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Carnegie Mellon

15-826: Multimedia Databases
and Data Mining

Lecture #21: DSP tools —
DFT — Discrete Fourier Transform
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Problem

Goal: given a signal (eg., sales over time
and/or space)

Q: Find patterns and/or compress
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Solutions:

Goal: given a signal (eg., sales over time
and/or space)

Q: Find patterns and/or compress

A1l: Fourier (DFT
Faly b ( ) Avﬂv’“v’\v}\u%)\wﬁvﬂumw
AN WY

A2: Wavelets (DWT)
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Must-read Material

e DFT/DCT: In PTVEF ch. 12.1, 12.3, 12.4; in
Textbook Appendix B.

* Wavelets: In PTVF ch. 13.10; in MM
Textbook Appendix C
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Introduction

Goal: given a signal (eg., sales over time

and/or space)
Find: patterns and/or compress

year
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What does DFT do?

A: highlights the periodicities
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Why should we care?

A: several real sequences are periodic
Q: Such as?

15-826 Copyright (c) 2019 C. Faloutsos 10

10

15-826



C. Faloutsos

Carnegie Mellon

Why should we care?

A: several real sequences are periodic
Q: Such as?
A:

— sales patterns follow seasons;

— economy follows 50-year cycle

— temperature follows daily and yearly cycles

Many real signals follow (multiple) cycles
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Why should we care?

For example: human voice!

» Frequency analyzer
http://www.relisoft.com/freeware/freq.html

* speaker identification
* impulses/noise -> flat spectrum
* high pitch > high frequency
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frequency

‘Frequency Analyzer’

:'Sound Frequency Analyzer o] x]
This program requires a soundcard and a mike
7 ] r Bits per sample

: | é ( e BGET
Speed [FFT's per sec] I'Il] 4| j
Sampling Frequency Iﬁugg vI
Paints per Transform |-| 024 - I

Hz

]

time ==
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DFT: definition

 Discrete Fourier Transform (n-point):

n-1

X, =U~n Y x *exp(-j2nftin)  f=0,..n-1
=0

(j= \/—_1) inverse DFT

n-1
x, =1n Y X, *exp(+j2m ft/n) /
f=0
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(Reminder)
Im
exp(¢* j) =cos(¢) + j *sin(¢) .
LA ¢
. . Re
(fun fact: the equation with the 5 most
important numbers:
e +1=0
)
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DFT: definition

* Good news: Available in all symbolic math
packages, eg., in ‘mathematica’
x =[1,2,1,2];
X = Fourier[x];
Plot[ Abs[X] ];
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DFT: examples

Plot[ Abs[Fourier[x]] ],
flat :
Amplitude

0.070 12
0.060 | 000000000000 ¢ 1
0.050 0.8
0.040 06
0.030 04
0.020 02
0.010 0
0.000 01 2 3 456 7 8 9 1011 12 13 14 15
012 3 456 7 8 9 101112131415

time freq
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DFT: examples

Low frequency sinusoid

0.150 1.2
0.100 * i 1
0,050 \ / 08
0.6

0.000 4—— \ ————— / —
0050 /0 1 2 3 :\5 6 7 8 9 10 12 13 14 15
N & 2
W yyyyyyyyyyyyyyy

-0.150 0 1 2 3 45 6 7 8 9 1011 1213 14 15

time freq
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DFT: examples

« Sinusoid - symmetry property: X, = X", ;

0.150 12
0.100 * ) 1
0050 \ / 08
0.000 AW al 06

— T
0050 J0 1 2 3 :\5 6 7 8 9 10 112 13 14 15 04
- 0.2
0100 \ / o
0.150 01 23 45 6 7 8 9 1011 12 13 14 15

time freq
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DFT: examples

» Higher freq. sinusoid

0.080 06
0.060 . - 05

0040 | s o » 04 |
0.020 |
S A\ N — o u
pocsl monb onsuarmouh wimmy am| B I —
-0.040 )

o060 N N o} o A
0080 01 23 45 6 7 89 10111213 14 15

time freq
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examples

N

EEERE SR

DFT: examples

-

01 2 3 45 6 7 8 9 10111213 14 15

+

< 01 2 3 4 6 7 8 9 10 12 13 14 15

N
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DFT: examples

examples
Ampl.
1?'
08 L
06 |
' 0‘1‘2‘3‘4‘5‘6‘7‘8 d"ﬁ““W?‘ﬁ"L“,

15-826

0 1 2 et 6 7 8 8 10 et 14 15
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How does it work?

Decomposes signal to a sum of sine (and
cosine) waves.

Q:How to assess ‘similarity’ of x with a
wave?

detail>

value
.\./\( —o X ={Xg, X[, oo Xp1}
[ | | .
0 1 n-1 time
15-826 Copyright (¢) 2019 C. Faloutsos 25
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How does it work?

detail>

A: consider the waves with frequency 0, 1, ...;
use the inner-product (~cosine similarity)

value value
. =1 (sin(t * 2
freq. =0 freq (sin(t * 2 /n) )
[ S —
R | i time
0 1 p-1 tme 0 1
15-826 Copyright (c) 2019 C. Faloutsos 26
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How does it work?

value

freq. =2

aWal

0 1\ ‘o1 time

15-826 Copyright (c) 2019 C. Faloutsos

detail>

A: consider the waves with frequency 0, 1, ...;
use the inner-product (~cosine similarity)

27
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detail>
How does it work?

‘basis’ functions

(vectors)

_|_|_|_|_,
01

cosine, =1
sine, freq =1 O%

sine, freq = 2 cosine, f=2
o1 KT Ad‘gt
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detail>
How does it work?

 Basis functions are actually n-dim vectors,
orthogonal to each other

* ‘similarity’ of x with each of them: inner
product

 DFT: ~ all the similarities of x with the
basis functions
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DFT: definition

* Good news: Available in all symbolic math
packages, eg., in ‘mathematica’
x =[1,2,1,2];
X = Fourier[x];
Plot[ Abs[X] ];
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DFT: definition

(variations:
* 1/n instead of 1/sqrt(n)
* exp(-...) instead of exp(+...)
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DFT: definition

Observations:

» X; : are complex numbers except
— X, , who i1s real

* Im (X;): ~ amplitude of sine wave of
frequency f

* Re (X;): ~ amplitude of cosine wave of
frequency f

* X: 1s the sum of the above sine/cosine waves

15-826 Copyright (c) 2019 C. Faloutsos 32

32

Carnegie Mellon

- more details>

Intuition behind X,- ‘phasors’
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more details>
DFT: definition

 Discrete Fourier Transform (n-point):

n-1

X, =U~n Y x *exp(-j2m ftin)  f=0,..n-1
=0

(j= \/—_1) inverse DFT

n-1
x, =1A/n Y X, *exp(+j2m ft/n) /
f=0

15-826 Copyright (¢) 2019 C. Faloutsos 34
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more details>

Phasors — intuition behind X,
IBM stock .

| Fourier appx —— actual |

12000.00

! 10000.00 e

8000.00 T _

6000.00

4000.00

2000.00

0.00 ~rarr e T T T T T T T T
01 179
n=180
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more details>
Phasors — intuition behind X,
IBM stock
Im

12000.00
10000.00

-xt 8000.00
6000.00

n-1
X, =1ln Y x *exp(=j2aft/n)  f=0..n-1
t=0
(j=~-D)
n-1
x, =1~ > X, *exp(+j2r ft/n)
e > X2 A4, exp(j §)
15-826 Copyright (c) 2019 C. Faloutsos 36
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Carnegie Mellon .
more deta11s>
Phasors — intuition behind Xf
IBM stock
o Im
xt 8000.00
Rotation
ast=0, ...
n-l «— >
x, =1~n Y X, *exp(+j2r ft/n)
e > X2 A4, exp(j ¢)
15-826 Copyright (c) 2019 C. Faloutsos 37
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more details>

Phasors — intuition behind Xf

Each X;: phasor, ie

rotating complex number ->
Generates a wave of

* Amplitude 4,
* Phase ¢,
* Frequency f

Rotation
ast=0, ...

X, =1/\/;EXf*exp(+j

Im

2 ftin)

=0 L

15-826

> X;: A; exp(j @)
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Phasors — intuition behind Xf

/ See en.wikipedia.org/wiki/Phasor

more details>

Each X;: phasor, ie

rotating complex number ->
Generates a wave of

* Amplitude 4,

* Phase ¢,

* Frequency f

* By its projection on Re

* (and another, imaginary, on Im
But those cancel out
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more details>
Phasors — intuition behind Xf

4

N w\

=

Re

Im

t Copyright (c) 2019 C. Faloutsos 40

Carnegie Mellon
more details>
Phasors — intuition behind X,
. A V:T
D |
S 751 S
X, = >
s 1<
4
X, (every 2nd tick()_@ \ & /
g >
VARV,
Copyright (c) 2019 C. Faloutsos 41
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Phasors — intuition behind X,

more details>

& X
X, ‘é > g
& ~
%
+~
Xi79
X,
m— —
Sum =
Copyright (c) 2019 C. Faloutsos 42
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Carnegie Mellon
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detail>

DFT: definition

Observation - SYMMETRY property:
Xp = (Xng)*

“*”. complex conjugate: (a + bj)*=a-b
( p jug J

J)

15-826 Copyright (c) 2019 C. Faloutsos 44
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DFT: definition

Definitions

* Ar=|X¢| : amplitude of frequency f

o |X¢> = Re(X¢)? + Im(X¢)? = energy of
frequency f

* phase ¢rat frequency f

Im e s

Ag
N\ r

15-826 Copyright (c) 2019 C. Faloutsos Re 45
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DFT: definition

n-1

Copyright (c) 2019 C. Faloutsos

detail>

Amplitude spectrum: | X¢| vs f(f=0, 1, ... n-1)

SYMMETRIC (Thus, we plot the first half only)

46

46

15-826

DFT: definition

(Rarely used)

Copyright (c) 2019 C. Faloutsos

detail>

Phase spectrum | ¢¢ | vs £ (=0, 1, ... n-1):
Anti-symmetric

47

47
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0 1 2 3 4 5 6 7 8 91011 1213 14 15

Nl

0 123 4 XET 5 5 HM s 1415

01 2 3 4 6 7 8 9 1047 12 13 14 15

0 1 2 it 6 7 8 o 10 trand 14 15

01 2345¢67S8

9 10 11 12 13 14 15

15-826
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DFT: Amplitude spectrum

Amplitude: Af2 =Re’(X,)+Im* (X))

count Amp L

l —— actual mean mean+freq12 l

Msadtly

B vew Froq

15-826 Copyright (c) 2019 C. Faloutsos 50
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DFT: Amplitude spectrum

count

li actual === mean mean+freq12 l

/\A/\ A [\ M/\
VAVAVAVAVAVAVAYIVAVRVAY

m year Freq.
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DFT: Amplitude spectrum

count Amp L

li actual —— mean === mean+freq12 l

AAMAAAAAAN T

—— freq=12
VUVVVUVUV VUV ‘

N 0 (o]

B vew Froq

15-826 Copyright (c) 2019 C. Faloutsos 52
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DFT: Amplitude spectrum

* excellent approximation, with only 2
frequencies!

* so what?

li actual —— mean ——— mean+freq12 l

A A\/\A M&/M\/

M\J\\/\U‘UM\\JUVVU\/ |

- N O ¥ 0 © - ©0 O O <
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DFT: Amplitude spectrum

excellent approximation, with only 2

frequencies!

15-826

so what?

Al: compression

A2: pattern discovery
(A3: forecasting)

Copyright (c) 2019 C. Faloutsos 54
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DFT: Amplitude spectrum

excellent approximation, with only 2

frequencies!

15-826

so what?
Al: (lossy) compression
A2: pattern discovery TEETTHTETE T

Copyright (c) 2019 C. Faloutsos 55
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Al: (lossy) compression A A
A2: pattern discovery A fanhadd L

DFT: Amplitude spectrum

excellent approximation, with only 2
frequencies!

SO What? |—actual —— mean —— mean+freq12 |

VUVVYWY UV YUV

Copyright (¢) 2019 C. Faloutsos 56
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DFT: Amplitude spectrum

* Let’ s see it in action (defunct now...)

(http://www.dsptutor.freeuk.com/jsanalyser/FFTSpectrumAnalyser.html)

* plain sine

* phase shift
* two sine waves
e the ‘chirp’ function

* http://ion.researchsystems.com/

15-826 Copyright (c) 2019 C. Faloutsos
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Plain sine

A A A A AR A A A A A AR A A AR A A A AR
L L L O o O O 1 O A O L R A O LR L O

Pp
HHHHII\H\HHHHH\H\IIHHHH\HIHHHHHHMH.‘”HHI\H\
AR A R

I/
L

CUATUU LAY L L

VYUYV r vy v vy vy

Number of samples: 256 v
Sampling rate: 8000 samples / s

Signal waveform expression: |sin(2000*pi*t)

[Plot signal | [ Plot spectrum |

59
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Plain sine

A A A AR A AR A A AR A A AR R AR A A AR
AANAARAARARNAAARARAANAARRAARAAAAN

LU UL LR
R R T
R AR AT A AR AT ATRIATATATA TR IR TR TATATATATY

| Y ¥ 1 VA VAV A O VO O VA T
| | \‘\(\“\\ | Il \\“

CYYY VYV RE Yy vy v vy vy vy vy

Number of samples: 256 v
Sampling rate: 8000 samples / s

Signal waveform expression: sin(2000*pi*t)

l Plot signal | [[Plot spectrum |
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Plain sine — phase shift

"\‘[ |‘”‘ ]‘ﬁl‘ “\’\‘ )‘\"\‘ [‘I”\‘ ‘I‘”‘l “\'\U “H‘ “\”\‘ )‘.‘“\‘ l‘\”\‘ “ﬁl “\"\‘ )‘\"\U ‘[‘"‘\‘ ‘l\"\‘l |‘”‘ “\"\J‘ “\”\‘ )‘I"\‘ l‘\”\[‘ ﬂﬁ' “\"I‘J ““"\‘ ‘[\"\‘ ‘I\"\‘ |‘ﬂ‘ ‘m‘ )‘\"\‘ )‘I"\“ ‘I‘ﬁ‘[ |
AT

gy gy gy

|
LI A NN VA AL I A A R VR A 2L AU I A AR AR R N A

Number of samples: 256 v

Sampling rate: 8000 samples / s
Signal waveform expression: sin(ZOOO*pi*t@

[Plot signal | [ Plot spectrum ]-

61
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Plain sine — phase shift

.“\ \”\ \ﬁ'\ \ﬁ\ \ﬁ‘\ \IH‘\ I“‘| \“'\ \”\ \ﬁ‘\ \"“‘\ \”‘\ \m| \‘“‘\ ‘U‘\‘ [‘Iy“\ I‘”‘\ \H\ \‘"‘J\ \ﬁ\ \”\ \ﬁ[ ﬂ \“'\ \‘ﬂ‘\ [ﬁ‘\ I‘”‘\ \ﬂ\ \MJ \‘“‘\ \”‘\ fﬁ‘[ |
l | | l | 1 | | | | I | |
‘HHHlHH’H‘HH‘H‘(\\H[\H\\llwl“\\"\““\\”lm“\‘(\H\H\‘\l'\l“\‘\‘ T

LIRS SRV I |

‘ ‘ , RTATRIRTRIATAIIY
Uiy JJ lf U U | I“\ U VU ey

Vo W W

Number of samples:

256 v
Sampling rate: 8000 samples / s
Signal wavetform expression: sin(2000*pi*t

Plot signal

Plot spectrum

62
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Plain sine

A
f

oA AA A A AR AR
O A

MAAARAMARARAARARARARAARRAAAA AN
A T T N
AT AT AT
VY VY VUV VY

N S S T R S S R A
O A

PRV VVVRV RV VTRV RV VUV

Number of samples: 256 v
Sampling rate:

8000 samples / s
Signal waveform expression: sin(2000*pi*t)

l Plot signal | [[Plot spectrum |

63
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Two sines

nr M
yuw‘u‘lu ‘W,H\
I} IV WY ,M‘ \[I\”‘“\”\MM‘\I‘

L LA

l’\w‘“\s

“'\M \H‘V‘[\"‘“\H\H““ H

m,H‘MJ"H‘W“H‘WI ‘\,‘,‘n“‘l‘fﬁg}‘\\'l,‘u

\
Al HMMH‘\ I\‘

LA
v

Number of samples: 256 v
Sampling rate: 8000 samples / s
Signal wavetform expression: sin(2000*pi*t)+2*cos(3000*pi*t+0.5)

[Plot signal | [ Plot spectrum |

64
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Two sines

|’M MH
‘,\ ML MWM MH“H‘\\
W‘U‘\,“ w'ﬂ'[' H i

W ‘“!
y“wu\'hrw‘u'w ‘mwww

U HM\ |

[}
'

’M\“’u\‘ﬂ ‘
I ‘\H[”‘” ‘
it

\H
Il

|

‘l‘»u '

Number of samples: 256 v
Sampling rate: 8000 samples / s
Signal wavetform expression: sin(2000*pi*t)+2*cos(3000*pi*t+0.5)

l Plot signal | [[Plot spectrum |

65
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Chirp

VA AR A A
[
AN

I

| ]
[ H
AN
A
YRTRIN

[ |
VU

| |
(11
BERY
bl

HH\

\/

Number of samples: 256 v
Sampling rate:

8000 samples / s
Signal wavetorm expression: sin(25000*pi*t't)

[Plot signal | [ Plot spectrum |

66
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Chirp

| |
A
1 J
1 [ERYAR o
VU

...

Number of samples:
Sampling rate:

256 v

8000 samples / s
Signal wavetorm expression: sin(25000*pi*t't)

67

l Plot signal | [[Plot spectrum |
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Properties

 Time shift sounds the same
— Changes only phase, not amplitudes

» Sawtooth has almost all frequencies
— With decreasing amplitude

 Spike has all frequencies

15-826 Copyright (¢) 2019 C. Faloutsos
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DFT: Parseval’ s theorem

sum( x*) =sum (| X ¢|?)

Ie., DFT preserves the ‘energy’

or, alternatively: it does an axis rotation:

x1
e x={x0,x1}

x0

15-826 Copyright (c) 2019 C. Faloutsos 70
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DFT: Parseval’ s theorem

sum( x;*) =sum (| X ¢|?)

Ie., DFT preserves the ‘energy’

or, alternatively: it does an axis rotation:

x1
x = {x0, x1}

x0

15-826 Copyright (c) 2019 C. Faloutsos 71
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DFT: Parseval’ s theorem

sum( x*) =sum (| X¢|?)

... equivalently, F
. _ |1 —jenft i M
matrix F (= \/—ﬁe ) Xo
is row-orthonormal X,l = | p-jemrt
Row: f X
Column: ¢ | 1
15-826 Copyright (c) 2019 C. Faloutsos
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DSP - Detailed outline

* DFT
— what
— why
— how
— Arithmetic examples
— properties / observations
- DCT
— 2-d DFT
— Fast Fourier Transform (FFT)

15-826 Copyright (c) 2019 C. Faloutsos
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Arithmetic examples

* Impulse function: x= {0, 1,0, 0} (n =4)
° XOZ?

value

1 L[]

|
0 1 time

15-826 Copyright (c) 2019 C. Faloutsos
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detail
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Arithmetic examples

* Impulse function: x={0,1,0,0} (n=4)

o X,/=?

« A: Xp=1/sqrt(4) * 1*exp(-j2mn0/n) =
1/2

« X=?

° XZZ?

o X5=?

15-826 Copyright (c) 2019 C. Faloutsos

Carnegie Mellon °
detail
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Arithmetic examples

* Impulse function: x= {0, 1,0, 0} (n =4)
° XOZ?
« A: Xp=1/sqrt(4) * 1*exp(-j2n0/n) =

1/2
e X;=-1/2]
« X=-1/2
« X;=+1/2]

* Q: does the ‘symmetry’ property hold?

15-826 Copyright (c) 2019 C. Faloutsos
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detail
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Arithmetic examples

Impulse function: x ={ 0, 1,0, 0} (n =4)

o« X,=?
o A:X,=1/sqrt(4) * 1* exp(-j) 2t 0/n)=1/2
« X=-1/2]

X=-112 AN
X=+1/2j /

 Q: does the ‘symmetry’ property hold?
* A: Yes (of course)

15-826 Copyright (c) 2019 C. Faloutsos

Carnegie Mellon o
detail
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Arithmetic examples

* Impulse function: x= {0, 1,0, 0} (n =4)
° XOZ?
« A: Xp=1/sqrt(4) * 1*exp(-j2n0/n) =

1/2
e X;=-1/2]
« X=-1/2
« X;=+1/2]

* Q: check Parseval’ s theorem

15-826 Copyright (c) 2019 C. Faloutsos

Carnegie Mellon o
detail

78

78

Arithmetic examples

* Impulse function: x= {0, 1, 0, 0} (n =4)
° XOZ?
« A: Xy=1/sqrt(4) * 1*exp(-j2mt0/n)=

1/2
« X;=-1/2]
« X=-1/2
« X;=+1/2]

* Q: (Amplitude) spectrum?
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Arithmetic examples

Impulse function: x={ 0, 1,0, 0} (n=4)

o« X,/=?

A: X,=1/sqrt(4) * 1*exp(-}) 2 0/n)=1/2
X;=-1/2]

X=-1/2

X=+1/2]

Q: (Amplitude) spectrum?

A: FLAT!

15-826 Copyright (c) 2019 C. Faloutsos
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Arithmetic examples

* Q: What does this mean?
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Arithmetic examples

* Q: What does this mean?

» A: All frequencies are equally important ->

— we need n numbers in the frequency domain to
represent just one non-zero number in the time

domain!

— “frequency leak”

15-826

Copyright (c) 2019 C. Faloutsos

82

82

Carnegie Mellon

 DFT

DSP - Detailed outline

— what

— why

— how

— Arithmetic examples

— properties / observations

- DCT

— 2-d DFT

— Fast Fourier Transform (FFT)
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Observations

« DFT of ‘step’ function:
x=1{0,0,.,0,1,1,.. 1}

t
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Observations

« DFT of ‘step’ function:
x=1{0,0,.,0,1,1,.. 1}
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Observations

« DFT of ‘step’ function:
x=1{0,0,.,0,1,1,.. 1}

Xt f: 1
\k f=0
t
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Observations

« DFT of ‘step’ function:
x=1{0,0,.,0,1,1,.. 1}

*the more frequencies,

- the better the approx.
/ i | f=0° ‘ringing’ becomes worse
>b'y/ sreason: discontinuities; trends
t
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Observations

« Ringing for trends: because DFT ‘sub-
consciously’ replicates the signal

Xt I °
°
°
°
°
°
°
°
°
t
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Observations
« Ringing for trends: because DFT ‘sub-
. 1 . .
consciously replicates the signal
Xt I . ¢ b ) ¢ ° ) ¢ °
. b ° °
. b ° °
. b ° °
. b ° °
. b ° °
. b °
. b °
. b o °
t
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Observations

« Ringing for trends: because DFT ‘sub-
consciously’ replicates the signal

SN
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Observations

* Q: DFT of a sinusoid, eg.
x,=3sin(27m/4t1)
(t=0,..,3)

e Q: Xp=7?
e Q: Xy =7
e Q: X,=7
e Q: X3=7
15-826 Copyright (c) 2019 C. Faloutsos
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Observations

* Q: DFT of a sinusoid, eg.
x,=3sin(27m/4t1)
(t=0,..,3)

i Q: XO =0

« Q:X;=-3] echeck ‘symmetry’
) _ scheck Parseval

i Q X2 =0

* Q:X3=3]
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Observations

* Q: DFT of a sinusoid, eg.
x,=3sin(27m/4t1)

t=0,..,3) T
. Q: XO _ O oes this make sense*
c Q:X;=-3] Ag
° Q: X2 =0
* Q:X3=3]
012 f
15-826 Copyright (c) 2019 C. Faloutsos 98
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Property

« Shifting x in time does NOT change the
amplitude spectrum

e eg,x={0001}andx’ ={0100}:
same (flat) amplitude spectrum
* (only the phase spectrum changes)

 Useful property when we search for patterns
that may ‘slide’

15-826 Copyright (c) 2019 C. Faloutsos 99

99

15-826

49



C. Faloutsos

Carnegie Mellon

Summary of properties

Spike in time: -> all frequencies

Step/Trend: -> ringing (~ all frequencies)

Time shift -> same amplitude spectrum

Single/dominant sinusoid: -> spike in spectrum
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DSP - Detailed outline

* DFT

— what
— why
— how
— Arithmetic examples
— properties / observations

m) - DCT
— 2-d DFT
— Fast Fourier Transform (FFT)
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DCT

Discrete Cosine Transform
» motivation#1: DFT gives complex numbers

 motivation#2: how to avoid the ‘frequency
leak’ of DFT on trends?

INSNN

Carnegie Mellon °
detail
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DCT

* brilliant solution to both problems: mirror
the sequence, do DFT, and drop the
redundant entries!

Carnegie Mellon °
detail

> e °
Xt ° ° ° °
° ° ° °
° ° ° °
° ° ° °
° ° ° °
° ° ° °
° ° ° °
° ° ° ° °
° w0 ° ° .o
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DCT

| detai@

* (see Numerical Recipes for exact formulas)
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DCT - properties

* it gives real numbers as the result
* it has no problems with trends

* it is very good when x; and x () are
correlated

(thus, is used in JPEG, for image
compression)
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2-d DFT

¢ Definition:

1 1 n—ln,—1

X = x. . exp(=2xji f,/n)exp(=2xji, f,/n
fiofs \/”T\/Ztlzz iy p( Jifi/n)exp( Jify/ny)

=0 i;=0
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e Intuition:

2-d DFT

do 1-d DFT on each row

n2
and then
on each
nl
column
15-826 Copyright (c) 2019 C. Faloutsos 108
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15-826

2-d DFT

Quiz: how do the basis functions look like?
for f1= 12 =0

for f1=1, 2=0

for f1=1, 2=1
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2-d DFT

Quiz: how do the basis functions look like?
for f1= 12 =0 flat

for f1=1, 2=0 wave on X; flat on y

for f1=1, f2=1 ~ egg-carton

15-826 Copyright (c) 2019 C. Faloutsos 110

110

2-d DFT

Quiz: how do the basis functions look like?
for f1= 12 =0 flat

for f1=1, 2=0 wave on X; flat on y

for f1=1, f2=1 ~ egg-carton
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FFT

* What is the complexity of DFT?

n—1
X, =1/n ;x, *exp(—j27 tf /n)
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FFT

* What is the complexity of DFT?

X, =1/ Zx *exp(— 27 tf / n)
* A: Naively, O(#°)

15-826 Copyright (c) 2019 C. Faloutsos
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FFT

* However, if n is a power of 2 (or a number
with many divisors), we can make it

O(n log n)

Main idea: if we know the DFT of the odd time-ticks, and of

the even time-ticks, we can quickly compute the whole
DFT

Details: in Num. Recipes
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DFT - Conclusions

« It spots periodicities (with the ‘amplitude
spectrum’ )

* can be quickly computed (O( n log n)),
thanks to the FFT algorithm.

 standard tool in signal processing (speech,
image etc signals)

AAM&J\AAJ\/\MAV ‘ ‘
VAVAVAVAVAVAVAWLVATRVAYS S —
( Freq.
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Solutions:

Goal: given a signal (eg., sales over time
and/or space)

Q: Find patterns and/or compress

3 . V/Al: Fourier (DFT) A\;’\vﬁvﬂv).{vﬁ‘j\wﬁvﬂuﬂﬁy
‘»{ /‘ \ sul | i
year g
A2: Wavelets (DWT)
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