Instructor: Minchen Li

Lec 3: Case Study — Mass-Spring Systems

15-769: Physically-based Animation of Solids and Fluids (F23)



Recap: Time Integration

o EXxplicit time integration methods are conditionally stable
* |mplicit Euler time integration is unconditionally stable
* Optimization-based implicit time integration guarantees solver convergence

* Line search along descent directions




Today: Case Study — Mass-Spring Simulation
An Initially Stretched Elastic Square

Holudini




Mass-Spring Representation of Solids

1 import numpy as np

 Mass particles connected by springs

]
3 def generate(side_length, n_seg):
4

x = np.array([[0.0, 0.0]] * ((n_seg + 1) *x*x 2))
6 step = side_length / n_seg
7 for i in range(0, n_seg + 1):
8 for j in range(0, n_seg + 1):
) x[i * (n_seg + 1) + jl] = [-side_length / 2 + i x

‘i L step, -side_length / 2 + j * stepl
9
12 e = []
13
53.{//\\\'//A\\‘(//\\]r//\\\. 14 for i in range (0, n_seg):
\\\/// \\\/// 15 for j in range(0, n_seg + 1):
16 e.append ([i * (n_seg + 1) + j, (i + 1) * (n_seg +
A A i 0+
\/ \/.\/ \/. : for i in range (0, n_seg + 1):
///\\\’//A\\\///\\\’//A\\\ 19 for j in range (0, n_seg):
1. * 4 20 e.append ([i * (n_seg + 1) + j, i * (n_seg + 1) + j
XXX "
/ 21
O. A ® 22 for i in range (0, n_seg):
S 23 for j in range (0, n_seg):
i 24 e.append ([i * (n_seg + 1) + j, (i + 1) * (n_seg +
1) + j + 11)
25 e.append ([(i + 1) * (n_seg + 1) + j, i * (n_seg +

1) + j + 11)

27 return [x, e]



Time Integration

Optimization-based Implicit Euler
Inertia term Elasticity

xn-l—l — mn _|_ At’l]n_l_l, 1 - - : n

Incremental 6_P _
Potential O (x) = = Jx)

Algorithm 3: Projected Newton Method for Backward Euler
Time Integration

Result: "1 ynt!

1 b x";
2 do Energy Hessian

P + SPDPro'ection;
p< —P Energy Gradient
a < BackTrackingLineSearch(z®,p); // Algorithm 2: Backtracking Line Search
) i . Result: o
h'ai T ‘ﬁj -I/—hOép, L o 1,Energy Value
whnlle (|P|lco > €; : . .
: 2 while|F(z" + ap)|> E(z*) do
gt gt 3L0‘ (z*)
v (2T — ™) [ At;
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Incremental Potential

Inertia Term

with 2" = ™ + hv™

1 import numpy as np
2
3 def val(x, x_tilde, m):
1 ~1 (12 4 sum = 0.0
EI(.’L') — —H.’L’ — HM 5 for i in range (0, len(x)):
) 6 diff = x[i] - x_tildel[il]
7 sum += 0.5 * m[i] * diff.dot (diff)
8 return sum
10 def grad(x, x_tilde, m):
l; —_'ZV[- ~m, 11 g = np.array([[0.0, 0.0]] * len(x))
v I(ZE) — (x — & ) 12 for i in range (0, len(x)):
13 gli] = m[i] * (x[i] - x_tildel[il])
14 return g
16 def hess(x, x_tilde, m):
17 IJV = [[0] * (len(x) * 2), [0] * (len(x) * 2), np.array
([0.0] * (len(x) * 2))]
18 for i in range (0, len(x)):
VZEI(ZU) —_ M — SPD 19 for d in range (0, 2):
- 20 IJV[O][i * 2 + d] =1 * 2 + d
21 IJV[1][i * 2 + d] = 1 * 2 + d
22 IJV[2][i * 2 + d] = m[i]

23 return IJV



Incremental Potential
Mass-Spring Elasticity Energy

e Hooke’s Law In 1D:

Sprlng stlffness

Sprlng displacement

* In higher dimensions: X o— %

Current length .
k=l - or Pk
Rest length 2 A strain measure

» Jo avoid computing square root, we define
Continuous setting:

Area welghtlng H€B1 ~ H2
l k 1) Elasticity energy density J' EL’X
[2 (elasticity energy per unit area)




Incremental Potential

Mass-Spring Elasticity Energy Gradient and Hessian

1. ||x1 — xo||?
Pe(CE) _ lz—k(” 1 2” 1)2
2 [2 | import numpy as np
> import utils
3
4 def val(x, e, 12, k):
5 sum = 0.0
6 for i in range (0, len(e)):
7 diff = x[e[i][0]] - x[e[i][1]]
8 sum += 12[i] * 0.5 * k[i] * (diff.dot(diff) / 12[i] -
, 1) *x 2
0P, 0P, ||331 —mQH 9 return sum
T) = x) = 2k 1)(x1 — a9
83’31( ) 8w2( ) ( [2 )( ) 11 def grad(x, e, 12, k):
12 g = np.array([[0.0, 0.0]] * len(x))
13 for i in range (0, len(e)):
14 diff = x[e[i][0]] - x[el[il[1]]
5 5 5 5 15 g_diff = 2 * k[i] * (diff.dot(diff) / 12[i] - 1) =*
0-P, (x) 0“ P, (z) 0-P, (z) 0P, (z) diff
5 — 5 — — 16 glel[i] [0]] += g_diff
8','Bl awZ 8.’131$2 am2w1 17 glelil[1]1] -= g_diff
4k - Hml _m2H2 18 return g
= l—2(m1 — @) (X1 — x2)" + 2Kk( 3 1)1
2k



Incremental Potential

Mass-Spring Elasticity Energy Hessian Implementation

20
21

22
23
24

e =Clw =2 )= Py
Oxi *7  Oxs 0T T2 et )
4k z1 — 2o’ N
o
2k 2
= 5 2@ — @) (@1 — 22)" + (o1 — o —)D)

31
32

33

34

35

def hess(x, e, 12, k):

IJV = [[0] * (len(e) * 16), [0] * (len(e) * 16), np.array
([0.0] * (len(e) * 16))]
for i in range (0, len(e)):

diff = x[el[i]J[0]] - x[el[i][1]]

H_diff = 2 x k[i] / 12[i] * (2 * np.outer(diff, diff)
+ (diff.dot(diff) - 12[i]) * np.identity(2))

H_local = utils.make_PD(np.block([[H_diff, -H_diff],
[-H_diff, H_diff]]))

for nI in range (0, 2):
for nJ in range (0, 2):
indStart = i * 16 + (nI * 2 + nJ) * 4
for r in range (0, 2):
for ¢ in range (0, 2):
IJV[O] [indStart + r * 2 + c] = e[i] [nI
] * 2 + r
IJV[1] [indStart + r * 2 + c] = el[i][nJ
] * 2 + c
IJV[2] [indStart + r * 2 + c] = H_local
[nI * 2 + r, nJ * 2 + c]
return IJV



Incremental Potential
Mass-Spring Elasticity Energy Hessian Projection (make_PSD)

mlin |P—V?E(z)||lg st. v'"Pv>0 Yo#0 Solution: A = QAQ!, Ni=N;>07A7;:0
Definition (Eigendecomposition). The eigendecomposition of a square

matrix A € R™"*" is

A=QAQ™!

where @ = [q1, 92, ..., q,| is composed of the eigenvectors g; of A, ||g;|| = 1;
A=A, ., Anl, A1 2> Ay > .., A\, are the eigenvalues of A; and Ag; =

AiQi-

1 import numpy as np

> import numpy.linalg as LA
3

1

4+ def make PD (hess):
[lam, V] = LA.eigh(hess)

for i in range (0, len(lam)):
lam[i] = max(0, lam[i])

© 0 g O

return np.matmul (np.matmul (V, np.diag(lam)), np.transpose(

V))



Incremental Potential

Gradient and Hessian

38 def IP_val(x, e, x_tilde, m, 12, k, h):

39 return InertiaEnergy.val(x, x_tilde, m) + h * h *
MassSpringEnergy.val(x, e, 12, k)

40

121 def IP_grad(x, e, x_tilde, m, 12, k, h):

42 return InertiaEnergy.grad(x, x_tilde, m) + h * h x
MassSpringEnergy.grad(x, e, 12, k)

43

14 def IP_hess(x, e, x_tilde, m, 12, k, h):

45 IJV_In = InertiaEnergy.hess(x, x_tilde, m)

46 IJV_MS = MassSpringEnergy.hess(x, e, 12, k)

47 IJV_MS[2] *= h *x h

48 IJV = np.append(IJV_In, IJV_MS, axis=1)

49 H = sparse.coo_matrix((IJV[2], (IJV[O], IJV[1])), shape=(

len(x) * 2, len(x) * 2)).tocsr ()
50 return H



Time Integration

Algorithm 3: Projected Newton Method for Backward Euler i L et B Bt
Time Integration
4 = .d
Result' x'"""l ’Un+1 14 - SOPY - deepcopy (x)
° ’ o
) 16
1 x"’ — an7 17 iter = 0
(i 18 E_last = IP_val(x, e, x_tilde, m, 12, k, h)
2 O . 19 p = search_dir(x, e, x_tilde, m, 12, k, h)
3 P « SPDPrOjeCtion(VQE(xZ)); 20 while LA.norm(p, inf) / h > tol:
_1 ; 21 print (’Iteration’, iter, ’:?)
4 Z)€—‘——}) ‘712(17); 22 print (’residual =’, LA.norm(p, inf) / h)
5 o < BackTrackinglLineSearch(z*,p); // ~Algorithm 2: Backtracking Line Search
6 xz’ — x’i + ap; Result: o 25 alpha = 1
]1.1 }z 1 o+ 1 26 while IP_val(x + alpha * p, e, x_tilde, m, 12, k, h) >
T W —l—lle ”p”OO/ > € 2 while E(z' + ap) > E(z') do 2 Les. e e 5
n 7. . 27 alpna =
8 T — T 3 La(—a/?, 28 print (’step size =’, alpha)
9 2

v (2T — ™) [ At;
Xx += alpha * p
31 E_ last = IP_val(x, e, x_tilde, m, 12, k, h)
P
i

= search_dir(x, e, x_tilde, m, 12, k, h)

import copy iter += 1

from cmath import inf
35 v =(x - x.n) / h

36 return [x, v]

W N =

import numpy as np

import numpy.linalg as LA

import scipy.sparse as sparse

from scipy.sparse.linalg import spsolve

def search_dir(x, e, x_tilde, m, 12, k, h):
projected_hess = IP_hess(x, e, x_tilde, m, 12, k, h)
reshaped_grad = IP_grad(x, e, x_tilde, m, 12, k, h).
reshape(len(x) *x 2, 1)

import InertiaEnergy return spsolve(projected_hess, -reshaped_grad) .reshape(len
10 import MassSpringEnergy (x), 2)

© 0 g O @)
ot ()] (9]
[N W N

ot
o)



Simulator with Visualization

resolution = np.array([900,
offset = resolution / 2
scale = 200

def screen_projection(x):
return [offset [0] + scale * x[0],

10
11
12

13

14

]
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import numpy as np
import pygame
pygame . init ()

import square_mesh
import time_integrator

* len(x)

12 = []

side_len = 1
rho = 1000
k = 1eb
initial_stretch = 1.4
n_seg = 4
h = 0.004
[x, el = square_mesh.generate(side_len,
v = np.array([[0.0, 0.0]] * len(x))
m = [rho * side_len * side_len / ((n_seg + 1) * (n_seg + 1))]

for i in range (0, len(e)):

diff = x[e[i][0]]

x[e[i] [1]]

12.append (diff.dot (diff))

k = [k] * len(e)

for i in range(0, len(x)):
x[1][0] *= initial_stretch

n_seg)

-
v} N

46

[1] + scale * x[1])]

time_step = O
screen = pygame.display.set_mode(resolution)
running = True
while running:

900])

for event in pygame.event.get ():
if event.type == pygame.QUIT:

running = False

print (’### Time step’,

screen.fill ((255, 255,
for eI in e:

time_step, ’#i##’)

255))

pygame .draw.aaline(screen, (0, 0, 255),

screen_projection(x[eI[0]]),

for xI in x:

pygame .draw.circle(screen, (0, 0, 255),

screen_projection(xI),

pygame .display.flip ()

0.1 * side_len / n_seg * scale)

[x, v] = time_integrator.step_forward(x, e,

, 1le-2)
time_step += 1

pygame.time.wait (int (h * 1000))

pygame .quit ()

resolution [1]

v,

m,

(offset

12,

screen_projection(x[eI[1]1]))

k,

h



Demo!

Code: github.com/liminchen/solid-sim-tutorial



Image Sources

» https://academic-accelerator.com/encyclopedia/spring-system



