Instructor: Minchen Li

Lec 12: Frictional Self-Contact
15-769: Physically-based Animation of Solids and Fluids (F23)




Recap: Piecewise Linear Displacement

* We partition the space into simplex elements (triangles in 2D)
* Approximate the world-space coordinates (DOF) via X,

interpolation:
X(X) = x(X1)N1(X) + x(X35)N2(X) + x(X3)N3(X)

Let 8, € [0,1] and 8+7 = 1, we can use them to express the material
space coordinate of an arbitrary point X in element X;X5X3 as X
3

X(8,7) = X1 + B(X2 — Xy) +7(X35 — X4)
= (1-8—7)X1 + X3 +vXas.

Similarly, in world space:

x(8,7) = X(B,7) = x1 + B(x2 — x1) + 7(x3 — X1) y(X3X1/ T

= (1 =8 —7)x1 + Bx2 + ¥xs,
Nl(ﬁvty)zl_ﬁ_’% NZ(/Bafy):ﬁa Ng(ﬁ,’}’):’}’ XIF'B(Xz_XI)




Recap: Mass Matrix

With the solid domain discretized into triangles 7, we have

My = /Q O R(X,0)N,(X)Ny(X)dX » Map =Y / (X)No(X)dX,

ecT
where QY represents the material space of triangle e.

N; is nonzero only on the incident triangles of node 2

Let us change the integration variable from X to (3, 7), which gives

11—
| ROCONL(XON, (X)X =2R A, / [ sravas
Q7

_9RA. 57 |7_1 845 (Assuming uniform density R,
=0 a and b are the 2nd and 3rd vertices,
A, is the triangle area)

_RA, /0 B(1— B)%dp

52 253|B4
2 3 4

_ 1



Recap: Lumped Mass Matrix

Mlump — Z zRAe(/O1 /Ol_ﬂ B(1 — B —v)dydB + /O1 /01_5 B2d~dp

e€T (a)

+ /O 1 /O - Bydrydp)

1 ,1-8 1
_ _ y=1-p
= Y 2RA. | [ pdds= 3 2RA. | iz Pds

ecT (a) ecT (a)
! B* B\ =1
= ) QRAe/ B(1—B)dB= > 2RA( 5~ 3)|s=0
0
ecT (a) e€T (a)
1
= ) _-RA.,
3
e€T (a)

where 7 (a) denotes the set of triangles incident to node a.



Recap: Elasticity

Na;(X)P (X, tdX = [ (P(X,t")VEN,(X)); dX = 3 / (P(X, ") VXN, (X)): dX
00

1

7 7 ecT

Analogously, this summation also only needs to involve the incident tri-
angles of node a.

oY 0 B ~
. P = —— can be calculated with I = =, 0(B,7) " 0(B,7) 9(B,7) " 0(B,7)
OF 0X — [xz—xl,x3—X1][X2—X1,X3—Xl]_la
VXN, (X) = 01— —7) 01-B—-v), 9X )~ 1T piecewise constant in QY, so does P

ox | 8(8,7) (5‘(&7)
= ([-1,-1][Xs — X1, X5 — X ] Ht

- 9P _ ) ( X
- 0X 9(B,7) 0(8,)

x Oy, Oy 0X
VN = 5% = G, (a6,

Higher-order N and
)" = ([1,0][Xe — X1, X3 — X3 7H)F non-simplex elements
are both possible

VE Ny (X)

)"H) = ([0,1][X2 — X1, X3 — X))

OV, 9V JF 9% _  0%/9X

— N, = PVXN;
8){& OF 0% 8){& ox v




Recap: Boundary Conditions

R(X,0) ‘?tf( X,t) = VX . P(X,t) + R(X,0) A (X, ¢),

VXeQl and t > O;

x = xp(X, 1), (18.1) Neumann:
VXeIlpandt>O0;
P(X,t)N(X) = Ty(X, 1),
VXel'yandt>DO.

Dirichlet:
)A((Xz) = XD(XZ') VX, el'p

N (X)T: (X, t")ds(X)

Here I')y and I'p are the Neumann and Dirichlet boundaries respectively, ecT o0NT N

vyUTLp =00y, 'y NT'p = 0, and xp and T are given. After we :
derive the weak from of the momentum conservation (Equation 18.1 1st assume the 2nd and Jrd vertices are

line), the boundary term [,,, @:(X,)T;(X,t)ds(X) can be separately on the boundary:
considered for Dirichlet and Neumann boundaries: / BT:(BX2 + (1 — B)Xs, tn)‘ | dp

(X )T (X, t)ds(X
moQ( JTo(X, t)ds(X) assume constant T:

= [ QiX,t)Tp;(X,t)ds(X) + | Qi(X,t)Tn;(X,t)ds(X). / B| |dﬂ = —HXZ

FD I1N




Today: Frictional Self-Contact

Qi(X,t)Ti(X, t)ds(X)
900

=/ Q:(X,t)Tpi(X,t)ds(X) + /P Qi(X, )TN (X, t)ds(X)

+ [ QuX,OTo(X, 1)ds(X) + / Qi(X, 8)Tpis(X, t)ds(X).

(Here I '~ can overlap with [ ', or | )




Normal Contact

Approximation with Conservative Force

Two disjoint colliding boundaries 1, C 1,1, C I,

Nonpenetration: VX, €', X, €1, |[xX; = X,|| > 0

: A £d(2 —1)Ind d<d
VX, el|, min |[|x; = X,]|| >0 b(d,d) = 4 ? (= Dng A
X,el, 0 d>d
Approximate with conservative force: 2al — Mechanics
: 5 2 —d =1
To(Xy,t) = Ob(minx, er, ||x(X1,t) — x(X2,1)||, d) 2 i—08
’ 0x(X1,1) 52 —d =0.5
e
D
51|
Remarks: = K
©
» Needs accumulation for multiple minima Dot | : A ,
0 0.5 1 1.5

« min() is non-smooth |
D Distance




Normal Contact

Barrier Potential

The above two regions colliding case results in a boundary integral

Qi(X1,t)To1:(X1,1)ds(X)+ [ Qi(Xa,t)To2:(X2,t)ds(X)

Fl F2
_ Ob(minx,er, [[x(X1,t) — x(Xa, )|, d)
TC1(X17 t) T
0x(X1,1) Merge T, and T, :
Too(Xy, ) — Ob(minx, er, [|x(X2,t) — x(X4,1)|],d) Ob(minx, cr . —nx) XX, ) — x(Xa, )], d)
’ 0X(X2, t) TC (X7 t) — 8X(X t)
where N(X) = {Xy € R¢ | | Xy — X]|| < r} is an infinitesimal circle
around X with the radius r sufficiently small to avoid unnecessary contact
forces between a point and its geodesic neighbors.
Barrier Potential: Needd — 0,7 —» 0,and d/r — 0.

1 A
5" | X, t) — x(Xs, 1), d)ds(X
/Fc 2 (X2€F121—11N(X) HX( ’ ) X( 2; )Ha ) 3( )



Friction

Approximation with Constitutive Model

Maximum Dissipation Principle:

Tr(X,t) = argmin 8' Vy (X, t)

BERA

Here Vp(X,t) = V(X,t) — V(Xq,t) is the relative sliding velocity be-
tween X and the closest point Xy = argminx,er,—n(x) || X — Xa||, p is
the coefficient of friction, T is the normal contact force per unit area,

s.t. |8l L p||Te(X,t)|| and B-N(X,t) =0. and N is the normal direction.

Tr(X,t) = —p|Te(X, )| FIVF(X,1)]]) s(VF(X,1)) d

with s(Vg) = ”x—Z” when ||V g| > 0, while s(V ) takes any unit vector

orthogonal to N(X,t) when |[Vg| = 0.

Approximate f with f;(y) = {

— Coulomb

—€, = 1
0.5] €, = 0.9

—e, = 0.2

Friction force
o

ig% | 2%7 yE[O,ev)

©
o1

Y > €y,

[
—_—

-1 -0.5 0 0.5 1

TF(X, )~ — //iHTc(Xa ) Hfl(HVF(Xa ) H)S(VF(X, 1)) Tangent relative velocity




Strong Form with All Boundary Effects

R(X, 0)%(){,@ = VX.P(X,t) + R(X,0)A”(X 1), VX e QO

XZXD(X,t), VXelp;
P(X,t)N(X) = Tny(X,t) + Tc(X,t) + Tr(X,t), VX eTy;
d(X,t) : QY = QF is bijective, V X € Q°;

Tr(X,t) = argmin 8" Vg (X, t)
BeRA

st. 8]l < | To(X, )| and B-N(X,£)=0, VX eTo.

After deriving the weak form of the momentum equation, the boundary
integral term can be considered separately as

Qi(X, 1) T;(X, t)ds(X)
500

= | Qi(X,t)TD“(X,t)ds(X)—I-/F Qi(X,t)Tn (X, t)ds(X)

+ Qi )Ty (X, 1)ds(X) + / Qi(X, 8)Trs(X, t)ds(X).



Solid-Obstacle Contact

Barrier Potential

1 A
Po= [ Zb ' X 1) — x(Xo. )|, d)ds(X
0= [ bl aminy g XK, 1) = x(Xa, )] d)ds(X)

where b() is barrier energy density function and A (X) is an infinitesimal
region around X where contact is ignored for theoretical soundness.

For normal contact between simulated solids and collision obstacles
(ignoring self-contact for now), Po can be written in a much simpler form

Pc = / o0 min |[x(X,t) — x(Xa,1 )|, d)ds(X) [' : boundary of the simulated solids
+ / XTel%s Ix(X, t) — x(Xa,t)|,d)ds(X) ' : boundary of the obstacles
_ /F bl min XX, 1) —x(Xs, D)l, d)ds(X) Symmetry
_ /F b(dPO (x(X, 1), 0), d)ds(X).



Solid-Obstacle Contact

Discretizing the Barrier Potential

Triangulation:

/F b(dF (x(X, ), 0), d)ds(X) ~ 3 /a b(dPO (x(X, 1), 0), d)ds(X)

ecT Y 082eNl's

Assume the 2nd and 3rd vertices are on the boundary:

PO (4 Nds B L . - . Os
/c’mgmrs b(d"~ (x(X,1),0),d)ds(X) —/O b(dFC (x(BX, + (1 ﬁ)X?”t)’O)’d)l@ﬁ‘dﬁ

1 ~, 0 1 >
wib(dPO(X(Xg,t),O),d)‘8;| | §b(dPO(X(X37t)7O)ad)

(Using triangle vertices as quadrature)

195
%

Assume X, | and X, ,are the two neighbors of X, on the boundary:

+[1Xa — Xa,

9 (dPO (X&, 0)7 C/l\)

[ b0 (X, ),0), das(x) ~ 3 1Xa =X



Solid-Obstacle Contact

Normal Contact Boundary Integral Revisited

O ceT fangmrs b(d"? (x(X,1),0), CZ)dS(X))

aX&
PO 7
3 / b(d"O(x(X,1),0),d) 0% ) o
g 8QOﬂFs 8x 8x&

PO 7
_y / bld X t) 0).9) N (X)ds(X)

ecT Y ONl's

: ab(d¥ @ (x(X,t),0),d)
Q:(X, )T (X, t)ds(X) Then we also verified that T¢ (X, %) = o here.

020

=/ Q:i(X, )T (X, t)ds(X) + i Qi(X,t)Tn)i (X, t)ds(X)

+ - Qi(X7t)TC|z’(Xat)d5(X)+ - Qi(Xat)TF|i(X7t)d3(X)°




Normal Self-Contact

Discretizing the Barrier Potential

Triangulation: b() is monotonically decreasing,
1 . 1 A
2 ' X,t) - x(X X X b(dPE(x(X, ), ), d)ds(X
/I‘c Qb(xgerrgl—nN(X) |x(X,1) — x(Xo,t)|[,d)ds(X) < o 26651:11_3})&) ( (x(X,t),e),d)ds(X)

1 .
= —b ' ' X,t) —x(Xo,1)||,d)ds(X 1
/FC (66811111%)())1(%162“1&( 1) — x(X2,1)||, d)ds(X) max(ay,ag, ..., an) ~ (a? + @ + ... + aP )+

A

_ /F Lo min  dPE(x(X,1),e), d)ds(X).

ecE—I(X) Accurate when p — o0: Expensive!
Here I(X) is the set of edges that contains X. When p = :
Point-Line
Expression o
d"F is at least C! smooth everywhere: . .
Point-Point o
Expression

But min() is non-smooth!



Normal Self-Contact

Smoothly Approximating the Barrier Potential

Can subtract the duplicate point-point barrier [Li et al. 2023]:

Uo(z)= » bd(z,e),d — » bld(z,z2),d) ~ max b(d(z,e),d)

eeE\x
ecE\x T2EVint \T

Sum [Li et al. 2020] Exact Ours Sum [Li et al. 2020] Exact Ours
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Minchen Li, Zachary Ferguson, Teseo Schneider, Timothy Langlois, Denis Zorin, Daniele Panozzo, Chenfanfu Jiang, Danny M. Kaufman.
Convergent Incremental Potential Contact. Arxiv 2307.15908.



Normal Self-Contact

Discretizing the Smoothly Approximated Barrier Potential

For simplicity, we use p = 1:
1

/ —eegna})gx)b(d (x(X, 1), e),d)ds(X)

/F b(dPE(x(X, 1), €),d)ds(X)

668 I(X)

/F b(d¥E (x(X, 1), e), d)ds(X)

ecE— I(X)

1Xa — Xa—1|| + [1Xa — Xaqa | :
~Yy y > b(d"P(xa,e),d)
0 6Eg—I(X&)



Implementation
Boundary Elements for Contact

25 def find_boundary(e):
26

27 edge_set = set ()

28 for i in range (0, len(e)):

29 for j in range (0, 3):

30 edge_set.add((el[il[jl, elil[(j + 1) %4 31))
31

32

33 bp_set = set ()

34 be = []

35 for el in edge_set:

36 if (eI[1], eI[0]) not in edge_set:
37

38

39 be.append ([eI[0], eI[1]])

40 bp_set.add (eI [0])

41 bp_set.add(eI[1])

42 return [list(bp_set), bel



© 00 N O O b W

10
11
12
13
14

Implementation

Point-Edge Distance

dPE(P,eoael) — m}an—
P—¢©o :
dPE(P,eoaeﬂ — p— el

rer—eorz (det([p —

import distance.PointPointDistance as PP
import distance.PointLineDistance as PL

def

val(p, €O,
e = el - e0
ratio = np.

if ratio <
return

elif ratio
return

else:
return

el):

dot (e, p - e0) / np.dot(e, e)
0:

PP.val(p, eO0)

> 1:

PP.val(p, el)

PL.val(p, e0O, el)

((1 = X)eg + Xep)|*  s.t.

if (e1 —€p) - (P —ep) <
if (e1 —ep) - (P — eo) > Hel — e0||

€0,€1 — eo]))

16 def grad(p, e0, el):
e = el - e0
ratio = np.dot(e, p - e0) / np.dot(e, e)

17
18
19
20
21

22
23
24

25
26

A€ |0,1]

otherwise,

if ratio <
g_PP =

([o0.0,

g_PP =

return np.reshape([g_PP[0:2], np.array([0.0,
g_PP[2:4]],

else:

O:

Point-Point
(]

Expression

PP.grad(p, e0)
return np.reshape([g_PP[0:2],

0.01)1,

elif ratio > 1:

(1,

6)) [0]

PP.grad(p, el)

(1,

6)) [O0]

return PL.grad(p, e0O, el)

g_PP[2:4], np.array

0.0]),



Implementation

Broad Phase Continuous Collision Detection (CCD): Bounding Box Overlap

v
N o’
o o 1 from copy import deepcopy
R v R \ 2 import numpy as np
s’ Ses o’ R 3 import math
’ e ® R
¢ ~ > :
» * 5 import distance.PointEdgeDistance as PE

s def bbox_overlap(p, e0, el, dp, de0O, del, toc_upperbound):

Case 1: needs Case 2_ can Sklp 9 max_p = np.maximum(p, p + toc_upperbound * dp)
narrow phase '

10 min_p = np.minimum(p, p + toc_upperbound * dp)
132 11 max_e = np.maximum(np.maximum(eO0, e0 + toc_upperbound *
133 for xI in bp: de0), np.maximum(el, el + toc_upperbound * del))
134 for el in be:
135 if xI != eI[0] and xI != eI[1]: 12 min_e = np.minimum(np.minimum(e0, e0 + toc_upperbound *
de0), np.minimum(el, el + toc_upperbound * del))

136 if CCD.bbox_overlap(x[xI], x[eI[0]], x[eI[1]],

plxI], pleI[0]], pleI[1]], alpha): 13 if np.any(np.greater (min_p, max_e)) or np.any(np.greater (
137 toc = CCD.narrow_phase_CCD(x[xI], x[el min_e, max_p)):

[0]], x[eI[1]], p[xI], pleI[0]], pleI[1]l], alpha) 14 return False
138 if alpha > toc: 15 else:

139 alpha = toc 16 return True



Implementation
Narrow Phase CCD: Additive CCD [Li et al. 2021]

Taking a point-edge pair as an example, the key insight of ACCD is

that, given the current positions p, eg, €1 and search directions d,, deo, Algorithm:
d.1, its TOI can be calculated as Make a local copy of x
P (1= Neo +de)| a <0
TNy = (1= N deo + Aden) I While distance not close enough

Calculate lower bound ¢,

assuming (1 — \)eg + Ae; is the point on the edge that p will first collide X <X+ ap

with. The issue is that we do not a priori know A. But we can derive a a<— a+ o
lower bound of aTo1 as

Return o
rrop > minyeo, 1 [P — ((1 — A)eg + Aey)||
Idp || + [I(1 = A)deo + Ades | Only need to evaluate distances;
4" (p, €, €1) — More robust than root-finding;

>
~ |ldpl| + max({|deol|, |de1]) . . L
Generalize to higher-order primitives.

D



Implementation

Frictional Self-Contact: Discretization and Approximation

After temporal discretization:

oD"(X)  A(ulTEX) oIV (X)AI)

n+1 ~
T (X)~ Oxn+1(X) Oxn+1(X)

Here VT (X) = (I — N*(X)N*(X)T)(V*H(X) — V*T1(X3)) is the
approximate relative sliding velocity, where N™ and X, are the normal
direction and the point in contact with X in the last time step, hl =

(Ov/0x)~ 1, and

A

3 2 o
Yy Y eEvh .
{ Lt L yepeh)
Y,

fo(y) =

A

Yy > €,h.

Therefore, considering self-contact, the approximate friction potential
over the entire boundary can be written as

1 _ A
/ I TEX) Ao (IVET (X)hl)ds(X), Triangulation and smooth approximation to max():
I'c

[ gu(- PR p 13 x, )bl ds(X)

F'o ece_1(x) od




Implementation

Frictional Self-Contact: Discretization and Approximation (Cont.)

[ (= IR 9 x, )bl ds(x)

P =340 Y gl Py gy (1 (X))

a eEg—I(X&) ad
= > X Solllvxhl)
ke{(ae)}
where A; = ”X&—X&*”;”Xd_){d“” is the integration weight. As we de-

note Vi = Vi (Xa,¢) and X = § A (- PHEiehd)



Implementation

Frictional Self-Contact: Precomputing Normal Force Magnitude

AR 1A 8b(d£qE(Xg,6),J2) B 1A ab(quE(xg,e),d‘z) 8d£qE
e = g 0d™ ) = 54l OdES: §dPE)
— lAA( 8b(d§qE(Xgae)7d2))2dPE
OdFE

A

The set of boundary element pairs for semi-implicit friction are those with ¢"*(x%,¢e) < d

This set does not change per time step.



Implementation

Frictional Self-Contact: Gradient and Hessian Computation

Vi = (I — IlIlT) (Vp — ((1 _ T)Veo T TVel))

Vi, = (I=n"(0")")(vp — (1 = 7")ve, +7"ve,))

denote vy = v, — ((1 — r™)v,, + r"v,,) as the local relative velocity

Vi _ (I-n"(n")") and

A4 1

OV

Vi 110Dy (z)

VPf(x):Z(ax) OVL

k

P’ 7ep’ el

. VPPs(z) =) (

k

OV
ox

)

OxT xT xT|T i I ("= =

A

~ 9
8vk

ox

we’ve implemented them for (non-sliding)obstacle-solid friction



Demo!

github.com/liminchen/solid-sim-tutorial /7_self contact, /8 self friction



http://github.com/liminchen/solid-sim-tutorial

3D Frictional Self-Contact

* Point-Edge distance -> Point-Triangle distance

 Edge-edge quadratures necessary for low resolution

 Edge-edge distance is only CY-continuous: needs smooth approximation

o Spatial data structures: Vd. Vdp,=0 Vd.=0 Vd,
C D C D
 Spatial Hash o0 | a—
» Bounding Box Hierarchy (BVH) '\ cummm— 4 - Y\ SE——

. Vdy @) Vds Vi ) Vi



Milestone

* Finished introducing the simulation of full-order elastic bodies
o Strain and Stress
* |nversion-free elastodynamics
o Strong form -> weak form -> discretization

 Frictional self-contact



Next Lecture: Reduced-Order Modeling




Image Sources



