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Natural Deduction

Conjunction
Mo Buey  ApBme s  AgBue g
Disjunction
[A tljue]u (B true]v
A \Ié/lglfterue VIl A 5 tB;lft(:ue vI2 A Bt C’(irireue ¢ t;rue
Implication
[A true]u
A Et:éuterue oI 4= Bgl‘;fue Atme =
Truth and Falsehood
T true I gi:ﬂ: FE

\/EU,U



Natural Deduction with Contexts

Hypothesis
Atrueel’
' Atrue
Conjunction
' Atrue T'F B true I' AN B true I' AN B true
THAABtue - Atre  E1 T+ Btrue /‘F2
Disjunction
I' Atrue I'+ B true
' AV B true Vil I' AV B true vi2
I'HAvV Btrue I',Atruet Ctrue T, Btruet C true B
I' = C true v
Implication
F,Atruel—BtrueD I'A>D Btrue T'F Atrue L
I' A D Btrue T'+ B true
Truth and Falsehood
I' - F true
T' T true TI '+ C true FE



Proof Terms

Conjunction
(%,:J% :]X;\BB N % NE1 % NE2
Disjunction
[z 'A] [y ' Bj
WAV ARV it xﬁlyﬂfzf vE
Implication
[x : Al
mﬂ M:AoB N4 o
Truth and Falsehood
per orti1:C PP



Verifications and Uses

Conjunction
AT B?T ANB | ANB |
anpt M ap M By M
Disjunction
A Ju 1B U
AT B 1 AVB | C:T C:T w
ave M R c 1 Vi
Implication
A 1.
B: T " ADB | A%
A>3 7 ! B 1 >

Truth and Falsehood

— g*m

Shift

Al Zlitomic 1t



Quantification

Universal Quantification

[a: 7]
A(aj true VT . A(z) true m: T
T VI? VE
V7. A(x) true A(m) true
Existential Quantification

[a:7T] [A(a)true],

m:71 A(m) true Jdx:7. A(z) true C true -

Jz:7. A(x) true C true S



Heyting Arithmetic

Natural Numbers

[ : nat] [C(x) true,

n:nat C(0) true C(s :r:) true

n : nat z,u
0 : nat natlo sn :nat "ts C(n) true natk
Equality
- m =mntrue
0=0true 0 sm = sntrue = %
sm = sntrue _ O=sntrue _pn sn=0true _n
m=ntrue % C true Os C true 50
Primitive Recursion
[z :nat] [r:7]
n:nat tg:7T to:T At EET R(0,tg,xr.ts) = to
R(n,ty,zrts): T R(sn,tg,xrts) = [R(n,to,xrts)/r|[n/z]ts



Sequent Calculus

Conjunction

A=—A A—B R AANB,A=—C 1 AANB,B—C
A—ArB " ANANB—C AAANB— C

AL2

Disjunction

A— A A — B AJAVBA—C A,AVB,B—C
AJAVB = C

Implication

AJA=— B AJADB=—A AJADB,B=—C
AADB=/C

DL

Truth and Falsehood
AF=C FL
Initial

A atomic . .
Ny

VL



Classical Logic

Conjunction
vy rrat N vy R B vy R
Disjunction
A 1\4/1 gtﬁue VTl A f/; tB;ch?ue VT2 A lef/eB gliilse VE
Implication
[A tr_ue]u
A ggutiue o A;{lg? B?a:csa(l.se oF
Truth and Falsehood
T true T T false FF
Negation
“Ate T e F
Contradiction
[A fa'lse]u [A ttjue]u
~ ffiue T - ?j;se F4u Atrue #A false ”
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Reduced Sequent Calculus

Conjunction

A—A A—B AAB—C

A —ArB M AArB—C M
Disjunction
A— A A— B AJA—C AB—C
A Avp Vil A AvB V2 AAVB >C VL
Implication
AA— B AJADB—A A B—C
A—Aa-B-0 AASEB _oC oL
Truth and Falsehood
_ A—=C -
A—>TTR A,T—)CTL A,F—)CFL
Initial
A atomic

AA— A
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Inversion Calculus

right inversion A;Q -5 A

left inversion

Right Inversion

A5 A AO-S B

AQ-E AAB

AQ -5 P

- LRp
A;QQ— P

A;Q, A B -2 Ct
A:QANB -2 CF

A Q-5 ot

A A5 B
AR ——— TR - SR
AQ—T A;Q— ADB
Switch
A;Q-2 AVB AQ-5 F
2 2VZ IR, A
A;QQ— AVEB A;Q— F
Left Inversion
A Q-5 Ot A A 0t AQ B Ot
A:Q,T -5 CF A:Q,AVB -2 CF
- FL
A QF -2 CF
Shift
0L ot
shift p A’ADB’QTC shift
A;QADB -5 CF
Search
A5 A A B
——————— VRI ——————— VR2
A;-— AV B A;-— AV B
AAODB;- 54 A;B-H ot
SL

AADB;- 5 Ot
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Backchaining

A=,B~ u= P |AT DB |Vo.A (x)
AT BT o= |[P7|ATABT|3z.A%(2)
A~ n= - |AT AT

Stable Sequent

A= €A~ A-j[A] — P

e focusL
Left Focus
A [B7| — P~ A" — [AT]
E— — anit” S - - DL

A~ [P7]— P AT;[AT DB | — P
Right Focus

- - AT — [AT] A — [BT

AT — [} P7] AT — [AT A BT]
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AT [AT(M)] — P~

A7 Ve A™ ()] — P~

AT — [AT(M)]

A~ — Fr.AT(2)]

R



Forward Chaining

A™,B~ u= {tPT|AT D> B |Va.A (x)
AT, Bt u= PT|ATABT|3J2.AT(2)
A = |AJAT|APT

Stable Sequent

A" eA A;[A—]—>C+f I A—>[A+]f R
A C+ oCcus 7A . A+ oCcus
Left Focus
A Pt — CT iL A — [AT] A;[BT]—CT I A [A=(M)] — P~ v
A TP — Ot AATSB] ot o A; VoA~ (2)] — P~
Right Focus
+ A — [AT] A— [BT A — [AT(M
Pt e A A— (BT A0

A pr] Mt A [AT ABY] A Bz AM(z)]
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Focused Logic

A" B~ = P~ |1AY|[A* S B |A~ A" B | T~
AT, Bt = PT||AT|AY AT BT |TH| At VBT |F
) n= AT | P™

A n= | AJAT A PT

ot n= | AJAT

right inversion A; QT 25 A~
left inversion ~ A; QT -5 p
stable sequent A — p

left focus A;[AT] —p
right focus A — [AT]

Right Inversion

A Qt 2 P A QF 2 At A; QAT 5 B
R PR R TR R DR
A QF — P~ A QT — AT A; QT — AT D B~
At B A AQF 5 B
— A R ———— TR
A QT — A~ AT BT A QT — T~

Left Inversion

A POt L) I AA QT 5 ) I A; QAT BT 5 ) ‘7
A
A QP L) A QT 1A S p A; QAT AT BY 5 )
A QF L5 p A QAT 5 o A QY BY Ly p
L g > VL —— FL
A QT TT 5 p A QT ATV BT 5 p A;QTF s p
A—p
—,  stable
Ao —p
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Stable Sequent

A" e A A[AT]—0p A — [AT]
’ G R
A, focusL A At focus
Left Focus
A AT L5 ) A — [AT] A;[BT]—p
- — it —o 1L — DL
A;[PT]— P A;[tAT] —p A [AT D BT —p
A[AT] —p A;[BT]—p
oo ATL1 — AT L2 _
AJATANT BT —p AJATANT BT —p No left rule for [T7].
Right Focus
+ sy AT A ATl A Bt
A — [PT] A — [JA7] A — [AT AT BT A — [TT]
A — [AT] A — [BY]
VR1 VR2 .
A — [ATV BT] A — [ATV BT No right rule for [F].
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Linear Logic

A; Atrue lk A true

Hypothesis

hyp hypv

A, Avalid; - IF A true

Multiplicative Conjunction

A;T1 IF Atrue A;T5 |- B true

A; T, Ty IF A® B true

A;TIF Atrue A;T I Btrue
A;T'IF A& B true

A;T IF Atrue

AT IFA® Btrue A,I's, Atrue, B true l- C true F

A, I',T'5 IF C true

Additive Conjunction

A;T I A& B true AT I A& Btrue

A;T IF Atrue A;T IF B true

Disjunction

A; T IF B true

AT A® B true ®

AT IFA® B true

A; Ty, Atrue I C true

AT A B true ®

A;Ty,BtruelF C't
9 rue rue O F

A; T, Atruel- B true
A;TIF A — Btrue

A;-IF 1 true 1
A;T IF T true
A;-IF Atrue |
A;- 1A true ”

A; T,y IF C true

Implication

A;T1IFA— Btrue A;T'5 I Atrue
A;T1,To IF B true

—o

Units

A;TqIF1true A;T9 IF Ctrue
A; T,y IF C true

A;Tq I 0true
A; T, Ty IF C true 0

Exponential

AT IFTAtrue A, Avalid; T IF C true
A; T, T IF C true
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Ordered Logic

Hypothesis

A true lIF A true hyp

Multiplicative Conjunction

I'1 I Atrue T'9llF B true 7 I'y I Ae Btrue I'y, Atrue, Btrue, I's lIF C true
1,15 IF Ae Btrue ° 1,05, T3 IF C true

Additive Conjunction

T'lIF Atrue T IIF B true T'lIF A& B true T'lIF A& B true
TIFA& Btrue & TIF Atrue SEL TIF Btrue  $E2
Disjunction
T IIF A true I'lIF B true
T A B true P11 TIE Ao B true P12

o llF A® Btrue Ty, Atrue,T'sllF Ctrue Ty, Btrue,I's - C true >
T,.T5.T5 IF C true @

Implication
Atrue, " lIF B true 7 I'y IF Atrue T'5llF A — B true
Ll-A— Btrue [, T IF B true —
I', A true llF B true 7 I'iIFA— Btrue TD'sllF Atrue
LlFA— Btrue Iy, I Btrue ~
Units
o lIF1true T'y,TgllE C true
TF Ttrue Ty Ty, T3 I C true
I I’ IIF 0 true 0E
I'lIF T true I',Iy, g lIF C true
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Modal Logic

Hypothesis
Atruee T L Avalid € A huno
A;T'F Atrue wp A;T F Atrue wp
Conjunction
A;TH Atrue AT F Btrue I A; T+ AA B true £l A; T+ AA B true 9
AT F AA Btrue A ATFAtrue ) ATF Btue
Disjunction
A;T'F Atrue I A; T+ Btrue 9
ATFAVBtue V11 ATFAVBtrue ”
A;T'H AV Btrue A;T, Atruet Ctrue A;T, Btrue b C true B
A;T'F C true v
Implication
A; T, Atrue - B true 7 A;T'HAD Btrue A;T'F Atrue B
ATFAD Btrue AT F Btrue -
Truth and Falsehood
A; T+ F true
A; T F T true I A;T'F C true
Necessity
A; -+ Atrue A;T'FOAtrue A, Avalid;I'+ C true -
ATF OAtrue 7 ATF C true
A;T'FOAtrue A, Avalid;T' - C poss OF
A; T+ C poss P
Possibility
A;T'F A poss oI A; T+ Atrue " A;TEOAtrue  A; Atrue - C poss
AT+ OAtrue A;T F Aposs ¢'° A;T F C poss
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