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Lec 2: Time Integration

15-769: Physically-based Animation of Solids and Fluids (F23)



» Signed Distance Field (SDF) Focus of the lectures:

« Particle-In-Cell (PIC) Method and Fluid-Implicit-Particle (FLIP) Method | for fluids
e Collision Obstacles

 Particles

 Smoothed-Particle Hydrodynamics (SPH)
* Discrete Element Method (DEM)
 Mesh
» Finite Element Method (FEM) | for solids
 Boundary Element Method (BEM)
 Hybrid
* Material-Point Method (MPM)

Recap on Shape Representations

(Adaptive) Spatial Discretization

Eulerian solid simulation with ¢
A material point method for sn
Reformulating Hyperelastic Mz
Hybrid grains: Adaptive coupli
Fast Corotated Elastic SPH So
Surface-Only Dynamic Deforn
Multi-Layer Thick Shells (2023
High-Order Incremental Poten
Adaptive Anisotropic Remeshi

Papers for all methods
available on course website



Recap on Shape Representations
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Newton’s 2nd Law

* The spatially discrete, temporally continuous form
dx

@
dv

M— = f.
dt /

 Mass matrix (for now)



Time Stepping (Time Integration)
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Newton’s 2nd Law (Temporally Discrete)

Forward Difference, Forward Euler

 Forward difference approximation on velocity and acceleration
df

d n+l . n d n+l ' n " - -
(@)~ == (@)" ~ s (" + A1) = f") + — (") AL+ O(AL)

Taylor’s expansion

. " = 2" + At
Mvn—|—l — B f” ’Un_l_l — " 4+ AtM_lfn.




Newton’s 2nd Law (Temporally Discrete)

Forward and Backward Difference, Symplectic Euler

 Forward difference on acceleration, backward difference on velocity

" = 2" + At
"t =" + AtM T



Newton’s 2nd Law (Temporally Discrete)

Backward Difference, Backward Euler (or Implicit Euler)

 Backward difference approximation on velocity and acceleration

o = g 1 AT

o =™ + AtM

Needs to solve a system of equations:

M (z"

L (2™ + At™)) — At? f(2™

fn+1 =f(xn+1)

N =0.



Stability of Forward, Symplectic, and Backward Euler

Example on a uniform circular motion

Problem Setup
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Stability of Forward, Symplectic, and Backward Euler

Analysis



More Time Integration Methods

 Backward Difference Formula (BDF)

 Uses configuration from multiple steps (e.g. x", V", =l yn=l oyt et

* A Unified Newton Barrier Method for Multibody Dynamics [Chen et al. 2022]

e |eapfrog
. Uses staggered configurations (e.g. x", V12 — xt1 yn+3/2
 Runge-Kutta Methods _/ Potential Course Project Idea:
" Comparing efficiency, robustness, and accuracy among different time
° Exponential integration methods on elastodynamics simulation.

» Exponential integrators for stiff elastodynamic problems [Michels et al. 2014]



Newton’s Method for Backward Euler

Derivation



Newton’s Method for Backward Euler

Pseudo-code

Algorithm 1: Newton’s Method for Backward Euler Time In-
tegration

Result: "1, ynt!
1 ¥ ™
2 while || M(z* — (2™ + Atv™)) — At?f(z?)|| > € do
3 | solve M(z — (2™ + Atv™)) — At?(f(x*) + Vf(z")(x — ) =0
for x:
4 | 2tz

5 x" Tl « %
6 V"1« (2"t — ™)/ At;



Convergence Issue of Newton’s Method

Over-shooting



Optimization Time Integration

" = argmin E(z)

1
where F(x) = §||:B — "5, + At*P(z).

~

" =" + Atv"

%(x — )M (x — ™)

OP (1) = —f()

2llz — &3 =

At the local minimum of E(z), 2Z(z"*1) = 0

M(x" T — (2™ + Atv™)) — At* f(2"T) = 0.



Optimization Time Integration
Applying Newton’s Method



Optimization Time Integration
Applying Newton’s Method, 2D lllustration
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Global Convergence with Line Search

Pseudo-code

Algorithm 3: Projected Newton Method for Backward Euler
Time Integration

Result: "1 pntl
1 ¥ 2™
2 do
P <+ SPDProjection(V2E(z"));
p < —P 'VE(z");
a < BackTrackingLineSearch(z",p); // Algorithm 2: Backtracking Line Search

3

4

5

: Result: o
7

8

9

. 1 o<+ 1;

while ||p||o/h > €; 2 while E(z* + ap) > E(z*) do

xn—l—l — 37?:' 3 | a+ a/2;
,

v (2T — 2™/ At;




Descent Direction



S"Cabi(ify CTP For woud , Symplcvtic , ool Bocleword £y ey

Consider LV P
) ==154(t) , tzo , H(o)=
J
| Y(t)~o a3
N \ +t—= o0
\i—““}—t
Fowod Euler st ---
FOYWMJ Eu[f’/ff
ﬁm‘ _ :’1‘/\ )
_7 - - “:‘/ (0170)

¥ = U ast)

nH

Cd
1

C1-ast) 4°

4o remain Stable: 2
l-—o«»’tlél = Of’ti_&’

Bockword  Ewler
:Ijnfrl _ ,ﬂi

<«

- - Oﬁjm

rt



C I+ 0(5('/)

For the Forword /Pockword Eder time

(nte ration Cd/bem%, \
ﬁze/ Con  Seen  as c«pp’/ﬁ the N oy

da .
T.E’ﬂm

g=[v] . 387, fm]

/%w& symEkm’c Eu(ar B s‘ycm,/

it ie e,xp)ioit ( no Sygtams o solve )
&mo{emu/ stable Clike Forward Euler),
but it's S/W\!)fecﬁc_ —— presenct ructures
(7 ke System enerfy with small oeviatirn ¢ C”f,z)

A/@W‘@WI‘S MQ’H’IOOI +or Backwmd Euler
MEx™ - (F+atv) — st f (¥ =©

Newton's Wle;b/lw( :
initiad guess X7

) : /
[N rterotam 7\
o N L ) o |




J W /Evsg =T '\ ot o~ //

90/1/9 o |
/V\C% - (9(]v\‘+°‘t Vﬂ)) _ b_tz (J(_\('K + GH; DC’)(")C ,_%1))—_:_
— /Mcaw sy;‘tam

ln 1D,
(x)= ©
SN (LY,
9C(L+ = X' - g(x)
J
enplde
K] M{@ Ix) B N /”7 i
0 Z2) V9%
( \ @/0() - -t
W@-— \9@) 301
\90‘7 2 = = 59 3(><)

A()Plyfnj fl/&wt’m's Methn o OpUm.'mtim

min =.(x)
¢

Newtm's method  Start 29 N Iteratio 7 -
. T ‘ — ‘
nin E0ct) + &% TEB) + 56X VLK) s



D e.scent Directions
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