Fundamentals of Algorithms Fall 2009 HW 4C
       DUE: October 22 4pm, 2009
1. Master Theorem: Find a closed form expression for the recurrence T(n) = aT(n/2) ,T(1)=1
You may assume n=2k to simplify the analysis.

Hint: Plug in and guess the general form, then prove it holds in general by induction.
SOLUTION:
T(1) = 1

T(2)=a

T(4)=a2
T(8)=a3
Therefore we can guess that T(2k) = ak = (2lg(a))k  = (2k)lg(a) = nlg(a)
Theorem: T(2k) = ak
Base case k=0: T(20) = a0 



T(1) = 1

IH: T(2k) = ak
TS: T(2(k+1)) = a(k+1)
Taking LHS of TS 

T(2(k+1)) = aT(2k) (by the recurrence relation)



     = a(ak) (by the inductive hypothesis)
                    = a(k+1)
Therefore T(2(k+1))= a(k+1)  or equivalently T(n) = nlg(a) QED.

2. The Curious Professor: Prof. Mary Kalinga of the University of Kampala claims to have invented a new comparison sorting algorithm that has a worst case running time T(n) governed by the following recurrence relation : T(n) = 2T(n/2), T(1)=1.

(a) Find a closed form expression for T(n). Hint: the results of question 1 may be useful.
(b) Does the running time you obtained from part (a) violate the known O(n lg(n)) lower bound on comparison sorting?
SOLUTION:

(a) Using the results of question 1 with a=2 then T(n) = nlg(2) = n. (You could also show this the long way by plugging in values and proving by induction).
(b) This clearly violates the sorting lower bound of O(n lg(n)) and hence the good professor must be mistaken in her analysis.

