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A number of years ago Hafter and Shelton [J. Acoust. Soc. Am. Suppl. 1 68, S16 (1980), 
Hafter and Shelton, J. Acoust. Soc. Am. 90, 1901-1907 ( 1991 ) ] demonstrated that diotic 
bandpass noise that is multiplied by a dichotic pair of periodic rectangular gating functions 
could be strongly perceived toward the ear receiving the signal with the gating function that is 
lagging in time. These results were surprising because sounds presented with interaural time 
delays (ITDs) are normally perceived toward the ear receiving the signal that is leading in 
time. In order to better understand these counterintuitive phenomena an analytical expression 
for the cross-correlation function of these gated-noise stimuli is derived, and it is shown that 
many of the general properties of the data can be accounted for by considering only the 
properties of this function. The lateralization of the gated-noise stimuli is compared to 
predictions of three types of models of binaural signal processing: models based on the cross- 
correlation function of the entire signal, models based on the interaural group delay or phase 
delay at low frequencies, and the position-variable model, which is based on the response of the 
peripheral auditory system to the stimuli. It is shown that the observed lateralization results, 
including the unexpected reversals and various frequency effects, can be explained without 
further assumption by an extended implementation of the position-variable model [Stern and 
Colburn, J. Acoust. Soc. Am. 64, 127-140 (1978) ]. The cross-correlation functions of the 
original stimuli can also be related to the lateralization data, but in a much less natural fashion. 
It is argued that models based on the interaural group delay of the original stimuli will not 
describe the observed resultS, although low-frequency phase delay is qualitatively consistent 
with the observed lateralization phenomena. 

PACS numbers: 43.66.Ba, 43.66.Nm, 43.66.Pn, 43.66.Qp [WAY] 

INTRODUCTION 

A number of years ago, Halter and Ricard (1973) and 
Hafter et al. (1980) first described an interesting and unex- 
pected phenomenon concerning the lateral position of diotic 
bandpass noise that is subsequently multiplied by a dichotic 
pair of periodic rectangular gating functions. They found 
that when the gating functions were presented with an inter- 
aural time delay (ITD), the gated-noise stimuli would be 
strongly perceived toward the ear receiving the signal with 
the gating function that was lagging in time, for many combi- 
nations of stimulus parameters. These results were surpris- 
ing because one of the classic tenets of binaural hearing has 
been that sounds presented with ITDs are perceived toward 
the ear receiving the signal that is leading in time. In a more 
detailed presentation of these phenomena that appears as a 
companion paper in this issue of the journal, Hafter and 
Shelton ( 1991 ) describe several additional properties of the 
perception of the gated-noise stimuli: (1) The period of the 
gating function has virtually no effect on the subjective later- 
ality of the stimuli; (2) the subjective laterality of the gated- 
noise stimuli is unaffected by changing the duration of the 
gating pulses and the center frequency of the bandpass filter 
(also referred to as the carrier frequency), provided that the 
product of these two quantities is held constant; and (3) the 

perceived lateralization of the stimuli is dominated by stimu- 
lus components below approximately 1500 Hz, even when 
all components of the bandpass noise are much higher in 
frequency. 

Hafter and Shelton ( 1991 ) also describe predictions of a 
simple ad hoc model that uses a quantity closely related to 
the centroid of the cross-correlation function of the gated- 
noise stimuli to predict their subjective lateral position. The 
model uses cross-correlation functions that Halter and Shel- 

ton approximate empirically using simulation techniques, 
and it describes the data quite well. When originally present- 
ed, this model had previously been criticized by Henning 
(1983), who believed that the binaural system was unable to 
make use of group-delay information at low frequencies, but 
subsequent experiments by Bernstein and Trahiotis (1985) 
demonstrated that these cues can in fact be used (at least to 
some extent) to lateralize sound. 

In order to understand the mechanism that is likely to 
mediate these counterintuitive phenomena, an analytical 
expression for the cross-correlation function of the gated- 
noise stimuli is developed, which is expressed as the product 
of the autocorrelation function of the bandpass noise and the 
cross-correlation function of the gating functions. The later- 
alization data of Hafter and Shelton are then discussed in 
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terms of theoretical predictions produced by three types of 
binaural processing: models based on the cross-correlation 
function of the entire stimuli to the two ears (including that 
of Hafter and Shelton, 1991 ), models based on the interaural 
group delay and interaural phase delay of the stimuli, and an 
extended implementation of the position-variable model 
(Stem and Colbum, 1978). It is argued that of the three 
types of processing mechanisms considered, the extended 
position-variable model provides the best description of the 
lateralization data, including the unexpected reversals in la- 
teralization and the dominant role played by low-frequency 
stimulus components. 

The analytical expression for the gated-noise stimuli is 
developed in Sec. I, and it is shown that these expressions 
describe the empirically derived cross-correlation functions 
measured by Halter and Shelton. It is shown in Sec. II that 
the dependence of perceived lateral position on the period of 
the gating pulses, and the joint dependence of lateralization 
on the center frequency of the noise and the duration of the 
pulses, are predicted by virtually all cross-correlation-based 
models, including the model of Hafter and Shelton ( 1991 ). 
In Sec. III the predictions of models based on the interaural 
group delay and phase delay of the stimuli are considered, 
and it is argued that group delay of the stimulus per se is 
unlikely to mediate the observed reversals in laterality. Fin- 
ally, the predictions of the extended position-variable model 
are compared to the data in Sec. IV, and this model is com- 
pared to the original model proposed by Hafter and Shelton 
(1991). 

I. CROSS-CORRELATION FUNCTIONS FOR 
RECTANGULARLY MODULATED NOISE 

In this section we derive the cross-correlation functions 

for the rectangularly modulated noise stimuli used in the 
experiments of Halter and Shelton ( 1991 ). 

The signals to the two ears, x L (t) and x R (t), are genera- 
ted by multiplying a bandpass noise process n (t) by each of 
two periodic gating functions, gL (t) and gR (t), as shown in 
Fig. 1. The bandpass noise n(t) is assumed to be created by 
passing a white Gaussian noise process w(t) through an 
ideal bandpass filter. [The stimuli used in the experiments of 
Hafter and Shelton ( 1991 ) are actually generated by realiza- 
ble filters with upper and lower skirts of 24 dB per octave. 
The differences between the ideal and practical bandpass 

g • XL(O 
r• • xn(t) 

FIG. 1. Block diagram summarizing the generation of the stimuli to the two 
ears, xL (t) and x n (t), by multiplication of a bandpass noise process n (t) by 
each of two periodic gating functions, g, (t) and gn (t). 

1, g• (t) = 0, 
and 

filters do not appear to be important for this analysis.] Spe- 
cifically, 

x L (t) = n(t)gL (t) (la) 

x R (t) = n(t)gR (t), (lb) 
where 

n(t) = w(t)*hap (t). (2) 

The impulse response of the bandpass filter hap (t) is the 
inverse Fourier transform of the transfer function 

1, f• -- W/2< Lfl <fc q- w/2, Hap (./3 = 0, otherwise. (3) 
In the experiments of Halter and Shelton { 1991 ), the band- 
width Wis fixed at 1000 Hz, and the center frequeneyfc was 
varied as a parameter. 

The periodic rectangular modulating (or gating) func- 
tions used by Hafter and Shelton (1991) are characterized 
by three parameters: modulation delay (which we represent 
by the symbol TM ), pulse duration (To), and gating-pulse 
period (Tp). In the experiments of Halter and Shelton 
( 1991 ), TM is fixed at 37.5/zs, Tois either 100, 200, or 400 
/zs, and Tp is either 1, 2, or 4 ms (but most commonly 2 ms). 
These gating functions can be modeled by the periodic sta- 
tionary random processes 

O<t<T D + O, 
(4a) 

T o + O<t<T•, + 0 

1, -- Tst + O<t<TD -- Tst + O, gR(t)= 0, TD_Tst+O<t<T•,_T•t+O ' (4b) 
with g•(t) =gL(t-- T•,) and gn(t) =gn(t-- T•,) [i.e., 
go(t) and g• (t) are periodic with period Tel. The fixed 
random parameter 0 is independent of the process n(t) and 
uniformly distributed over the interval from 0 to T•,. This 
parameter has the effect of randomizing the absolute time 
origin, and it is needed to ensure that x• (t) and x• (t) are 
stationary. It has no direct effect on any of the theoretical 
predictions. 

The functions g•(t) and gn(t) are sketched in Fig. 
2 (a), using an arbitrary value for the parameter 0. 

The cross-correlation function of the stimuli is 

R x (r) = E [x• (t)xR (t -- r) ]. (5) 
Because the gating functions g• (t) and gs (t) are statistical- 
ly independent of the bandpass noise process n (t), the cross- 
correlation function of the stimulus factors into the product 
ofthe autocorrelation function of the bandpass noise and the 
cross-correlation function of the two rectangular gating 
functions: 

Rx (r) = E [x• (t)xn (t -- r) ] 

= E [n(t)g•(t)n(t- r)g s (t- r)] 

= E [n(t)n(t-- r)]E [gL(t)g n (t-- r)] 

= R, (r)Rg (r), (6) 
with the expectation in the latter case taken over the random 
parameter 8. 
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13 •t 

I • TM•T P •t 
t•Rg(•) 

. TI9+TM Tp 
FIG. 2. (a) The gating functions used to generate the stimuli for the laterali- 
zation experiment. The parameter Tu refers to the modulation delay, T o 
refers to the pulse duration, and Tp refers to the pulse period. (b) The cross- 
correlation function of the gating function R s (r). 

Here R, (r), the autocorrelation function of the band- 
pass noise before the modulation process, can be obtained 
from its Fourier transform, the corresponding power spec- 
tral density function, 

S, (f) = (No/2)IHnv if)12. (7) 
For the bandpass stimuli used in this experiment it is easy to 
show that 

R, (r) = No W [sin(rrrW)/rrrW]cos(2rrfcr). (8) 

The function R e (r) is sketched in Fig. 2(b) for the gat- 
ing functions used by Hafter and Shelton. As can be seen, 
Rg (r) is periodic with respect to the variable r with period 
T?, and is zero for many values off. Consequently R x (r) is 
also zero for many values of r. 

For the stimuli in the present experiment, the nonzero 
values ofRx (r) that are closest to r equals zero are 

Rx (r) = No W sin(rrrW) cos(2rrf•r) 
•-W 

X To(1 [r--T•t[.) (9) re To ' 
where No is the power per Hz of the white noise before it is 
passed through the bandpass filter. Equation (9) is valid for 
,-in the range of Tst-ToZrZT M + T o, and R•(r) is zero 
for other values of r that are small in magnitude. 

In order to provide a more intuitive feel for how the 
functions R, (r) and Rg(r) interact to produce R•(r), 
these three functions are plotted in Fig. 3, using values of 200 
/zs for Tz•, 2 ms for T•., 50/•s for Tst, and two values offc, 
1000 and 3000 Hz. We plot R, (r) and Rg (r) as the solid 
and dotted curve, respectively, in Fig. 3(a), for a value of 
1003 Hz for f•; their product R• (r) is shown in Fig. 3(b). 

-10 

(b) fo 

-3• -2000 -1• 

-10 

n.(O :! 

\ _ 
4 /fooo ;ooovaooo 
•q•eraural Delay • (gs) 

1000 2000 3000 

Interaural Delay x (gs) 

-3000 -2000 -1000 

10 

-5 

-1• 

1000 2000 3000 Interaural Delay • (ps) 

FIG. 3. Development of cross-correlation functions for gated-noise stimuli 
with a value of 200/•s for To, 2 ms for Tv, 50/.rs for Tu, and two values off,, 
1 kHz [panels (a) and (b) ], and 3 kHz [panels (c) and (d) ]. In panels (a) 
and (c), R, (r) and R s (r) are plotted as the solid and dotted curve, respec- 
tively. Here R• (r), the product of R,(r) and R s (r), is shown in panels (b) 
and (d) for each of the two center frequencies. 

These curves are repeated in Fig. 4(c) and (d), but with a 
value of 3000 Hz for f•. It can be seen in Fig. 3 that as f• 
increases, the function R• (r) changes shape as different 
positive and negative modes of the factor cos(2rrf, r) fall 
within the envelope produced by the product ofRg (r) and 
the sin (rrr W)/•rr W factor of R • (r). These functions close- 
ly resemble the corresponding empirically derived cross-cor- 
relation functions shown in Fig. 8 of Halter and Shelton 
(1991). 

II. LATERALIZATION BASED ON THE CROSS- 
CORRELATION FUNCTION OF THE ENTIRE STIMULUS 

Hafter and Shelton ( 1991 ) describe the lateralization of 

rectangularly modulated noise, including the reversal phe- 
nomena, in terms of a model that is based on the cross-corre- 
lation function Rx (r) of the entire stimuli to the two ears. In 
this section we consider the observed dependence of their 
data on the gating-function period Te, and on the product of 
the gating-pulse duration T o and center frequency re, and 
we show that these dependencies can easily be related to 
corresponding dependencies of the cross-correlation func- 
tion R• (r). As a consequence, it is argued that these proper- 
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ties of the data would be predicted by any model that is based 
on Rx (•'), including the model of Hafter and Shelton. This 
section is concluded with a brief comparison of the Hafter 
and Shelton model to the more detailed position-variable 
model that is discussed later in the paper. 

A. Dependence on T•, 

Hatter and Shelton ( 1991 ) report that the specific value (b) 
of the pulse period Te has very little effect on lateralization 
performance. 

Figure 4 shows plots of the cross-correlation function of -3ooo 
the stimuli using values of 200,us for T o, 1000 Hz forfo and 
1 ms for T•,. As in Fig. 3, we plot the functions R, (r) and 
R s (r) in Fig. 4 (a), and their product R x (r) in Fig. 4 (b). By 
comparing the plots of Fig. 4 to Fig. 3(a) and (b), it can be 
seen that the specific value of the parameter Te has no effect 
on the shape ofR• (r) for values off near zero, provided that 
Te is greater than twice T o. Here T e only affects the loca- 
tions of the secondary modes of Rg(r) that occur near 
Irl = 4- i ms for the functions shown in Fig. 4. These sec- 
ondary modes of Rg (r) are believed to have little effect on 
perception for two reasons. First, the modes ofR• (r) tend 
to become attenuated as I rl increases because of the damping 
nature of the tails of the sin(urW)/urW component of 
R n (•'). Second, both psychophysical and physiological evi- 
dence supports the contention that there are relatively few 
processing units in the binaural system that are specifically 
sensitive to stimulus time delays of large magnitude (e.g., 
Kuwada and Yin, 1983; Kuwada et al., 1987), so the major 
contribution of R x (r) to the lateralization process is likely 
to come from values of •' that are close to the origin (Hafter 
and DeMaio, 1975; Shear, 1987; Stern et al., 1988). 

B. Joint dependence on To and f= 

Halter and Shelton ( 1991 ) show that the dependence of 
the perceived lateral position on center frequency fc and 

(b) 10 

-5 

-10 

ural Delay ß (gs) 

R3) 

1000 2000 3000 
Interaural Delay ß (Us) 

FIG. 4. Development of cross-correlation functions for gated-noisc stimuli 
with a value of 200/•s for T=, ! ms for Te, 50/.rs for T•, and I kHz for ft. 
Here R. (r) and Rg (r) are plotted as the solid and dotted curve, respective- 
ly, in panel (a} (as in Fig. 3}, and their product R. (r) is shown in panel 
(b}. It can be seen by comparing these curves with those in Fig. 3(a) and 
3(b) that the value of Tp has little effect on R• (r). 
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interaural Delay • (ps) 
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FIG. 5. Development of cross-correlation functions for gated-noise stimuli 
with a value of 2 ms for T,., 50ps for Ts, and several combinations off½ and 
To: 3 kHz and 400/•s [panels (a) and (b) ], 6 kHz and 200/as [pands 
and (d) ], and 2 kHz and 400/•s [panels (e} and (f} ]. As in Figs. 3 and 4, 
R• (r) and Rg(r) are plotted as the solid and dotted curve, respectively, of 
panels (a), (c), and (e), and their product R= (r) is plotted in panels (b), 
(d), and (13 for each combination off• and T,,. Comparing the curves, it 
can be seen that the noise bandwidth W has little effect on the shape of 
R• (r), and combinations of Tz) andre that maintain a constant value of the 
product f, To will produce families of cross-correlation functions R= (r) 
that are expanded or contracted along the r axis but that maintain approxi- 
mately the same shape. 
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pulse duration To is only through the product of these two 
quantities. 

Figure 5 shows the cross-correlation function of the 
stimuli using a value of 2 ms for Tv, 50/.rs for Ts•, and several 
combinations of the modulating pulse duration Tt• and the 
center frequency ft. Again, we plot separately the functions 
R, (r), R s (r), and their product Rx (r). We compare in 
these figures the correlation functions that result from three 
combinations offc and To: 3000 Hz and 400/•s [Fig. 5 (a) 
and (b) ], 6000 Hz and 200/• s [ Fig. 5 ( c ) and ( d ) ], and 2000 
Hz and 400/•s [Fig. 5(e) and (f)]. The first two pairs of 
conditions have the same f½ To product, but the third pair 
does not. Comparing the resulting cross-correlation func- 
tions, it can be seen that although the function in Fig. 5 (d) is 
contracted in time relative to that in Fig. 5(b), it contains 
the same ensemble of positive and negative peaks for values 
of lrl that are close to zero. The cross-correlation function in 
Fig. 5 (f) is different in shape, lacking, for example, the posi- 
tive mode to the right of the major central mode. Hafter and 
Shelton ( 1991 ) argue convincingly that the presence or ab- 
sence of reversals in lateralization can be related to the over- 

all shape of the cross-correlation function of the stimuli, and 
specifically the presence of negative modes and asymmetries 
in this function. 

The plots in Fig. 5 show that the shape of R• (r) for 
small values of [r[ is dominated by two factors: the duration 
of the modulating pulses T o [which controls the width of 
the triangular pulses ofRg (r) ] and the center frequencyf½ 
of the bandpass noise [which controls the locations of the 
modes ofRn (r) ]. The bandwidth W has relatively little ef- 
fect on the shape of Rx(r) because the sin(•'rW)/z'rW 
component of R, (r) is much broader than the modes of 
R s (r) (as long as 1/W is much greater than To ). Conse- 
quently, manipulations of the values of To andfc that main- 
tain a constant value of the product fc To will produce fam- 
ilies of cross-correlation functions R• (r) that are expanded 
or contracted along the r axis but maintain approximately 
the same shape. (The cross-correlation functions of the stim- 
uli would have maintained exactly the same shape if the 
bandwidth IV had also been varied in proportion withfc and 
the modulator delay T M had also been varied in proportion 
with T o. ) This is confirmed in our examples by noting that 
the cross-correlation functions in Fig. 5(b) and (d) have 
approximately the same shape, but that the function shown 
in Fig. 5(f) has a different shape, as noted in the previous 
paragraph. Hence, the major dependence oflateralization on 
fc and T o is through their product, as demonstrated by the 
results shown in Fig. 4 of Halter and Shelton. 

C. Lateralization predictions based on the cross- 
correlation function of the entire stimuli 

Hafter and Shelton (1991) demonstrate that most 
aspects of their data can be described by the simple equation 

•=foo ra•,(r•) dr ' (10) - © IR• (r) l 
This equation was adopted because it provided the best de- 
scription of the data, as other plausible operations on R x (v) 
including the centtold along the v axis did not work as well. 

While Eq. (10) provides a good description of most of 
the observed data, it does have two major shortcomings, 
which are acknowledged by Hafter and Shelton. First, the 
model is based on the cross correlation of the entire stimulus. 

The overwhelming body of accumulated physiological and 
psychophysical evidence indicates that sounds are processed 
by parallel channels of the peripheral auditory system, with 
the signals undergoing bandpass filtering and nonlinear rec- 
tification in each channel. We believe that it is especially 
appropriate to discuss the data in terms of models that spe- 
cifically include frequency analysis, because Hafter and 
Shelton demonstrate that the phenomena themselves appear 
to be mediated by a low-frequency mechanism. Second, the 
arbitrary nature of the processing implied by this model is 
unsatisfying. In fact, Eq. (10) computes a quantity that is 
related in a general way to the center of mass ofR• (r), while 
avoiding the difficulties that develop when one attempts to 
compute the actual centroid of R• (r) when the integral of 
R• (r) over all r is zero. In Sec. IV we argue that the posi- 
tion-variable model performs a rather similar computation 
to that of the model of Hafter and Shelton, but without the 
need for an arbitrarily imposed rectification operation, since 
natural rectification of the peripheral auditory system en- 
sures that the cross-correlation function will be positive. De- 
spite the shortcomings of the Hafter-Shelton model, its suc- 
cess in describing the gated-noise data motivated us to 
develop the corresponding predictions for the centroid- 
based position-variable model with more plausible frequen- 
cy-specific peripheral processing. 

III. LATERALIZATION BASED ON INFORMATION IN 
THE CROSS-SPECTRAL DENSITY FUNCTION 

We now consider the extent to which the lateralization 

of the gated-noise stimuli can be accounted for by the form of 
the interaural group delay and interaural phase delay of the 
stimuli. Both of these attributes have been implicated in the 
lateralization of complex binaural stimuli: the interaural 
phase delay is the dominant lateralization cue at low fre- 
quencies, and the lateralization of high-frequency stimuli 
with low-frequency envelopes appears to depend on the in- 
teraural group delay of these stimuli. (See Henning, 1980, 
for a particularly elegant presentation of this hypothesis.) 

Interaural differences in group delay and phase delay 
can be derived from the cross-spectral density function 
Sx (f), which is the Fourier transform ofRx (r). We show in 
the Appendix that the cross-spectral density function for the 
stimuli used in the experiment of Hafter and Shelton can be 
expressed in terms of the summation 

S• 00 No sin2(krrTo/Tp) -i(2,•krM/rp) =-•-• (k•r) 2 e , (11a) 
where the summation is evaluated over those values of k for 
which 

(f +f½)Tv -- T.W/2<k<(f +f½)Tv + TvW/2 
(11b) 

or 

(f-Z)T - T. IV/2<k<tf--Z)T + TW/2. 
(11c) 
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FIG. 6. Magnitude and phase of the cross-spectral density function S• (/3 
for gated-noise stimuli with T D equal to 400gs, Tp equal to 2 ms, Ts• equal 
to 50gs, and two values off,: 2000 Hz [panels (a) and (b) ] and 3000 Hz 
[ panels (c) and (d) ]. [The cross-correlation functions for these stimuli are 
shown in Fig. 5 (b) and (f). ] The curves are plotted only for those frequen- 
cies for which IS x (f) l is within 80 dB of its maximum value. 

Note that the frequency dependence in the above expression 
for Sx O r) enters through the values of the index k. 

We show plots of the relative magnitude and the phase 
of the cross-spectral density functions S• (J) in Fig. 6 for T o 
equals 400/•s, Tp equals 2 ms, Tta equals 50/as, and two 
values offc: 2000 Hz [ Fig. 6 (a) and (b) ] and 3000 Hz [ Fig. 
6(c) and (d). [The cross-correlation functions for these 
stimulus conditions are shown in Fig. 5(b) and (f). ] With a 
value of T o equal to 400/is, a stimulus withfc equal to 2000 
Hz is lateralized toward the "incorrect" side of the head 

(i.e., the side with the ear receiving the signal with the gating 
function that is lagging in time), while a stimulus with f• 
equal to 3000 Hz is heard toward the opposite or "correct" 
side of the head. The curves shown in Fig. 6 are typical of 
those that are observed for stimulus parameters producing 
expected and anomalous lateralizations. 

It can be seen from Fig. 6 that the actual magnitude and 
phase functions of the cross-spectral density function for 
these unusual stimuli consist of a series of "steps" that are 
approximately constant over successive ranges of 500 Hz, as 
is indicated by Eq. ( 11 ). At low frequencies, the interaural 

phase function for the 3000-Hz stimulus that is lateralized 
on the "correct" side of the head is negative, while the inter- 
aural phase function for the 2000-Hz stimulus that produces 
"anomalous" lateralizations exhibits a positive phase shift 
for low frequencies (i.e., a lead in phase). The "steps" of 
each of these two phase functions tend to become more nega- 
tive as frequency increases. 

We believe that the experimental data and the form of 
the interaural phase spectra argue strongly against the hy- 
pothesis that the counterintuitive reversals in the lateraliza- 
tion data of Hafter and Shelton are mediated by a lateraliza- 
tion mechanism that makes direct use of interaural group 
delay of the stimuli themselves. Since the interaural phase 
spectra are flat for most frequencies, the group delay of the 
stimuli, which is the derivative with respect to frequency of 
the interaural phase spectrum, would also be zero for most 
frequencies, for all stimulus configurations. It would prob- 
ably be more reasonable to consider the overall trend of the 
group delay as a function of frequency, but again it can be 
seen that (except for one step at 1000 Hz for the 3000-Hz 
stimulus) the slope of the interaural phase difference is gen- 
erally negative for both values off•. Hence, any model that is 
based directly on the interaural differences in group delay of 
the stimuli used in the experiments of Hafter and Shelton 
(1991) would be expected to predict that the stimuli are 
lateralized toward the same side of the head for all values of 

f•, contrary to the reversals in lateralization that were ob- 
served in the actual data. 

Predictions based on the interaural phase delay at low 
frequencies, on the other hand, are likely to be more success- 
ful, as it can be seen that the low-frequency phase delay is 
positive forf• equals 2000 Hz and negative forf• equals 3000 
Hz. Similarly, if the interaural group delay were smoothed 
over frequency it would become a better predictor of the 
reversals in lateralization. Nevertheless, no model has yet 
been developed that provides quantitative lateralization pre- 
dictions by directly using either interaural group delay or 
interaural phase delay. 

IV. LATERALIZATION PREDICTIONS FROM THE 
POSITION-VARIABLE MODEL 

The position-variable model (Colburn, 1973; Stern and 
Colburn, 1978) describes the subjective lateral position of 
simple stimuli in terms of putative discharge patterns of fi- 
bers of the auditory nerve. These firing times are modeled as 
sample functions of nonhomogeneous Poisson processes 
with rate functions that depend on the stimulus. Information 
pertaining to the interaural time difference of a stimulus is 
characterized by the outputs of a display of binaural infor- 
mation containing a network of units that, effectively, esti- 
mates the interaural cross-correlation function of binaural 

stimuli after peripheral frequency analysis. Specifically, 
each unit is assumed to record coincidences in firing times 
from auditory-nerve units of comparable characteristic fre- 
quency from the two ears, after a small fixed internal inter- 
aural time delay. This display may be regarded as an imple- 
mentation of the running cross-correlation operation 
proposed by $ayers and Cherry (1957), using a neural 
mechanism inspired by Jeffress (1948). 
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Predictions of the subjective lateral position of a stimu- 
lus are obtained by computing the center of mass along the 
internal-delay axis of the response of the coincidence-count- 
ing units, as described in detail in Stern and Colburn (1978). 
Predictions for "objective" discrimination and detection ex- 
periments can also be obtained by assuming that judgments 
are based on the subjective position of the stimuli, and that 
performance is limited by the intrinsic variability of the audi- 
tory-nerve response to the sounds (Stern, 1976; Stern and 
Colburn, 1985). 

While the position-variable model was originally devel- 
oped to describe the laterality of stimuli at 500 Hz, we have 
recently extended the model to describe the perception of 
higher-frequency stimuli as well (Shear, 1987; Stern et al., 
1988). The revisions to the model that enable us to describe 
data at higher frequencies will be presented and discussed in 
detail in a future paper (Stern and Shear, 1992). In brief, 
they consist of the following. 

(i) The exponential rectifier was replaced by a half- 
wave cube-law rectifier. This was done to obtain a more ac- 

curate representation of the response of the model to noise 
stimuli. 

(ii) The single-pole low-pass filter used by Colburn 
(1973) was replaced by a low-pass filter with a transfer func- 
tion that has a steeper high-frequency slope, suggested by the 
physiologial measurements of Johnson (1980). This low- 
pass filter limits the model's ability to develop a synchronous 
response to the fine structure of high-frequency stimuli. 

(iii) The nonlinear rectifier and the low-pass filter were 
interchanged, so that the auditory-nerve model consists of 
(in part) the cascade of a bandpass filter followed by a non- 
linear rectifier and a low-pass filter. This reordering of the 
elements of the auditory-nerve model enables the model to 
synchronize to the low-frequency envelopes of high-frequen- 
cy stimuli. 

(iv) The density function that describes the relative 
number of coincidence-counting units as a function of their 
internal interaural delay [ which is referred to as p (•-) in the 
papers of Colburn (1977) and Stern and Colburn (1978) ] 
was replaced by a new frequency-dependent density function 
P(•'[fc ), for reasons discussed at length in Stern and Shear 
(1992). 

The output of the extended position-variable model is a 
random varia•e representing the position estimate, which 
we refer to as P. Its mean is approximated by 

s.,a, ,(fc )s ©_ co E [L,. (,-,.,œm) ]v(-IL 
(12) 

where E [ L,• (•%, fc• ) ] refers to the expected number of 
coincidences of a fiber pair with internal delay r,• and char- 
acteristic frequency fern, and p Oec ) describes the distribution 
of fiber pairs with respect to characteristic frequency. The 
term Rta, refers to the range of characteristic frequencies 
over which predictions are computed. In this paper that 
range is the set of frequencies over which auditory-nerve 
fibers from both ears are all firing at a rate above their spon- 
taneous rate, as discussed in Shear (1987). 

• •/• Frequ•n•'• (Hz) 
•100 

, , yoo , 
0 ncy (!•z• O0 

FIG. 7. (a) Typical lateralization results by Hafter and Shelton ( 1991 ) for 
gated-noise stimuli as a function of center frequencyf•, with To equal to 400 
/•s, Tp equal to 2 ms, Wequal to 1000 Hz, Tst equal to 37.5/•s, and a sound 
pressure level of 70 dB SPL. Lateralization percentages below 50% are the 
counterintuitive "illusory" reversals. (b) Predictions of the extended posi- 
tion-variable model for the same stimulus conditions, except that Tt• equals 
50/•s for computational reasons. 

Figure 7 compares predictions and data using the posi- 
tion-variable model for a typical set of experimental results 
from Hafter and Shelton ( 1991 ). Predictions are shown for 
T o equals 400/.rs, Tp equals 2 ms, Wequals 1000 Hz, and a 
stimulus level of 70 dB SPL. The center frequency of the 
bandpass noisef• is varied as a parameter. The ITD of the 
gating function Tst was set to 50/zs, which was the closest 
possible approximation to the 37.5-/zs delay used in the ex- 
periments, given our sampling rates. The center frequencies 
that produce the counterintuitive reversals in lateralization 
are indicated by lateralization percentages of less than 50% 
in the data and predictions. Since predictions are obtained in 
terms of laterality estimates (which are both positive and 
negative) while data are described in terms of percentage 
"correct" responses (which vary from 0%-100% ), the pre- 
dictions were renormalized by a linear transformation that 
maps a predicted position of zero (i.e., the center of the 
head) to correspond to 50% correct discrimination perfor- 
mance, and vertically normalizes the data to best describe 
the observed data (while restricting the predictions to lie 
between 0% and 100% correct). The predictions describe 
the data quite well for center frequencies up to about 5000 
Hz. Although they are not provided here, predictions for 
other combinations of stimulus parameters describe the data 
equally well, primarily for the reasons discussed in Sec. II. 

Figure 8 shows how predictions of the position-variable 
model depend on the frequency components of the stimuli. 
The solid curve with the circular symbols describes predic- 
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FIG. 8. Predictions of the position-variable model using only components 
of the cross-correlation function above 1500 Hz (squares) and below 1500 
Hz (circles). These predictions closely approximate the predictions that 
would have been obtained if the stimuli were passed through a 1500-Hz 
high- and low-pass filter, respectively. Stimulus parameters are as in Fig. 7. 

tiens obtained when the model ignores frequency compo- 
nents above 1500 Hz. This curve approximates the response 
that would be obtained when the stimuli are low-pass filtered 
with a cutoff of 1500 Hz. The dashed curve with the square 
symbols shows predictions obtained when the model ignores 
frequency components below 1500 Hz (approximating the 
response to 1500-Hz high-pass-filtered stimuli). These 
curves show that, except when Hap (f) has a very low center 
frequency, predictions of the model depend almost entirely 
on stimulus components of the stimuli that are below 1500 
Hz, which corresponds precisely to what Hafter and Shelton 
( 1991 ) found in their empirical observations. 

We believe that the easiest way to understand the likely 
mechanism for the counterintuitive reversals, and specifical- 
ly the predictions of Figs. 7 and 8, is by considering how the 

4000[; :, 
3000• 
2000\\ 

CF 1500• • 
(Hz) 1000• 

750 

50O 

Internal Delay (ms) 
(a) Center Frequency 2000 Hz 

400• 
3000i 

CF 200• 
(Hz) 

lOOO 

-2 -1 0 I 2 
Internal Delay (ms) 

(b) Center Frequency 3000 Hz 

FIG. 9. Cross-correlation patterns showing the response of an ensemble of binaural fiber pairs to a gated-noise stimulus with T o equal to 400/zs andf• equal to 
2000 Hz [panel (a)l and 3000 Hz [panel (b)]. 
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gated-noisc stimuli are likely to be represented by the binau- 
ral system. Figure 9 shows the product L(r, fc)p(r[fc), 
which represents the relative response of an ensemble of bin- 
aural fiber pairs to the gated-noise stimuli with T D equal to 
400/•s, Ts• equal to 50/is, Tp equal to 2 ms, [Vequal to 1000 
Hz, a stimulus level of 70 dB SPL, and two values offo 2000 
and 3000 Hz. These combinations of stimulus parameters 
were chosen because they illustrate center frequencies that 
produce normal and counterintuitive subjective lateral posi- 
tions, respectively, and because they were included in other 
examples in Figs. 5-8. The horizontal axis indicates the 
"characteristic" internal delay parameter of binaural fiber 
pairs, as described in Colburn ( 1973, 1977) and Stern and 
Colburn (1978), and the oblique axis indicates the charac- 
teristic frequency of the auditory-nerve fibers in Hz. The 
shape of the two-dimensional function specifies the position- 
variable model's representation of the internal response to 
the gated-noise stimuli, including the implicit weighting by 
the funetionp (r I fc ), which describes the relative number of 
fiber pairs with a given characteristic frequency and charac- 
teristic delay. 

Figure 9(a) and (b) show that the gated-noise stimuli 
produce an "internal cross-correlation function" that has a 
broad mode near the center of the internal-delay axis. The 
differences in predicted position for these two values offc are 
clearly reflected in the locations of the dominant mode, 
which is slightly to the left of r = 0 whenf• is 2000 Hz, and 
slightly to the right when fc is 3000 Hz. It can also be seen 
that L(r, fc)p(rlf •) is almost identical (and symmetrical 
about the internal delay axis) for fiber pairs with character- 
istic frequencies above about 1500 Hz. This is a reflection of 
the fact that fibers of the auditory nerve are not able to re- 
spond in sychrony to stimulus fine structure to components 
of the stimulus above that frequency. Hence, the theoretical 
predictions (and the data) depend primarily on stimulus 
components below 1500 Hz. 

The major difference between the product 
L (•-, fc )P (rl f• ) and the function R • (•-) [ from which pre- 
dictions are obtained by Hafter and Shelton ( 1991 ) ] is that 
R x (r) is the cross correlation of the stimuli themselves while 
L(r, fc )p(r] f• ) represents the cross correlation of the puta- 
tive response of the peripheral auditory system to the same 
stimuli. The centroid of L(•',f•)p(•'lfc) differs from the 
centroid of R= (r) because of the nonlinear rectification that 
is part of the model of auditory-nerve activity and (to a lesser 
extent) because of the logarithmic distribution of the char- 
acteristic frequencies of the fibers. When Hafter and Shelton 
( 1991 ) found that the centroid ofR• (r) did not describe the 
data [in part because R• (•-) is negative for some values of 
•-], they introduced the absolute value operation in the de- 
nominator of Eq. (10) to overcome this problem. Because of 
the rectification of the peripheral auditory system, L (•-, f• ) 
is always positive, and the mean of the position estimate is 
obtained directly from the centroid computation, without 
further approximation. The location (or at least the sided- 
ness) of the major mode of L (r, f• )p (r I f• ) does appear to 
correspond to the values of the phase of the cross-spectral 
density function Sx (f) at frequencies, as can be seen by com- 
paring Figs. 6 and 9. 

V. SUMMARY 

In this paper we examined the mechanisms underlying 
the anomalous reversals in lateralization of the binaural gat- 
ed bandpass-noise stimuli described by Hafter and Shelton 
(1991). 

We obtained an analytical characterization of the cross- 
correlation functions of these stimuli, and found that these 
functions could be expressed as the product of the cross- 
correlation function of the bandpass noise and the cross- 
correlation function of the gating functions. Like the experi- 
mental lateralization data, the shapes of these 
cross-correlation functions are largely independent of the 
period of the gating function. The shapes of the cross-corre- 
lation functions are also independent of the center frequency 
of the bandpass filter and the duration of the gating pulses, 
provided that the product of these two quantities is held 
fixed. Hence, any model that bases lateralization predictions 
on the shapes of these cross-correlation functions of the stim- 
uli should produce latcralization predictions that describe 
these trends of the data. 

As Hafter and Shelton report, accurate lateralization 
predictions cannot be directly obtained from the centroid of 
the cross-correlation function of the stimuli because of the 

destabilizing effects of the negative modes of the cross-corre- 
lation functions. The position-variable model, on the other 
hand, bases its lateralization predictions on the centroid of 
the cross-correlation function of the stimuli after undergo- 
ing the type of bandpass filtering and nonlinear rectification 
believed to take place in the auditory periphery. These pre- 
dictions provide an excellent description of the latcralization 
data, including the observed reversals and the dominant role 
played by low-frequency stimulus components. We also ob- 
tained analytical expressions for the cross-spectral-density 
functions of the stimuli. On the basis of the forms of these 

functions, we argue that models based on the interaural 
group delay of the stimuli per se are not likely to be able to 
describe the anomalous reversals in the data, although phase 
delay may be a more useful cue. Considering all of the possi- 
ble mechanisms that mediate the counterintuitive reversals 

described by Hafter and Shelton, we believe that the type of 
binaural processing assumed by the position-variable model, 
and specifically consideration of the auditory system's "in- 
ternal cross-correlation function" rather than the cross-cor- 

relation function of the entire stimuli to the two ears, not 
only provides more accurate quantitative lateralization pre- 
dictions, but also does so in a more natural and intuitive 
fashion. 
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APPENDIX: DERIVATION OF THE CROSS-SPECTRAL 
DENSITY FUNCTION 

In this appendix we develop an analytical expression for 
the cross-spectral density function Sx (J), which is the Four- 
ier transform of the cross-correlation function Rx (r). 

Since Rx (r) is the product of the autocorrelation func- 
tion of the bandpass noise and the cross-correlation function 
of the gating functions 

R• (r) = R.(r)R s (r), (A1) 
its Fourier transform is equal to the convolution 

&b0 = s. 00,ss 0O, (^2) 
where the power spectral density function S. (.f) and the 
cross-spectral density function $• (.f) are the Fourier trans- 
forms ofR. (r) and R s (r), respectively. 

The power spectral density function of the bandpass 
noise n(t) is equal to 

s,(f) = [Vo/2, Z - n,'/2<[fl<Z + 10, otherwise, (A3) 
as defined in Sec. I. 

It is convenient to represent R s (r) as the convolution of 
three functions: 

Rs(•)=Rso(•)*•(•-- T•)* • •(•--kTp), 
(A4) 

where 

aso(r) ---- (To/Te)(I --Irl/To), for Ir[<To, 

= 0, otherwise. 

The Fourier transform of R= (r), then, is 

Convolving with S. (./3 produces 

S• (J) = • sin2( krrTo/Te ) 
• = _ •, (krr) • 

X e--J•2=krM/rP•S.-- -•e ' (A6) 
Because of the ideal bandpass nature of S.(J), 

S.(f-- k/Te) will be nonzero for only a small number of 
values of k. As a result, the expression for S• 00 can be re- 
written as 

S• (]3 = NO • sin2(krrT•/Te) e -•(•kr•'/r•) (A7a) 2 , (krr) • ' 

where the summation is evaluated over those values ofk for 
which 

Te(f+f) -- T.W/2 < k<re(f+f) + few/2 
(A7b) 

or 

T(f-Z) - + r/2. 
(A7c) 
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