Fundamentals of Algorithms Fall 2009 HW 1 Solutions
       
1. Expand log (xy) in terms of log x and log y [Demetrius Moore]
log x + log y 

2.   Prove by mathematical induction that the sum of the first N natural numbers is N* (N+ 1)/2. [Ayodele Taylor]
Base case, n = 1

1* (1 + 1) / 2 = 1

Inductive hypothesis, n = k

Sum of first k natural numbers = k* (k + 1) / 2

TS:  sum of first k+1 natural numbers =(k+1)((k+1) + 1) / 2





 = (k+1)(k+2) / 2





 = (k2 + 3k + 2) /2
Inductive step:

Adding (k+1) to both sides of the IH:

Sum of first k+1 natural numbers = (k(k+1) /2) + k+1




         = (k2 + k / 2) + k+1




         = k2 + k + 2k +2 / 2




         = (k2 + 3k +2) /2

Proven!
3.   Prove by mathematical induction that the 2^n > n^2 for n > 4. 
Base Case:

n=5

2^5=32 > 5^2=25

IH: 2^k > k^2

TS: 2^(k+1) > (k+1)^2 = k^2 + 2k + 1

Taking the left hand side of TS:

2^(k+1) = 2*2^k 

              >2k^2 (by the IH)

              > k^2+2k+1 when k>2 QED
4.   Prove by mathematical induction that n^2 > 2n for n > 2 [Shamir Saddler]
Base Case:

Let n=3

32 > 2(3)

9 > 6 Hence true for n = 3

Inductive Hypothesis:

Let n=k

k2 > 2k

To Show:

Let n = k+1

(k+1)2 > 2k+2

K2+2k+1 > 2k + 2

Inductive Step:

Add 2k+1 to both side of IH

Therefore: K2+2k+1 > 2k + 2k +1

Then:

K2+2k+1 > 2k+2k+1 > 2k+2

Therefore true for cases n>2. QED
5. Prove by mathematical induction that 1 + 3 + 5 +…+ (2n-1) = n^2. [Keesha Joseph]
Base Case:  2(1)-1=1^2

Inductive Hypothesis: 1+3+5+7+... (2k-1) = k^2
To Show: 1+3+5+7+...+ (2k-1) + (2k+1) = (k+1)^2

Add (2k+1) to both sides of the IH:

1+3+5+7+... (2k-1) + (2k+1) = k^2 + (2k+1) = (k+1)^2 
QED
6.   Prove by mathematical induction that 1^2 + 2^2 + 3^2 + …+n^2 =  (1/6)(n)(n+1)(2n+1) [Damina Townes]
Base case : n =1;

1^2 = (1/6) (1) (2) (3)

Inductive hypothesis: n = k;

1^2 +  2^2 +  3^2  .... k^2 = (1/6) (k) (k+1) (2k+1)

To Show : n = k + 1;

1^2 +  2^2 +  3^2  .... k^2 + (k+1)^2 = (1/6) (k+1)( k+2) (2k+3)

Starting from the IH:

1^2 +  2^2 +  3^2  .... k^2 = (1/6) (k) (k+1) (2k+1) (IH)

1^2 +  2^2 +  3^2  .... k^2 + ( k+1)^2 = (1/6) (k) (k+1) (2k+1) + (k + 1)^2 (adding (k+1)^2 to both sides)






    = (k+1)[(1/6)k(2k+1) + k + 1] (factoring k+1)






    = (k+1)[(2/6)k^2 + (1/6)k + k + 1]






    =  (k+1)[(2k^2 + k + 6k + 6)/6]





    =  (k+1)[(2k^2 + 7k + 6)/6]





 
    =  (1/6)(k+1)(k+2)(2k+3) 
QED
7.   Prove by mathematical induction that 1^3 + 2^3 + 3^3 + …+n^3 =  (N* (N+ 1)/2)^2  [Howard Sueing]
Base Case: n =1
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1 = 1 
Inductive Hypothesis: n = k

[image: image6.png]13



 + [image: image8.png]23



 + [image: image10.png]33



 + …… [image: image12.png]ic3



 = [image: image14.png](k(k +1)/2)°




To Show: n = k+1
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 + 12k + 4)/4

Add (k+1)3 to both sides of the IH:
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:. QED
8. Prove by mathematical induction that 3n > 2n for all natural numbers.[Alfred Avor]
Base Case (n=1):

3^1 > 2^1
Inductive Hypothesis:

3^k  >  2^k

To Show:  

3^(k+1)  >  2^(k+1)
Multiplying both sides of the IH by 3:

3^(k+1) >  2^k * 3 > 2^(k+1) 
QED

9.   Prove by mathematical induction that n 3 + 2 n is divisible by 3
Base Case: n=1

1^3 + 2*1 = 3 is divisible by 3

IH: k^3 + 2 k is divisible by 3 for some k.

TS: (k+1)^3 + 2(k+1) is divisible by 3

Expanding the TS:

(k+1)^3 + 2(k+1) = k^3 + 3k^2 + 3k + 1 + 2k + 2 = (k^3 + 2k) + (3k^2 + 3k + 3)

We already know by the IH that (k^3 + 2k) is divisible by 3 and 3k^2 + 3k + 3 is obviously divisible by 3 hence

(k+1)^3 + 2(k+1) is divisible by 3 QED.
10.  Prove by mathematical induction that (ab)n = anbn for all natural numbers. [Demetrius Moore]
Base Case: 
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Inductive Hypothesis: 
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To Show:
[image: image78.wmf]1

1

1

)

(

+

+

+

=

k

k

k

b

a

ab

   

Multiply both sides of the IH by (ab):
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