
Chapter 2

Neural networks

Oneapproachto learningis to try to simulatethehumanbrainin thecomputer. To do this,weneedto know
roughlyhow a brainworks.

A brainneuron(seeFigure2.1) is acell with two significantpieces:somedendrites, whichcanreceive
impulses,andanaxon, which cansendimpulses.Whenthedendritesreceive enoughimpulses,theneuron
becomesexcited andsendsan impulsedown the axon. In the brain, this axon is next to otherneurons’
dendrites.Theseneuronsreceive the impulseandmay themselvesbecomeexcited,propagatingthesignal
further. Thisconnectionbetweenanaxonanda dendriteis a synapse.

Over time, theconnectionsbetweenaxonsanddendriteschange,andso thebrain “learns” asthecon-
ditions underwhich neuronsbecomeexcited change.How exactly neuronsmaponto concepts,andhow
the changingof synapsesrepresentsanactualchangein knowledge,remainsa very difficult questionfor
psychologistsandbiologists.

2.1 Perceptron

Using whatwe know abouta neuron,though,it’ s easyto build a mechanismthat approximatesone. The
simplestattemptat this is called the perceptron. Although the perceptronisn’t too usefulasa learning
techniqueon its own, it’ s worth studyingdueto its role in artificial neuralnetworks(ANNs), which we’ll
investigatein Section2.2.

2.1.1 The perceptron algorithm

Theperceptronhasa numberof inputscorrespondingto theaxonsof otherneurons.We’ll call theseinputs��� for
�����	��
�
�

���

(where
�

is thenumberof inputs).It alsohasa weight � � for eachinput (corresponding
to thesynapses).It becomesexcitedwhenever ������� � ��������� 

Whenit is excited,it outputs

�
, andat othertimesit outputs� � . Theperceptroncanoutputonly thesetwo

values.

Let us return to classifyingirises. Aswith linear regression,we’ll add a constant-oneattributeto
giveaddedflexibility to thehypothesis.We’ll alsomakethelabelnumericby labelinganexample

�
if it is versicolorand � � if it is not. Figure2.2containsthedatawe’ll use.
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Figure2.1: A depictionof ahumanneuron.
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Figure2.2: A prediction-from-examplesproblemof Iris classification.
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We’ll chooserandomweightswith which to begin the perceptron. Sayour perceptron begins
with theweights� � �*�

, �,+ � � , �.- � � , �./ � � , �,0 �1�
. For thefirst prediction,we needto

computewhether 0� ���2� � ����� ���.3	�54 � 36�&
��.4 � 3� �
�!.4 � 37�	
" ,48�,3 � 
"!9���:
�!
exceeds� . Sinceit does,theperceptronpredictsthat thisexample’s labelwill be

�
.

To learn,a perceptronmustadaptover time by changingits weights � � over time to moreaccurately
matchwhathappens.A perceptronnormallystartswith randomweights.But eachtime it makesa mistake
by predicting

�
whenthecorrectansweris � � , we changeall weightsasfollows.� �<; � � �>= �$�

Here = representsthe learning rate, which shouldbechosento besomesmall numberlike � 
 � ' . (If you
choose= toolarge,theperceptronmayerraticallyoscillateratherthansettledownto somethingmeaningful.)

In our example,wejust predictedthat Iris A’s label wouldbe
�

whenin fact thecorrectlabel is � �
(according to Figure2.2).Sowe’ll updatetheweights.� �.; � � �?= �@� ��� � � 
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Theseare theweightswe’ll usefor thenext trainingexample.

Similarly, if theperceptronpredicts � � whentheansweris
�
, wechangetheweightsagain.� �<; � � 4 = �$�

To computethepredictionfor Iris B, wedeterminewhether0� ���2� � � � � � � 
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exceeds� . Sinceit doesnot,theperceptronpredictsthat Iris B is labeled � � .

This is wrong: According to Figure 2.2, the correct label for Iris B is
�
. Sowe’ll updatethe

weights. � �.; � � 4 = �I� � � 
�):'J4 � 
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Theseare theweightswe’ll usefor thenext trainingexample.

Let me makean intuitive argumentfor why this training rule makessense.Say we get an example
wherethe perceptronpredicts

�
when the answeris � � . In this case,eachinput contributed � �K��� to a

total that endedup beingpositive (andso the perceptrongot improperlyexcited). After the training, the
new weightis � � �>= � � , andsoif theperceptronsaw thesameexampleagain,this input would contributeD � � ��= ��� G ��� � � �K��� ��= � +� . Since = is positive, andsince � +� mustbe positive regardlessof �$� ’s value,
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this contribution is smallerthanbefore.Thusif we repeatthesameexampleimmediately, thesumwill be
smallerthanbefore— andhencecloserto beinglabeled� � correctly. (Thesameline of argumentapplies
whentheperceptronpredicts� � whentheansweris

�
.)

Theperceptronalgorithmwill iterateoverandover throughthetrainingexamplesuntil eitherit predicts
all trainingexamplescorrectlyor until somebodydecidesit’ s time to stop.

To train the perceptron on the irises, we’d go throughthe examplesseveral times. Thefollowing
tabledemonstrateshowtheweightschangewhilegoingthroughall theexamplesthreetimesover.
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At first glance,this looksquitenice. Onthefirst passthroughtheexamples,theperceptronclassified
only

�
of the

'
flowerscorrectly. On thesecondpass,it got

!
correct.Andon thethird pass,it got

 
correct.

If you continueto seehow it improves,though,the perceptron doesn’t label
�

of the flowers
correct until

 7�
timesthroughthe training set. It finally getsall

'
flowersright on the

�	�� 	'	%
th

iteration through the examples. (The training rate doesn’t affect this too much: Increasingthe
trainingrateevenquitea bit doesn’t speedit upmuch, anddecreasingtherateonlyslowsit a little.)

Incidentally, after goingthroughall theseiterationsusing = � � 
 � ' , thefinal weightswouldbe� � � � �	
"% � , �,+ � � � 
� � , �.- � � � 
���) , �M/ �O�&
�#	'
, and �,0 � � �	�	
"'	# .

2.1.2 Analysis

Althoughtheapproachesareverydifferent,it’ s instructiveto comparelinearregressionwith theperceptron.
Theirpredictiontechniquesareidentical:They haveasetof weights,andthey predictaccordingto whether
theweightedsumof theattributesexceedsa threshold.

We know thatlinearregressionhasa strongmathematicalfoundation,andweknow thattheperceptron
hypothesisisn’t any more powerful than that usedby linear regression. So why would you ever usea
perceptroninstead?

You wouldn’t. I don’t know of any reasonto usea single-perceptronpredictor, whenyou could just as
easilydo linearregression.Perceptronsareeasierto program,sure,andeasierto understand.But they take
a lot morecomputationto getthesameanswer, if you’re lucky enoughto getananswer. (Perceptronsaren’t
evenguaranteedto convergeto asingleanswer, unlessthere’sahyperplanethatseparatesthedataperfectly.)

Sowhat’s thepoint of studyingperceptrons?They’re inspiredby humanbiology, andthehumanbrain
is thebestlearningdeviceknown to humankind.But weneedto keepin mind that,thoughthehumanbrain
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Figure2.3: An artificial neuralnetwork.

is extraordinarilypowerful, eachindividualneuronis relatively worthless.To getgoodperformance,we’re
goingto have to networkneuronstogether. That’s whatwe’re goingto look at next, andthat’s whenwe’ll
startto seesomedividendsfrom ourstudyof perceptrons.
Advantages:P

Simpleto understand.P
Generatesasimple,meaningfulhypothesis.P
Inspiredby humanbiology.P
Adaptsto new datasimply.

Disadvantages:P
Thehypothesisis a simplelinearcombinationof inputs,just like linearregression,but linearregres-
sionhasmuchmoresolidmathematicalgrounds.P
Only worksfor predictingyes/novalues.

2.2 Artificial neural networks

Artificial neuralnetworks(ANNs) arerelatively complex learningdevices. We’ll look first at the overall
architecture,thenat theindividualneurons,andfinally at how thenetworkpredictsandadaptsfor training
examples.

2.2.1 ANN architecture

Figure2.3 picturesthelayoutof oneANN. This particularnetworkhasthreelayers.Thefirst is the input
layer, includingfour nodesin Figure2.3.Thesenodesaren’t reallyneuronsof thenetwork— they just feed
theattributesof anexampleto theneuronsof the next layer. (We’ll have four inputswhenwe look at the
irises,aseachiris hasfour attributes.)

Thenext layeris thehidden layer. This layerhasseveralneuronsthatshouldadaptto theinput. These
neuronsaremeantto processthe inputsinto somethingmoreuseful,like detectingparticularfeaturesof a
pictureif theinputsrepresentthepixelsof a picture— but they’ll automaticallyadapt,sowhatthey detect
isn’t necessarilymeaningful. Choosingthe right numberof neuronsfor this layer is an art. Figure2.3
includesthreehiddenneuronsin the hiddenlayer, with every input nodeconnectedto every neuron,but
reallyanANN couldhave any numberof hiddenneuronsin any configuration.

Thefinal layeris theoutput layer. It hasanoutputneuronfor eachoutputthattheANN shouldproduce.
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threshold function sigmoid function

Figure2.4: Thethresholdfunctionandthesigmoidfunction.

Onecouldconceivablyhavemorehiddenlayers,or deleteor addlinks differentfrom thosediagrammed
in Figure2.3,or evenuseamorecomplex unlayereddesign.But themostcommondesignis thetwo-layer
network, like that of Figure2.3. In this architecture,thereis a layerof somenumberof hiddenneurons,
followedby a layerof somenumberof outputneurons.It haseachinputconnectedto eachhiddenneuron,
and it haseachhiddenneuronconnectedto eachoutputneuron. Peopleusuallyusetwo-layernetworks
becausemorecomplex designsjusthaven’t provenusefulin many situations.

In our walk-throughexampleof howtheANNworks,we’ll usethefollowing verysimpletwo-layer
networkwith twohiddenunits Q and R andoneoutputunit S .

o

b

a

Asis commonlydonewith ANNs,each of theneuronsin our networkhasanadditionalconstant-
oneinput. We do this insteadof addinga new constant-

�
attribute(aswedid with linear regression

andperceptrons),becausethatwouldn’t givea constant-oneinput into theoutputunit S .
2.2.2 The sigmoidunit

Eachunit of thenetworkis to resembleaneuron.Youmighthopeto useperceptrons,but in factthatdoesn’t
work very well. Theproblemis oneof feedback:In a neuralnetwork,we mustsometimesattributeerrors
in theANN predictionto mistakesby thehiddenneurons,if thehiddenneuronsareto changebehavior over
timeat all. (If they don’t changebehavior, thereisn’t muchpoint in having them.)Researchersjusthaven’t
founda goodwayof doingthiswith regularperceptrons.

But researchershavefiguredout a practicalway to do this attribution of errorusinga slight modifica-
tion of the perceptron,calleda sigmoid unit . Sigmoidunits produceanoutputbetween� and

�
, usinga

slightly differentprocedurefrom before.(Having thelow outputbeing � is justa minordifferencefrom the
perceptron,whoselow outputis � � . We’ll just rework our trainingexamplelabelsby replacing � � labels
with � .)

A sigmoidunit still hasa weight � � for eachinput ��� , but it processestheweightedsumslightly differ-
ently, usingthesigmoid function, definedasT D�UHG�� ��V4XW7Y�Z 

This is asmoothedapproximationto thethresholdfunctionusedby perceptrons,asFigure2.4illustrates.

To makea predictiongiventheinputs ��� , thesigmoidunit computesandoutputsthevalueT?[ � � � �\����] 
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Noticethat this meansit will outputsomenumberbetween� and
�
. It will never actuallybe � or

�
, but it

cangetvery close.
The differencebetweena sigmoidunit anda perceptronis quite small. The only real reasonto use

thesigmoidunit is so that themathematicsbehindthe analysis— which we won’t examine— worksout
to show that the neuralnetworkwill approachsomesolution. The advantageof a sigmoidunit is that its
behavior is smoothandnever flat. This makesmathematicalanalysiseasier, sinceit meanswe canalways
improve thesituationby climbing oneway or theotheralongthesigmoidcurve. If theoutputis too high,
we’ll try to godownhill a bit. Toosmall?Gouphill a bit. But we won’t getinto thedetailsof why it works.

Wehavethreesigmoidunitsin ourarchitecture: Q , R , and S . Thehiddenunits Q and R havefiveinputs
andhencefiveweightseach — onefromeach input node,plus theconstant-oneinput. Theoutput
unit S hasthreeinputsand hencethreeweights— onefrom each hiddenunit, plus the constant-
oneinput. To begin thenetwork,we initialize each of theseweightsusingsmall randomvaluesas
follows. �.^`_ � � 
 � weightof constant-oneinput into hiddenunit Q� � _ � � 
�� weightfor hiddenunit Q fromfirst inputnode�,+ _ � � � 
�� weightfor hiddenunit Q fromsecondinputnode�.- _ � � � 
�� weightfor hiddenunit Q fromthird inputnode�./ _ � � 
 � weightfor hiddenunit Q fromfourth inputnode� ^`a � � 
 � weightof constant-oneinput into hiddenunit R� � a � � � 
�� weightfor hiddenunit R fromfirst inputnode� + a � � 
�! weightfor hiddenunit R fromsecondinputnode�.- a � � 
�� weightfor hiddenunit R fromthird inputnode�./ a � � � 
�� weightfor hiddenunit R fromfourth inputnode� ^`b � � 
�� weightof constant-oneinput into outputunit S� _�b � � 
�! weightfor outputunit S fromhiddenunit Q� a�b � � � 
�� weightfor outputunit S fromhiddenunit R

2.2.3 Prediction and training

Handlingasingletrainingexampleis a three-stepprocess.We’ll seehow to doeachof thesestepsin detail
soon,but here’s theoverview.

1. Werun thetrainingexamplethroughthenetworkto seehow it behaves(thepredictionstep).

2. Weassignan“error” to eachsigmoidunit in thenetwork(theerror attributionstep).

3. Weupdateall theweightsof thenetwork(theweightupdatestep).

Thewholeprocessis akin to theperceptrontrainingprocess,exceptherewe’ll alwaysupdatetheweights.
(Recallthattheperceptronweightsgotupdatedonly theperceptronerred.)

Prediction step In a two-layernetwork like that of Figure 2.3, the predictionstepis straightforward:
We taketheexampleattributes,feedtheminto the hiddensigmoidunits to get thoseunits’ outputvalues,
andthenwe feedthesehiddenunits’ outputsto theoutputunits. Theoutputunits’ outputsaretheANN’s
prediction.
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Finally, wecancomputetheoutputof theoutputnode S .S b � T D S ^`b 4 � _`b S _ 4 � a�b S a GC� T D � 
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Thusthecomputedpredictionfor Iris A is � 
�'	 :'	) .

Err or attrib ution step Theerrorattributionstepusesa techniquecalledbackpropagation. Whatwe’ll
do is to look at theentirenetwork’soutput(madeby theoutputlayer)anddeterminetheerrorof eachoutput
unit. Thenwe’ll move backwardandattributeerrorsto theunitsof thehiddenlayer.

To assigntheerrorof anoutputunit, saythedesiredoutputfor theunit is klb , but theactualoutputmade
by theunit was S b . We computetheerrorof thatoutputunit as S b Dj� �?S b G�D k b �>S b G .

After we computethe errorsof all outputsunits, we backpropagateto the hiddenlayer. Considera
hiddenunit m , whoseweightconnectingit to anoutputunit S is �,n b . Moreover, call m ’soutput S7n . (This is
theoutputthatwassentforwardto theoutputnodewhenmakingaprediction.)Theerrorthatwe’ll attribute
to thehiddennode m from S is S7n Dj� �oS7n G �,n b�p6b . (If therearemultiple outputunits,we’ll sumtheseerrors
over all outputsto getthetotal errorattributedto m .)

In our example,thecorrectanswerk b was � (Iris A is not versicolor), while thenetworkoutput S b
was � 
"'	 	'	) . Thustheerror of unit S (which we’ll representby p6b ) isp6b � S b Dj� �oS b G�D k b �?S b G�� � 
"'	 	'	)&Dq� � � 
�': 	'	)	G�D � � 
�'	 :'	)	G<� � � 
��� : 	 A


Nowthat wehaveerrorsattributedto theoutputlayer, wecancomputetheerror of thehidden
units.We computep6_ , theerror attributedto hiddenunit Q .p _ � S7_ Dq� �>S7_ G �,_�b p b � � 
"' � ' � Dq� � � 
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Andwecomputetheerror p6a of thehiddenunit R .p a � Sra Dj� �?Sra G �da�b p b � � 
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Weight update step The last stepof handlingthe training exampleis updatingthe weights. We update
all weightsasfollows(boththosegoingfrom inputsto hiddennodes,andthosegoingfrom hiddennodesto
outputnodes).

Consideroneinput to a sigmoidunit in theANN. Say � is thevaluebeingfed into theinput duringthe
predictionstep,and p is theerrorattributedduringtheerror-attributionstepto thesigmoidunit receiving the
input. We’ll add = p � to theweightassociatedwith this input.

We’ll usea learningrate = of � 
�� here. Here’showtheweightsarechangedfor thistrainingexample.� ^`_ ; � ^`_ 4 = p6_ �s� � 
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Theseare theweightswe’ll usefor our next trainingexample.

Conclusion This is all just for asingletrainingexample.Like in traininga perceptron,we’d doall of this
for eachof theexamplesin thetrainingset.And we’d repeatit severaltimesover. It’ s not thesortof thing
you candoby hand,thougha computercando it prettyeasilyfor smallnetworks.

Just to demonstratethat we’vemadeprogress,let’s seewhatthenetworkwouldpredict if we tried
Iris A again.Wepropagateits attributesthroughthenetwork.S7_ � T D � � 
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Thusthecomputedpredictionfor Iris A is � 
�'	 � � , closerto thecorrectanswerof � thantheprevi-
ouslypredicted� 
�'	 :'	) . Thisprovidessomeevidencethat theANNhaslearnedsomethingthrough
this trainingprocess.

2.2.4 Example

Computationally, backpropagatedANNs aresocomplex thatit’ sdifficult to getastronghandleonhow they
work. It’ s instructive to look at a moreindustrial-strengthexampleto seehow they might actuallybeused.
Let’sconsiderthefull iris classificationexampleof Fisher[Fis36].
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Figure2.5: ANN erroragainstiterationsthroughtrainingset.Thethick line is theaverageerrorperevalua-
tion example,andthethin line is theaverageerrorpertrainingexample.

Recall that this setof examplesincludes150 irises,with eachiris having four numericattributesand
a labelclassifyingit amongoneof threespecies.Of the150 irises,we choosea randomsubsetof 100as
trainingexamplesandtheremaining50 for evaluationpurposes.

We’ll modelthis asa two-layerANN. For eachof the four numericattributes,we’ll includean input
nodein theinput layer. In thehiddenlayer, we’ll chooseto usetwo sigmoidunits.And theoutputlayerwill
have a unit for eachof the threepossiblelabels.Whenwe interprettheoutputs,we’ll find the outputunit
emittingthegreatestoutputandinterprettheANN to bepredictingthecorrespondinglabel.

We usea learningrateof � 
�� . For training purposes,a label is encodedas x � 
")�� � 
(�	� � 
��
y for setosa,x � 
(�	� � 
")�� � 
��jy for versicolor, or x � 
(�	� � 
(�	� � 
�)6y for virginica. We use � 
(� and � 
�) insteadof � and
�

because
a sigmoidunit never actuallyreachesanoutputof � or

�
; if we encodelabelsusing � s and

�
s, theweights

will graduallybecomemoreandmoreextreme.
Whenwe train, we go throughthe 100 training examplesseveral times. It’ s interestingto seehow

theANN improvesasthis continues.We’ll look at theaveragesum-of-squareserror: If theANN outputsxzS � � S7+ � S�- y andthedesiredoutputis x�k � � kj+ � kz- y , thesum-of-squareserroris-������ D k � �>S � G + 

This is anoddquantityto investigate.Wechooseit becausethemathematicsbehindtheerrorattributionand
weightupdateis motivatedby trying to decreasethesum-of-squareserror for any giventrainingexample.
(And theresearcherswhodid thederivationchoseit basicallybecausethey foundatechniquefor decreasing
it. Thatcircularity— they discoveredthatthemathematicsworkedif they justchoseto try to minimizethis
peculiarerrorfunction— is thesparkof geniusthatmakesbackpropagationwork.)

Figure2.5 graphsthesum-of-squareserroron the
U
-axisandthenumberof iterationsthroughthedata

seton the � -axis. Thethick line is the importantnumber— it’ s theaveragesum-of-squareserrorover the
50evaluationexamples.Thethin line is theaveragesum-of-squareserrorover the100trainingexamples.

Sincethe mathematicsbehindthe backpropagationupdaterule works with a goal of minimizing the
sum-of-squareserror, we expectthat thethin line in this graphis constantlydecreasing.But, then,that im-
provementis on thetrainingexamples:It’ snot indicativeof generalperformance.Thethick line represents
performanceon the evaluationexamplesthe ANN never trainson, which is indicative of generalperfor-
mance.You canseethatit flattensout after1,000iterationsthroughtheexamplesandthentakesa upward
turn afteranother1,000iterations,despitecontinuedimprovementonthetrainingexamples.

What’s happeningbeyond the 2,000thiteration is overfitting. The neuralnet is adaptingto specific
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anomaliesin the training data,not the generalpicture. If we were running the data,we’d want to stop
aroundthispoint ratherthancontinueonward.

Of course,onecouldarguethatwhatwereallycareaboutis thenumberof evaluationexamplesclassified
correctly, not theaveragesum-of-squareserror. But thissupportsthesameconclusionwereachedusingthe
sum-of-squareserror.P

By the100thiterationthroughtheexamples,theANN got47of the50correct.P
By the1,000th,it wasgetting49of 50.P
Aroundthe2,000thiteration,theANN wasbackto 48of 50andremainsthere.

Soit wasprobablybestto stopafterthefirst 1,000iterations.(This is just for a singlerun-throughover the
data.Dif ferentrunsgiveslightly differentnumbers,dueto thesmallrandomnumberschosenfor theinitial
weightsin thenetwork.)

It’ salsoworthwhilelookingathow thebehavior changeswith differentnumbersof hiddenunits.Adding
additionalhiddenunits in this casekeepsthepicturemoreor lessthesame— maybeevenslightly worse
than

!
units.Only onehiddenunit isn’t powerful enough— thenetworknever getsabove

� � correct.
Typically, peoplefind thatthere’ssomecritical numberof hiddenunits. Below this, theANN performs

poorly. At the critical number, it doeswell. And additionalhiddenunits provide only marginal help if it
helpsatall, at theaddedexpenseof muchmorecomputation.

2.2.5 Analysis

ANNs haveprovento beauseful,if complicated,wayof learning.They adaptto strangeconceptsrelatively
well in many situations.They areoneof themoreimportantresultscomingoutof machinelearning.

Oneof thecomplexitieswith usingANNs is thenumberof parametersyou cantweakto work with the
databetter. You choosethe representationof attributevectorsandlabels,the architectureof the network,
thetrainingrate,andhow many iterationsthroughtheexamplesyou wantto do. Theprocessis muchmore
complicatedthansimplyfeedingthedatainto a linearregressionprogram.Theextendedexamplepresented
in this chapteris intendedto illustratea realisticexample,wherewe hadto makea varietyof decisionsin
orderto getagoodneuralnetworkfor predictingiris classification.
Advantages:P

Veryflexible in thetypesof hypothesesit canrepresent.P
Bearssomeresemblanceto a verysmallhumanbrain.P
Canadaptto new datawith labels.

Disadvantages:P
Verydifficult to interpretthehypothesisasasimplerule.P
Difficult to compute.


