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Abstract— The ballbot is a dynamically stable mobile robot  [4] and they are classified as kinematic and dynamic con-
g}at ftT)OVGlS ona SlngtleTShph%“tlflzl \tN_heel anddls Catpa?“z of Otm“" straints. The kinematic constraints are represented biy firs

irectional movement. The ballbot is an underactuated system : ; : ; .
with nonholonomic dynamic constraints. The authors propose order differential equations, Wherea}s the d.ynamlc gomEHa
an offline trajectory planning algorithm that provides a class @€ represented by .second-order dilfferentlal quatldnBI:eT
of parametric trajectories to the unactuated joint in order to IS a large body of literature on trajectory planning for non-
reach desired static configurations of the system with regard to  holonomic systems with kinematic constraints, rangingnfro
the dynamic constraint. The parameters of the trajectories are o retical foundations [5] to practical implementatisugh
obtained using optimization techniques. A feedback controller . . .
is proposed that ensures accurate trajectory tracking. The &S multl-Wh_eeIed mOb.'le Vehlcle§ (6], [7], [8]. Underadech
trajectory planning algorithm and tracking controller are  systems with dynamic constraints have been approached
vaI_idated exper!mentally.' The authors als_o extend the oﬁ_line from the controls perspective (e.g., acrobot swing-up)[12]
trajectory planning algorithm to a generalized case of motion 44 \ye|| as from the planning perspective (e.g., airship path
between non-static configurations. . " .

planning [9]). There are also a number of numerical planning

I. INTRODUCTION approaches that can be applied to dynamic systems [10].

The ballbot, introduced in [1], is a dynamically stable Rosas-Flores et al. describe approaches that are particu-
single spherical wheeled mobile robot capable of omnidiredarly relevant to this paper in [14], [15]. In [14], the trajery
tional movement. It is skinny and as tall as a normal humaplanning problem of an underactuated planar 2R manip-
being, making it more suitable for navigation and intem@tti ulator is solved using offline planned trajectories, which
in human environments [2]. Details on control architecturare constructed with smooth sinusoids. In [15], a class of
and capabilities of the ballbot can be found in [3]. The batllb parametric trajectories is proposed for the actuated joint
is an underactuated system with dynamic constraints. the 2R underactuated manipulator with zero gravity in order

to achieve desired configurations of the system.

In this paper, the authors propose a novel offline trajec-
tory planning algorithm that plans trajectories for the yod
angle (unactuated) so as to move the ball (actuated) to a
desired position on the floor with regard to the dynamic
constraint. Traditionally, trajectories are planned fatuated
joints in order to move the unactuated joint to desired
position whereas, in this paper, trajectories are planned
for the unactuated joint so as to move the actuated joint
to desired position. This is because in the ballbot, the
underactuated dynamics dominates the system behavior and
hence trajectories planned for the body angle ensure better
tracking and control. A class of parametric trajectories is
presented for the body angle and the parameters of the
trajectories are selected using optimization techniques.
feedback trajectory tracking controller is introducedttha
ensures accurate trajectory tracking for the ball.

Fig. 1. The ballbot Balancing

Trajectory planning and control of underactuated mechan- The paper is organized as follows: Section Il discusses the
ical systems, systems with fewer control inputs than thelanar simplified ballbot model and section Il shows that th
number of generalized coordinates, has attracted growifgllbot is a nonholonomic system with dynamic constraints.
attention over the years. The most important and intergstiection IV describes the trajectory planning procedure for
feature of underactuated systems is the constraint on th&potion between static configurations, which is extended to
dynamics. A nonintegrable constraint is called nonholoisom@ generalized case in section V. Section VI presents the

balancing controller and the feedback trajectory tracking
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II. PLANAR SIMPLIFIED BALLBOT MODEL wherea = lpai + (Mpail + Moody) 12, B = Mooy ¢, ¥ = lbody+

dmoodyez, D. andD, are the coulomb friction and the viscous
amping friction terms respectively. Please refer to Tdble
gr the other symbols. Eqg. 1 can be re-written as follows:

The ballbot is modeled as a rigid cylinder on top of a rigi
sphere. A planar model of the ballbot is used for developin
the trajectory planner. The following assumptions are ma

in the model(i) there is no slip between the spherical wheel [ v, ba Ca Ga Da T
and the floor{ii) the motion in the median sagital plane and | M, Gy + Cu + Gy + o |~ (6)

median coronal plane is decoupled, afiid) the equations .
gvhere 0. = 6 represents the actuated joint amg = @

of motion in these two planes are identical. With thes h 4 ioi he d . .
assumptions, we can design two decoupled, independérelf)resemst € unactuated joint. The dynamic equation cor-

planar trajectory planners for the 3D system. responding to the unactuated joint is:

Mu(@)G+Cu(a,9) + Gu(q) = 0. ()
ll. INTEGRABILITY OF CONSTRAINTS

The ballbot is an underactuated robot as there is no direct
actuation on the body angle. Eq. 7 may be interpreted
as a constraint involving generalized coordinates as veell a
their first and second-order time derivatives. It is impotta
to determine if this constraint is integrable or not. If it is
completely integrable, we would obtain an algebraic refati
between the generalized coordinates. The conditions for
partial and complete integrability are given below.

With reference to [16], the constraint in Eq. 7 is:

1) partially integrable if and only if:

a) the gravitational torqu&, is constant;
b) the unactuated joint variablgsdo not appear in

Euler-Lagrange equations are used to derive the dynamic the |ne.rt|a matrixi(q). . )
equations of motion of the planar ballbot motdehown 2) completely integrable (holonomic) if and only if:
in Fig. 2. The angle between the body and the vertical is a) itis partially integrable;
referred as the body angde while the angle between the ball b) the distributionA defined by Mu(g)q = 0) is
and the body is referred as the ball angléThe equations of involutive.
motion for the simplified planar ballbot model can be written From Eq. 2 and Eq. 4, it is clear that the gravitational
in matrix form as follows: torque Gy(q) is not a constant and the unactuated joint
) ) ) T variablesp do appear in the inertia matri(q). This implies
M(a)G+C(a,q) +G(q) + D(q) = { 0 } ; (1) that the constraint shown in Eq. 7 is not partially integeabl
which makes it not completely integrable. Therefore, we
whereq=[6,¢]" is the generalized coordinate vectdt(q)  conclude that the unactuated joint dynamics form a nonholo-
is the mass/inertia matrix;(q, d) is the vector of coriolis and nomic dynamic constraint. This dynamic constraint plays an
centrifugal forces(5(q) is the vector of gravitational forces, important role in planning trajectories that can make the

D(q) is the frictional torque vector ardis the torque applied underactuated system navigate to desired configurations.
between the ball and the body in the direction normal to the
plane. The expressions for the above mentioned terms ard/. TRAJECTORY PLANNING BETWEEN STATIC

Fig. 2. Planar Simplified Ballbot Model

given below: CONFIGURATIONS
a a -+ Bcosp Trajectory planning for motion from an initial configura-
M(q) = [ a+BCosp a+y-+2Bcosp ] , (2) tion to a desired final configuration is an important feature o
any mobile robot. For dynamically stable mobile robots like
. —Bsingpg? the ballbot, the trajectory planning problem is compliczbe
Cla,q) = [ —Bsingpg? ] ’ () the fact that the planned trajectory must respect the dymami
constraint. The dynamic constraint given by Eq. 7 can be
G(q) = [ 7&?9”(0 } 7 (4) re-written of the. form:
S 6 = (0909 _ )
D(g) { Dcsgn(6) + Dy 6 } 7 5) _ Bg/rsing+Bsingg’ — (a +y+2Bcosp)p ®)
0 o+ [cosp ’

LIt is to be noted that the model described below uses a codedicheme This |nd|_cates that in order to stick to a constant non-
different from the one described in [2]. zero desired body angley (@ = 0 and @y = 0), the ball



has to accelerate. This also indicates that it is possible &md ¢na,. Since we wish to optimize over time and control
generate a body angle trajectory that will move the ball teffort, the final timets is also used as a free parameter to be
a desired position. Given the desired initial and final balbptimized for.

angular position®yo and 64+, if B(tg) = B40, then one can We use the Nelder-Mead simplex method [17] for tra-
find ty € 0 and @(t) for te [to,t¢] such that the resulting jectory optimization. The optimization procedure starithw
trajectory satisfie®(ts) = 6y¢. It is to be noted thabyo and  given initial parameters foqy,,, ¢ha, andts, computes the
B4+ correspond to the motion on the floor. objective functiond (Eg. 10) and checks for a minimum.

A class of parametric trajectories is proposed for théf the objective function is not a minimum, the algorithm
body angle to make the ballbot move from a static initiaproceeds to determine new parameters and loops until it finds
configuration to a static final configuration. The parameters minimum. The planned trajectory for the body angjét)
of the proposed trajectories depend on the initial and fina obtained by using the parameters from optimization in
desired configurations. It is to be noted that for the baltbot Eq. 9. The planned trajectory for the ball andg(t) can
move forward and come to rest, the body has to lean forwatte determined by solving the dynamic constraint (Eq. 11)
first and then lean back to stop (Fig. 3(a)). With this phyisiceby using ¢(t), @ (t) and ('j)p(t). It is to be noted that the
understanding of system behavior, we follow [15] to proposparameters obtained by the optimization process depend on
the following trajectory for the body angle: the initial parameter values.

B 2t — tyy—
»(t) = %alsecmkﬂ

©)
where @, , Ppa, are the amplitudes of the hyperbolic secant
functions,tm = (to+1t7)/2 andk =9 is a constant scalar. The
constant scalak determines the width of the peak given
the other parameters. GiveRa,, ¢ha,, to andts, a smallerk Fime 1= Time t—
value results in a wider peak, whereas, a laigealue results
in a narrower peak. It is to be noted that in [15], the above
mentioned parametric trajectory was used for the actuated Fig. 3. Proposed parametric trajectories for body angle
joint and here, the authors use the same for the unactuated

joint. The trajectoryp,(t) depends on three parameters, , V. GENERALIZED TRAJECTORY PLANNING

Ppa, andts. A trajectory planning algorithm that moves the ballbot

The three parametersg,, ¢pa, andts, are to be de- i . . . . , .
termined such that when the ballbot tracks the body angfvraom an initial static configuration to a desired final static

trajectory ¢ (t), the ball comes to rest at the desired finaﬁggzgut:]aéloga\l’;f; p;ﬁzi?éeﬂén csaecatﬁg I\c;‘ l%ivri?]oreb%?vr\ﬁreﬂ
position8y. Trajectory optimization is used to select SUitablenon-étatic confiqurations allowin P iecewise conti%ucras i
parameter values. The trajectory planning problem can 9 9p

beectories to be planned. The trajectory planning algorithm
formulated into an optimization problem as follows: The P ) J yp 9 &g
path connecting the initial configuratiof®(tp), ¢(to)) =

presented in Section IV can be extended to a generalized

) : . B . ! . case. Given the desired initial and final ball angular posti
(60, 0) with (8(to), ¢(t)) = (0,0) to the final configuration 1" 1o iec'e g " g, and f41) and the initial body

(6(tr), @(tr)) = (841,0) with (6(tr), p(tr)) = (0,0) can be angular position and velocitygy and @), if B(to) = By,

determined by choosing the paramet@s,, @pa, and ts B(to) = Buo, P(to) = @ and (to) = g, then one can find

such that the objective function: @, @ ,tr € O and g(t) for te [to,tf] such that the resulting

. ts . . g
J=wWi(0(t;) — By )2 +W»02(t +/ wat +waT2)dt (10) (rajectory satisfie®(ts) = By¢, 0(tr) = 641, @(ts) = ¢ and

1(8(tr) = Bar) 26°(tr) 0 (w3 4Tt (10) ¢(ts) = @s. The new proposed parametric trajectory for the

has a minimum subject to the dynamic constraint from Edpody angle (Eq. 12), as shown in Fig. 3(b), is written as
8: the sum of the hyperbolic secant trajectories (Eq. 9) and a

. . smooth function, e.g., a cubic spline trajectory.

(o +Bcosy) 0+ (a+y+ 2B cosep) @ ottt
L sin t) = KE_m—%

—Bsmgoptpg—ﬁg : ® _ 0 @ (1) Ppay SeCH tm — to
+ ag+agt +apt? + agt?, (12)
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(a) Static-Static case (b) Generalized case
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tf —tm

The constraint®(t;) = 64t and(t;) = 0, which ensure that
the ball has reached its final static position, are enforged where @, $hay, tm, kK are the same as in Eq. 9, while
choosing large weighta; andws, in the objective function ag,a;,a; andag are the cubic spline coefficients determined
(Eg. 10). The weightsvs andw, are chosen to weight the usingto,ts, @, @, ¢r and @ . Here, the body angle trajectory
relative cost between time and control effort. The constsai ¢(t) depends on five parameters nameflys,, @pa,, tr, ¢
@o(t;) =0 and@(t;) = 0 are not explicitly mentioned in Eq. and ¢r. These five parameters in turn depend on the initial
11 as they are automatically satisfied whgtracksg(t). It and desired final ball angular position8yd, 64¢) and ball

is possible to fixt; and just determine the parametegs,  angular velocities §yo, 84+).



For the 3D ballbot system, trajectory planning in the twanass position of the body, was determined experimentally
planes cannot be completely de-coupled. In order to reaéMable 1). The controller designed is a Proportional-Iniég
a desired configuration on the floor, the tihe must be Derivative (PID) controller that feeds back the body angle
the same for body angle trajectories in both the planes. S@, The controller gains were experimentally tuned.
the generalized trajectory planner implements the trajgct

planning algorithm describe_d above for bo_th the planes =9, — [Pt —>0
(say, XZ and YZ planes) simultaneously with a total of N £sin() PID alibot 11,9
nine parameters, namelgpa,,, Poa,, G, i, Poays Poay, ¢
@1, @ andts. The objective function for the trajectory
optimization is chosen to be: , .
Fig. 4. Balancing Controller
J = (O(t) —Oqr)"Wi(O(tr) — Oq)
+  (O(tr) — O1) WL (O(tr) — Or) The balancing controller takes the desired body angle as
tf input, which is zero in a pure balancing case and tries to
+ /o (wat + Q"W4Q)dt, (13) Dbalance about that angle. One can feed in desired angles

' to the balancing controller to move the ballbot around.
where© = (8, 6] andQ = [1y, 1,]". The weightws and the  The planned body angle trajectorg, can be fed into the
elements of the weight matric&%, Wo> andW, are chosen palancing controller which tries to track it. This results i
as in Eq. 10. The trajectory optimization procedure findg feedforward trajectory tracking operation as the ball@ng
appropriate values for the nine parameters mentioned aboggs not fed back to the controller. The balancing controller
such that the objective functiohin Eq. 13 has a minimum gliminates the model uncertainities and performs what the
SUbjeCt to the constraint in Eq 11 for trajectories in b t feedforward torque in (Eq 14) would do if our model was
planes. In the special case of reaching a static desired firh'ibood representation of the real system.
configuration, the generalized trajectory planner forpgs
@, @ and@y s to be zero and optimizes over the remaining b - Batamema] ©
five parameters.

Any arbitrary desired motion of the ballbot on the floor can
be characteristized by a collection of desired configunstio
and the trajectory planning procedure presented can be used

to obtain the trajectories that move between the desired Feedback Compensation |, 'OG,»
configurations. PID A

VI]. TRAJECTORY TRACKING CONTROL Fig. 5. Trajectory Tracking Feedback Controller

As per the planar simplified ballbot model (Eqg. 1), given
@(t) and 6(t), the input torque required to track theB. Feedback Trajectory Tracking Controller
trajectories is given by the dynamic equation correspandin - A teedforward trajectory tracking operation may not al-
to the actuated joint: low the system to reach the desired configuration due to
T = Ma(Gp)p +CalGp, dp) + Ga(dp) + Da(Gp),  (14) changes in floor conditions, errors in modeling, nonzere ini
T _ _ tial conditions and other perturbations. A feedback trtajgc
wheredp = [6p, ¢p] . The open loop control input obtained yacking controller must be designed to guarantee accurate
in Eq. 14 fails on the real robot due to modeling errorsyajectory tracking for the system. The feedback controlle
nonlinear friction effects and perturbations. The ballbas g designed as a wrapper around the balancing controller
high static friction and unmodeled higher order modes tha{nq its control system block diagram is shown in Fig. 5.
make the planar simplified model unusable for model baseghe pall angle is regulated about the ball trajectépyt)
control. So, the authors resort to other control technido@s  ptzined by solving the dynamic constraint (Eq. 11). The
help track the planned trajectories. feedback trajectory tracking controller is a PID contmlle
A. Balancing Controller that feeds back ball angl® and outputs a body angle

The balancing controller for the 3D ballbot system iscompensatmn(pc depending on whether the ball position

designed as two independent controllers operating one E.lovershooting or falling short from its planned trajegtor
each of the vertical planes. The authors draw inspiratiopp(t)' The gains of the PID controller were experimentally

: uned. The body angle compensation is added to the planned
from Zero Moment Point (ZMP) based controllers [18] for, . ) . :
humanoid robots to design the balancing controller for thtrajectory to form the desired trajectogy(t) (Eq. 15), which

. L e inner balancing PID loop tries to track. The feedback
ballbot. The balancing controller shown in Fig. 4 attemyts a L . ) .

. L compensation is saturated to avoid large values which might
moving the center of the ball to a point directly below the rive the svstem unstable
center of mass of the body. The projection of the center (% y '
mass of the body on the horizontal plane passing through @(t) = @(t) + @(t). (15)

the center of the ball is given bysing. The center of

v

S DT

Ballbot




TABLE | .
SYSTEM PARAMETERS -0.4087 andts = 19.54 s. The planned body angle trajectory

and the ball angle trajectory obtained by solving the dymami
constraint are shown in Fig. 6(a) and Fig. 6(b) respectively

Symbol Parameter Value (unit)
Myody Mass of the body 51.663 (kg) 05 —Desired 0.5 —Desired
Mpall Mass of the ball 2.437 (kg) . —Experimental . —Experimental
r Radius of the ball 0.1058 (m) > o
4 Center of Mass of the body 0.69 (m) % 0 %
Ibody Moment of Inertia of the body 37.1873 (kgn¥) = =
Iball Moment of Inertia of the ball 0.0174 (kgn?) < <
D¢ Coulomb Friction Torque 4.39 (Nm)
Dy Viscous Damping Friction Coefficienf] 0.1772 (Nm/rad/s) —0.5 10 10
Time (s) Time (s)
(@) Roll (b) Pitch
0.5
10 k i Fig. 8. Experimental trajectory tracking for body angles
B =) i .
s % 5 The planned trajectory for the body angle and the desired
g ? trajectory for the ball angle are fed into both the planar
0 tracking controllers in order to make the ballbot move from
-0.5, i 50 o 5 10 15 20 25 Om,0Om)to(1m,1 m) on the floor plane (XY plane). The
Time (s) Time (s) body angle compensation output from the feedback controlle
(a) Body Angle (b) Ball Angle and the desired body angle trajectories (Eqg. 15) for roll and

Fig. 6. Planned trajectories for motion between static condiions pitch angles are shown in Fig. 7(a) and Fig. 7(b) respegtivel

10 10
VIl. RESULTS 5 =
g g
A. Experimental Results for Motion between Static Config-& 5 95
urations 2 —Desired Z —Desired ‘
o —Experimentalw o —Experimentalw
The trajectory plannlng and control described in Sections 5 15 20 2 5 0 15 20
IV & VI-B were implemented on the ballbot. The system Time (s) Time (s)
parameters like moment of inertia and center of mass were (@) X Ball Angle (b) Y Ball Angle
experimentally determined and are tabulated in Table I. ) . ) )
. L . Fig. 9. Experimental trajectory tracking for ball angles
The dynamic constraint in Eq. 7 was numerically solved

using oded5 in MATLAB and the Nelder-Mead simplex  rjg g(a) and Fig. 8(b) show the balancing controller's
method was implemented usinigninsearchin MATLAB. o6t to track the desired trajectories for roll and pitch

It is important to note that the parameters estimated fromghectively. The seemingly growing instability in the pod
the trajectory planning algorithm with recursive optimtiza  gngjes is just an artifact of the close-up view we have on the

depend on the algorithm’s initial parameters. plot. The balancing controller is capable of balancing abou
the origin for a long time as shown in [3]. The feedback

05 Tremels, 05 —Plamed g, tracking controller’s effort at tracking the ball angle fitre
ompensation A Compensation @, . . . . .
e —Desired ¢, & —Desired g, X and Y directions are shown in Fig. 9(a) and Fig. 9(b)
S s, respectively. The ballbot’s successful motion from (0 m, 0
L E] m) to (1 m, 1 m) on the floor is shown in Fig. 10.
< <
- _ ~ 15
0'50 10 2 0'50 10 3
Time (s) Time (s) c
il
(a) Roll (b) Pitch B
£ 05
Fig. 7. Desired body angle trajectories using feedback cosgt®n from g —Dosred
experiments on the ballbot £ 0 _E:;'erﬁmemal
>- 5

985 o0 o5 1 15

Suppose the objective is to move the ballbot one meter X Linear Position (m)
from its starting zero position on the floor. This transforms _ _ . .
. L . . _ Fig. 10. Experimental trajectory tracking on the floor
to a motion from an initial configuratior8g, @) = (0 rad, 0

rad) to a final configuration&;, ¢r) = (1/r, 0) = (9.45 rad, N ) ) )

0 rad). Starting with a initial parameter set @f, = 0.35, B. Initial Results for Generalized Trajectory Planning

(ha, = -0.35 andts = 15 s, the parameters that minimize The initial results of successful trajectory planning be-
the objective function in Eq. 10 argy, = 0.4062, ¢pa, = tween non-static configurations are presented here. Seppos



the objective is to move the ballbot on a circular arc fromthe trajectory planning can be done in just a single plare (th
(Om, 0 m) to (1L m, 1 m) on the floor from an initial static plane of motion) and rotation transformations can be used to
configuration to a final static configuration (Fig. 11(a)).€Th transform the motion to XZ and YZ planes. Attempts will be
trajectory planner would plan a straight line trajectory bemade to generate trajectories for faster motion which would
tween the two configurations if there is no extra informationresult in larger body angles in shorter time. The authorf wil
So, in order to move on a curve, we give another desired nofurther develop and experimentally verify the generalized
static configuration in the middle. These three configuretio trajectory planning and tracking approach described ia thi
fully characterize the circular arc motion splitting thetioa  paper. This will allow us to generate a collection of useful
into two segments as shown in Fig. 11(a). behaviors. Machine learning techniques such as policyxkear
and dynamic programming can also be used to find suitable
low-level behaviors. These behaviors can then be combined

T 1 nal £ ” - "
£ = . to accomplish higher-level mobility tasks such as hallway
Z Z navigation and obstacle avoidance.
£05 & 0.5
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Fig. 11. Desired and planned piecewise continuous motiorherfloor

REFERENCES

For the first segment, the ballbot moves from the ini_[l] T.B. Lauwers, G.A. Kantor and R.L. Hollis, “One is Enodghin

tial configuration eo,qa),eo,db) to the middle configuration [2]
(6m, @, Bm, ¢@m) in both the planes. It is to be noted thag
and @, for the trajectory in both the planes is obtained from 3]
trajectory optimization. For the second segment, the ballb
moves from the middle configuratio{, ¢m, 6m, @) to the

final configuration €, ¢, 6, @) in both the planes. In this 4
case @ andg are forced to be zero in both the planes since
the desired configuration is static i.@; = 0. [

2 [6]
. —Roll —X Ball Angle
31 —pitch] 510 —Y Ball Angle
s g
20 by (7]
U)_ K= 5
= < 8
-2 3
2 g,
0 5 10 15 20 0 5 10 15 20 [9]
Time (s) Time (s)
(a) Body Angles (b) Ball Angles
[10]
Fig. 12. Planned piecewise continuous trajectories 1]

The planned trajectories are shown in Fig. 11(b), Fig. 12(a)
and Fig. 12(b). The planned trajectories have not yet beéH!
tested on the real robot and hence the experimental reselts @ 3
not provided. The authors believe that the controller shown
in Fig. 5 can be used to track the planned trajectories 8
shown in Section VII-A.

VIIl. CONCLUSIONS AND FUTURE WORK [15]

The possibility of planning trajectories for the body angle
in order to move the ballbot to desired configurations halg6]
been demonstrated and successful trajectory tracking be-
tween static configurations has been experimentally vdrifie

The Nelder-Mead method for optimization is crude andl7]
prone to local minima. Hence, as part of future work, the alhg
thors wish to explore other techniques to perform trajgctor
optimization. For motion between static configurationslin 3

Proc. Int'l. Symp. for Robotics ReseardDctober 12-15, 2005.

T.B. Lauwers, G.A. Kantor and R.L. Hollis, “A dynamicallgtable
single-wheeled mobile robot with inverse mouse-ball drive”Proc.
IEEE Int'l. Conf. on Robotics and Automatio®006, pp 2884-2889.
Umashankar Nagarajan, Anish Mampetta, George Kantor aaighR
Hollis, “State Transition, Balancing, Station Keepingdafaw Control
for a Dynamically Stable Single Spherical Wheel Mobile Robot”
Proc. IEEE Int'l. Conf. on Robotics and Automatjovay 2009.

J. R. Ray, Nonholonomic constraintam. J. Phys.no. 34, 1966, pp
406-408.

5] G. Lafferriere and H. Sussmann, “Motion planning for aotiable

systems without drift”,in Proc. IEEE Int'l. Conf. on Robotics and
Automation 1991, pp. 1148-1153.

T. M. Howard and A. Kelly, Optimal rough terrain trajecyogenera-
tion for wheeled mobile robot§he International Journal of Robotics
Researchvol. 26, no. 2, 2007, pp 141-166.

J.P. LaumondRobot Motion Planning and ControBpringer-Verlag,
Berlin, 1998.

0.J. Sordalen, “Conversion of the kinematics of a car wittrailers
into a chained form”,in Proc. IEEE Intl. Conf. on Robotics and
Automation 1993, pp 382-387.

J. Kim and J. P. Ostrowski, “Motion planning of aerial mibusing
rapidly-exploring random trees with dynamic constraintsi’,Proc.
IEEE Int'l. Conf. on Robotics and Automatip®003, pp 2200-2205.
S. M. LaValle, Planning Algorithmsin Proc. IEEE Int’l. Conf. on
Robotics and AutomatiorCambridge University Press, 2006.

A. De Luca, G. Oriolo, Trajectory planning and contrar fplanar
robots with passive last joinTThe International Journal of Robotics
Researchvol. 21, no. 5-6, 2002, pp 575-590.

M.W. Spong, The swing up control problem for the AcrobiiEEE
Control Systems Magazin€ebruary, 1995, pp 49-55.

M.W. Spong and D. Block, “The Pendubot: A mechatronictegsfor
control research and educatior84" IEEE Conference on Decision
and Contro] 1995, pp 555-557.

J.A. Rosas, J. Alvarez and R. Castro, “Trajectory piagrand control
of an underactuated planar 2R manipulatan”Proc. IEEE Int'| Conf.
on Control Applications2001, pp. 548-552.

J.A. Rosas, J. Alvarez and R. Castro, “Control of an uackiated
planar 2R manipulator: Experimental resultsfi, Proc. 158" IFAC
Triennial World CongressBarcelona, Spain, 2002.

G. Oriolo and Y. Nakamura, “Control of mechanical systemthw
second-order nonholonomic constraints: Underactuatedpuktors”,
in Proc. 38" IEEE Conf. on Decision and ControBrighton, UK,
1991, pp. 2398-2403.

J.A. Nelder and R. Mead, A simplex method for function mirdesi
tion, The Computer Journal7, 1964, pp 308-313.

] P. Sardain and G. Bessonnet, Forces Acting on a BipedRRaenter

of Pressure-Zero Moment PointEEE Trans. Systems, Man, and
Cybernetics - Part Avol. 34, no. 5, 2004, pp 630-637.



