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Q&A

Q: How can | get more one-on-one interaction with the
course staff?

Attend office hours as soon after the homework release
as possible!

A:

OH Traffic for HW2

24.Jan 27.Jan 28.Ja 20 Jan A0 Jar 1.Jar L.Fot 4.Fel 5.F 6.Fot

Date »

Attendance




Reminders

* Homework 3: KNN, Perceptron, Lin.Reg.
— Out: Mon, Feb. 22
— Due: Mon, Mar. 01 at 11:59pm




OPTIMIZATION METHOD #1:
GRADIENT DESCENT



Optimization for ML
Chalkboard

— Unconstrained optimization
— Derivatives
— Gradient





https://flic.kr/p/azSZZG
https://creativecommons.org/licenses/by/2.0/
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Gradients

These are the gradients that
Gradient Ascent would follow.
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(Negative) Gradients
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These are the negative gradients that
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Gradient Descent would follow.
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Shown are the paths that Gradient Descent
would follow if it were making infinitesimally
small steps.
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Gradient Descent

Chalkboard
— Gradient Descent Algorithm
— Details: starting point, stopping criterion, line
search



Gradient Descent

Algorithm 1 Gradient Descent

procedure GD(D, 0(0))

1:

2 6 — 09

3: while not converged do
4 00— YVoJ(0O)

5 return 0

In order to apply GD to Linear
Regression all we need is the
gradient of the objective
function (i.e. vector of partial
derivatives).




Gradient Descent

Algorithm 1 Gradient Descent

procedure GD(D, 0(0))
0 — 6

1:

2

3: while not converged do
4 00— YVoJ(0O)

5)

return 6

There are many possible ways to detect convergence.
For example, we could check whether the L2 norm of
the gradient is below some small tolerance.

Ve J(0)]]2 < €

Alternatively we could check that the reduction in the
objective function from one iteration to the next is small.



GRADIENT DESCENT FOR
LINEAR REGRESSION



Linear Regression as Function
Approximation

2. Choose hypothesis space, H:
all linear functions in M-dimensional space

H = {he : he(x) = 87x,0 ¢ RM}




Linear Regression by Gradient Desc.

J(e) — J(G1, ez) — %i (y(i) _ ng(i)))z

Optimization Method #1: Lo im
Gradient Descent | 0.000
1.  Pickarandom 6
2. Repeat: 8
a. Evaluate gradient VJ(0)
b. Step opposite gradient 064 | S ORI
3. Return 0 that gives 0, S 9 337
smallest J(O) L ‘
0.4 1
0.2 »
O
0.0 Y T T f
0.0 0.2 0.4 0.6 0.8 1.0
0,
t e1 e2 J(e17 e2)
1 | 0.01 | 0.02 25.2
2 | 0.30 | 0.12 8.7
3 | 0.51 | 0.30 1.5
4 | 0.59 | 0.43 0.2




Linear Regression by Gradient Desc.

Optimization Method #1:
Gradient Descent

1. Pick arandom 6

2. Repeat:
a. Evaluate gradient VJ(0)
b. Step opposite gradient

3. Return 6 that gives
smallest J(0)

y = h*(x)
A (unl;nown)
//
"
&
¢”‘/’
L
K
’, / t 0, 0, J(6, 6,)
/ ‘“*-e 1 | 0.01 | 0.02 25.2
2 | 0.30 | 0.12 8.7
3 | 0.51 | 0.30 1.5
% > 4 | 0.59 | 0.43 0.2




Linear Regression by Gradient Desc.

J(e) - J(61, ez) — %i (y(i) _ ng(i)))z

Optimization Method #1:
Gradient Descent

1.
2.

Pick arandom 6

Repeat:
a. Evaluate gradient VJ(0)
b. Step opposite gradient

Return O that gives
smallest J(0)

1.0

0.8

h(x; 9(4))
0.0
h(x; 63))

— h(x; 62)

h(x; 80)

>

i=1

| u?
O
0.0 0j2 0.4 Oi6 0j8
0,
t e1 e2 J(ev ez)
1 | 0.01 | 0.02 25.2
2 | 0.30 | 0.12 8.7
3 | 0.51 | 0.30 1.5
4 | 0.59 | 0.43 0.2

1.0
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Linear Regression by Gradient Desc.

-~ A
O
o A
o X
Vo
S &
q = A
cC
5 A
= A
, : >
Iteration, t
y = h*(x)
N (unl;nown)
’
h(x; 9(4))
- 90B)
- h(x; 63))

/

/ — h(x; 6)

— h(x; 60)
>

t e1 ez J(ev ez)
1 | 0.01 | 0.02 25.2
2 | 0.30 | 0.12 8.7
3 | 0.51 | 0.30 1.5
4 | 0.59 | 0.43 0.2
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Linear Regression by Gradient Desc.

J(G) — J(e" ez) = %i (y(i) _BTx(i)))z
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N (unl;nown)
’
h(x; 6(4))
. h(x; 63))

K
} __ h(x; 8@)
/
o h(x; ()
>

i=1

o
o
») (@]
D
b S &

20.000

-
N

: ///

0.00q

\

)
u
o
o
o

N
e

o
o
o

ann'C7

0.0
0.0

O

Q
S
S
Q
0.

Q,
J

0i4 Oi6
0

1

8

t e1 ez J(ev ez)
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Optimization for Linear Regression

Chalkboard

— Computing the gradient for Linear Regression
— Gradient Descent for Linear Regression



Gradient Calculation for Linear Regression

Derivative of J()(0): Derivative of J():
d , N
4 0y = & LTy _ 02 d d .
0,7 ©) d0 2(0 ) 25.7(0) = 2; EJ( )(6)
1d V=

— (0T () — y(1))2 -
) d9 i .
d = Z(BTX( ) _ y( ))mgc)

— (0Tx(z) _ y(i))_(oTx(i) _ y(i)) .

(OT (7) _ (z) dOk (ze x(z) » y( ))
J=1

= (0Tx® — y®) mg)
Gradient of J(6) [used by Gradient Descent]
i dol 4 70)1  [2N,(67x0) — y)zP]

J(0) N (9T x(®) _ 4@)z®
VeJ(0) = = 2= . y)zy

o) [z 1<9Tx<*> y @)zl |

Z GT (1) _ (z) x®

2
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GD for Linear Regression

Cradient Descent for Linear Regression repeatedly takes
steps opposite the gradient of the objective function

Algorithm 1 GD for Linear Regression

procedure GDLR(D, 9(0))

0 — 6 > Initialize parameters
while not converged do

1:
2
3
4 g — S0 (7% — y)x(®) > Compute gradient
5
6

00 —ng > Update parameters
return 6




CONVEXITY



Convexity

Function f : RM — R is convex
ifVx eRM x, e RM 0<t<1:

fltx1 + (1 —t)x2) < tf(x1) + (1 — 1) f(x2)

A

tf(z1) + (1 —1)f(z2)

f(txl + (1 — t)CL'Q)
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Convexity

Suppose we have a function f(z) : X — .

e The value z* is a global minimum of f iff f(z*) < f(z),Vx € X.

e The value z* is a local minimum of f iff Jes.t. f(z*) < f(z),Vx € [x* — €, 2™ + €.

Convex Function Nonconvex Function
A A
> >
e Eachlocal minimumi s a * A nonconvex function is not
global minimum convex

 Each local minimum is not
necessarily a global minimum



Convexity

Function f : RM — R is convex
ifVx € RN[,XQ € RA/I,O <t<1l:

flx1+ (1 —t)x2) S tf(x1) + (1 —¢) f(x2)

A

tf(z1) + (1 —t)f(z2)

|

|

| |

fltzy + (1 —t)z2) /:: :
| 1

1 try + (1 —t)z2 &

Function f : RM — R is strictly convex
ifVx; eRM x, c RM 0<¢t <1t

fltx1 + (1 =t)x2) <tf(x1) + (1 —1)f(x2)

A

tf(z1) + (1 —t)f(z2)

f(ter + (1 =)o) f-es

Each local
minimum of a
convex function is
also a global
minimum.

A strictly convex
function has a
unique global

minimum.
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CONVEXITY AND LINEAR
REGRESSION



Convexity and Linear Regression

The Mean Squared Error function,
which we minimize for learning
the parameters of Linear
Regression, is convex!

...but in the general case it is not
strictly convex.




Gradient Descent & Convexity

e Gradient

descentis a
local
optimization
algorithm

 |fthe functionis

nonconvex, it
will find a Iocal
minimum, not
necessanl a

global minimum 7
e |fthe functionis

convex, it will
find a global
minimum
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Regression Loss Functions

In-Class Exercise:

Which of the following
could be used as loss
functions for training
d linear regression
model?

Select all that apply.

 A(G,y) =

(), y) =

. (7, y)

(G, y) =119 — yll2

C. Uy,y) =

19—y
2
Q(y y)

Lo -y

{5(?0 —y)?
0y —y| — 507

M~

— log(cosh(j — 1))

if [ —yl <9
otherwise



Solving Linear Regression

Question:

True or False: If Mean Squared Error (i.e. & S0iv, (y® — h(x())?)
has a unique minimizer (i.e. argmin), then Mean Absolute Error (i.e.

LS [y® — h(x®)]) must also have a unique minimizer.

Answer:



OPTIMIZATION METHOD #2:
CLOSED FORM SOLUTION



Calculus and Optimization

In-Class Exercise Answer Here:

Plot three functions: 3

A




Optimization: Closed form solutions

Chalkboard

— Zero Derivatives
— Example: 1-D function
— Example: higher dimensions



CLOSED FORM SOLUTION FOR
LINEAR REGRESSION



Linear Regression as Function
Approximation

2. Choose hypothesis space, H:
all linear functions in M-dimensional space

H = {he : he(x) = 87x,0 ¢ RM}




Linear Regression: Closed Form

3(0)= (8, 8,) = 3= (v -x")’

Optimization Method #2: Lo P
Closed Form 0.00q
1. Evaluate -
oMLE — (XTx)—ley
2. Return QMLE 061 o S 5 B; N
0[5 it
0.4 O
y = h*(x) S
N (unl;nown) . p
’
h(x; OMLE))
0.0 Y T T f
0.0 0.2 0.4 0.6 0.8
> 91
t e1 e2 J(e17 eZ)
/' MLE | 0.59 | 0.43 0.2
/




Optimization for Linear Regression

Chalkboard

— Closed-form (Normal Equations)



