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Abstract

In thesurvivablenetworkdesignproblem(SNDP),given
anundirectedgraphandvalues� � � for each pair of vertices�

and � , weattemptto find a minimum-costsubgraphsuch
that there are � � � disjoint pathsbetweenvertices

�
and � .

In theedge connectedversionof this problem(EC-SNDP),
thesepathsmustbe edge-disjoint. In the vertex connected
versionof theproblem(VC-SNDP),thepathsmustbevertex
disjoint. Jain et al. [12] proposea version of the problem
intermediatein difficulty to thesetwo, called the element
connectivityproblem(ELC-SNDP, or ELC).In thisproblem,
thesetof verticesis partitionedinto terminalsandnonter-
minals.Theedgesandnonterminalsof thegrapharecalled
elements.Thevalues� � � are only specifiedfor pairs of ter-
minals

� � � , and the pathsfrom
�

to � mustbe elementdis-
joint. Thusif � � ���	� elementsfail, terminals

�
and � arestill

connectedbya pathin thenetwork.

Thesevariantsof SNDPare all knownto be NP-hard.
Thebestknownapproximationalgorithmfor theEC-SNDP
hasperformanceguaranteeof 2 (dueto Jain [11]), and it-
eratively roundssolutionsto a linear programmingrelax-
ation of the problem. ELC has a primal-dual 
��  � ��� � -
approximationalgorithm, where ������� � � � ��� � � (Jain et
al. [12]). VC-SNDPis not knownto havea non-trivial ap-
proximationalgorithm;however, recentlyFleischer [7] has
shownhow to extendthe techniqueof Jain [11] to give a
2-approximationalgorithmin thecasethat � � ����� � � � �  ! .
Shealso showsthat the sametechniqueswill not work for
VC-SNDPfor more general valuesof � � � .

In this paperwe showthat thesetechniquescan be ex-
tendedto a 2-approximationalgorithmfor ELC.Thisgives
the first constantapproximation algorithm for a general
survivablenetworkdesignproblemwhich allowsnodefail-
ures.

1 Introduction

In thesurvivablenetwork designproblem(SNDP),given
anundirectedgraphandvalues� � � for eachpair of vertices�

and � , we attemptto find a minimum-costsubgraphsuch
that thereare � � � disjoint pathsbetweenvertices

�
and � .

In theedgeconnectedversionof this problem(EC-SNDP),
thesepathsmustbe edgedisjoint. In the vertex connected
versionof theproblem(VC-SNDP),thepathsmustbever-
tex disjoint. Jainet al. [12] proposea versionof the prob-
lem intermediatein difficulty to thesetwo, called the el-
ementconnectivityproblem(ELC-SNDP, or ELC). In this
problem,thesetof verticesis partitionedinto terminalsand
nonterminals.Theedgesandnonterminalsof thegraphare
calledelements. Thevalues� � � areonly specifiedfor pairs
of terminals

� � � , andthepathsfrom
�

to � mustbeelement
disjoint. Thusif � � �"�#� elementsfail, terminals

�
and� are

still connectedby a pathin thenetwork.
Themotivation for studyingelementconnectivity is the

following: in realnetworks,bothedges(links) andvertices
(routers)fail. However, typically network terminals(end
hosts)aremorerobustandlocatedat thefringesof thenet-
work. Thusthefailureof endhostsis uncommon,andless
vital to the connectivity of the network asa whole. Addi-
tionally, vertex connectivity problemsare much lesswell
understoodthan edgeconnectivity problems. Thus, try-
ing to capturenodefailuresby usinga vertex connectivity
model makes the problemmuch more difficult. Element
connectivity allowsthemodelingof nodefailures,while, as
we will show in this paper, it sharessomeof thenicestruc-
turethatedgeconnectivity problemshave.

Thethreevariantsof thesurvivablenetwork designprob-
lem areall NP-hard,sincethey all includethe Steinertree
problem as a specialcase. Hencewe considerapproxi-
mation algorithms for theseproblems. We say we have
a $ -approximationalgorithm for a problem if we have a



polynomial-timealgorithm which producesa solution of
valueno more than % times the valueof an optimal solu-
tion.

Thebestapproximationalgorithmfor EC-SNDPknown
is a 2-approximationalgorithmdueto Jain [11]. This al-
gorithm improvedupona primal-dual & '�( -approximation
algorithmfor EC-SNDPof Goemanset al. [9], where )+*,�- . / 0 1�2 / 1 and '�(�*�3"4�56 487 7 7 495( . Jain’s algorithmis
in factsomewhatmoregeneral,andgivesanalgorithmwith
performanceguarantee2 for selectinga minimum-costset
of edgessuchthatat least:�; <>= edgesareselectedfrom ev-
ery cut ? ; <>=�*9@ ; ACB D =�E8F�G�AHE#<>B DJIE#<�K , when : is
a weakly supermodularfunction [9]. The algorithm runs
in polynomial time given the existenceof a polynomial-
time separationalgorithm. The EC-SNDPproblemcorre-
spondsto aparticularweaklysupermodularfunction L , and
thepolynomial-timeseparationalgorithmexistsin thiscase.
Jainconsidersa linearprogrammingrelaxationof theprob-
lemwhich hasa variableMC; N = for eachedgeN of thegraph.
Thecentralresultof thepaperis atheoremshowing thatany
basicsolutionto theLP will containavariableMC; N = of value
at least1/2. His algorithmbuilds up a solutionby solving
the linear programmingrelaxation,addingto the solution
all edgesN with MO; N =QPR3 I & , theniteratingon theremain-
ing subproblem.RoundingupeachMO; N = from 1/2to 1 gives
theperformanceguaranteeof 2 for thealgorithm.

No non-trivial approximationalgorithmfor VC-SNDPis
currentlyknown. However, approximationalgorithmsare
known in specialcases.In thecase2 / 1 *8) for all S B T , there
is a ) -approximationalgorithmdueto KortsarzandNutov
[14];1 furthermore,whenedgecostsobey the triangle in-
equality, Khuller andRagavachari[13] give a constantap-
proximationalgorithm. Very recently, Cheriyan,Vempala,
and Vetta [3] announceda U '�( -approximationalgorithm
for thisproblemfor graphsthatcontainat leastU ) 6 vertices.
In the case2 / 1 E#@ V B 3 B & K , Ravi andWilliamson [15] give
a primal-dual3-approximationalgorithm. Recently, Fleis-
cher[7] showedhow to extendthealgorithmandtheproof
of Jainfor EC-SNDPto this specialcaseof VC-SNDP, ob-
taininga 2-approximationalgorithm.

Ourcentralresultis ageneralizationof Jain’s theoremto
a new classof functionswe call weaklytwo-supermodular.
This allows us to give a 2-approximationalgorithmfor the
problemof selectingaminimum-costsetof edgessuchthat
thereare least LC; <>B <>W = edgesfrom ? ; <CB <>W =�*�@ ; ACB D =	EFRG AXE+<CB DYE+<>W K when L is a weaklytwo-supermodular
function, and a polynomial-timeseparationalgorithm ex-
ists. This result specializesto Jain’s result exactly in the
casethat LC; <>B <>W = is only non-zerowhen <>W>*�Z\[#< . In
this case,:�; <>=�*9LC; <CB Z�[X<>= is a weakly supermodular

1Ravi and Williamson [15] had claimeda ] ^�_ -approximationalgo-
rithm for thecaseof generaledgecosts,but thereis anerrorin theirpaper;
see[16] for details.

function. The weakly two-supermodularfunctionsarere-
lated to bisupermodularfunctions,which are the negative
of bisubmodularfunctions.Bisubmodularfunctionsappear
as increasingrank functionsin [17], and in more general
form in [8].2

As an application of our theorem, we give a 2-
approximationalgorithmfor theelementconnectivity prob-
lem. This improves on a previously known primal-dual& '�( -approximationalgorithm for ELC due to Jain et al.
[12] (a & '�( -approximationalgorithmfor ELC is alsoob-
tained as a specialcaseof an algorithm by Zhao, Nag-
amochi, and Ibaraki [19]). Our algorithm gives the first
constantapproximationalgorithmfor a generalsurvivable
network designproblemwhich allows nodefailures. To
achievethisresult,weintroduceanew integerprogramming
formulationfor the elementconnectivity problem,derived
from a formulationof VC-SNDPdueto Stoer[18].

The connectivity requirementfunctionsfor generalver-
tex connectivity are not weakly two-supermodular. Thus
our theoremdoesnot applyto theseproblems.In fact,such
a theoremis notpossiblefor generalvertex connectivity, as
demonstratedin a family of examplesdevelopedby thefirst
authorin [7]. Sheshows that thereexist a family of ver-
tex connectivity probleminstancesof wherethereis abasic
solutionwith MY`H3 I a b F�b .

In relatedwork, Cheriyanand Vempala[2] have also
consideredproblemsof selectinga minimum-costset of
edgesfrom pairsof sets,but in thecaseof directedgraphs.
In their problems,onemustselectLC; <>B <>W = edgesof those
edgesdirectedfrom a vertex in < to a vertex in <>W . They
considercrossingbisupermodularfunctions(a generaliza-
tion of bisupermodularfunctions),andshow any basicso-
lution to thecorrespondingLP relaxationcontainsanedgeN
suchthat MO; N ="PXcd; 3 I a b F�b = . Thismodelincludesuniform
vertex connectivity asa specialcase,but doesnot include
generalvertex connectivity. They alsoshow that this is the
bestpossibleresultfor theirgeneralmodel,in thesensethat
thereexists a family of functions L andprobleminstances
for which thereis a basicsolutionwith MY`#e�; 3 I a b F�b = .

Our paperis structuredasfollows. In Section2, we in-
troducesomenotationthatwe will be using,review Jain’s
theorem,andstateourmaintheorems.In Section3,wegive
the integer programmingformulation for ELC, and show
that our main theoremgivesa 2-approximationalgorithm
for thisproblem.Section4 containstheproofof ourcentral
theorem.Section5 discussessomeimplementationissues
for the2-approximationalgorithmfor ELC.

2The term “bisubmodular”is usedwith several differentmeaningsin
thecombinatorialliterature.Theonewe refer to is definedin thecontext
of connectivity problems. A seconddefinition is usedin the context of
extensionsof matchingproblems[1, 6] andis not equivalentto thefirst.



2 Preliminaries

Let fhgji k�l mQn be an undirectedgraph. Let o i p n be a
nonnegative cost for each pXqHm . Let r i s>n�ght i uCl v n�qmxwOuJqHsCl v\yqHs�z . Let r i sCl s>{ n�gjt i uCl v n�qHmxwOuJqs>l vJq\s { z . In this paper, we will only refer to r i s>l s { n
when sY|Ys { gJ} . For a setof edges~9�Hm , let r �"i s>n�gr i s>n�|	~ and r ��i s>l s { n�g8r i sCl s { nO|	~ . For �+q	��� �>� , we
let �Oi s>n"gH�8� � � � � � � � and �Ci sCl s { n�gH�8� � � � � � � � � � � . Let� w � ����� . Considerthefollowing integerprogram:

��� � � � � � o i p n �Oi p ns.t. �Ci s>n�� � i s>n l���sX�#k�Oi p n�q�t � l � z l ��pdq	m�¡
( ¢d£H¤X¥�¦Y§�¨ )

Thevariable�Oi p n indicateswhetheranedgep is in theso-
lution (if �Oi p n�gJ� ) or not. Thusanoptimalsolutionto this
integerprogramfindsaminimum-costsetof edgessuchthat
thereare at least � i s>n edgesselectedfrom r i s>n for eachsX�#k . When � i s>n>g ��© ª « � � � ¬ � ��® « ¬ , anoptimalsolution
to this integerprogramgivesthesolutionto theEC-SNDP
problem. This is not hard to see,sincefor any ¯ l °#qJk ,
theremustbeat least® « ¬ edgesselectedfrom eachcut r i s>n
separatinḡ from ° ; thus,thereareat least® « ¬ edge-disjoint
pathsfrom ¯ to ° .

We saythat � is a weaklysupermodularfunction if for
any setssCl ±H�#k ,

� i s>nO² � i ±dn³ ��© ª t � i s�´�±dnO² � i s	|�±�n l � i s+¤Y±dnO² � i ±#¤+s>n z ¡
It is nothardto provethatthefunctionabovefor EC-SNDP
is weaklysupermodular[9].

Themaintheoremof Jain’s paper[11] concernsthe lin-
earprogrammingrelaxationof theintegerprogram( ¢Q£J¤¥O¦	§�¨ ) in which the integrality constraints�Ci p nQq�t � l � z
are replacedby linear constraints� ³ �Oi p n ³ � . The
theoremstatesthat any basicsolution3 to this linear pro-
gramcontainssomeedge p suchthat �Oi p nY�x� y � . Even
thoughthe linearprogramcontainsanexponentialnumber
of constraints,a basic,optimal solution to this linear pro-
gramcanbe foundin polynomialtime aslong asthereex-
istsapolynomial-timeseparationoracle[10]. Givenany � ,
a separationoracleeitherverifiesthat � is a feasiblesolu-
tion to the linearprogramor returnsa constraintof theLP
violatedby � .

Given a polynomial-time separationoracle, the 2-
approximationalgorithm of [11] works as follows. We
start with an empty set of edges~µg¶} . We solve the

3We refer thereaderunfamiliar with theconceptof a basicsolutionof
a linear programto a standardtextbook on linear programming,suchas
Chvatal [4]. It is sufficient to saythatthereexistsanoptimalsolutionthat
is basic,andthatit canbefoundin polynomialtime.

linear programmingrelaxation of the problem, and add
to ~ all edges p such that �Ci p nJ�·� y � . We then iter-
ate, now solving the linear programmingrelaxationwith� { i s>n�g � i s>n"¤\¸ r ��i s>n ¸ . It is not hard to show that if �
is weaklysupermodular, thensois � { . Thealgorithmtermi-
nateswhen ~ is a feasiblesolutionto theproblem.Essen-
tially theproof of theperformanceguaranteecomparesthe
costof theedgesaddedto ~ in eachiterationwith its cost
in the linear programmingrelaxation. Since �Oi p n	�j� y � ,
its cost is no more than twice its contribution to the lin-
earprogrammingrelaxation.Furthermore,sincethe linear
programmingrelaxationis a lower boundon thecostof an
optimal integral solution,this implies that the costof ~ is
nomorethantwiceoptimal. It is easyto giveapolynomial-
timeseparationoraclefor thefunction � i s>n thatdefinesEC-
SNDP (and for functions � { that arise in later iterations);
thusthis algorithmis a 2-approximationalgorithmfor EC-
SNDP.

To stateour central result, we first needa few defini-
tions.Thefollowingdefinitionsgeneralizetheone-setfunc-
tion notionsof submodularity, supermodularity, andweak
supermodularity, andare relatedto the two-setnotionsof
bisubmodularityandbisupermodularity. A two-setfunction¹

definedon the setof pairsof disjoint subsetsof k that
satisfies

¹ i sCl s { nC² ¹ i ±�l ± { n (1)

� ��© ª t ¹ i s	´�±�l s { |�± { nO² ¹ i s	|�±�l s { ´�± { n l¹ i s	|�± { l s { ´�±dnO² ¹ i s { |�±�l s	´�± { nCz
will be called two-submodular. A two-set function

¹
is

calledbisubmodularif it obeys only the “first part” of the
inequality, namely,

¹ i sCl s { n ² ¹ i ±�l ± { n�� ¹ i s�´�±�l s { |�± { n ² ¹ i s"|�±�l s { ´�± { n ¡
If we let s { g�kh¤\s and ± { g�kh¤J± , then two-
submodularityreducesto submodularityfor symmetricone-
setfunctions.

If ¤ ¹ is two-submodular, then
¹

is two-supermodular.
Thisdefinitionis equivalentto replacing� with

³
and��© ª

with ��� � in the above definition. A two-setfunction
¹

is
weaklytwo-supermodularif

¹ i s>l s { nO² ¹ i ±�l ± { n (2)³ ��© ª t ¹ i s	´�±�l s { |�± { nC² ¹ i s	|�±�l s { ´�± { n l (3)¹ i s	|�± { l s { ´�±�nO² ¹ i s { |�±�l s�´�± { nCz ¡(4)

Thatis, wesimplyreversetheinequalityfrom ourdefinition
of two-submodularfunctions,withoutreplacingthe ��© ª by
a ��� � . If we let s { gJkJ¤Xs and ± { gJkJ¤+± , weaktwo-
supermodularityreducesto weaksupermodularity.

Weconsiderthefollowing linearprogram,for a function



ºY» ¼ ½>¾¿½XÀ�Á
, and Â\Ã#Ä :

Å�Æ ÇÉÈ#Ê Ë Ì�Í Î Ï Ð ÑOÎ Ï Ð
s.t. ÑOÎ Ò>Ó Ò>Ô Ð�Õ º Î ÒCÓ Ò>Ô Ð ÓÖ Ò>Ó Ò>Ô�× Ä Ó Ò	Ø	Ò>Ô¿Ù#Ú ÓÄJÛ Ò Û Ò>Ô Ã#ÂÜ�Ý ÑCÎ Ï Ð ÝßÞ Ó Ö ÏQà	á�â

(ãhä�å )
We cannow stateour centraltheorem,which we prove

in Section4.

Theorem 2.1 For any weakly two-supermodularfunctionº
, anybasicsolutionto ( ãjä�å ) hasat leastonevariable Ï

such that ÑCÎ Ï Ð"Õ Þ æ ¼ .
Givena polynomial-timeseparationoraclefor ( ãjä�å ),

we can give a 2-approximationalgorithm for solving the
integerprogramassociatedwith ( ãjä�å ). Thealgorithmis
thesameasJain’s algorithmgivenabove. First, we find an
optimal,basicsolution Ñ�ç to (ãhä�å ). Let è be the setof
all edgesÏ with Ñ�ç Î Ï ÐYÕ Þ æ ¼ . Let á"é Ê ê Ùhá Û8è , and
considertheresultingresidualLP:

Å�Æ ÇÉÈ Ê Ë Ì¿ë ì í Í Î Ï Ð ÑCÎ Ï Ð
s.t. ÑCÎ ÒCÓ Ò>Ô ÐîÕ º Î Ò>Ó Ò>Ô Ð Û8ï ð ñ Î Ò>Ó Ò>Ô Ð ï ÓÖ ÒCÓ Ò>Ô�× Ä ÓCÒ	Ø	Ò>Ô¿Ù8Ú ÓÄJÛ Ò Û Ò>Ô Ã#ÂÜ�Ý ÑOÎ Ï Ð ÝßÞ Ó Ö ÏQà	á�é Ê ê

( ò�ódå )
Let è é Ê ê bethesetof edgesreturnedby recursively apply-
ing the algorithm to the residualproblem. The following
theoremshowsthatthefinal setof edgesreturnedby theal-
gorithm is within a factorof 2 of an optimal solution. Letô çé Ê ê be the optimal valueof the residualLP and ô ç be the
optimalvalueof ( ãjä�å ).
Theorem 2.2 If è é Ê ê is an integral solutionto ( ò�ódå ) with
valueat most

¼ ô çé Ê ê , then è é Ê ê�õ è is an integral solutionto
( ãjä�å ) with valueat most

¼ ô ç .
Proof: (Sketch.)Follows from sameargumentsasin [11].

In order to apply the algorithmrecursively, we needto
show thefollowing lemmas.

Lemma 2.3 The functions ö Î ÒCÓ Ò>Ô ÐjÙ ï ð ñ Î Ò>Ó Ò>Ô Ð ï andÑCÎ Ò>Ó Ò>Ô Ð are two-submodular.

Proof: Theproofsin bothcasesfollow from asimplecount-
ing argumentthatshowsthatany edgecountedontheright-
handsideof (1) alsoappearson theleft-handside.

Lemma 2.4 If
º

is weaklytwo-supermodularand ÷ is two-
submodular, then

º ÛY÷ is weaklytwo-supermodular.

Proof: Whichever term of the definition of weak two-
supermodularity (3) and (4) achieves the maximum,Û�÷ Î ÒCÓ Ò>Ô Ð Û�÷ Î ø�Ó ødÔ Ð satisfiesthe sameinequality, by (1).
HenceÎ º ÛQ÷ Ð Î ÒCÓ Ò>Ô Ð ùYÎ º Û�÷ Ð Î ø�Ó ø�Ô Ð satisfiesthis inequal-
ity.

Corollary 2.5 If
º

is weakly two-supermodular, then
the function

º Î ÒCÓ Ò>Ô Ð Ûjï ð ñ Î Ò>Ó Ò>Ô Ð ï is also weakly two-
supermodularfor anysetof edges è\Ã á .

Theargumentsaboveyield thefollowing theorem.

Theorem 2.6 Given a polynomial-timeseparation oracle
for ( ãjä�å ) and ( ò�ódå ), the algorithm above is a 2-
approximationalgorithm for finding the minimum-costin-
teger solutionto (ãhä�å ).

In thenext section,weshow how theelementsurvivable
network designproblemcanbeposedasfindinganoptimal
solution to an integer programof the form (ãhä�å ) with
a particularweakly two-supermodularfunction

º
. In Sec-

tion 5 we show that thereis a polynomial-timealgorithm
for finding violatedconstraintsof (ãhä�å ) and( ò�óQå ) that
arise in the executionof the algorithm with this functionº

. Thus by Theorem2.6, the algorithm above is a 2-
approximationalgorithmfor ELC.

3 Formulation of ELC

We now turn to an integer programmingformulation
for the ELC problem,andshow that it can be castin the
form of the integerversionof (ãhä�å ) with a weakly two-
supermodularfunction.

We begin by defining somenotation. We partition Ä
into ú and Â , where ú is the set of terminals (or re-
quired vertices)and Â is the set of nonterminals. This
set Â of nonterminalswill be the setof vertices Â in the
definition of the LP ( ãjä�å ). Given Ò Ã�Ä , we defineá�Î Ò>Ð asthe setof edgeswith both endpointsin Ò . Givenû ×8á õ Ä , defineüJÛ û to bethatgraphobtainedfromü by removing all edgesandverticesin

û
, andall edgesinð Î û Ø Ä Ð õ á�Î û Ø Ä Ð . Wesaythat

û
separatesý from þ ifý andþ arenot in thesameconnectedcomponentof üXÛ û .

The constraintsof our integer programare basedon a
theoremof Menger (for multiple proofs and references,
see[5]).

Theorem 3.1 (Menger) Let ü ÙhÎ Ä Ó áQÐ be a graph, andÿ Ó �dà Ä such that Î ÿ Ó � Ð æà�á . Then,theminimumnumber
of verticesseparating ÿ from � in ü is equalto themaximum
numberof vertex disjoint pathsfrom ÿ to � in ü .

Corollary 3.2 Let ü Ù�Î Ä Ó áQÐ bea graph,with Ä Ù ú õÂ , ú Ø Â Ù�Ú and ÿ Ó ��à ú . Then,the minimumnumber



of elementsin ����� separating � from � in � is equalto
themaximumnumberof elementdisjoint pathsfrom � to �
in � .

Let 	 
 � denotetheelementconnectivity requirementsbe-
tweenany pair of terminals �  ����� . Our corollary to
Menger’stheoremsaysthat � satisfiestheelementconnec-
tivity requirementsif for everysubset������������� �  � �
with � ��� ��	 
 � , � and � are in the sameconnectedcom-
ponentof ����� . For any two disjoint subsets!" !$#&%'

, with all remainingverticesbeingnonterminals(that is,' ��!���!$#(�)� ), we definethe two-setfunction * + by
* + , !" !$# - . /�0&1 23� 	 
 � � �4�5!56��7 �&�5!$# 6��(� . We assume
that * + , !$ !$# - is undefinedif ! and !$# arenot disjoint or
if
' ��!8��!$#:9�;� . We further assumethat 	 
 �<��= for

all �  �<��� , andthat * + , !" !$# -:/?> if either ! or !$# is the
emptysetandis otherwisewell-defined.

Since theremay be at most one element-disjointpath
from ! to !$# througheachvertex in

' ��!���!$# , in or-
der to have a feasiblesolutionto the elementconnectivity
problem,thenumberof edgesfrom ! to !$# musttherefore
be at least * + , !$ !$# - ��� ' �8!��8!$# � . Thuswe definethe
two-setfunction @ + by @ + , !" !$# -$/�* + , !" !$# - ��� ' �(!(�(!$# � .
Thefollowing lemmais a simpleconsequenceof Corollary
3.2.

Lemma 3.3 Thesetof integral solutionsto theLP (ACB7D )
with the function *�/;@ + equalsthe setof solutionsto the
correspondingelementconnectivityproblem.

In order to show that Theorem2.1 appliesto this lin-
earprogrammingformulation,we needto show that @ + is
a weakly two-supermodularfunction. We begin with some
notation.Given , !" !$# - , thereis apair �$�<!E6 � , �&�5!$# 6E�
that determines* + , !$ !$# - . Let � , !" !$# - denoteonesuch �
and� , !$ !$# - denotethecorresponding� .
Lemma 3.4 The two-set function * + is weakly two-
supermodular.

Proof: Beforewe canstarttheproof,we needto arguethat
the function value * + is well-definedon the argumentsof* + usedin thedefinitionof weakly two-supermodular. We
assumethat ! and !$# aredisjoint,that F andFE# aredisjoint,
that

' �&!7�&!$#G�8� , andthat
' �7F5�7F:#3��� . Weneedto

show (for example)that * + , !�6&FE !$# �7F:# - is well-defined.
First, !�6<F and ! # �5F # aredisjoint becauseany element
in ! is not in !$# andany elementin F is not in F:# , so that
any elementin !�6�F cannotbe in !$# ��FE# . Second,we
needto show thatany elementnot in , !�65F:-H�8, !$# �5F:# -
mustbe in � . This follows sinceany elementnot in these
two setsmustbein either

' ��!���F���!$#3��FE# (andthus
is certainlyin � ) or !���F���F:# (andthusin

' ��F���FE# ,
which impliesmembershipin � ) or F��8!��8!$# (andthus

in
' �5!5�5!$# , which impliesmembershipin � ). Theother

casesaresimilar.
We now show that * + is weakly two-supermodular. For

any pair , FE F:# - , notethatsince
' ��F���FE# containsonly

nonterminals,� , !$ ! # -4��, !&6(FE- ��, !76(F # - and� , !$ ! # -4�, !$# 6&F:-G��, !$# 6&F:# - .
Call sets !�6�F and !$#"6�F:# complements,and sets!�6�F:# and !$#(6)F complements. The set IJ/

� � , !$ !$# -  � , FE FE# -  � , !$ !$# -  �3, FE F:# - � intersectstwo, three,
or all four of thesesets.If only two, thenthesetwo setsare
complements,*", !$ !$# -</K*", FE F:# - , and either (4) or (3)
holds,dependingon thesetof complements.If I intersects
threesets,thentwo of thesearecomplementswith theprop-
erty thata requirementvertex for , !" !$# - is containedin at
leastonesetof thecomplementarypair, anda requirement
vertex for , FE FE# - is containedin the complementaryset.
Thustheinequalityof (4) or (3) correspondingto this com-
plementarypairholds.Finally, wehavethecasewhen I in-
tersectsall four sets.In this case,selectthecomplementary
pair that containsa requirementvertex of pair , �  � - with
	 
 ��/)0�1 2 � *", !$ ! # -  *", FE F # - � . Then the inequality that
correspondsto this complementarypair holds.

Lemma 3.5 Thetwo-setfunction @ + , !$ !$# - is weaklytwo-
supermodular.

Proof: The function LH, !" !$# -8. /M� ' ��!���!$# � is two-
submodular, andsatisfies(1) with equality. Thusby Lemma
2.4, * + , !" !$# -H��� ' ��!5�<!$# � is weaklytwo-supermodular.

4 Proof of the main theorem

We now turn to theproofof ourmaintheorem,Theorem
2.1.Ourbasicproofoutlinefollowsthatof Jain[11]. Before
we can sketch the proof outline, we needto definesome
terms. We saythat a pair of sets !" F crossif all threeof!(6:F , !&�&F , and F<��! arenonempty. A collectionof sets
is laminar if no pair of setsin thecollectioncross.Givena
feasiblesolution N to theLP ( O:P?��DGQ<R�S ), we saythat
the constraintcorrespondingto the set !C% '

is tight ifNH, !$-</�*", !$- . The proof in [11] shows first if a pair of
tight sets! and F cross,theneither !��<F and !�6<F are
tight, or !���F and F?��! are tight. Furthermore,there
is a linear relationshipbetweentheedgeswith exactly one
endpointin thesesets. This “uncrossinglemma” is used
to prove that thereexistsa basicsolutioncorrespondingto
a laminarcollectionof tight sets. This laminarcollection
definesa partial orderon the setsof the collectionvia the
subsetrelation. This posethasa forest structure,and the
forestis usedto prove theexistenceof an edgeof valueat
least1/2.

Here we prove analoguesof the uncrossinglemma
(Lemma4.1) andthe laminarbasislemma(Corollary4.4).



We thendefinean analogousposetof a laminarcollection
which hasa foreststructure(Lemmas4.6,4.7,4.8). Given
theforest,we invoke a lemmafrom [11] to prove theexis-
tenceof theedgeT with UHV T WEX?Y Z [ . Thecentraltechnical
difficulty liesin deriving theappropriateanalogsof thecon-
ceptsof “cross”,“laminar”, andtheposetwhendealingwith
pairsof sets;andin definingtheappropriateanalogof “in-
cidence”sothata chargingargumentsimilar to that in [11]
works.Additionally, proofsthatarequitesimplein thesin-
gle setworld becomenon-trivial in the pairsof setsworld
(e.g.Lemma4.2).

We now begin theproof. Let U bea feasiblesolutionto
( \�]7^ ) for a weakly two-supermodularfunction _ . A set
pair V `"a `$b W is tight if U"V `"a `$b W�c�_"V `$a `$b W . In particular,
we will be interestedin thecasewhen U is a basicsolution
to (\C]7^ ) with the propertythat UHV T W&d�Y for all T<e�f
(sinceotherwiseTheorem2.1 holdstrivially). In this case,
we define fEg to be the setof edgeswith nonzeroU -value.
Given U , defineh"g V `$a `$b W4e�i j a Y k l m$l to bethecharacteris-
tic vectorof thesupportof UHV `$a `$b W .
Lemma 4.1 (Uncrossing Lemma) If V `"a `$b W and V nEa n:b W
are tight for a weakly two supermodularfunction _ with
respectto U , thenoneof thefollowing holds.

i. V `5o�nEa `$b p&n:b W and V `<p&nEa `$b o�n:b W are tight, and
h"g V `$a `$b W q�h"g V nEa nEb W4c�h"g V `(p:nEa `$b o:nEb W q�h"g V `(o
nEa ` b p�n b W ,

ii. V `5o�nEb a `$b p&n:W and V `$b o�nEa `5p�nEb W are tight andh"g V `$a `$b W q7h"g V nEa n:b W4c8h"g V `Eo n:b a `$b p n:W q7h"g V `$b o
nEa `5p�nEb W .

Proof: Because_ is weakly two-supermodular, either
(3) or (4) holdsfor V `$a `$b W and V nEa n:b W ; suppose(3) holds,
and_"V `$a `$b W q7_"V nEa nEb W4r�_"V `Ep nEa `$b o nEb W q7_"V `Eo nEa `$b p
n:b W (the other caseis similar). We know that UHV `$a `$b W is
two-submodularby Lemma2.3.Let sHV `"a `$b W$c�_"V `$a `$b WHtU"V `$a `$b W . Thus sHV `$a `$b WGq�sHV nEa n:b W r8sHV `5p&nEa `$b o&nEb WHq
sHV `8o�nEa `$b3p�nEb W . By the feasibility of U , U"V u<a u�b W�X_"V u<a u�b W , so that sHV u<a u�b W&r;j for all setpairs V u�a u�b W .
For V `"a `$b W and V nEa n:b W that aretight for _ with respecttoU , sHV `$a `$b W5c�sHV nEa nEb W5cCj . Thuswe know sHV `"a `$b W q
sHV nEa n:b W4c�j , sHV `$p"nEa `$b o"nEb W4r�j , andsHV `$o"nEa `$b p"nEb W rj , so it mustbe the casethat sHV `�p<nEa `$b o<n:b W(c�sHV `�o
nEa `4b p4nEb W4c�j , and V `Ep4nEa `$b o4nEb W and V ` o4nEa `$b p4n:b W are
tight. It is not hardto show that h"g V `"a `$b W$q8h"g V nEa nEb W7X
h"g V `$p"nEa ` b o"n b W qEh"g V `4o"nEa ` b o"n b W byshowing thatevery
edgethat appearsin the right-handside of the inequality
must appearin the left-handside. We needto show that
equalityholds; supposenot, andsupposethe inequality is
strict. It then follows that U"V `"a `$b W q�UHV nEa nEb W<v�UHV `8p
nEa `4b o�n:b W"q�U"V `<o�nEa `$b o5nEb W . But then j&c�sHV `$a `$b W"qsHV nEa n:b WEd�sHV `5p5nEa `$b o5nEb W"q8sHV `<o�nEa `$b p�n:b W c�j , a
contradiction.

We definea relation r on setpairsby V `"a `$b WEr�V nEa n:b W
if `8w8n and `$bGx8nEb . It is easyto checkthatthisrelationis
transitive, reflexive,andanti-symmetric,andhencedefines
a partial order. We say that the pairs V `"a `$b W and V nEa n:b W
pair-crossif they do not satisfyeitherof thefollowing two
conditions: (1) V `$a `$b W and V nEa nEb W are comparablein the
partialorder(thatis, either V `"a `$b W r�V nEa n:b W or viceversa);
(2) `�w�nEb and n;w�`$b . A collection y of pairs V `"a `$b W is
calledpair-laminar if no two pairsin y pair-cross.

It is importantto notethatthis definitionis not symmet-
ric: It is possiblethat V `"a `$b W and V nEa nEb W do not pair-cross
while V `$b a `$W and V n:b a nEW do pair-cross. In this case,the
uncrossinglemmaappliedto V `$b a `$W and V n:b a nEW will re-
turn V `"a `$b W and V nEa nEb W . This asymmetryis necessaryin
the following sense:if we usea perhapsmorenaturaldef-
inition of crossingthatdefinestwo setpairsto crossif any
two of their definingsetscross,thenit maybethecasethat
we have crossingsetpairs,but that after applyingthe un-
crossinglemma,we remainwith the sametwo set pairs.
For instance,considerthecasewhen n;z�` , but ` and n:b
cross.Thishappenswhen `:{w4n&p n b . In thiscase,condition
(ii) of theuncrossinglemmadoesnot hold,as `$b o5n�c�| ;
but condition(i) of theuncrossinglemmadoeshold. How-
ever, `�p�nCcC` and `�o�nCc�n , so that the sametwo
setpairsarereturnedafterapplyingtheuncrossinglemma.
Thuswe mustrelaxthis definitionsothatevery application
of theuncrossinglemmayields two setpairswhich do not
pair-cross.We cannotrelaxit too much,however, sincewe
requirespecificpropertiesof pair-laminarin orderto obtain
ourresult.In particular, apair-laminarcollectionof setpairs
mustdefinea posetwhich hasa foreststructure.We prove
thatthis is thecasein Lemma4.6. Thesecondconditionof
pair-crossis alsousedcritically in Lemma4.7.

The following technicallemmais centralto thevalidity
of our main theorem. The proof containsmany casesbe-
causethedefinitionof pair-crossis not symmetric.

Lemma 4.2 Let V `$a `$b W and V nEa nEb W be pairs that pair-
cross. If V u<a u�b W does not pair-cross either V `$a `$b W orV nEa n:b W , thenit doesnot pair-crossanyof thepairs:
a: V `5o�nEa `$b p�n:b W ,
b: V `<p�nEa `$b o�n:b W ,
c: V `5o�nEb a `$b p�nEW ,
d: V `$b o�nEa `�p�n:b W }
Proof: We note that if V `"a `$b W5rCV u<a u�b W then it follows
immediatelythat V `7o:nEa ` b p:n b W4r�V `$a ` b W r�V u�a u b W and
that V `&o7nEb a `$b p7n:W4r�V `"a `$b W r�V u<a u�b W ; thatis, V u<a u�b W
doesnot pair-crossa or c. Similarly, if V `"a `$b W(X�V u<a u�b W
then V `�p<nEa `$b o5n:b W&X�V `$a `$b W7X)V u<a u�b W , and V u<a u�b W
doesnotpair-crossV `$b o nEa `EpEnEb W sincè$b oEn�w�`$bGw8u�b
and u�w�`8w�`&p7n:b , andthus V u�a u�b W doesnotpair-cross
b or d. Similarly, if V nEa n:b W7r�V u<a u�b W then V `�o<nEa `$b pnEb W5rCV u<a u�b W and V `$b3o<nEa `�p�n:b W�rCV u�a u�b W , so that



~ �<� ��� �
doesnot pair-crossa or d. If

~ �E� �E� ����~ �<� ��� �
then

~ �7�:�E� �$� �:�E� � ��~ �<� ��� �
and

~ �<� ��� �
doesnotpair-

cross
~ �&�7�E� � �$� �7�:�

since
�K�8�$� �7�

and
�&�7�:�3�8���

,
sothat

~ ��� ��� �
doesnot pair-crossb or c.

We now exhaustively enumeratecases. If both~ �"� �$� � � ~ �E� �:� �4��~ ��� ��� �
, thenby theabove

~ ��� ��� �
does

not pair-crossa, c, or d. Furthermore,it doesnot pair-cross
b sincewe know

�"� ���8�
and

� � � � �3� � �
, andtherefore~ �5���E� �$� �&�:� � ��~ �<� ��� �

.
If both

~ �$� �$� � � ~ �E� �:� ����~ ��� ��� �
, then by the above~ �<� ��� �

doesnotpair-crossb, c, or d. It doesnotpair-cross
a sincewe know

�"� � � �
and

�$� � �E�"�����
andtherefore~ �5���E� �$� �&�:� � ��~ �<� ��� �

.
The case

~ �"� �$� �<�K~ ��� ��� �<�K~ �E� �E� �
or the reverse

cannotoccurbecausethis implies that
~ �"� �$� �

and
~ �E� �:� �

donot pair-cross,contradictingthehypothesis.
Note thatbecause

~ �"� �$� �
and

~ �E� �:� �
pair-cross,it can-

not be the casethat
~ �"� �$� �<�C~ ��� ��� �

and
���)�E�

and�M�����
since this implies that

�����:�
and

�M���$�
.

Similarly, this casewith
~ �$� �$� �

interchangedwith
~ �E� �:� �

cannotoccur. So we assume
~ �"� �$� �<��~ �<� ��� �

and that�����:�
and

�������
. From the above, we know that~ �<� � � �

doesnotpair-crossb or d. Furthermore,it doesnot
pair-crossa since

�����$� �5�E�
and

���5�)�����
. It does

notpair-crossc since
~ �<� ��� � ��~ �(�:�:� � �$� �:�:�

. Thecase
with

~ �"� �$� �
and

~ �E� �E� �
interchangedis similar.

Finally, we assumethat
~ �<� ��� �

does not pair-cross~ �"� �$� �
because

�����$�
and

�������
, and does not

pair-cross
~ �E� �:� �

because
�����:�

and
�������

. It
follows easily that

~ ��� ��� �
doesnot pair-crossa because�����$� ���E�

and
�5���������

. It doesnot pair-crossb be-
cause

�����$� ���E�
and

�5�����8���
. It doesnot pair-cross

c because
�M���$� �5�

and
���5�:�4�����

, andit doesnot
pair-crossd because

�����5���E�
and

�$� �����8���
.

Lemma 4.3 Given pairs
~ �"� �$� �

and
~ �E� �:� �

, neither~ �"� �$� �
nor

~ �E� �E� �
pair-crossany of the four pairs

~ �8�
�E� �4� �"�E� �

,
~ �4�"�E� �$� �$�E� �

,
~ �4�$�E� � �$� �"�:�

,
~ �$� �$�E� �4�$�E� � �

Proof: Consider
~ �$� �$� �

; the proof for
~ �E� �:� �

is anal-
ogous.We seethat

~ ���5�E� �$� �<�E� �7�;~ �"� �$� �
,
~ �"� �$� �7�

~ �E� �E� �$� � �E� �
,
~ �E� �:� � �$� � �:�4��~ �"� �$� �

, and
���8�:� �E�

and
�$� �5�?���$�

. Thus
~ �"� �$� �

doesnot crossany of these
four sets.

Let � bethecollectionof all tight setpairswith respect
to � . Givena collectionof setpairs � , we define � �3� � ~ � �
to bethevectorspacespannedby thecharacteristicvectors�"� ~ �"� �$� � of thesetpairs

~ �$� �$� �4� � .

Lemma 4.4 For anymaximalpair-laminar collection � of
tight setpairs, � �3� � ~ � �4  � �3� � ~ � � .
Proof: If � �3� � ~ � �:¡  � �3� � ~ � � , then � �3� � ~ � � ¢ � �3� � ~ � �
since � ¢ � . Thusthereexists a pair

~ �$� �$� ��� � , with

�"� ~ �"� �$� �(£� � �3� � ~ � � , suchthat
~ �$� �$� �

pair-crossesa min-
imum numberof setpairsin � . Let

~ �E� �:� �
beoneof those

pairs. Thenby Lemma4.1, we canrewrite �"� ~ �$� �$� � asa
linearcombinationof characteristicvectorsof pair-laminar
tight set pairs. Supposethat condition (i) of Lemma4.1
holds;thuswecanrewrite �"� ~ �"� �$� � as�"� ~ � �4�E� �$� �4�E� � ¤�"� ~ �:� �E� �$� � �:� � ¥ �"� ~ �E� �:� � (thecasein whichcondition
(ii) holdsis similar). Since �"� ~ �$� �$� �5£� � �3� � ~ � � , at least
oneof �"� ~ ���5�E� �$� �5�:� � and �"� ~ �<�5�E� �$� �<�E� � is also
not in � �3� � ~ � � . By Lemma4.2,any setpair

~ ��� ��� �:� �
pair-crossingeitherof

~ �7�:�E� �$� �:�:� �
and

~ �7�:�E� �$� �:�:� �
mustalsohavepair-crossed

~ �$� �$� �
, since

~ ��� ��� �
doesnot

pair-cross
~ �E� �:� �

by the laminarityof � . Furthermore,by
Lemma4.3thesetpairs

~ �E�4�E� �$� �4�:� �
and

~ �E�4�E� �$� �4�:� �
do not pair-cross

~ �E� �:� �
. Sincethesesetpairsdo not pair-

cross
~ �E� �:� �

, they havestrictly fewercrossingswith setsin� than
~ �"� �$� �

does,contradictingthechoiceof
~ �"� �$� �

.
The corollary below follows from Lemma4.4 and the

propertiesof abasicsolution.

Corollary 4.5 Thereexistsa pair-laminarset ¦ of tight set
pairssatisfying

1. § ¦(§   § ¨ � § ,
2. thevectors �"� ~ �"� �$� � for

~ �$� �$� �7� ¦ are linearly in-
dependent,

3. © ~ �"� �$� � ��ª for all
~ �"� �$� � � ¦ .

Lemma 4.6 If ¦ is a collectionof pair-laminar setpairs,
thentheposetdefinedby

�
onthesetpairsin ¦ is described

bya uniqueforest.

Proof: It sufficesto establishthatif
~ �"� � � �E��~ ��� � � �

and~ �"� �$� �E��~ «4� «7� �
and § � § ¬?§ « § or § � §   § « § and § ��� § �§ «7� § for

~ �$� �$� � �7~ ��� ��� � �7~ «4� «7� �8� ¦ then
~ ��� ��� ���

~ «$� «(� �
. Since ¦ is pair-laminar,

~ �<� ��� �
and

~ «$� «(� �
do

not pair-cross. By the conditionsabove, it cannotbe the
casethat

~ ��� ��� �&��~ «$� «(� �
, so either

~ ��� ��� �&��~ «$� «(� �
or
����«(�

and
«K�;���

. However, in the latter casewe
know

�����M�?«(�
, andsince

«
and

«(�
aredisjoint, this

implies
��¡��«

, contradicting
~ �$� �$� �4��~ «4� «7� �

. Soit must
bethecasethat

~ �<� ��� � ��~ «$� «(� �
.

To proveTheorem2.1,we usea proof by contradiction.
We useLemma4.6 to constructa forestof tight setpairs
in ¦ . We thendefinea new conceptof incidenceof edges
with fractionalvalueto nodesin this forest. Given thatno
edgehasvalueat least ® , we can thencharge edgeswith
fractionalvalueto thenodesin thisforestin awaythatleads
to a contradiction.

Start with a pair-laminar family ¦ as given by Corol-
lary 4.5. Form the rootedforestcorrespondingto the con-
tainmentposeton ¦ asindicatedin Lemma4.6: the node
setis ¦ andthereis anarcfrom

~ �"� �$� � � ¦ to
~ �E� �:� �4� ¦



if ¯ °E± °:² ³ is the smallestpair of the partial ordersuchthat¯ ´"± ´$² ³:µ¶ ¯ °E± °:² ³ and ¯ ´$± ´$² ³ ·�¯ °E± °:² ³ . Notethatwerefer
to nodesandarcs of the forest,while we useverticesand
edgeswhenreferingto theoriginalgraph.

A socket ¯ ¸ ± ¹ ³ is apairingof anedgȩ(º5»E¼ with oneof
its two endpoints.Eachedgȩ ¶ ¯ ¹ ± ½ ³:º<»E¼ is associated
with two sockets: ¯ ¸ ± ¹ ³ and ¯ ¸ ± ½ ³ . We assigneachsocket
to at most onenodeof the forest; we say that the socket
is incident to that node. For an edge ¸ ¶ ¯ ¹ ± ½ ³8º�»E¼ ,
thesocket ¯ ¸ ± ¹ ³ is incidentto node ¯ ´"± ´$² ³ if ¯ ´$± ´$² ³ is the
lowestnodein thetreeamongall nodeswith either¹4º5´ or¾ ¹ ± ½ ¿4À�´$² ¶�Á .
Lemma 4.7 Incidenceis well-defined.

Proof: We needto show that for a givensocket ¯ ¸ ± ¹ ³ , the
definitionof incidenceis suchthatthesocket is assignedto
at mostonenode.It sufficesto show thatany two setpairs¯ ´"± ´$² ³ ± ¯ °E± °:² ³ º5Â for which oneof thetwo conditionsof
incidenceholdsmustbecomparablein thepartialorder.

First, if ¹:º�´ and ¹:º�° thensince ¯ ´"± ´$² ³ and ¯ °E± °:² ³
don’t pair-cross,it mustbe the casethat either ¯ ´$± ´$² ³<·
¯ °E± °:² ³ or ¯ °E± °E² ³ ·�¯ ´$± ´$² ³ .

Now supposethat ¹7º�´ , ¹<Ãº�° , and
¾ ¹ ± ½ ¿EÀ<°:² ¶)Á .

We know that ¯ ´$± ´$² ³ and ¯ °E± °E² ³ do not pair-cross.Since¹ º�´ and ¹7Ãº<° , we know ¯ ´$± ´$² ³(µ·?¯ °E± °E² ³ . Since¹Eº�´
and ¹:Ãº�°E² , it is not thecasethat ´�Ä8°E² and °�Ä�´$² . Thus
it mustbethecasethat ¯ °E± °E² ³ ·�¯ ´"± ´$² ³ .

We say that an edgecrossesa node ¯ ´$± ´ ² ³ if exactly
oneof its associatedsocketsis incidentto any nodein the
subtreerootedat ¯ ´"± ´$² ³ .
Lemma 4.8 An edge ¯ ¹ ± ½ ³ with fractional valuecrossesa
node ¯ ´"± ´$² ³ if andonly if Å ¾ ¹ ± ½ ¿4À5´EÅ ¶ Å ¾ ¹ ± ½ ¿4À5´$² Å ¶�Æ .
Proof: ¯ Ç�³ : For edge ¸ ¶ ¯ ¹ ± ½ ³ crossingnode ¯ ´"± ´$² ³ ,
assumethatthesocket ¯ ¸ ± ¹ ³ is incidentto anodein thesub-
tree rootedat ¯ ´$± ´$² ³ and ¯ ¸ ± ½ ³ is not. Then ¹8Ãº�´$² and½<º8´$² by definitionof incidenceandthepropertiesof the
partial order. Since ½�º�´$² , this in turn implies ¹�º�´ .¯ È�³ : If ¹&º�´ and ½8º�´$² and Â is pair-laminar, thenby
Lemma4.7, ¯ ¸ ± ¹ ³ is incident to a node ¯ °E± °E² ³ satisfying¯ °E± °:² ³&·�¯ ´"± ´$² ³ . By Lemma4.6, this implies that ¯ ¸ ± ¹ ³
is incidentto a nodein thesubtreerootedat ¯ ´"± ´$² ³ . Since½&º5´$² , ¯ ¸ ± ½ ³ is not incidentto any ¯ °E± °:² ³ ·�¯ ´$± ´$² ³ .
Proof of Theorem 2.1: The theoremis proved by contra-
diction: supposeeveryedgetakesvaluestrictly lessthan ÉÊ .
We show that given this assumption,we can“charge” the
socketsincidentto any rootedsubtreeof theforestin sucha
waythateachnodegetschargedat leasttwo socketsandthe
root getschargedat least3 sockets. This leadsto a contra-
diction,sincethenumberof socketsis twice thenumberof
edges,andthenumberof edgesequalsthenumberof nodes
in theforest.

This charging schemeis carriedout inductively bottom
up on thestructureof thetree.Considerfirst a leaf element¯ ´"± ´$² ³ of the forest. Sincewe know Ë"¯ ´$± ´$² ³�Ì Æ and
eachedgehasvaluelessthan1/2, it mustbe the casethat
Å Í Î3Ï ¯ ´"± ´ ² ³ Å$Ì�Ð . By Lemma4.8 it mustbe the casethat
eachof theseedgescross̄ ´"± ´$² ³ , whichimpliesthatat least
threesocketsareincidenton ¯ ´$± ´$² ³ . Weinvokea lemmaof
Jainbelow in orderto carryout theinduction.

Let Ñ Ò ¶ ÉÊ5Ó�Ô Ò . Note that by hypothesisÑ Ò�ÕKÖ .
For any pair ¯ ´"± ´$² ³�º�Â , defineits co-requirementasthe
sum of Ñ Ò ’s for all the edgescrossing ¯ ´"± ´$² ³ . The co-
requirementsatisfiesÑG¯ ´"± ´$² ³ ¶ ÉÊ Å Í ÎGÏ ¯ ´$± ´$² ³ Å Ó Ë"¯ ´$± ´$² ³ .
Since Ë"¯ ´"± ´$² ³ is integral, the co-requirementof ¯ ´"± ´$² ³ is
anintegralmultiple of ÉÊ .
Lemma 4.9 (Jain [11], Lemma 4.6) For any rooted sub-
treeof the forest,we can charge the sockets incident to it
such thateverynodegetschargedat least2 socketsandthe
rootgetschargedat least3. Moreover, therootgetscharged
exactly3 socketsonly if its co-requirementis half.

Note that the statementof the lemmain [11] refersto
endpointsin a way that is analogousto our useof theterm
socketshere. The proof of this lemmafor our problemis
exactly thesameproof in [11] which consistsof checkinga
seriesof cases.We omit it heredueto thesimilarity to, and
thelengthof, theoriginal.

Thereis anexamplein [11] thatshows that theanalysis
thereis tight for the edgeconnectivity problemwith con-
nectivity requirementsin

¾ Ö ± Æ ¿ . Sincein thiscasetheedge
andelementconnectivity problemsarethe same,the same
exampleshowsthattheanalysisis alsotight for theelement
connectivity problem.

5 Implementation Issues

To solve the LP in polynomial time, we needa sep-
aration oracle for the connectivity constraints: an algo-
rithm that finds a violated constraintof the LP (×CØ7Ù )
with the function Ú Û ¯ ´"± ´$² ³ or ( Ü�Ý(Ù ) with the function
Ú Û ¯ ´"± ´$² ³ Ó Å Í Þ ¯ ´"± ´$² ³ Å . To dothis,we interpretÔ -valuesas
capacitiesand transformthe graphinducedby the current
fractionalsolution Ô andthe fixed edgesß into a directed
graphby replacingeveryedgeby oppositelyorientededges
with thesamecapacityastheoriginal undirectededge.We
thenperforma standardprocedureof splitting nonterminal
verticesto model the fact that at most one path can pass
throughany nonterminal.Then,in the resultinggraph,the
maximumflow valuebetween¹ and½ is vertex connectivity
between¹ and ½ . If this is lessthan à á â , the minimum cut
revealsa violatedinequality.

Thus we have a polynomial-timeseparationoraclefor
( ×�Ø7Ù ) and ( Ü�Ý(Ù ). Using ellipsoid algorithm, we can
thenobtainabasicsolutionin polynomialtime [10].



Acknowledgements

The first authoracknowledgesthe partial supportpro-
vided by NSF through grants EIA-0049084 and CCR-
0049071.

References

[1] A. Bouchet and W. Cunningham. Delta-matroids,
jump systemsandbisubmodularpolyhedra. SIAM J.
DiscreteMath., 8:17-32,1995.

[2] J. CheriyanandS. Vempala.Edgecoversof setpairs
and the iterative roundingmethod. In Integer Pro-
grammingand CombinatorialOptimization, number
2081in theLectureNotesin ComputerScience,pages
30–44.Springer, 2001.

[3] J. Cheriyan,S. Vempala,andA. Vetta. An approxi-
mationalgorithmfor theminimum-costã -vertex con-
nectedsubgraph.Manuscript,July2001.

[4] V. Chvatal. Linear programming. W. H. Freeman,
New York, 1983.

[5] R. Diestel. Graph Theory. Number173 in Gradu-
ateTexts in Mathematics.Springer-Verlag,New York,
2ndedition,2000.

[6] F. D. J. Dunstanand D. J. A. Welsh. A greedyal-
gorithmsolvinga certainclassof linearprogrammes.
Math.Programming, 5:338-353,1973.

[7] L. Fleischer. A 2-approximationfor minimum costä å æ ç æ è é
vertex connectivity. In Integer Programming

andCombinatorialOptimization, number2081in the
LectureNotesin ComputerScience,pages115–129.
Springer, 2001.

[8] A. FrankandT. Jordan. Minimal edge-coveringsof
pairsof sets. J. CombinatorialTheoryB, 65:73-110,
1995.

[9] M. X. Goemans, A. V. Goldberg, S. Plotkin,
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