
Lec 7: Restitution, Moving Boundary Conditions

Instructor: Minchen Li

15-769: Physically-based Animation of Solids and Fluids (F23)



• Smooth dynamic-static transition


• Semi-implicit discretization


• Fixed-point iteration

Recap: Frictional Contact

Minchen Li, Zachary Ferguson, Teseo Schneider, Timothy Langlois, Denis Zorin, Daniele Panozzo, Chenfanfu Jiang, Danny M. Kaufman.  
Incremental Potential Contact: Intersection- and Inversion-free, Large-Deformation Dynamics. ACM ToG (SIGGRAPH), 2020.

Non-smooth!

Fk(x) ≈ −

Algorithm: alternate between



More on Traditional Methods for Frictional Contact
Active-Set Methods

min
x, fn, ft

1
2

∥x − (xn + hvn)∥2
M + h2 ∑ P(x)

s.t.                 (normal contact)∀k, dk∥fn,k∥ = 0, dk ≥ 0, fn,k ⋅ nk ≥ 0, (I − nknT
k )fn,k = 0

     (friction)∥vk∥ ft,k + μ∥fn,k∥
vk

∥vk∥
= 0, ∥ft,k∥ ≤ μ∥fn,k∥, ft,k ⋅ nk = 0

In each iteration:


identify active contact pairs ; 

form a KKT system (with approximations) and 
solve for ;

k

x, fn, ft

System size grows with ;k
No guarantees on
•Convergence,
•Nonpenetration.



More on Traditional Methods for Frictional Contact
Impulse Methods

x* = arg min
x

1
2

∥x − (xn + hvn)∥2
M + h2 ∑ P(x)

v* ← (x* − xn)/h

Resolve collisions and add friction by modifying vn+1 ← v*

xn+1 ← xn + hvn+1

Can converge slowly
Results depending on the order
Challenging with simultaneous contact

Fast to compute

For each time step :n

Iterate over each pair of contact
e.g. normal contact:

v1 v2

m1 m2

u1 =
m1v1 + m2v2

m1 + m2

u2 =
m1v1 + m2v2

m1 + m2

u1 u2

m1 m2



More on Traditional Methods for Frictional Contact
Coefficient of Restitution

By solving
m1u1 + m2u2 = m1v1 + m2v2
|u1 − u2 |

|v1 − v2 |
= 0

m1u1 + m2u2 = m1v1 + m2v2
|u1 − u2 |

|v1 − v2 |
= CR

⟹
u1 = m1v1 + m2v2 + m2CR(v2 − v1)

m1 + m2

u2 = m1v1 + m2v2 + m1CR(v1 − v2)
m1 + m2

When Coefficient of Restitution , energy is conserved after collisionCR = 1

Velocity-based contact formulation offers direct control on CR

e.g. normal contact:
v1 v2

m1 m2

u1 =
m1v1 + m2v2

m1 + m2
u2 =

m1v1 + m2v2

m1 + m2

u1 u2

m1 m2



More on Frictional Contact
Approximating normal contact as a conservative force with potential energy ,Pb(x)

Restitution  Energy Conservation of Time Stepping⇔

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3 3.25

En
er

gy
 r

at
io

Time

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3 3.25

En
er

gy
 r

at
io

Time

h=1E-1
h=1E-2
h=1E-3
h=1E-4

Backward Euler BDF-2

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3 3.25

En
er

gy
 r

at
io

Time

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3 3.25

En
er

gy
 r

at
io

Time

h=1E-1
h=1E-2
h=1E-3
h=1E-4

Backward Euler BDF-2

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3 3.25

En
er

gy
 r

at
io

Time

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3 3.25

En
er

gy
 r

at
io

Time

h=1E-1
h=1E-2
h=1E-3
h=1E-4

Backward Euler BDF-2

Use high-order rules, e.g. BDF-2: min
xn+1

1
2

∥xn+1 − x̃n
BDF2∥

2
M +

4
9

h2 ∑ P(xn+1)

v

Ground

e.g.

BDF-2 for                      :

Yunuo Chen*, Minchen Li*, Lei Lan, Hao Su, Yin Yang, Chenfanfu Jiang. A Unified Newton Barrier Method for Multibody Dynamics. ACM ToG (SIGGRAPH), 2022.



More on Frictional Contact
Restitution  Energy Conservation of Time Stepping⇔

Yunuo Chen*, Minchen Li*, Lei Lan, Hao Su, Yin Yang, Chenfanfu Jiang. A Unified Newton Barrier Method for Multibody Dynamics. ACM ToG (SIGGRAPH), 2022.

Use high-order rules, e.g. BDF-2: min
xn+1

1
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∥xn+1 − x̃n
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M +

4
9
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More on Frictional Contact
Restitution  Energy Conservation of Time Stepping⇔

min
xn+1

1
2

∥xn+1 − x̃n
BDF2∥

2
M +

4
9

h2 ∑ P(xn+1)kd

2
vT ∂2Pb

∂x2
(xn)v

Use Damping energy to control restitution:

Yunuo Chen*, Minchen Li*, Lei Lan, Hao Su, Yin Yang, Chenfanfu Jiang. A Unified Newton Barrier Method for Multibody Dynamics. ACM ToG (SIGGRAPH), 2022.

kd=0 kd=0.005 kd=0.1



Simulating Moving BC/Obstacles



Formulation

s.t. An+1x = bn+1min
x

Inertia term

Elasticity Selecting BC DOF

Prescribing  
BC values

Fix node x2

DOF Elimination Method: (if )An+1xn = bn+1



What if ?An+1xn ≠ bn+1

Start the optimization at  where ?x An+1x = bn+1

penetration and inversion!

BC node

Prescribed motion

Directly move  
BC node

May also result in slow convergence



Penalty Methods
Formulation
min

x

1
2

∥x − (xn + hvn)∥2
M + h2 ∑ P(x)

When , 

the solution is accurate

κM → ∞

Algorithm:

Initialize 


While solution not accurate enough

  


  

κM

min
x

E(x) + PM(x, κM)

κM ← 2κM

s.t. An+1x = bn+1

min
x

1
2

∥x − (xn + hvn)∥2
M + h2 ∑ P(x) +

κM

2
∥An+1x − bn+1∥2

W



Penalty Methods
Remarks
Algorithm:


Initialize 


While not accurate enough




κM

min
x

E(x) + PM(x, κM)

κM ← 2κM

•Don’t want super large  (ill-conditioning)κM

For both methods, can 
switch to DOF elimination 
when accurate enough.

•Measure solution accuracy:

Check every constraint wi | (An+1x − bn+1)i | < ϵ

use Augmented Lagrangian for high accuracy:

max
λ

min
x

E(x) +
κM

2
∥An+1x − bn+1∥2

W + λT W(An+1x − bn+1)

Solve with primal-dual method, i.e. alternate between  
 

and 

min
x

E(x) +
κM

2
∥An+1x − bn+1∥2

W + λT W(An+1x − bn+1)

λ ← λ + κM W(An+1x − bn+1)

Converges to accurate solution with finite κM



Case Study: Compressing Square
New DOF: Ceiling

simulator.py

A moving ceiling with n = (0, − 1)

Take its origin  as DOFo



Case Study: Compressing Square
Normal Contact between Solids and Ceiling
A moving ceiling with , taking its origin  as DOFn = (0, − 1) o
Distance between node :x

Energy

Gradient

Hessian

Continuous Collision  
Detection

BarrierEnergy.py



Case Study: Compressing Square
Intermediate Results: Falling Ceiling



Case Study: Compressing Square
Penalty Energy

SpringEnergy.py

simulator.py

Moving BC Setup:

∇Pn+1
m (x) = κM(An+1)TW(An+1x − bn+1)

∇2Pn+1
m (x) = κM(An+1)TWAn+1Pn+1

m (x) =
κM

2
∥An+1x − bn+1∥2

W

Penalty term:

time_integrator.py



Case Study: Compressing Square
Stiffness Adjustment and DOF Elimination

Check constraint satisfaction:

Use DOF Elimination for satisfied constraints:

time_integrator.py

Adjust stiffness when optimization converged  
but not all constraints are satisfied:



Case Study: Compressing Square
Summary



Demo!
github.com/liminchen/solid-sim-tutorial   /5_mov_dirichlet

http://github.com/liminchen/solid-sim-tutorial


A “Quick-Start Guide” Completed!

• We have covered:


• Discrete Shape Representations


• Numerical Time Integration


• Optimization Time Integration Framework


• Mass-Spring Elasticity


• (Moving) Sticky/Slip Dirichlet Boundary Conditions


• Robust and Accurate Frictional Contact


• Next: Continuum Mechanics, Spatial Reduction, Fluids, …



Next Lecture: Hyperelasticity



Image Sources


