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1 Cut Elimination

Theorem 1 (Cut Admissibility) If ' = Aand ') A = C then I' = C. Alterna-

tively, the rule
'—=A TN'A=1C

I'=~"C

cut

is admissible.

The proof goes by nested inductions on the structure of A, the derivation D of
I' = Aand £ of I', A = C. The proof is constructive: we show how to construct
Fof ' = C from D and &:

D E
r—=A INA=—C
cut F

Show the cases of the proof of cut admissibility that involve V:

Task 1 Principal case: D ends with an VR, (or VRy) and & ends with an VL, where /L
operates on the principal formula (the one the cut introduces).

Solution 1
D, & &
F:>A1 VR F,A17A1VA2:>C P,AQ,Al\/A2:>C I
F— A, VA, T A VA, = C v

cut
I'=~C



DU {A} &
F,A1:>A1\/A2 F,AI,A1VA2:>C
D i.h.(D, &)
r — Al F, A1 — C
i.h.(4)
F = '=~<C

The other case is analogous.

Task 2 D ends with an VL and £ is arbitrary.

Solution 2
Dl DQ
F,Bl,Bl\/BQZ>A F,BQ,B1VBQZ>A I P
V
F,Bl\/BQI>A F,Bl\/BQ,A:>C
cut
T, BV By — C !
AN
D, E
F,Bl,Bl\/BQZ>A F,Bl\/BQ,A:>C .
i.h.(A, Dy, E) ’
F,BhBl\/BQ:>C F,BQ,Bl\/BQZ>C L
V
F = I'BiV By, —(C
Task 3 D is arbitrary and £ ends with an VR, (or V Ry).
Solution 3
&
NA=1<C
D " VR,
I'—=A T''"A= C,Vv(,
t
' — Cl V 02 <t
AN
D &
'—=A TI''A=
i.h.(A,D, &)
I' = 01
VR
F = I' = C, Vv

The other case is analogous.



Task 4 D is arbitrary and £ ends with an VL, where VL operates on a side formula (a
formula that is not the principal one).

Solution 4
51 52
D F,Bl,Bl\/BQ,A:>C F,BQ,BI\/BQ,A:C L
V
F,B1VBQZ>A F,B1VB2,A:>C
t
T B,V By —> C .
P,Bl,Bl\/B2:>A F,Bl,Bl\/BQ,A:>C_ :
I.h.(A,'D,gl) )
F,Bl,Bl\/BQ:O F7B2,BIVBQ:C I
V
F = F,Bl\/BQZ>C

2 Rule Induction

Rule induction is when we use induction on the structure of the derivation. With
it, we can apply the induction hypothesis if the derivation is smaller. Prove the
following theorem using rule induction (do not use admissibility principles pre-
viously proved).

Task 5 Prove that if ' = A, D A, then 'Ay = A, by rule induction. Alternatively,
prove the admissibility of

D
I'= A, DA,

F,Al - A2

by induction on the structure of D.

inv(DR)

Solution 5 Cases: left rule operating on a formula inside I', or DR on the conclusion. I
show some of the cases:
Case: last rule on D is AL.

Dl Dl
F,Bl/\BQ,Blz>AlDA2 I F,Bl/\BQ,Blz>A13A2_h D
A I.h.
F,Bl/\BQZ>AlDA2_ (1R> F,Bl/\BQ,Bl,A1:>A2 L( 1>
Inv(> N
F,Bl/\Bg,A1:>A2 ~> F,Bl/\BQ,A1:>A2 !



Case: last rule on D is DL.

Dl DQ
F,BlDB2:>Bl P,Blng,BgﬁAleg

oLy
F,BlDBQ:AlDAQ ]
inv(DR)
F,Bl D BQ,Al —— A2
AN
D,
Dy U{A} DB 2By By= 404 i.h.(Dy)
F,BlDBg,Al :>Bl F,BlDBQ,BQ,Al :>A2 I
D)
F,B13B2,A1:A2 !
Case: last rule on D is DR.
D,
P, Al —— A2 R
D
F — A]_ D A2 . D
inv(DR) 1
I'NA = A, ~ I'A = A,



3 Rules

t ............................
=0 c AT
r— C NAA=C
F’.A ............. O Weaken .F7A .............. C; e Contract
F,P:>P'd
NMAANB, A= C I'AANB,B=C
r= =4 F:>BAR AL AL,
I'—= AAB I'N'ANB=C I'N'ANB=C
IA— B IMADB=—A I, [ADB],B=C
— DR DL
I'—= ADB NNADB=C
I'N"[AVB],A—C T,[AVB],B=C
=4 p =B p VI
'—= AVB '= AVBEB INNAvB=C
T
=T I norule TL
—— 1L
norule LR IlL=~=C
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