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1 Classical logic

Task 1. Find proof term M , such that

M : (A⊃B)⊃ ¬B ⊃ ¬A

You are encouraged to find the proof term in two ways. You can either directly write out the
proof term by understanding its computational meaning, or you can write out the derivation
and give proof terms at each level.

Solution. We first provide the derivation. Annotated proof terms are omitted.

¬B true
kb

A⊃B true
f

¬¬A true
kka ¬A true

ka

A true
¬E

A true CCka

B true
⊃E

¬A true
¬E

¬A true CCkka

¬B ⊃ ¬A true
⊃Ikb

(A⊃B)⊃ ¬B ⊃ ¬A true
⊃If

Therefore, the proof term is

M = λf.λkb.callcc (kka.throw kb f(callcc (ka.throw kka ka)))

2 Predicate Calculus

Task 2. Prove the following judgment in Predict Calculus.

((∃x.A(x))⊃⊥)⊃ ∀x.(A(x)⊃⊥) true
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Solution.

(∃x.A(x))⊃⊥ true
x

a elem
a

A(a) true
y

∃x.A(x) true
∃I

⊥ true
⊃E

A(a)⊃⊥ true
⊃Iy

∀x.(A(x)⊃⊥) true
∀Ia

((∃x.A(x))⊃⊥)⊃ ∀x.(A(x)⊃⊥) true
⊃Ix

Task 3. Prove the following judgment in Heyting Arithmetic.

∀x : nat.∀y : nat.(x = y)⊃ (y = x) true

Solution.

a : nat
a

b : nat
b

0 = 0 true
f

(0 = 0)⊃ (0 = 0) true
⊃If

0 = s q true
g

s q = 0 true
= E0s

(0 = s q)⊃ (s q = 0) true
⊃Ig

(0 = b)⊃ (b = 0) true
natEq,v

∀y : nat.(0 = y)⊃ (y = 0) true
∀Ib D

∀y : nat.(a = y)⊃ (y = a) true
natEp,u

∀x : nat.∀y : nat.(x = y)⊃ (y = x) true
∀Ia

where
D

∀y : nat.(s p = y)⊃ (y = s p) true

Now let’s prove it.

c : nat
c

s p = 0 true
h

0 = s p true
= Es0

(s p = 0)⊃ (0 = s p) true
⊃Ih

∀y : nat.(p = y)⊃ (y = p)
u

w : nat
w

(p = w)⊃ (w = p) true
∀E

s p = s w true
j

p = w true
= Ess

w = p true
⊃E

s w = s p true
= Iss

(s p = s w)⊃ (s w = s p) true
⊃Ij

(s p = c)⊃ (c = s p) true
natEr,w

∀y : nat.(s p = y)⊃ (y = s p) true
∀Ic
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