Fundamentals of Algorithms Test 2 October 30, 2009 –                         Closed Book, Closed Notes
Please Answer all Questions in the Spaces Provided
NAME______________________________
1. Fibonacci: Let Fn be the nth Fibonacci number.

(a) Prove that for sufficiently large n, Fn > (4/3)n (for this question you may assume the base case is proven)
(b) Prove that Fn < 3n.

2. Give a complete analysis of the running time of Merge Sort and prove that it takes O (nlgn) comparisons (you may assume n=2k to simplify the analysis).
Hint: (1) State the appropriate recurrence equation
         (2) Guess the closed form solution

         (3) Prove the closed form solution you guessed in (2) by induction.

3. Give a complete analysis of the running time of Karatsuba’s algorithm and prove that it uses O (nlg3) multiplications of single digits (you may assume n=2k to simplify the analysis).
Hint: (1) State the appropriate recurrence equation

         (2) Guess the closed form solution

         (3) Prove the closed form solution you guessed in (2) by induction.

4. Show that sorting an array of n numbers will take Ω (nlgn) comparisons.

Hint: Use the decision tree model.

The following facts may be helpful to you:

Fact 1: There are n! permutations of n objects.

         Fact 2: A tree with L leaves must have height at least ┌log L┐.

         Fact 3: (n/2) n/2 < n!
5. RSA Suppose your public key is n=15, e=3 and your private key is n=15, d=3.
Someone sends you the ciphertext c=7. What is the corresponding plaintext m? 
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