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Abstract—Wheelchair propulsion kinetic measurements re-
quire the use of custom pushrim force/moment measuring in-
struments which are not currently commercially available. With
the ability to measure pushrim forces and moments has come the
development of several dynamic metrics derived for analyzing key
aspects of wheelchair propulsion. This paper presents several of
the equations used to calculate or derive the primary variables
used in the study of wheelchair propulsion biomechanics. The
uncertainties for these variables were derived, and then numer-
ically calculated for a current version of the SMARTWheel. The
uncertainty results indicate that the SMARTWheel provides data
which has better than 5 to 10% uncertainty, depending upon
the variable concerned, at the maximum, and during most of
the propulsion phase the uncertainty is considerably smaller (i.e.,
approximately 1%). The uncertainty analysis provides a more
complete picture of the attainable accuracy of the SMARTWheel

and of the degree of confidence with which the data can be
recorded. The derivations and results indicate where improve-
ments in measurement of wheelchair propulsion biomechanical
variables are likely to originate. The most efficient approach is to
address those variables in the design of the system which make
the greatest contribution to the uncertainty. Future research
will focus on the point of force application and examination of
nonlinear effects.

NOMENCLATURE

LIST OF VARIABLES

General data reduction function.
Uncertainty of
General independent variables which
form
Absolute sensitivty coefficient.
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Angle of reference beam with respect
to top dead center.
Radius of pushrim.
Pushrim force along the horizontal axis
with the positive direction being along
the line of forward progression.
Pushrim force along the vertical axis
with positive being outward.
Pushrim force along the medial-lateral
axis with positive being outward.
Voltages from strain gauge bridges af-
ter amplification.
Calibration constants to convert volt-
ages to newtons.
Pushrim moment about the-axis.
Pushrim moment about the-axis.
Pushrim moment about the-axis.
Point of force application angle with
respect to horizontal (i.e.,-axis).
Wrench moment applied by the hand to
the pushrim about -axis.
Wrench moment applied by the hand to
the pushrim about -axis.
Radial force applied to the pushrim
with positive being inward.
Tangential force applied to the pushrim
with positive resulting in forward mo-
tion of the wheelchair.
Camber angle of wheel.
Misalignment angle of wheel.
Pushrim forces in the presence of cam-
ber.
Pushrim forces in the presence of mis-
alignment.
Pushrim forces in the presence of cam-
ber and misalignment.

I. INTRODUCTION

T HERE is a growing body of literature related to the
biomechanics of wheelchair propulsion [1]–[11]. Much of

the wheelchair biomechanics literature is related to kinematic
measurements of arm motions during wheelchair propulsion.
However, recently there have been more reports of kinetic
measurements of wheelchair propulsion. Unlike motion anal-
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ysis systems, kinetic measurements require the use of custom
pushrim force/moment measuring instruments which are not
currently commercially available. Along with the ability to
measure pushrim forces and moments has come the develop-
ment of several kinetic variables derived for analyzing key
aspects of wheelchair propulsion.

Means of characterizing force and moment sensing systems
have been published for some of the pushrim force and
moment sensing systems currently in use. Rodgerset al.
[12] described an instrumented pushrim used in their studies.
Their studies used a 38-cm diameter pushrim, which was
specially instrumented at The Pennsylvania State University.
Their system permits continuous sampling of tangential force
applied to the pushrim. Sixteen strain gauges were arranged
in opposing pairs on each of four pushrim supports to form
a single bridge. Data were collected through a 12-bit analog-
to-digital converter board and software loaded on a 386 DOS
compatible computer.

Niesinget al. [13] described a stationary ergometer designed
for the analysis of various simulated wheelchair pushing
conditions such as varying resistance, velocity, and slope.
Pushrim forces were measured in three directions (tangential,
radial, and axial) through transducers mounted on the axle
attachment point. Data were sampled at 50 Hz per channel.
The standard error for multiple regression with the seat and
backrest sensors was found to be within 4.5 N over a range
of 400 N. Crosstalk of the force transducers stayed below 3%
in all cases. Their device is reported to have a resolution of
1 N in all directions.

Strausset al. reported on the development of a dynamic
force and torque sensing wheelchair wheel [14]. The calibra-
tion of their system revealed problems in terms of linearity and
drift which only permitted reliable measurement of torque. A
brief description of a second prototype was reported to employ
an AMTI six degrees of freedom strain gauge based force
transducer, AD1B31AN strain-gauge signal conditioners, and
AD8471JN amplifiers for measuring force [15]. It was stated
that their system transfers data from the sensor to a computer
either through a direct wire link or via a microprocessor based
digital FM transmitter-receiver system.

The accuracy of pushrim force/moment measurements, and
variables derived from these quantities is based upon the
validity of the measurement system. Devices have been con-
structed to measure wheelchair propulsion forces and mo-
ments, but uncertainty associated with the measurements has
not been available. The confidence in the values presented
in several published reports on wheelchair propulsion biome-
chanics, and similarly in force plate studies, is unknown
because the certainty in the measurements or measurement
systems are unavailable. The uncertainty in the measure-
ment of biomechanical variables during wheelchair propulsion
depends on the configuration of the wheelchair or ergome-
ter, the design and properties of the force/moment sensing
system, and upon the forces/moments produced by the test
subject. The interactions of these variables reflects the com-
plexity of investigating wheelchair propulsion biomechanics,

and warn of possible pitfalls which could lead to spurious
results.

The SMARTWheel is a pushrim force and torque sensor
which was designed, fabricated, calibrated, and tested by
Cooper and colleagues [9]–[11], [16], [17]. This study presents
several of the key equations used to calculate or derive
the variables used in the study of wheelchair propulsion
biomechanics. The uncertainties for these variables were deter-
mined, and then numerically calculated for a current version
of the SMARTWheel [10], [11]. The equations and methods
presented and analyzed in this paper are generalizable to
other pushrim force and moment sensing systems besides the
specific example presented here. Our methods are based upon
approaches outlined in the ANSI/ASME Standard on Mea-
surement Uncertainty [18]–[20]. We developed a methodology
and demonstrated by example how uncertainty in measured or
derived variables propagates into uncertainty of experimental
and analytical results.

II. GENERAL UNCERTAINTY FRAMEWORK

Uncertainty is important when we are using experimentally
determined information in an analytical solution. It is of utmost
importance to consider the quality of the experimental data.
Uncertainty is also important for anyone comparing results
of a mathematical model with experimental data. Uncertainty
is founded on the concept that collecting valid data requires
meticulous planning of the experiment, and an appreciation for
the measurement process. To study wheelchair biomechanics,
experimental results are necessary before realistic assumptions
and idealizations can be made so that mathematical or statis-
tical models can be formulated. In addition, experimentally
determined information is required in auxiliary equations
necessary for obtaining answers to biomechanical or medical
questions. The uncertainty analyzes used in this paper are
derived from Taylor Series expansions as presented in [18].
The uncertainty for a data reduction function is found
by using partial derivatives

(1)

where are the experimentally measured independent vari-
ables. The uncertainty equation can be simplified by using
absolute sensitivity coefficients

where (2)

The absolute sensitivity coefficients represent the change
in the data reduction function due to changes in a variable
contained within the function. This provides an indication
of the contribution of the uncertainty in each independent
parameter to the dependent variable.
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Fig. 1. Ilustration of SMARTWheel with axes, definitions, and key compo-
nents identified.

III. PUSHRIM FORCES AND MOMENTS

The following is a simple mathematical model of the
measurements necessary to calculate
and for a six degrees of freedom force/moment recording
pushrim; see Fig. 1. Channels 1–3 measure beam deflection in
the plane of the wheel, and channels 4–6 measure deflection
along the wheel axle. The measured signals for the six channels
are referred to as while are the calibration constants for
the six channels. The position of a reference beam with respect
to top-dead center is given by where The
distance between the center of the hub and the point at which
the push-rim attaches to the beam is given as. Assuming
no crosstalk with zero camber for a fixed inertial coordinate
system, the measurement equations for SMARTWheel pushrim
forces are

(3)

Measurement equations for SMARTWheel pushrim moments
are

(4)

The no crosstalk assumption was validated by determining a
complete set of coefficients for a voltage-force transformation
matrix. Our data show that the cross-terms are less than 2%
of the meaaured values for the current SMARTWheel [11].

IV. DERIVATION OF UNCERTAINTY FOR PUSHRIM SENSING

A. Uncertainty for Pushrim Forces and Moments

The pushrim forces are a function of the six strain gauge
bridge voltages the six calibration coefficients and
the pushrim angle

(5)

The pushrim moments are a function of the six strain gauge
bridge voltages, pushrim angle, and the pushrim radius

(6)

Since the functions for the pushrim forces and moments are
known in closed form, the uncertainty can be calculated. The
uncertainty equation for the horizontal force is

(7)

The uncertainty equation for the vertical force is

(8)

The uncertainty equation for the axial force is

(9)
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The uncertainty equation for the moment about the vertical
axis is

(10)

The uncertainty equation for the moment about the hori-
zontal axis is

(11)

The uncertainty equation for the moment about the wheel
axle is

(12)

B. Uncertainty for Point of Force Application

The point of force application is a virtual location on
the pushrim [16]; see Fig. 1. The point of force application
(PFA) is determined from the forces and moments applied
to the pushrim. By definition, the PFA must lie on the
pushrim. Therefore, the PFA can be defined in Cartesian
coordinates, with the origin at the wheel
hub as where is defined with respect
to the horizontal. The point of force application angle can
be determined, with a six degrees of freedom system, using
the pushrim moments about theand axis: and ,
respectively

(13)

By definition is zero for all time during the propulsion
and recovery phases of the stroke. This is due to the point of
force application being forced to be on the pushrim. Based on
this definition, (13) reduces to (14)

(14)

Equation (14) shows that the PFA is dependent upon the
wrench moments applied by the wrist to the pushrim about
the absolute and axes: and respectively. The
wrist moment components are additive terms in the pushrim
moment equations. The uncertainty of the pushrim point of
force application described in (15) is given by

(15)

C. Uncertainty for Pushrim Radial and Tangential Forces

Radial and tangential forces are not currently measured
directly with the SMARTWheel. They are derived variables
which depend upon the absolute forces and the point of force
application. The radial and tangential forces are dependent
upon the point of force application, and the forces applied
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to the pushrim without camber or misalignment are

(16)

The uncertainty for the radial force is a function of the point
of force application, as well as the and forces, are

(17)

The uncertainty for the tangential force is, similarly, a
function of the point of force application, as well as the
and forces

(18)

D. Pushrim Force Uncertainty with Camber and Misalignment

The pushrim radial and tangential forces are calculated as-
suming that camber is set first, then the alignment is corrected,
and finally we account for the rotation of the point of force
application. The camber angle, i.e., rotation about the global-
axis, can be accommodated using the following homogeneous
transformation matrix:

(19)

The SMARTWheel measures forces in the local coordinate
space. Therefore, once camber is added the measured forces
must be transformed into the global coordinate space .
Wheel alignment, i.e., rotation about the global-axis, may
change after camber is adjusted. If this occurs, then the
measured forces will again need to be transformed into the
global coordinate space

(20)

The pushrim force and moment equations in the previous
sections, are independent of camber and alignment as they
are recorded relative to the pushrim. If there is camber and
or wheel misalignment, then the forces and moments at the
pushrim in the global coordinate frame become

(21)

The pushrim forces and moments in the global coordinate
frame are in a form which can be used to determine their
uncertainty

(22)

The uncertainty for the horizontal force in the global coor-
dinate frame is

(23)

The uncertainty for the vertical force in the global coordi-
nate frame is

(24)

The uncertainty for the axial force in the global coordinate
frame is

(25)

V. EXPERIMENTAL ANALYSIS

A. Experimental Protocol

For the purpose of this study, we had a single experienced
male wheelchair user with a T7-8 spinal cord injury give
written informed consent and push his personal wheelchair
mounted with the SMARTWheel on a wheelchair dynamometer
for as fast as he could push over a period of one minute. The
resistance of the dynamometer was set to simulate a common
tile floor. The wheel position, wheel alignment, and wheel
camber were the same as those for the subject’s standard
wheelchair wheels. The subjects was asked to propel his
wheelchair on the dynamometer for five minutes to become
accommodated to the experimental set-up. Data were collected
for the last 30 seconds of the minute.

Pushrim force/moment data were collected from the
SMARTWheel at 240 Hz and low-pass filtered at 30 Hz [17].
The kinetic data filter was an eighth-order zero-phase digital
Butterworth type. Ten point data extrapolation was used to
reduce end-point anomolies from digital filtering. Phase shift
was eliminated by running the data through the digital filter
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Fig. 2. Three-dimensional pushrim moments for a subject propelling his own
wheelchair with the SMARTWheel. The gray bars represent the regions of high
uncertainty for the point of force application.

Fig. 3. Three-dimensional pushrim forces for a subject propelling his own
wheelchair with the SMARTWheel. The gray bars represent the regions of high
uncertainty for the radial and tangential forces.

in both the forward and reverse directions. For the purpose
of this study, the propulsion phase was defined as the period
when the moment about the hub deviated more than 5%
from baseline, until it once again returned to baseline and
remained within 5%. During this experiment, two standard
polished and annodized aluminum pushrims of 0.2667 meters
radius were mounted to the wheels. Standard gray rubber
tires which were 61 cm (i.e., 24 in) diameter with width
3.5 cm (i.e., 1.375 in). A foam insert was used in place of
a pneumatic tube. The time series curves for the moments
used in this study are presented Fig. 2. The horizontal and
vertical forces data collected during this study are presented
in Fig. 3.

B. Instrumentation

We previously described the current three-dimensional (3-D)
versions of a force and torque sensing SMARTWheel [9], [11].
The SMARTWheel mounts to most standard wheelchairs, and
with calibration properties presented in Table I.

TABLE I
PROPERTIES OF THELATEST VERSION OF THE3-D SMARTWheel

The values presented in Table I, were determined using
standard calibration procedures outlined in [10] and [18]. The
SMARTWheel was made by modifying a Quickie composite
wheel (Sunrise Medical Incorporated) which consists of 12
pie-shaped sections; see Fig. 1. Linear bearings are used so
that force applied axially to the end of a beam (toward the
hub) is transferred to the other two beams. A rotary bearing
assembly is attached to the end of each beam so that each
beam detects only pure bending. Each beam is secured at the
wheel hub via a specially designed aluminum base assembly
and via pushrim stand-offs, comparable to those used on a
common wheelchair wheel. All beams are instrumented with
two sets of full strain gauge bridges (Micro-Measurements,
EA-13-062AQ-350, 350 ohm foil strain gauges) with d.c.
excitation. Signal conditioning, filtering, and amplification for
each channel are performed on the wheel. This improves the
integrity of the data during transmission to the computer. An
AD1B31AN strain gauge signal conditioner is used to provide
the excitation voltage to the strain gauge bridge, balance
the bridge, amplify, and pre-filter the signal. A six-channel
mercury slip-ring is used for signal transmission off the ro-
tating wheel. A mercury slip-ring was selected over telemetry
to minimize noise interference due to other laboratory test
equipment. The SMARTWheel uses a Motorola 6811 microcon-
troller to perform time division multiplexing and to interface
to DOS compatible personal computer. The MC6811C11A1
microcontroller has 8-bit analog-to-digital conversion on-chip
and is interfaced to a standard RS232 serial computer port.
The digital SMARTWheel exhibits several properties: low drift,
high fidelity, high reliability, good angular resolution (full
quadrature implementation yields 0.2-degree resolution), fast
response (the microcontroller is more efficient at A/D con-
version than most PC-based DACA boards), and low-power
consumption [9].

C. Performance Criteria

During the design of the SMARTWheel, it was desired to
obtain an uncertainty of less than 5% of each variable’s full-
scale value during the mid-range of the propulsion phase (i.e.,
the area between the gray bars on Figs. 2 and 3). Previous
experience with force platforms and earlier versions of the
SMARTWheel indicated this may be unobtainable during the
initial and final 5% of the propulsion phase for variables
with force or moment terms in the denominators of their data
reduction equations. For the purposes of this study, acceptable
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TABLE II
BASIC UNCERTAINTY VALUES USED IN THIS STUDY

TABLE III
FORCE AND MOMENT UNCERTAINTY VALUES FOR SMARTWheel

performance for the uncertainty for the forces and
moments (shown in Table III) was defined to be less than two
times the resolution; see Table I.

VI. RESULTS AND SIMULATIONS

A. Basic Variable Uncertainties

The uncertainty in the measurements of each of the voltages
are equal

(26)

for the current SMARTWheel system. The voltage uncertainty
for the system is about 0.02 V, which is about one bit of a 256-
bit analog to digital converter with range of 5 V. The strain
gauge amplifier gains are tuned to take advantage of the entire
five volts range without clipping. The angle uncertainty foris
about 0.36 [9], [11]. The pushrim rotates a full 360, therefore

varies from 0 to 360. The radius uncertainty is dependent
upon the accuracy with which the radius can be made and
measured. We were capable of measuring the pushrim radius
with a machinist caliper to within 0.8 mm. The uncertainties
for the calibration constants were defined as the mean of the
standard deviations of the’s from the results of repeating the
calibration procedures three times. Table II presents the basic
uncertainties used in this study.

B. Force and Moment Uncertainty for SMARTWheel

Because of the functional dependency of the force and
moment uncertainties on the voltage, calibration constant,
angle and radius, a range of values results. The minimum and
maximum uncertainties were determined numerically for one
full revolution of the wheel; see Table III.

The force and moment uncertainties form the foundation for
the other important biomechanical variables which are derived
from the measured forces and moments. The uncertainties for
these derived variables will be examined more closely in the
following sections.

TABLE IV
UNCERTAINTIES FOR RADIAL AND TANGENTIAL FORCES

C. Point of Force Application Uncertainty

The uncertainty for the point of force application (PFA) was
shown to be dependent upon the uncertainty for the moments
about the x and y axes, as well as the values of the moments
themselves. The sensitivity of the PFA to small forces and
moments is illustrated in the uncertainty analysis results. The
PFA uncertainty was calculated using the maximum values for
the uncertainties for the pushrim moments. When the moments
are small, within the first and final 5% of the propulsion phase,
the uncertainty of the PFA is 360. Which means that the
location of the point of force application can lie anywhere
on the pushrim during this portion of the stroke. When the
moments are larger, in the middle 80% of the propulsion phase,
the PFA uncertainty has a maximum value of 16, a minimum
value of 0.6, and a root mean square value of 1.8. Our data
indicate that the SMARTWheel can detect the PFA position to
within 1 cm when the moments are greater than 2 Nm.

D. Radial and Tangential Force Uncertainty

The uncertainties for the radial and tangential pushrim
forces are functions of the point of forces application, the
horizontal force, the vertical force, and their respective uncer-
tainties. The range of uncertainties for the radial and tangential
forces were calculated numerically using the maximum values
for the uncertainties of the variables upon which they depend.
The horizontal and vertical forces corresponding to the mo-
ment data in Fig. 2 were used to calculate the uncertainties
for the radial and tangential forces; see Fig. 3. The range of
the calculated PFA values for the same stroke were also used
in the calculations.

Two values of PFA uncertainty were used: the maximum
value during the mid-range of the propulsion phase and the
root mean square (rms) value of the uncertainty during the
midrange of the propulsion phase. Midrange is defined as the
region between the gray bars on Figs. 2 and 3. The results
for the radial and tangential force uncertainty analysis are
presented in Table IV.

E. Effects of Wheel Alignment and Camber
on Pushrim Force Uncertainty

The effect of wheel misalignment and camber on the hor-
izontal, vertical, and axial force components are shown in
Table V. For these calculations, the maximum uncertainties
for the forces were used from Table III. The forces used to
determine these uncertainties are those shown in Fig. 3.
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TABLE V
UNCERTAINTIES IN THE PUSHRIM FORCES

WITH WHEEL CAMBER AND MISALIGNMENT

Misalignment and camber have the effect of increasing the
uncertainty for all of forces. The percent increase is similar in
all directions. For these calculations, it was assumed that both
camber and misalignment were measured to within 4 mm over
the diameter of a standard wheelchair wheel (24 in: 0.61 m).
Based upon our experience, this is a conservative estimate.
The misalignment angle was assumed to be centered around
the ideal alignment of 0. The camber angle was assumed to be
centered around the common wheelchair camber angle of 4.

VII. D ISCUSSION

The uncertainty analysis for the SMARTWheel shows that
although the calibration results are acceptable, there are in-
teractions within the data reduction equations taking place to
which investigators must be aware. This is not to say that
the SMARTWheel does not provide accurate or useful data;
rather, the uncertainty analysis provides a more complete
picture of the attainable accuracy of the SMARTWheel, and the
degree of confidence with which the data can be recorded.
In most cases, we have presented conservative estimates
of the uncertainty with the current SMARTWheel. This was
accomplished by using extreme values in many cases. The
uncertainty results indicate that the SMARTWheel provides
data which has better than 5–10% accuracy over the entire
propulsion phase, depending upon the variable concerned.
During mid-range of the propulsion phase the uncertainty is
considerably smaller (i.e., approximately 1%).

The derivations of the uncertainty equations for wheelchair
propulsion biomechanics make two other notable contribu-
tions: the equations and results may be used to determine
the statistical power required to detect differences between
groups or between an individual in response to changes
in the wheelchair; and the derivations and results indicate
where improvements to measurement of wheelchair propulsion
biomechanical variables are likely to originate. The former
contribution relates to the variance in the wheelchair propul-
sion biomechanical variables due to inherent uncertainty in
the entire system. Therefore, any differences between groups
or interventions must rely on variations which exceed the un-
certainty in the biomechanical variable. The latter contribution
addresses the issue of how does one improve the measurements
(i.e., reduce the uncertainty). The most efficient approach is
to address those variables in the design of the system which
make the greatest contribution to the uncertainty.

The methods presented in this paper and the corresponding
results provide some guidance for experiment design for
wheelchair propulsion studies. The data reduction equations

for the biomechanical variables presented in this paper, and
their corresponding uncertainty equations are similar to those
used in nearly all published reports on wheelchair propulsion
kinetics. Investigators may apply the information presented in
this paper to their systems, by substituting their basic uncer-
tainty values into the equations presented in this paper. When
designing a biomechanical experiment with uncertainties, the
protocol must elicit sufficiently large changes in the variables
of interest or the uncertainties in the instrumentation or data
reduction equations must be reduced. Pilot data should be used
when designing experiments to determine if the intervention
or condition induces differences greater than the uncertainty.

The point of force application provides the greatest source
of uncertainty. Further research should focus on reducing this
uncertainty. This may be accomplished through improving the
ability to record moments and/or by developing more robust
data reduction equations for determining the PFA. The point
of force application is an important variable when studying
wheelchair propulsion biomechanics. The PFA is used as the
starting point for calculating net joint moments and forces
using the inverse Euler method [7], [8]. Variations in the
PFA may also be used to discriminate between propulsion
techniques from differing groups. However, the PFA is ill-
conditioned, because of the and
components in the denominators, when the pushrim moments
are small. Previously, investigators have visually inspected
graphs of the PFA to determine when its was suitably stable.
The uncertainty of the PFA presented in (15), demonstrates
why the variation in the PFA occurs with small moments,
and provides an analytical means of determining when the
PFA is suitably stable. This can be accomplished by setting
an acceptable limit on the PFA uncertainty.

The uncertainties for the radial and tangential forces demon-
strate higher peak values, than do the horizontal and vertical
forces. The increased uncertainty is due to the component at-
tributable to the uncertainty in the PFA. Therefore, techniques
which would improve the measurement of PFA location, would
also have a positive impact on the radial and tangential force
measurement. Wheel camber and alignment also influence the
uncertainty of the force measurements. However, their effect
on the horizontal and vertical force uncertainties is small.
Moreover, camber angle and wheel alignment can often be
treated as fixed points which would have lessor effect on the
variability between groups of subjects.

Future studies will work to reduce the dependence on the
no-crosstalk assumption, and on the Taylor series expansion
for determining uncertainty. Biomechanical studies rely on
numerical calculations. Uncertainty can be reduced by engi-
neering numerical solutions to data reduction equations which
are less sensitive to parameter variations or error propagation.
Restructuring some data reduction equations or alternative
solutions should be developed to reduce uncertainty in all of
the variables presented in this paper. Greater understanding of
the uncertainties and their influence on experiment design may
be learned by taking a stochastic processes approach to error
propagation and determination of confidence intervals. The
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Taylor-series approach taken in this paper, though appropriate,
involves linearization which can breakdown in regions where
the data reduction equation of interest is highly nonlinear.
Simulations letting independent variables be Gaussian random
variables with their means at the “true” values and standard
deviations varied appropriately may provide greater insight
into the nonlinear behavior of the data reduction equations.
The means and standard deviations of the dependent variables
could be used to estimate their uncertainties. This approach
will be the topic of future research.
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