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Natural Deduction

Conjunction

A true B true
A ∧B true

∧I A ∧B true
A true

∧E1
A ∧B true
B true

∧E2

Disjunction

A true
A ∨B true

∨I1
B true

A ∨B true
∨I2

A ∨B true

[A true]u....
C true

[B true]v....
C true

C true
∨Eu,v

Implication

[A true]u....
B true

A ⊃ B true
⊃Iu A ⊃ B true A true

B true
⊃E

Truth and Falsehood

T true
TI

F true
C true

FE
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Natural Deduction with Contexts

Hypothesis

A true ∈ Γ
Γ ` A true

hyp

Conjunction

Γ ` A true Γ ` B true
Γ ` A ∧B true

∧I Γ ` A ∧B true
Γ ` A true

∧E1
Γ ` A ∧B true

Γ ` B true
∧E2

Disjunction

Γ ` A true
Γ ` A ∨B true

∨I1
Γ ` B true

Γ ` A ∨B true
∨I2

Γ ` A ∨B true Γ, A true ` C true Γ, B true ` C true

Γ ` C true
∨E

Implication

Γ, A true ` B true

Γ ` A ⊃ B true
⊃I Γ ` A ⊃ B true Γ ` A true

Γ ` B true
⊃E

Truth and Falsehood

Γ ` T true
TI

Γ ` F true
Γ ` C true

FE
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Proof Terms

Conjunction

M : A N : B
〈M,N〉 : A ∧B ∧I

M : A ∧B
fstM : A

∧E1
M : A ∧B
sndM : B

∧E2

Disjunction

M : A
inlM : A ∨B ∨I1

M : B
inrM : A ∨B ∨I2

M : A ∨B

[x : A]
....

M1 : C

[y : B]
....

M2 : C

case(M,x.M1, y.M2) : C
∨E

Implication

[x : A]
....

M : B
λx.M : A ⊃ B ⊃I

M : A ⊃ B N : A
M N : B

⊃E

Truth and Falsehood

〈〉 : T
TI

M : F
abortM : C

FE
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Verifications and Uses

Conjunction

A ↑ B ↑
A ∧B ↑ ∧↑

A ∧B ↓
A ↓ ∧↓1 A ∧B ↓

B ↓ ∧↓2

Disjunction

A ↑
A ∨B ↑ ∨↑1

B ↑
A ∨B ↑ ∨↑2

A ∨B ↓

[A ↓]u....
C ↑

[B ↓]v....
C ↑

C ↑ ∨↓u,v

Implication

[A ↓]u....
B ↑

A ⊃ B ↑ ⊃↑
u A ⊃ B ↓ A ↑

B ↓ ⊃↓

Truth and Falsehood

T ↑ T↑
F ↓
C ↑ F↓

Shift

A ↓ A atomic

A ↑ ↓↑
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Quantification

Universal Quantification

[a : τ ]
....

A(a) true

∀x:τ.A(x) true
∀Ia

∀x:τ.A(x) true m : τ

A(m) true
∀E

Existential Quantification

m : τ A(m) true

∃x:τ.A(x) true
∃I

∃x:τ.A(x) true

[a : τ ] [A(a) true]u....
C true

C true
∃Ea,u
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Heyting Arithmetic

Natural Numbers

0 : nat
natI0

n : nat
s n : nat natIs

n : nat C(0) true

[x : nat] [C(x) true]u....
C(s x) true

C(n) true
natEx,u

Equality

0 = 0 true
=I00

m = n true
sm = s n true =Iss

sm = s n true
m = n true =Ess

0 = s n true
C true

=E0s
s n = 0 true
C true

=Es0

Primitive Recursion

n : nat t0 : τ

[x : nat] [r : τ ]
....

ts : τ

R(n, t0, x r.ts) : τ
natEx,r R(0, t0, x r.ts) = t0

R(s n, t0, x r.ts) = [R(n, t0, x r.ts)/r][n/x]ts
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Sequent Calculus

Conjunction

∆ =⇒ A ∆ =⇒ B
∆ =⇒ A ∧B ∧R

∆, A ∧B,A =⇒ C

∆, A ∧B =⇒ C
∧L1

∆, A ∧B,B =⇒ C

∆, A ∧B =⇒ C
∧L2

Disjunction

∆ =⇒ A
∆ =⇒ A ∨B ∨R1

∆ =⇒ B
∆ =⇒ A ∨B ∨R2

∆, A ∨B,A =⇒ C ∆, A ∨B,B =⇒ C

∆, A ∨B =⇒ C
∨L

Implication

∆, A =⇒ B

∆ =⇒ A ⊃ B ⊃R
∆, A ⊃ B =⇒ A ∆, A ⊃ B,B =⇒ C

∆, A ⊃ B =⇒ C
⊃L

Truth and Falsehood

∆ =⇒ T
TR

∆, F =⇒ C
FL

Initial

A atomic
∆, A =⇒ A

init
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Classical Logic

Conjunction

A true B true
A ∧B true

∧T A false
A ∧B false

∧F1
B false

A ∧B false
∧F2

Disjunction

A true
A ∨B true

∨T1
B true

A ∨B true
∨T2

A false B false
A ∨B false

∨F

Implication

[A true]u....
B true

A ⊃ B true
⊃T u A true B false

A ⊃ B false
⊃F

Truth and Falsehood

T true
TT

F false
FF

Negation

A false
¬A true

¬T A true
¬A false

¬F

Contradiction

[A false]u....
#

A true
T#u

[A true]u....
#

A false
F#u A true A false

#
#
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Reduced Sequent Calculus

Conjunction

∆ −→ A ∆ −→ B
∆ −→ A ∧B ∧R

∆, A,B −→ C

∆, A ∧B −→ C
∧L

Disjunction

∆ −→ A
∆ −→ A ∨B ∨R1

∆ −→ B
∆ −→ A ∨B ∨R2

∆, A −→ C ∆, B −→ C

∆, A ∨B −→ C
∨L

Implication

∆, A −→ B

∆ −→ A ⊃ B ⊃R
∆, A ⊃ B −→ A ∆, B −→ C

∆, A ⊃ B −→ C
⊃L

Truth and Falsehood

∆ −→ T
TR

∆ −→ C
∆, T −→ C

TL
∆, F −→ C

FL

Initial

A atomic
∆, A −→ A

init
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Inversion Calculus

right inversion ∆; Ω
R−→ A

left inversion ∆; Ω
L−→ C+

Right Inversion

∆; Ω
R−→ A ∆; Ω

R−→ B

∆; Ω
R−→ A ∧B

∧R
∆; Ω

R−→ T
TR

∆; Ω, A
R−→ B

∆; Ω
R−→ A ⊃ B

⊃R

Switch

∆; Ω
L−→ P

∆; Ω
R−→ P

LRP
∆; Ω

L−→ A ∨B
∆; Ω

R−→ A ∨B
LR∨

∆; Ω
L−→ F

∆; Ω
R−→ F

LRF

Left Inversion

∆; Ω, A,B
L−→ C+

∆; Ω, A ∧B L−→ C+
∧L

∆; Ω
L−→ C+

∆; Ω, T
L−→ C+

TL
∆; Ω, A

L−→ C+ ∆; Ω, B
L−→ C+

∆; Ω, A ∨B L−→ C+
∨L

∆; Ω, F
L−→ C+

FL

Shift

∆, P ; Ω
L−→ C+

∆; Ω, P
L−→ C+

shiftP
∆, A ⊃ B; Ω

L−→ C+

∆; Ω, A ⊃ B L−→ C+
shift⊃

Search

P ∈ ∆

∆; · L−→ P
init

∆; · R−→ A

∆; · L−→ A ∨B
∨R1

∆; · R−→ B

∆; · L−→ A ∨B
∨R2

∆, A ⊃ B; · R−→ A ∆;B
L−→ C+

∆, A ⊃ B; · L−→ C+
⊃L
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Backchaining

A−, B− ::= P− |A+ ⊃ B− | ∀x.A−(x)
A+, B+ ::= ↓P− |A+ ∧B+ | ∃x.A+(x)
∆− ::= · |∆−, A−

Stable Sequent

A− ∈ ∆− ∆−; [A−] −→ P−

∆− −→ P−
focusL

Left Focus

∆−; [P−] −→ P−
init−

∆−; [B−] −→ P− ∆− −→ [A+]

∆−; [A+ ⊃ B−] −→ P−
⊃L

∆−; [A−(M)] −→ P−

∆−; [∀x.A−(x)] −→ P−
∀L

Right Focus

∆− −→ P−

∆− −→ [↓P−]
↓R

∆− −→ [A+] ∆− −→ [B+]

∆− −→ [A+ ∧B+]
∧+R

∆− −→ [A+(M)]

∆− −→ [∃x.A+(x)]
∃R
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Forward Chaining

A−, B− ::= ↑P+ |A+ ⊃ B− | ∀x.A−(x)
A+, B+ ::= P+ |A+ ∧B+ | ∃x.A+(x)
∆ ::= · |∆, A− |∆, P+

Stable Sequent

A− ∈ ∆ ∆; [A−] −→ C+

∆ −→ C+
focusL

∆ −→ [A+]

∆ −→ A+
focusR

Left Focus

∆, P+ −→ C+

∆; [↑P+] −→ C+
↑L

∆ −→ [A+] ∆; [B−] −→ C+

∆; [A+ ⊃ B−] −→ C+ ⊃L
∆; [A−(M)] −→ P−

∆; [∀x.A−(x)] −→ P−
∀L

Right Focus

P+ ∈ ∆
∆ −→ [P+]

init+
∆ −→ [A+] ∆ −→ [B+]

∆ −→ [A+ ∧B+]
∧R

∆ −→ [A+(M)]

∆ −→ [∃x.A+(x)]
∃R
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Focused Logic

A−, B− ::= P− | ↑A+ |A+ ⊃ B− |A− ∧− B− | T−
A+, B+ ::= P+ | ↓A− |A+ ∧+ B+ | T+ |A+ ∨B+ | F
ρ ::= A+ | P−
∆ ::= · |∆, A− |∆, P+

Ω+ ::= · |∆, A+

right inversion ∆; Ω+ R−→ A−

left inversion ∆; Ω+ L−→ ρ
stable sequent ∆ −→ ρ
left focus ∆; [A−] −→ ρ
right focus ∆ −→ [A+]

Right Inversion

∆; Ω+ L−→ P−

∆; Ω+ R−→ P−
PR

∆; Ω+ L−→ A+

∆; Ω+ R−→ ↑A+
↑R ∆; Ω+, A+ R−→ B−

∆; Ω+ R−→ A+ ⊃ B−
⊃R

∆; Ω+ R−→ A− ∆; Ω+ R−→ B−

∆; Ω+ R−→ A− ∧− B−
∧−R

∆; Ω+ R−→ T−
T−R

Left Inversion

∆, P+; Ω+ L−→ ρ

∆; Ω+, P+ L−→ ρ
PL

∆, A−; Ω+ L−→ ρ

∆; Ω+, ↓A− L−→ ρ
↓L ∆; Ω+, A+, B+ L−→ ρ

∆; Ω+, A+ ∧+ B+ L−→ ρ
∧+L

∆; Ω+ L−→ ρ

∆; Ω+, T+ L−→ ρ
T+L

∆; Ω+, A+ L−→ ρ ∆; Ω+, B+ L−→ ρ

∆; Ω+, A+ ∨B+ L−→ ρ
∨L

∆; Ω+, F
L−→ ρ

FL

∆ −→ ρ

∆; · L−→ ρ
stable
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Stable Sequent

A− ∈ ∆ ∆; [A−] −→ ρ

∆ −→ ρ
focusL

∆ −→ [A+]

∆ −→ A+
focusR

Left Focus

∆; [P−] −→ P−
init−

∆;A+ L−→ ρ

∆; [↑A+] −→ ρ
↑L

∆ −→ [A+] ∆; [B−] −→ ρ

∆; [A+ ⊃ B−] −→ ρ
⊃L

∆; [A−] −→ ρ

∆; [A− ∧− B−] −→ ρ
∧−L1

∆; [B−] −→ ρ

∆; [A− ∧− B−] −→ ρ
∧−L2

No left rule for [T−].

Right Focus

P+ ∈ ∆
∆ −→ [P+]

init+
∆; · R−→ A−

∆ −→ [↓A−]
↓R

∆ −→ [A+] ∆ −→ [B+]

∆ −→ [A+ ∧+ B+]
∧+R

∆ −→ [T+]
T+R

∆ −→ [A+]

∆ −→ [A+ ∨B+]
∨R1

∆ −→ [B+]

∆ −→ [A+ ∨B+]
∨R2

No right rule for [F ].
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Linear Logic

Hypothesis

∆;A true 
 A true
hyp

∆, A valid; · 
 A true
hypv

Multiplicative Conjunction

∆; Γ1 
 A true ∆; Γ2 
 B true

∆; Γ1,Γ2 
 A⊗B true
⊗I

∆,Γ1 
 A⊗B true ∆,Γ2, A true, B true 
 C true

∆,Γ1,Γ2 
 C true
⊗E

Additive Conjunction

∆; Γ 
 A true ∆; Γ 
 B true

∆; Γ 
 A&B true
&I

∆; Γ 
 A&B true

∆; Γ 
 A true
&E1

∆; Γ 
 A&B true

∆; Γ 
 B true
&E2

Disjunction

∆; Γ 
 A true

∆; Γ 
 A⊕B true
⊕I1

∆; Γ 
 B true

∆; Γ 
 A⊕B true
⊕I2

∆; Γ1 
 A⊕B true ∆; Γ2, A true 
 C true ∆; Γ2, B true 
 C true

∆; Γ1,Γ2 
 C true
⊕E

Implication

∆; Γ, A true 
 B true

∆; Γ 
 A( B true
(I

∆; Γ1 
 A( B true ∆; Γ2 
 A true

∆; Γ1,Γ2 
 B true
(E

Units

∆; · 
 1 true
1I

∆; Γ1 
 1 true ∆; Γ2 
 C true

∆; Γ1,Γ2 
 C true
1E

∆; Γ 
 > true
>I

∆; Γ1 
 0 true

∆; Γ1,Γ2 
 C true
0E

Exponential

∆; · 
 A true

∆; · 
 !A true
!I

∆; Γ1 
 !A true ∆, A valid; Γ2 
 C true

∆; Γ1,Γ2 
 C true
!E
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Ordered Logic

Hypothesis

A true � A true
hyp

Multiplicative Conjunction

Γ1 � A true Γ2 � B true
Γ1,Γ2 � A •B true

•I
Γ2 � A •B true Γ1, A true, B true,Γ3 � C true

Γ1,Γ2,Γ3 � C true
•E

Additive Conjunction

Γ � A true Γ � B true
Γ � A&B true

&I
Γ � A&B true

Γ � A true
&E1

Γ � A&B true
Γ � B true

&E2

Disjunction

Γ � A true
Γ � A⊕B true

⊕I1
Γ � B true

Γ � A⊕B true
⊕I2

Γ2 � A⊕B true Γ1, A true,Γ3 � C true Γ1, B true,Γ3 � C true

Γ1,Γ2,Γ3 � C true
⊕E

Implication

A true,Γ � B true

Γ � A� B true
�I

Γ1 � A true Γ2 � A� B true
Γ1,Γ2 � B true

�E

Γ, A true � B true

Γ � A� B true
�I

Γ1 � A� B true Γ2 � A true
Γ1,Γ2 � B true

�E

Units

· � 1 true
1I

Γ2 � 1 true Γ1,Γ3 � C true

Γ1,Γ2,Γ3 � C true
1E

Γ � > true
>I

Γ2 � 0 true
Γ1,Γ2,Γ3 � C true

0E
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Modal Logic

Hypothesis

A true ∈ Γ
∆; Γ ` A true

hyp
A valid ∈ ∆

∆; Γ ` A true
hypv

Conjunction

∆; Γ ` A true ∆; Γ ` B true

∆; Γ ` A ∧B true
∧I

∆; Γ ` A ∧B true

∆; Γ ` A true
∧E1

∆; Γ ` A ∧B true

∆; Γ ` B true
∧E2

Disjunction

∆; Γ ` A true

∆; Γ ` A ∨B true
∨I1

∆; Γ ` B true

∆; Γ ` A ∨B true
∨I2

∆; Γ ` A ∨B true ∆; Γ, A true ` C true ∆; Γ, B true ` C true

∆; Γ ` C true
∨E

Implication

∆; Γ, A true ` B true

∆; Γ ` A ⊃ B true
⊃I

∆; Γ ` A ⊃ B true ∆; Γ ` A true

∆; Γ ` B true
⊃E

Truth and Falsehood

∆; Γ ` T true
TI

∆; Γ ` F true

∆; Γ ` C true
FE

Necessity

∆; · ` A true

∆; Γ ` 2A true
2I

∆; Γ ` 2A true ∆, A valid; Γ ` C true

∆; Γ ` C true
2E

∆; Γ ` 2A true ∆, A valid; Γ ` C poss

∆; Γ ` C poss
2Ep

Possibility

∆; Γ ` A poss

∆; Γ ` 3A true
3I

∆; Γ ` A true

∆; Γ ` A poss
here

∆; Γ ` 3A true ∆;A true ` C poss

∆; Γ ` C poss
3E
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