γ1 ⊂ ΓC Γ2 ⊂ ΓC

Nonpenetration: ∀X1 ∈ Γ1, X2 ∈ Γ2, ∥x1 − x2∥ > 0

∀X1 ∈ Γ1, min
X2∈Γ2

∥x1 − x2∥ > 0

•  is non-smoothmin()

Approximate with conservative force:



Normal Contact
Barrier Potential

Need , , and .̂d → 0 r → 0 ̂d/r → 0

1
Merge  and  :TC1 TC2

Barrier Potential:



Friction
Approximation with Constitutive Model

TF(X, t) ≈ − μ∥TC(X, t)∥f1(∥VF(X, t)∥)s(VF(X, t))

Approximate  withf

Maximum Dissipation Principle:



Strong Form with All Boundary Effects



Solid-Obstacle Contact
Barrier Potential

 : boundary of the simulated solidsΓS

 : boundary of the obstaclesΓO

Symmetry



Solid-Obstacle Contact
Discretizing the Barrier Potential
Triangulation:

(Using triangle vertices as quadrature)

Assume the 2nd and 3rd vertices are on the boundary: 

Assume  and are the two neighbors of  on the boundary:X ̂a−1 X ̂a+1 X ̂a



Solid-Obstacle Contact
Normal Contact Boundary Integral Revisited



Normal Self-Contact
Discretizing the Barrier Potential
Triangulation:

Accurate when p → ∞

Point-Line 

Expression

Point-Point 

Expression

 is at least  smooth everywhere:dPE C1

 is monotonically decreasing,b()

⟺

: Expensive!

When :p = 1

But  is non-smooth!min()



Normal Self-Contact
Smoothly Approximating the Barrier Potential

Can subtract the duplicate point-point barrier [Li et al. 2023]:

Minchen Li, Zachary Ferguson, Teseo Schneider, Timothy Langlois, Denis Zorin, Daniele Panozzo, Chenfanfu Jiang, Danny M. Kaufman. 

Convergent Incremental Potential Contact. Arxiv 2307.15908.



Normal Self-Contact
Discretizing the Smoothly Approximated Barrier Potential

For simplicity, we use :p = 1



Implementation
Boundary Elements for Contact

square_mesh.py



Implementation
Point-Edge Distance

distance/PointEdgeDistance.py

Point-Line 

Expression

Point-Point 

Expression



Implementation
Broad Phase Continuous Collision Detection (CCD): Bounding Box Overlap

Case 1: needs  
narrow phase Case 2: can skip

distance/CCD.pyBarrierEnergy.py



Implementation
Narrow Phase CCD: Additive CCD [Li et al. 2021]

Make a local copy of  
 

While distance not close enough 
Calculate lower bound  

 
 

Return 

x
α ← 0

αl
x ← x + αlp
α ← α + αl

α

Algorithm:

Only need to evaluate distances;
More robust than root-finding;
Generalize to higher-order primitives.



Implementation
Frictional Self-Contact: Discretization and Approximation
After temporal discretization:

Triangulation and smooth approximation to :max()



Implementation
Frictional Self-Contact: Discretization and Approximation (Cont.)



Implementation
Frictional Self-Contact: Precomputing Normal Force Magnitude

The set of boundary element pairs for semi-implicit friction are those with
This set does not change per time step.

where



Implementation
Frictional Self-Contact: Gradient and Hessian Computation

as the local relative velocity

we’ve implemented them for (non-sliding)obstacle-solid friction



Demo!
github.com/liminchen/solid-sim-tutorial   /7_self_contact, /8_self_friction

http://github.com/liminchen/solid-sim-tutorial


3D Frictional Self-Contact

• Point-Edge distance -> Point-Triangle distance


• Edge-edge quadratures necessary for low resolution


• Edge-edge distance is only -continuous: needs smooth approximation


• Spatial data structures:


• Spatial Hash


• Bounding Box Hierarchy (BVH)


• …
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Milestone

• Mass-spring solids with boundary effects


• Finished introducing the simulation of full-order elastic bodies


• Strain and Stress


• Inversion-free elastodynamics


• Strong form -> weak form -> discretization


• Frictional self-contact



Next Lecture: Reduced-Order Modeling



Image Sources


