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15-826: Multimedia Databases
and Data Mining

Lecture #21: Tensor decompositions
C. Faloutsos

g CMU SCS
Must-read Material

e Tamara G. Kolda and Brett W. Bader.
Tensor decompositions and applications.
Technical Report SAND2007-6702, Sandia
National Laboratories, Albuquerque, NM
and Livermore, CA, November 2007

Outline
Goal: ‘Find similar / interesting things’
* Intro to DB

* Indexing - similarity search
* Data Mining
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Indexing - Detailed outline

primary key indexing

secondary key / multi-key indexing
* spatial access methods

* fractals

¢ text
* Singular Value Decomposition (SVD)

q - Tensors

¢ multimedia

. g CMU SCS
Most of foils by

¢ Dr. Tamara Kolda (Sandia N.L.)
e csmr.ca.sandia.gov/~tgkolda

¢ Dr. Jimeng Sun (CMU -> IBM)

¢ www.cs.cmu.edu/~jimeng

3h tutorial: www.cs.cmu.edu/~christos/TALKS/SDM-tut-07/

Outline
* Motivation - Definitions

e Tensor tools
e Case studies
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Motivation 0: Why “matrix”?

* Why matrices are important?

g CMU SCS
Examples of Matrices:
Graph - social network

John Peter Mary Nick
John 0 11 22 5€ ...
Peter 5 0 6 7 ...
Mary

Nick

\¥ CMUSCS
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Examples of Matrices:
cloud of n-d points

chol# blood# age

John 13 11 22 55 ...
Peter 5 6 7
Mary B

Nick
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John
Peter
Mary
Nick

milk
13

bread

11

choc.

Examples of Matrices:
Market basket

« market basket as in Association Rules

wine
22
6 7 ...

55 ...

CMU SCS
e,

Examples of Matrices:
Documents and terms

data

Paper#1
Paper#2

Paper#3
Paper#4

mining  classif. tree
11 22 55 ...
4 6 7 ...

\¥ CMUSCS
.

Examples of Matrices:
Authors and terms

data

John
Peter
Mary | .
Nick |...

mining
11
4

classif.

22
6

tree

55 ...
7 ..
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Examples of Matrices:
sensor-ids and time-ticks

templ temp2  humid. pressure
tl 13 11 22 55 ...
2 5 4 6 7 ..
3.
t4

. g CMU SCS
Motivation: Why tensors?

¢ Q: what is a tensor?

g CMUSCS
Motivation 2: Why tensor?

* A: N-D generalization of matrix:

SIGMOD'07 data mining  classif. tree
John 13 11 22 55 ...
Peter 5 4 6 ...
Mary

Nick
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Motivation 2: Why tensor?

* A: N-D generalization of matrix:

KDD'0S
KDD'06 /'

KDD'07 /| data mining  classif. tree
John 13 11 22 55 ...
Peter 5 4 6 ...
Mary .

Nick

* CMU SCS
Tensors are useful for 3 or more

modes
Terminology: ‘mode’ (or ‘aspect’):

1
Mode#3 [/
,”[ data mining  classif. tree

[:

13 11 22 55 ...
5 4 6 7 ..

——

— Mode (== aspect) #1

g CMUSCS
Motivating Applications

* Why matrices are important?
* Why tensors are useful?

— P1: environmental sensors

— P2: social networks

— P3: web mining
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P1: Environmenta

o 2000 4000 6000 8000 10000
20000 6000 a0 Tondo— " tme (min)
ime (min T

Temperature

w0 e o o om om0 K 0 w0 oo

Humidity

Voltage

g CMU SCS
P2: Social network analysis

» Traditionally, people focus on static networks and
find community structures

* We plan to monitor the change of the community
structure over time

2004 Keywor@s

/| om /

/ /

/ e
’T/

1990

Authors

g CMUSCS
P3: Web graph mining

* How to order the importance of web pages?
— Kleinberg’s algorithm HITS
— PageRank
— Tensor extension on HITS (TOPHITS)
« context-sensitive hypergraph analysis

21
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Outline
e Motivation —
Deﬁni[ions e Tensor Basics
e Tensor tools » Tucker
* Case studies * PARAFAC

22
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Tensor Basics

Eha Reminder: SVD

Ax~USVT =y, 0u;0v;

/—/%

—
i —
r VI

A = ™

U

— Best rank-k approximation in L2

24

See also PARAFAC]|
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¥ Reminder: SVD

. SR —
ALYV =N .~rF.11:-0V:
R LYty ¥ Vg
n O
— oqUy7Vy GoUU,°Vy
1 — [ ——
A | = +H

— Best rank-k approximation in L2

See also PARAFAC] 25
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Goal: extension to >=3 modes

26
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Main points:

* 2 major types of tensor decompositions:
PARAFAC and Tucker

* both can be solved with ““alternating least
squares’’ (ALS)

* Details follow — we start with terminology:

27
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A tensor is a multidimensional array

An I x J x K tensor Column (Mode-1)  Row (Mode-2) Tube (Mode-3)

PR Fibers Fibers 5  Fibers
$ 2111 ST >
AAAAA SRIIR G
o 7
i
Tir
N Tk 7
i

s

7 7

7 55,
Horizontal Slices Lateral Slices

3 order tensor

mode 1 has dimension I
mode 2 has dimension .J
mode 3 has dimension K
Note: Tutorial focus is Z 7,
on 3 order, but /
everything can be
extended fo higher 2 U

orders.
CMU SCS
Matrization: Converting a Tensor to a
Matrix
Matrici X,: The mode-n fibers are
(u:}orl';:ﬁz) arran| [ed to be the columns
% ix
Reverse I
Matricize @
. 3
A1) 2
1
v 18] :
24 “ :
o} 6
~ 7
& s 29
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Tensor Mode-n Multiplication
I)CGRIXJXK B ERMX'] aER[

¢ Tensor Times Matrix ¢ Tensor Times Vector
— IXMxK
H—XXQBER Y::XZ)_(].HERJXK
Yimk = ;wuk bmj Yjk = mek a;
- i
Y(2) =BX(3)

Compute the dot

Multiply each
row (mode-2) product of @ and
fiber by B each column

(mode-1) fiber

30
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Pictorial View of Mode-n Matrix
Multiplication

*
* Mode-2 multiplication
(lateral slices)

Mode-1 multiplication o _—x..mI
(frontal slices) gL g

Mode-3 multiplication
(horizontal slices)

CMU SCS
e,

Mode-n product Example

e Tensor times a matrix

e

Time

Time

Location
X
ocation )

Clusters

i Clusters
Time

32
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Mode-n product Example

» Tensor times a vector

e

Time

Time
Location 7%

Location
x

Time

33
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Outer, Kronecker, & %

Khatri-Rao Products

Rank-1 Tensor

3-Way Outer Product Review: Matrix Kronecker Product

{0118 a12B
| B ax»B

MP x NQ
11 @by a3 @bo

MN xR

Observe: For two vectors a and b, a o b and a @ b have the same
elements, but one is shaped into a matrix and the other into a vector.

3%
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Special

ly Structured Tensors

\H CMUSCS
e

Specially Structured Tensors

e Tucker Tensor

X=Gx%x1Ux,V x3

X

= Zzzgmt Up O Vs O Wy xX= Z/\T W@ ¥ro W
T s ¢

™
Our
=[x;U,V,W] } Notation
—Ta - o
=[5 UV W} o,
F— <
core’ o
IXIXK IxR\\ IxS IxJx K

- = 4.+ =
H ! H -
RxSxT
Uy Ur

¢ Kruskal Tensor
w

36

12
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Specially Structured Tensors
* Tucker Tensor * Kruskal Tensor

2 Grst Ur O Vs 0 Wi

vec(X) = (W V ® U)vec(G)

X =3 uroveow
=AUV, W]

n matrix form:
Let A = diag(\)

g

- TT A FYRT o4 X7 T
(1)=U1\.\WQ)V)'

M b

%

@ N
Xz = WAV OU)

VA(WeIT

i
§

vec(X)=(WaVeU)a

37
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Tensor Decompositions

CMUSCS

Tucker Decomposition - intuition

S
=
&
IXJxEK

XR Jx S
o an
.

X RXSxT

« author x keyword x conference

* A: author x author-group

* B: keyword x keyword-group

¢ C: conf. x conf-group

+ §: how groups relate to each other

39
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Intuition behind core tensor

e 2-d case: co-clustering

¢ [Dhillon et al. Information-Theoretic Co-
clustering, KDD’03]

40
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n

0505050 0 0

0505050 0 0 | eg, terms x documents

term x
term-group

m|0 0 0 050505
0 0 0 050505
04 .04 0 04 04 04 |
04 .04 04 0 04 04
k 1 n
500 30 ll.as 36 28 0 0 <1J _ | 054 054 04210 0 0
50 0| k|0 3" 0o o 28363 054 054 042]/0 0 0
mlo 5o 2 2 0 0 0 [042 054 054
050 0 0 0 |042 054 054
005 036 036 028 [028 036 036
005 036 036 028 1028 036 036
41
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o med. doc
cs doc
0505050 0 0 | med. terms
0505050 0 0
0 0 0 050505
cs terms
term group x 0 0 0 050505
0404 0 04 04 04 common terms
doc. group 04 04 04 0 04 04 |
50 0 30 [.36 36 28 0 0 OJ _ [o0s4 054 020 0 0
500 031 Lo o o 28 36 3 054 054 042]/0 0 0
050 22 0 0 0 [042 054 054

0 0 0 042 054 .054

doc x 036 036 028 [028 036 036
doc group 036 036 028 1028 036 036
%2

14
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Tucker Decomposition

IXJXK 1yp

~
x RXSXT
«  Proposed by Tucker (1966) Recall the equations for
* AKA: Three-mode factor analysis, three-mode converting a tensor to a matrix

PCA, orthogonal array decomposition

¢ A, B, and C generally assumed to be
orthonormal (generally assume they have full
column rank)

* g is not diagonal

* Not unique

44

\¥ CMUSCS
.

Solving for Tucker
X~[9;A,B,C]

Given A, B, C orthonormal, the optimal core is:  Ix Jx K [y p IxS
AT RT ~T1 L7 — -
G=[x;AT,BT,CT] ~
Tensor norm is the square x
root of the sum of all the xXSxT
elements squared Eliminate the core to get:
. 2 .
1%~ [S; A,B,Cl|? = [ X|I> —2(X,[S: A,B,C) + | S|
_ 2 AT pT Tyl
= x|~ [x;AT,BT,CT]|
Minimize —
s.t. AB,C orthonormal fixed maximize this

If B & C are fixed, then we can solve for A as follows:

B aT.BT.CT| = [ Ay (CeB)|
~—

Optimal A'is R left leading singular vectors for X(1)(C ® B 45

15
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Higher Order SVD (HO-SVD)
&

'

v, Not optimal, but
often used fo
initialize Tucker-
ALS algorithm.

IXJXK  1yp

2

(Observe connection to Tucker1)
A = leading R left singular vectors of X(l)
B = leading S left singular vectors of X(z)
C = leading T left singular vectors of X(3)

De Lathauwer, De Moor, & Vandewalle, SIMAX, 1980 46

g CMU SCS
Tucker-Alternating Least Squares (ALS)

Successively solve for each component (A,B,C).

o « Initialize
Ay — ChooseR, S, T
IXJXK [xR xS — Calculate A, B, C via HO-SVD

] ¢ Until converged do...
ll — A =R leading left singular
x RxSXT vectors of X;(C®B)
— B =S8 leading left singular
vectors of X, (C®A)
— C =T leading left singular
vectors of X3 (B®A)

¢ Solve for core:

o _Tv. AT nl ~T1
S =i B v
Kroonenberg & De Leeuw, Psychometrika, 1980 47

\¥ CMUSCS
.

Tucker in Not Unique
. +&
<~
IXJIXK 1y IxS

R
h
IR

X RxSXT

Tucker decomposition is not unique. Let Y be
an RxR orthogonal matrix. Then...

X =~ 9><1A><2B><3C = (9 X1 YT)Xl(AY)XgBX3C
X1y ¥ AG((C®B) = AYY G(;)(CeB)’
48

16
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Outline
* Motivation —
Definitions o Tensor Basics
e Tensor tools » Tucker
* Case studies * PARAFAC
49
CANDECOMP/PARAFAC
Decomposition

4'\'&)\
IxJx K Y
X JX K
IxXR JXR

H/:H/:

RXRXR

CANDECOMP = Canonical Decomposition (Carroll & Chang, 1970)
PARAFAC = Parallel Factors (Harshman, 1970)

Core is diagonal (specified by the vector L)

Columns of A, B, and C are not orthonormal

If R is minimal, then R is called the rank of the tensor (Kruskal 1977)
Can have rank(X) > min{LJ,K} 50

ES

PARAFAC-Alternating Least Squares (ALS)
Successively solve for each component (A,B,C).
X ~[r;A,B,C] =A1/ w

Xy ~ AACOB)T H H

IxXJx K AN A

KHATRI-RAO PRODUCT N
(column-wise Kronecker product) Find all the vectors in

one mode at a time
C@BE[C1®b1 ¢y ® bo -HCR@bR}

(coB) =("c+B™B)I(CoB)T

Hadamard Product

If C, B, and A are fixed, the optimal A is given by:
A = X, (CoB)(CTC+BB)IA?

Repeat for B,C, etc. 51
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PARAFAC is often unique

Assume
PARAFAC
decomposition
is exact.

ka = k-rank of A = max number k such that every

set of k columns of Ais linearly independent
52

g CMU SCS
Tucker vs. PARAFAC Decompositions

¢ Tucker « PARAFAC
— Variable transformation in — Sum of rank-1 components
each mode — No core, i.e., superdiagonal
— Core G may be dense core
— A, B, C generally — A, B, C may have linearly
orthonormal dependent columns
— Not unique — Generally unique

IxJx K

IXJx K c/ CF/
M= e

\¥ CMUSCS
o

Tensor tools - summary

* Two main tools
— PARAFAC
— Tucker
 Both find row-, column-, tube-groups
— but in PARAFAC the three groups are identical
To solve: Alternating Least Squares

Toolbox: from Tamara Kolda:
http://csmr.ca.sandia.gov/~tgkolda/TensorToolbox/

54

18



Faloutsos

\¥ CMUSCS
.

Outline

e Motivation -
Defintions

e Tensor tools S
. ensors

. i .
Case studies ¢ social networks

* web mining

55
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k=
P1: Environmental sensor monitoring
]
N o
o
i
NG 8
Temperature ? - Light
@ e T al
“ - B
© - .
/] S ol Qro o | % &
= 20| == Y] TN P42 o 1
o B 6 @eep o
Humidity Voltage
56
¥ CMUSCS
=
P1: sensor monitoring
1s* factor time location type
Scaling factor 250 oo T ‘\ oot
Pyl E E e |
et . Y
g o | | B

Vot T Temp T

. . ltage light
e ]t factor consists of the main trends: voltage

— Daily periodicity on time hutm-
— Uniform on all locations emp.

— Temp, Light and Volt are positively correlated while
negatively correlated with Humid

57
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P1: sensor monitoring

ime i type

2nd factor . time _ location - TYP

Scaling factor 154 0o o o

i . o

s G = f.

Bl ‘,,
 F™ o~ 4T

« 2nd factor captures an atypical trend:

light
— Uniformly across all time voltage 119
— Concentrating on 3 locations hum.
temp.

— Mainly due to voltage
« Interpretation: two sensors have low battery, and the
other one has high battery.
58

P2: Social network analysis
¢ Multiway latent semantic indexing (LSI)
— Monitor the change of the community structure

over time
2004 Keywords
Q, / oM
& g
1990
E
<

59
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P2: Social network analysis (cont.)

Authors ‘ Keywords Year
[ michael careyy michael 5 imization,
[t ! @pu mization,concurr, 1995
stonebreaker, h. jagadish, it

hector garcia-molina DB

@E@mnch Tktribubsysterms, viewstorageservic.process, | 2004
cherniack,michacl ciete

stonebreaker,ugur etintemel M

Giawei han,jizh pei,philip s. yu, m.mppon@@ 2004
jianyong wang.charu c. aggarw: DM Seraveri

e Two groups are Mentiﬁed: Databases and Data

mining

* People and concepts are drifting over time

60

20



Faloutsos

# CMUSCS
.

P3: Web graph mining

* How to order the importance of web pages?
— Kleinberg’s algorithm HITS
— PageRank

¥ g g o

=

Kleinberg, JACM, 1999

Wertumm | Webame 2
o L]
v I
-

Veplntn 3 Verlnte &

B Kleinberg’s Hubs and Authorities
(the HITS method)

authority scores

authority scores for 2n topic
for 15! topic \ v

hub sc
for 15! topic

ores

hub scores
for 2n topic

62

CMUSCS

HITS Authorities on Sample Data

hub scores
for 15! topic

hub scores
for 27 topic

st Principal Factor
.08 |www-128. b T We started our crawl from
<05 |www.develop "y f o 1 http://www-neos.mcs.anl.gov/neos,
02 fwwnw.researct oo iehigh 3rd Principal Factor | and crawled 4700 pages,
Ot |wwww.redbooll e |, tenighs| 75 [iava.sun.com resulting in 560
01 Jrews.comed " bathieh| 38 |wwww-sun.com cross-linked hosts.
.02 [www.adobe.q 36 Un ™ th Principal Factor
02 lewisweb.cc -f“ See.5Un.Ccom 765 iy pueblo.gsa.gov
102 |www.leo.lehil +16 |WW-SaMaG.COl 4 |y, whitehouse.gov
" .13 |docs.sun.com !
02 fwswistanc| 12 D% SO |35 winwir.gov
.02 |fp1.cc.lehig -Sun .31 |travel.state]
-08 [sunsolve.sun.cq 55 |\ gsa.q .97 [mathpost.asu.edu
108 |www.sun-catald og |www.ssa.ql .18 [math.la.asu.edu
) -08 |news com.cOm/ 16 |, censy| .17 |www.asu.edu
. authority scores 14 |www.govbd .04 |www.act.org
authority scores o ond topic 13 |www.kids.q .03 |www.eas.asu.edu
for 15t topic \, J .13 |www.usdoj| .02 |archives. math.utk.edu
.02 |www.geom.uiuc.edu
.02 |www.fulton.asu.edu
.02 |www.amstat.org
.02 |www.maa.org

63
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Three-Dimensional View of the Web

g

page i page j

othe

o

Observe that this
tensor is very sparse!

e 1 s 4 . g

Kolda, Bader, Kenny, ICDM05

64
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Topical HITS (TOPHITS)

Main Idea: Extend the idea behind the HITS model to incorporate
term (i.e., topical) information.

R
-

= N+ N +

5 N
2 authority scores authority scores
for 1%t topic for 2 topic
hub scores
hub scores for 2 topic
for 15t topic
65

g CMUSCS
Topical HITS (TOPHITS)

Main Idea: Extend the idea behind the HITS model to incorporate
term (i.e., topical) information.

R
X ~ Z)\Throarotr

r=1

term scores term scores

4 st a d topi

£ for 15! topic for 29 topic
¢

s [ ) [ )

\ + N +

§ authority scores authority scores
/ for 15! topic .\ for 2 topic
hub scores hub scores
for 1 topic for 2" topic
66
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¥ ““TOPHITS Terms & Authorities
on Sample Data

TSt Principal Factor |

Z[TAVA 86 java.sun.com

nd Principal Factor | -

1 |20 NG READRBLE TEXT 56 [www onigh odu 1 TOPHITS uses 3D analysis to find
FACUI 7d Principal Factor 1 the dominant groupings of web

3
15 [EDITI 75 [NO-READABLE-TEXT |87 [www.ibm.com | pages and terms.
15 |DowN 16 [NEWS| 15 |igm 18 lwwny.alphaworks fom.com

16]LiBRA
12]servi

14INFO 46 |comp| 12 o

12| EHic]

12|WeB |24
11 |DEVE
11 uinuX|
11 [Resof19
11| TECHN 19
1o |oown 15 fu.

WEATHER

ENTER.

19|NO-R

17|orA 22 [TAX

15[nws |17 [Taxes 43 travel state.gov
1

15|FIRE |15 |RETIREMENT

15 |PoLic| 14 |BENEFITS 106 |wwww.usdoj.g

1a|cLimal 14 |STATE

=== 14 [Income 03 .

CMU SCS
Summary
Methods Pros Cons Applications
SVD, PCA Optimal in L2 Dense representation, LSI, PageRank,
and Frobenius Negative entries HITS
Co-clustering Interpretability | Local minimum Social networks,
microarray data
Tucker Flexible Interpretability, non- TensorFaces
representation uniqueness, dense core
PARAFAC Interpretability, | Slow convergence TOPHISTS
efficient parse
computation
68
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Conclusions

* Real data are often in high dimensions with
multiple aspects (modes)

* Matrices and tensors provide elegant theory
and algorithms

69
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