
Lec 9: Stress and Its Derivative

Instructor: Minchen Li

15-769: Physically-based Animation of Solids and Fluids (F23)



Recap: Strain Energy
Continuum View and Deformation Gradient
• Treating materials (solid, liquid, or gas) as continuous pieces of matter

Material Space Ω0

X

World Space Ωt

x

x(X, 0) = X

Deformation 
Map ϕ

• Deformation Gradient:

• Volume change:  J = det(F)

• Strain Energy:



Recap: Strain Energy
Examples and Properties
• Strain Energy:

Barrier term on J, so inversion-free!

• Rigid Null Space:

µ and λ are the Lame parameters

• e.g. penalizing deviation from rotation: • e.g. neo-Hookean elasticity:

• Rotation-Invariance • Isotropic Elasticity



Recap: Strain Energy
Polar Singular Value Decomposition



Recap: Strain Energy
Simplified Models

• Above are all invertible models (allowing det(F) ≤ 0) 
• No line search filtering needed 
• Can deal with inverted configurations 
• Usually smoother — easier to optimize 
• More e.g. Stable neo-Hookean [Smith et al. 2018]

• Linear Elasticity

• Linearly Corotated Elasticity

• Consistency to Linear Elasticity

• As-Rigid-As-Possible (ARAP)



Today: Stress and Its Derivatives
Simulating Inversion-Free Elastodynamics



Stress
Definition and Examples
• a tensor field (like F) measuring pressure (unit: force per area)


• related to F through a constitutive relationship, e.g. neo-Hookean model

• Cauchy stress



Stress
Calculating P in the Diagonal Space for Isotropic Materials



Stress
Calculating P in the Diagonal Space for Isotropic Materials — Proof

Similarly, we can prove  for Isotropic Elasticity.P(F)R = P(FR)

Rigid null space

Hyperelasticity

Index notation

Associativity

∀δF
Multiply  on both sidesR



Stress Derivative
Derivation for Diagonal Space Calculation

Use δF

Set  and R = U Q = V

For arbitrary rotation matrices  and R Q

∀δF



Stress Derivative
Diagonal Space Derivatives

• Other ways to compute: Analytic Eigensystems for Isotropic Distortion Energies [Smith et al. 2019] 
• Modes with negative Eigenvalues are directly projected out

 

(With flattening and permutation)

=
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B31



Stress Derivative
Implementation

NeoHookeanEnergy.py



NeoHookeanEnergy.py

Stress Derivative
Implementation (Cont.)

in 2D 

With flattening permutation

= [A
B12]
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Deformation Gradient on Triangle Meshes
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Elasticity Gradient and Hessian per Triangle

X1 X2

X3
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x3F

Elasticity Gradient: 
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∂x
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Elasticity Hessian: 
∂2Ψ
∂x2

= (
∂F
∂x

)T ∂2Ψ
∂F2

∂F
∂x



Elasticity Gradient and Hessian per Triangle
Implementation

Elasticity Gradient: 
∂Ψ
∂x

=
∂Ψ
∂F

∂F
∂x

Elasticity Hessian: 
∂2Ψ
∂x2

= (
∂F
∂x

)T ∂2Ψ
∂F2

∂F
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NeoHookeanEnergy.py



Elasticity Gradient and Hessian
Summation Over All Triangles

NeoHookeanEnergy.py



Inversion-Free Line Search Filtering
Derivation

For all triangle, find , and then take their minimum.αI



Inversion-Free Line Search Filtering
Implementation



Demo
github.com/liminchen/solid-sim-tutorial   /6_inv_free

http://github.com/liminchen/solid-sim-tutorial


Next Lecture: Governing Equations

Weak form:



This Thursday: Project Proposal Presentation

• 10 ~ 15 minutes presentation + 5 ~ 10 minutes Q&A


• Try to Cover:


• Problem statement / goals, Related works, Approach, Resources, 
Evaluation, Timeline (See the Piazza post for details)


• Presentations:


1. Sarah Di, Olga Guțan, Zoë Marschner 


2. Ruben Partono, Daniel Zeng, Shilin Ma


3. Kevin You

https://piazza.com/class/lky98czgjpw3d1/post/12


Image Sources

• https://www.youtube.com/watch?v=WV-J7u9aoHk 


• https://en.wikipedia.org/wiki/Stress%E2%80%93strain_curve

https://www.youtube.com/watch?v=WV-J7u9aoHk

