
Lec 3: Case Study — Mass-Spring Systems

Instructor: Minchen Li

15-769: Physically-based Animation of Solids and Fluids (F23)



Recap: Time Integration

• Explicit time integration methods are conditionally stable


• Implicit Euler time integration is unconditionally stable


• Optimization-based implicit time integration guarantees solver convergence


• Line search along descent directions



Today: Case Study — Mass-Spring Simulation
An Initially Stretched Elastic Square



Mass-Spring Representation of Solids

• Mass particles connected by springs


• square_mesh.py
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Time Integration
Optimization-based Implicit Euler

∂P
∂x

(x) = − f(x)
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Incremental Potential
Inertia Term

InertiaEnergy.py

— SPD



Incremental Potential
Mass-Spring Elasticity Energy
• Hooke’s Law in 1D:


• 


• In higher dimensions:


• 


• To avoid computing square root, we define
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Spring displacement
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Spring stiffness

Current length

Rest length

Area weighting

P = ∫Ω0

ΨdX

Continuous setting:

Elasticity energy density  
(elasticity energy per unit area)

A strain measure



Incremental Potential
Mass-Spring Elasticity Energy Gradient and Hessian

MassSpringEnergy.py



Incremental Potential
Mass-Spring Elasticity Energy Hessian Implementation

MassSpringEnergy.py



Incremental Potential
Mass-Spring Elasticity Energy Hessian Projection (make_PSD)

Solution:  ̂A = QΛ̂Q−1, Λ̂ij = Λij > 0 ? Λij : 0

utils.py



Incremental Potential
Gradient and Hessian

time_integrator.py



Time Integration
time_integrator.py



Simulator with Visualization
Simulator.py



Demo!
Code: github.com/liminchen/solid-sim-tutorial



Image Sources

• https://academic-accelerator.com/encyclopedia/spring-system


