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1 Forward Propagation Explained

Forward Propagation is the process of calculating the value of your loss function, given data,
weights and activation functions. Given the input data x, we can transform it by the given weights,
a, then apply the corresponding activation function to it and finally pass the result to the next
layer. Forward propagation does not involve taking derivatives and proceeds from the input layer
to the output layer.
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Figure 1: A One Hidden Layer Neural Network

For example, using the network shown in Figure 1, we can calculate the value of z; in two steps.
First, we need to multiply the input values by their weights and sum them together. Assume for
the sake of notation that the bias term (marked as +1 in figure, is z)

2

a; = ZO(LZ'.TLL' (1)
1=0

21 = tanh a4 (2)

1. Why do we include a bias term in the input and in the hidden-layer?

Similar to how an intercept term in linear regression allows it to better fit data, the bias term
helps the neural network better fit its data as well.

2. Why do we need to use nonlinear activation functions in our neural net?

A neural network with only linear activation functions would be no different than a linear
regression. (Try forward propagating with only linear functions on the given example)
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2 Backward Propagation Explained

Backward propagation Given a Neural Network and a corresponding loss function J(6), back-
propagation gives us the gradient of the loss function with respect to the weights of the neural
network. The method is called backward propagation because we calculate the gradients of the
final layer of weights first, then proceed backward to the first layer. In a simple neural network
with one hidden layer, the partial derivatives that we need for learning are % and %, and we
need to apply chain rule recursively to obtain these. Note that in implementation, it is easier to
use matrix/vector forms to conduct computations.
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Figure 2: Extended Version of Previous Neural Network

Although back propagation may seem really tricky, it becomes very simple if you break up the
process into individual layers. Above in Figure 2 is an extended version of the previous neural
network above. Here, each layer is broken into its linear combination stage and its activation
stage. Here is an example of breaking down the partial loss with respect to the weight a; ;:

oJ _ 9J 9y 3)
a04171 o] aal,l

0J 0y 0Oby

N a_ﬂa_bl a041,1 (4)

_ 0J 09 9b 9z (5)
0y 0by 0z 0oy 4

_ 9J 0§ 0by 0z Oar. (6)
0y 0by 0z Oay Oay 3

1. Many gradients are calculated in back propagation. Which of these gradients directly update
the weights? Do not include intermediate value(s) used to calculate these gradient(s).
The gradients with respect to o and [ are used in updating. The rest are intermediate values
used to calculate these two gradients
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3 Neural Network Example
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Figure 3: Neural Network For Example Questions

Network Overview Consider the neural network with one hidden layer shown in Figure 3.
The input layer consists of 2 features x = [x1,z]7, the hidden layer has 3 nodes with output
z = [21, 22, z3)7, and the output layer is a scalar §. We also add a bias to the input, xo = 1 and
the output of the hidden layer zg = 1, both of which are fixed to 1.

« is the matrix of weights from the inputs to the hidden layer and 3 is the matrix of weights from
the hidden layer to the output layer. «;; represents the weight going to the node z; in the hidden
layer from the node x; in the input layer (e.g. o2 is the weight from x5 to z1), and 3 is defined
similarly. We will use a tanh activation function for the hidden layer and no activation for the
output layer.

Network Details FEquivalently, we define each of the following.
The input:

X = [x0, 21, 22)" (7)

Linear combination at the first (hidden) layer:
2
aj:ZCtjyi'l’i, VJE{L,3} (8)
i=0

Activation at the first (hidden) layer:

a a;

eli —e Y

——, Vje{l,...,3 9
e (L3 §)

z; = tanh(a;) =
Linear combination at the second (output) layer:

3
0= 06z (10)

J=0

Here we fold in the bias term «; by thinking of 29 = 1, and fold in Sy by thinking of z, = 1.
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Loss We will use Squared error loss, £(g,y):

We initialize the network weights as:

B=1[01 2 2]
For the following questions, we use y = 3.
1. Scalar Form: Given 1 = 1, x5 = 2,
e Forward: What are the values of aq, £7

2

a; = E a1,;T; = 21 =

=0
2
Q2 = E Qo T; = 2y =
=0
2
a3 = E Q3 T; = z3 =
=0
2
a; = E Q1 T; = 5 Z1 = 0.99991
1=0
2
Ay = E Qo ;L5 = 3 29 = 0.99505
1=0
2
a3 = E a3, = 2 Z3 = 0.96403

<
I

§ = 4.91807

¢ =1.83950

(11)
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e Backward: What are the values of 82—f1, 88—5‘; Hint: magf(x) =1 — tanh(z)?
Table 1: tanh values
X 1 2 3 4 5 6 7 8 9

tanh(z) 0.76159 0.96403 0.99505 0.99933 0.99991 0.99999 0.99999 0.99999 0.99999

ot ot 0y 0z Oay

aOle N 83} 821 3(11 (9041,1

o _ oty
opr 0y o/

o _ ot 0y 01 oy
8061,1 - 5’@ 821 aal 8041’1

= (9 — y)Bi(1 — tanh(a1)?)z,

= (4.91807 — 3) * 1 % (1 — tanh(5)?) * 1

= 0.000348

As a reminder, we were given that ¢ = 1(§ —y)* and § = Z?:o B;z;

So we can calculate:

o ooy
pr 09 9op

20 N I R
=9 {5@—.@) } a5 Lz:;ﬁjza‘]

= () — y) 21 = (4.91807 — 3) % 0.99991 = 1.9179
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2. Vector Form: The vector form of forward computation is:

a=ax
z = tanh(a) (12)
y =Pz

Given x = {O} ,
1
e Forward: Find ¢7

Denote x as the augmented x by appending 1 to the front to obtain a compact represen-
tation that includes the bias term.

0 1 2] (1 2
a=ax= (21 0] |0 = |2
0 2 0] |1 0
0.96403
7z = tanha = [0.96403
0
1
) A 0.96403
We apply the same trick to z to obtain z = 0.96403
0
1
R . 0.96403
g=pBz=[0 1 2 2] |0, | =3 x 096403 = 2.89209
0

(= 3(y — 3)* = 0.005822284
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ot 9t

e Backward: What are the values of 7 -, 55

Denote ,é as (3 without the first entry.
o0 _ ot on
da 070z 0a
= (§—y)-B" - diag(1 — tanh*(a))
—@-y) BT ol-2)

(® is element-wise multiplication)

(17 [1 — tanh®(a;) 0 0
= —0.10791 |2 0 1 — tanh?(ay) 0
2] | 0 0 1 — tanh®(as)
(17 [0.07065082 0 0
= —0.10791 |2 0 0.07065082 0
2| 0 0 1
ot Ol Oa,
aOéji - aaj aOéji
ot
B da; i
o ol .,
da da
—0.00762444 0 —0.00762444
= [—0.01524889 0 —0.01524889
—0.21583452 0 —0.21583452

o _ ooy _
08 0908

(§—3)2" =[-0.10791 —0.10402 —0.10402 0]
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Given x = [;} ,

e Forward: Find ¢7

01 2] [1 8
a=ax= |2 1 0| |2| = |4
02 0] (3 4
0.9999]
z = tanha = [0.9993
0.9993 |
1
. 109999
2= 10.9993
0.9993
1
N R 0.9999
g=pz=1[0 1 2 2] | o00o| =4.997316
0.9993

0= 1(5—3)2 = 1.9946

e Backward: What are the values of g—i, g—é?

Define B similarly.

o 00ojon . ,
_— ——_— = — . 1 — =
da _ i 0z 0a G-y 01-2)

o _ ot day _ ot
8CYJ‘Z' N 8aj 804ji B aCL]’ !

-7
o ol g 8.992 % 10

8.992 % 10~ 7
5.357 % 1073
5.357 % 1073

8.998 % 107 1.798 x 1076

2.698 x 10~°

= %"= [5357%103| [1 2 3] = [5357%107% 10711072 1607107

da Oa

o _ ooy
08 0908

5.357 % 1073

5.357 %1072 1.071 %1072

(g —y)z" = [1.9973 1.9973 1.9960 1.9960]

1.607 * 1072
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