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Abstract

We presentan iterative Markov chain Monte
Carlo algorithm for computingreferencepriors
and minimax risk for generalparametricfami-
lies. OurapproachusesMCMC techniquesbased
on the Blahut-Arimotoalgorithmfor computing
channelcapacityin informationtheory. We give
a statisticalanalysisof the algorithm,bounding
thenumberof samplesrequiredfor thestochastic
algorithmto closelyapproximatethedeterminis-
tic algorithmin eachiteration. Simulationsare
presentedfor severalexamplesfrom exponential
families. Although we focuson applicationsto
referencepriors andminimax risk, the methods
andanalysiswedevelopareapplicableto amuch
broaderclassof optimizationproblemsanditer-
ativealgorithms.

1 Introduction

Information theoreticmeasuresplay a key role in some
of the fundamentalproblemsof statistics,machinelearn-
ing, and information theory. In statistics,referencepri-
ors in Bayesiananalysisare derived from maximizing a
distancemeasurebetweenthe prior and posteriordistri-
butions. When the measureis basedon the mutual in-
formation betweenthe parametersand the predictionsof
a family of models,referencepriors have several proper-
ties thatmake themattractive as“non-informative” priors,
for which anexperimentyields thegreatestpossibleinfor-
mation (Bernardo& Smith, 1994). In machinelearning,
theBayesrisk andminimaxrisk underlog-lossarecentral
quantitiesusedto measuretherelative performanceof on-
line learningalgorithms(Haussler, 1997). Minimax risk
canbe formulatedin termsof the mutual informationbe-
tweenthe strategiesof playersin a two-persongame. In
informationtheory, thecapacityof anoisychannelis given
by themaximum,over all distributionson themessagesto
be communicated,of the mutual informationbetweenthe

inputsandoutputsof thechannel(Shannon,1948).

For each concept—referencepriors, minimax risk, and
channelcapacity—oneis interestedin a distribution ��� � � �
thatmaximizesthemutualinformationbetweenthe“input”
randomvariable � andthe “output” randomvariable �	� .
In the caseof channelcapacity, an iterative algorithmfor
determining��� when � is discretewas proposedin the
early 1970s,independentlyby R.Blahut (Blahut, 1972a)
andS.Arimoto (Arimoto, 1972). The Blahut-Arimotoal-
gorithmenablesthepracticalcomputationof capacityand
ratedistortionfunctionsfor awiderangeof channels.(The
paperstogetherwontheIEEEInformationTheoryBestPa-
perAward in 1974.) In contrast,very little work hasbeen
carriedout on the closely relatedproblemsof computing
referencepriorsandminimaxrisk for parametricfamilies,
where the input � is typically continuous. In Bayesian
analysisand decisiontheory, the primary work that has
beendonein this directionconcernsonly the asymptotic
behavior as 
���
 , where 
 is the numberof trials that
yield theoutput ��� (Clarke& Barron,1994)andthisanal-
ysisis applicableonly in specialcases.

In this paperwe presenta family of algorithmsfor com-
putingchannelcapacity, referencepriorsandminimaxrisk
for generalparametricfamilies by adaptingthe Blahut-
Arimoto algorithm to use Markov chain Monte Carlo
(MCMC) sampling.In orderto computereferencepriorsor
minimax risk for a statisticallearningproblem,wherethe
parameter� is oftena high-dimensionalrandomvariable,
theBlahut-Arimotoalgorithmrequiresthecomputationof
intractableintegrals. Numericalmethodswould, in many
cases,becomputationallydifficult, anddonot take into ac-
counttheprobabilisticnatureof theproblem.However, we
show that the recursive structureof the algorithmleadsto
a naturalMCMC extension.TheMCMC approachto this
problem,aswell asour analysisof it, appliesto otheral-
gorithmssuchasgeneralizediterativescalingfor log-linear
models(Darroch& Ratcliff, 1972).

Abstractingtheproblemslightly, weareconcernedwith it-
erativealgorithmsonprobabilitydistributions.Thegeneral



situationis thatthereis someoptimizationproblem������� � ���	� �� � � �! #" $ �!%
for whichaniterativealgorithmof theform�'& ( )'* +,�.- ( / �'& ( + 0
is derived,andprovento satisfy 1 � � ( 2�3 � & ( + �#� � , in an
appropriatesense.Oftentheexactcomputationof - ( / ��0 re-
quiresevaluationof an unwieldy integral or a large sum.
In this case,onecanoften employ Monte Carlo methods
to approximatethe integral, or to samplefrom thedesired
distribution. However, in doingso,it is notclearthatthere-
sultingstochasticiterativealgorithmwill converge,or how
many samplesneedto be drawn in eachiteration. The
methodsand analysiswe develop here in the context of
referencepriorshelpto addressthesequestionsfor a much
broaderclassof iterativealgorithmsandoptimizationprob-
lems.

In thefollowingsectionwereview therelationshipbetween
channelcapacity, minimax risk, and referencepriors. In
Section3 we presentthe main algorithm. A full analysis
of the algorithmis quite technicalandout of the scopeof
the currentpaper. However, in Section4 we presentthe
coreideasof the analysis,which givesinsight into the al-
gorithm’s properties,andthe numberof samplesrequired
for eachiterationof MCMC in orderto ensureglobalcon-
vergence. One of the key ideaslies in the useof “com-
monrandomness”acrossiterationsto avoid theaccumula-
tion of stochasticerror. Section5 presentsseveral exam-
plesof thealgorithmappliedto standardexponentialfam-
ily models.While the examplesaresimple,even in these
casesthe finite-samplereferencepriors areunknown ana-
lytically, andthe simulationsreveal interestingproperties.
However, ourapproachwill beof thegreatestusefor high-
dimensionalinferenceproblems.

2 Reference Priors and Minimax Risk

The conceptsof channelcapacity, referencepriors, and
minimax risk are intimately related,and form important
connectionsbetweeninformationtheory, statistics,andma-
chine learning. In information theory, a communication
channelis characterizedby a conditionalprobability dis-
tribution 4 $ 576 8 % for the probability thatan input random
variable 9 is received as : . The information capacity of
thechannelis definedasthemaximummutualinformation
overall inputdistributions:; def�<�=� >� �  @?7A $ 9CB : %
where D	E is thesimplex of all probabilitydistributionson
theinput 9GFCH . Shannon’sfundamentaltheoremequates

theinformationcapacitywith theengineeringnotionof ca-
pacity, asthe largestrateat which informationcanbe re-
liably sentover the channel;see,for example,(Cover &
Thomas,1991).

In astatisticalsetting,thechannelis replacedby aparamet-
ric family 4 $ 5�6 I % , for

I FKJ,LNMPO . We view themodel
asan “expert”, distributedaccordingto � $ I % . The expert
generatesa sequenceof labels

5 � 5 * B Q Q Q B 5 O , indepen-
dentlyandidenticallydistributedaccordingto 4 $ 576 I % . A
statistician,whodoesnothaveaccessto theexpert,predicts
the R -th labelusingan estimate S� $ 5 ( 6 5 ( T'* % that is formed
baseduponthe previous labels. The risk at time R to the
statistician,assumingthat theexpertparameteris

I U FVJ ,
is definedto beW ( X Y� $ I U % def�Z![�\ 4 ( T'* $ 5 ( T'* 6 I U % 4 $ 5 ( 6 I U % 1 ] � 4 $ 5 ( 6 I U %S� $ 5 ( 6 5 ( T'* %_^ 5 (
Thecumulative risk for the first ` labels is definedasa O X Y� $ I U % def� Ob ( c@* W ( X Y� $ I U %d��e $ 4 O f g 6 6 S�!%
wherethe secondequalityfollows from the chainrule for
theKullback-Leiblerdivergence.

Viewing the expert asan adversary, the statisticianmight
chooseto minimizehis worst-caserisk. Playingthis way,
thevalueof thegameis theminimax riska minimaxO def�h� � iY�Gj k lf g � m a O X Y� $ I U %
anda distribution S� thatachievesthis valueis calleda min-
imax strategy.

In theBayesianapproach,theexpertis chosenaccordingto
theprior distribution � $ I % , andthenthestatisticianattempts
to minimizehis averagerisk. Thevalueof this gameis the
Bayes risk a BayesO X � def�h� � iY� Z m � $ I % a O X Y� $ I % ^ I
It is easyto show that a Bayesstrategy for the log-lossis
givenby thepredictivedistribution4 $ 5 O %d� Z m � $ I % 4 $ 5 O 6 I % ^ I
Thus,theBayesrisk is equalto themutualinformationbe-
tweentheparameterandtheobservations:a BayesO X � � A $ J�B : O %
There turns out to be a simple relationshipbetweenthe
Bayesrisk andthe minimax risk, first proved in full gen-
erality by Haussler(1997).



Theorem (Haussler, 1997). The minimax risk is equalto
theinformationcapacity:n minimaxoqp.r s tu n Bayeso v u p.r s tuxw!y z�{ | o�}
wherethe supremumis over all ~#���	� . Moreover, the
minimax risk canbe written asa minimaxwith respectto
Bayesstrategies:n minimaxoqp�� � �u r s t� � � � n o v u Bayesy � � }
where~ Bayesdenotesthepredictivedistribution(Bayesstrat-
egy) for ~��d�	� .

In Bayesiananalysis,it is often desirableto use“objec-
tive” or “non-informative” priors, which encodethe least
amountof prior knowledgeabouta problem.In suchaset-
ting, even moderateamountsof datashoulddominatethe
prior information. In this paperwe addressthe computa-
tional aspectsof non-informative priors definedusing an
information-theoreticcriterion.

In the referenceprior approach(Bernardo,1979; Berger
et al., 1989; Bernardo& Smith, 1994),oneconsidersan
increasingnumber � of independentdraws from � y ��� � } ,
anddefinesthe � -reference prior ��� as��� p�� � �@��� �u � �@� w�y z	{ | � }
wherew!y z�{ | � } p� � �!�!� ~ y � } � � y � � � � }_� � � � � y � � � � }� y � � }h  � �   �
Bernardo(1979)proposesthereference prior asthelimit� y � } p � � �� ¡�¢ ��� y � }�!� y £P¤ }
whenthis exists,where£P¤ is a fixedset.In thecasewherez¦¥¨§ and the posterioris asymptoticallynormal, the
referenceprior is given by Jeffreys’ rule: � y � }	©«ª y � } ¬­ ,
where

ª y � } is theFisherinformationª y � } p �!� � y ��� � }�®�¯�°�±° � ± � � � � y ��� � } ²   �
In thecaseof finite � , however, very little is known about
the � -referenceprior ��� . For exponentialfamilies,Berger
et al. (1989) show that the � -referenceprior is a finite,
discretemeasure.However, determiningthis measurean-
alytically appearsdifficult. In fact, even for the simple
caseof a Bernoulli trial, while it is easy to show that�!³ y ´ } p �'³ y µ } p ³± , the prior �!� is unknown for �K¶ µ ,
promptingBergeret al. (1989)to remarkthat“Solving for��� is noteasy. Numericalsolutionis neededfor larger � ...”
In the following sectionwe proposean iterative MCMC
approachto calculating�!� for generalparametricfamilies.

3 An Iterative MCMC Algorithm

Although our methodsapply to both the continuousand
discretecases,we begin by thinking of a classification
problemandassumingthat � �C· isdiscrete,takingasmall
numberof values.In orderto calculatetheminimaxrisk or
areferenceprior for aparametricfamily ¸ � y �7� � } ¹ � � � , we
arerequiredto maximizethemutualinformation

w!y z�{ | } p�º» � � � � ~ y � } � y ��� � }¼� � � � y ��� � }� y � }   �
asa functionof ~½�V�	� . We startwith anarbitraryinitial
distribution ~'¾ ¤ ¿ �C�=� , andset À p ´ . In theiterative step,
theBlahut-Arimotoalgorithmupdates~'¾ Á ¿ by setting

~ ¾ Á Â ³ ¿ y � }½© ~ ¾ Á ¿ y � } Ã � t�ÄÅ¼º» � � � y �7� � } � � � � y ��� � }� ¾ Á ¿ y � } ÆÇ
where � ¾ Á ¿ y � } p � � ~ ¾ Á ¿ y � } � y ��� � }   �
andwheretheconstantof proportionalityis givenbyÈ ¾ Á Â ³ ¿ p � � ~ ¾ Á ¿ y � } Ã � t�ÄÅ º» � � � y ��� � } � � � � y �7� � }� ¾ Á ¿ y � } ÆÇ   �
We canrewrite the recursionof the Blahut-Arimotoalgo-
rithm in termsof log-likelihoodratiosasfollows:� � � ~'¾ Á ¿ y � }~ ¾ Á ¿ y É } p � � � ~'¾ Á Ê ³ ¿ y �

}~ ¾ Á Ê ³ ¿ y É }�Ëº» � � � y ��� � } � � � � y ��� � }� ¾ Á Ê ³ ¿ y � } ¯ º» � � � y ��� É } � � � � y ��� É
}� ¾ Á Ê ³ ¿ y � }

Applying this relationrecursively, we obtain� � � ~ ¾ Á ¿ y � }~ ¾ Á ¿ y É } p À Ì y |N� É }�¯ À Ì y |#� � }Ë º» � � y � y ��� É }@¯ � y �7� � } } Á Ê ³º Í Î ¤ � � � � ¾
Í ¿ y � }

whereÌ y |N� � } is theentropy.

Thus,weseethatthe À -th iterate~'¾ Á ¿ hasaconvenientexpo-
nentialform. This leadsnaturallyto anMCMC algorithm
for estimatingthe maximummutual informationdistribu-
tion, from which we cancalculatea minimaxstrategy. For
a given À_¶ ´ , supposethatwehavesamples� ¾ Á ¿³ { � ¾ Á ¿± { Ï Ï Ï { � ¾ Á ¿Ð!Ñ
from the currentdistribution. From this sample,we esti-
matethe À -th predictivedistributionbyÒ� ¾ Á ¿ y � } p µÓ Á

Ð!Ñº Ô Î ³ � y ��� � ¾ Á ¿Ô }



MCMC Blahut-Arimoto

Input: ParameterspaceÕ , labelspaceÖ , andmodel ×=Ø Ù Ú Û Ü
Problem: Samplefrom Ý�Þ7ßNà á â�ã=à ä å@æ!Ø Ý'ç ×�Ü
Initialize: Let Ý'è é ê�ëCì	í bearbitrary, with initial sampleÛ è é êé ç Û è é êî ç ï ï ï ç Û è é êð'ñ ; set ò�ßKó , ô õ�è ö î ê Ø ÷ Ü�ß�ó
Iterate:

1. Let ø× è ù ê Ø ÷ Üdß îð!ú�û ð!úü ý@î ×=Ø ÷�Ú Û è ù êü Ü
2. Let ô õ�è ù ê Ø ÷ Ü½ß¨ôõ�è ù ö î ê Ø ÷ Ü!þVÿ � â ø×	è ù ê Ø ÷ Ü
3. SampleÛ è ù � î êî ç Û è ù � î ê� ç ï ï ï ç Û è ù � î êð!ú � � by applyingMCMC to thelikelihoodratios

ÿ � â Ý'è ù � î ê Ø Û ÜÝ è ù � î ê Ø � Ü ß<Ø ò!þ�� Ü!Ø �VØ 	#Ú � Ü�
��VØ 	NÚ Û Ü Ü'þ�
� � � Ø ×=Ø ÷�Ú � Ü�
½×=Ø ÷�Ú Û Ü Ü ô õ è ù ê Ø ÷ Ü
4. Let ø� minimaxù ß �� ù � î ð!ú � �
 ü ý é 
� � � ×=Ø ÷�Ú Û è ù � î êü Ü ÿ � â ×=Ø ÷�Ú Û è ù � î êü Üø× è ù ê Ø ÷ Ü
5. ò�� ò!þ��

Output: SampleÛ è ù êé ç Û è ù êî ç ï ï ï ç Û è ù êð'ú
Figure1: MCMC versionof theBlahut-Arimotoalgorithm

Define ô õ è ù ê Ø ÷ Ü defß ù
 � ý é ÿ � â	ø× è � ê Ø ÷ Ü
A new sampleÛ è ù � î êî ç Û è ù � î ê� ç ï ï ï ç Û è ù � î êð!ú � � is thencalculated,
using,for example,a Metropolis-Hastingsalgorithm,from
thelikelihoodratiosÿ � â Ý'è ù � î ê Ø Û ÜÝ è ù � î ê Ø � Ü ß Ø ò!þ�� Ü!Ø �VØ 	NÚ � Ü�
��VØ 	NÚ Û Ü Üþ 
� � � Ø ×=Ø ÷7Ú � Ü�
d×=Ø ÷�Ú Û Ü Ü ô õ è ù ê Ø ÷ Ü
Thealgorithmis summarizedin Figure1. Notethattheal-
gorithmrequiresonly �	Ø Ú Ö=Ú Ü storage.Notealsothatsinceæ�Ø Õ	ç 		ÜPß#æ�Ø Õ	ç ��Ü for any sufficient statistic � , thecom-
putationcanbeoftensimplified. This is importantin com-
puting æ�Ø Õ	ç 	�� Ü for exponentialfamilies,asthenumberof
trials � getslarge.

4 Analysis of the Algorithm

In this sectionwe outlinetwo statisticalanalysesof theal-
gorithm.First,wepresentanargumentthatmakesuseof a
centrallimit theoremto comparetheiterativeMCMC algo-
rithm to the deterministicversion. This argumentappears
to be difficult to make fully rigorous; the main problem
is control of the stochasticerror. However, the argument
gives insight into the expecteddependenceon the num-
berof samplesrequiredin eachiteration. We thenpresent

a different approachthat makes useof the Kolmogorov-
Smirnov distanceand usescommon randomnessin the
samplingacrossiterations,resulting in improved bounds
on thenumberof samplesrequired.Althoughtheanalysis
becomesmoretechnical,herewe make somesimplifying
assumptionsanddemonstratethekey ideas.Wewill report
themoregeneralanalysisin a futurepublication.

4.1 Using a central limit theorem

In the � -th stepof thealgorithm,we wantsamplesfrom

Ý è � � î ê Ø Û Ü �"! ä # $ 
�Ø �=þ�� Ü �VØ Û Ü�
%
 � ×=Ø ÷�Ú Û Ü õxØ ÷ Ü &
where õxØ ÷ Ü�ß û'�� ý é ÿ � â)( è � ê Ø ÷ Ü and × è � ê Ø ÷ Ü¦ß* í ×=Ø ÷�Ú Û Ü Ý'è � ê Ø Û Ü + Û . Instead,we have samplesfrom the
approximation

øÝ è � � î ê Ø Û Ü �"! ä # $ 
�Ø �=þ�� Ü �VØ Û Ü�
 
 � ×=Ø ÷�Ú Û Ü ô õxØ ÷ Ü &
with ô õxØ ÷ Ü¨ß û'�� ý é ÿ � â ø×	è � ê Ø ÷ Ü andwith ø×	è � ê Ø ÷ Ü¨ßîð-, û ð-,ü ý@î ×=Ø ÷�Ú Û ü Ü , where Û î ç ï ï ï ç Û ð-, is a samplefromøÝPè � ê . Thus,wehaveøÝ'Ø Û ÜøÝ@Ø � Ü ß Ý@Ø Û ÜÝ@Ø � Ü .0/ è 1 2 3 ê



with4 5 6 7 8:9<;>= ? @"5 A 5 BDC 6 9�=�A 5 BDC 809 905 E FG5 B 9�=�FG5 B 9 9
Fixing

8
, we’ll show that

4�5 6 9�H�I�5 6 9 J
where

I�5 6 9
is an

explicit functionof

6
and

JGHLKL5 M 7 N 9
. Thus,in eachit-

erationthealgorithmsamplesusingthetrue(but unknown)
densitywith Gaussiannoiseaddedin theexponent.

Using Metropolis-Hastingsto implement the MCMC
yieldssamplesthatarenot independent,however a central
limit theoremcomesfrom reversibility; see,for example
(Robert& Casella,1999).Hence,we have thatO P Q)R0SA�T Q U =�V'T Q U W'X KL5 M 7 IDT Q U 9
Thematrix

I T Q U
canbe estimatedfrom the simulation,by

computingthesamplevariance.We canthenwrite4�5 6 9�;ZY? Q [0\ R ] 5 SA�T Q U 9�= ] 5 V'T Q U 9 W
where] 5 ^09_;`? @ [-a b ADc d e 5 B 9 f g h�^�5 B 90i b ADc d e:5 j 9 f g h�k)Nl= ` m a? @ [�a ^�5 B 9 n
Now, by the o -method,wehave thatO P Q)R ] 5 SA�T Q U 9�= ] 5 V'T Q U 9 W'X KL5 M 7 p-qQ 9
where

p qQ ;sr ]:t I T Q U r ]
. In summary, wehave4 5 6 9<HuKL5 M 7 v q 5 6 9 9

where

v q 5 6 9<;uw YQ [0\ ax�y p qQ 5 6 9 , andwhere

p qQ 5 6 9
is com-

putedin termsof thesamplevarianceandanexplicit func-
tion of

6
.

To keep the variance

v q
bounded, we require that

w Q P m aQ{z}|
. Taking a samplesize of

P�Q ;�~�5 � q 9
will ensurethis.

4.2 Using the Kolmogorov-Smirnov distance

For simplicity, we now take � ;�� 6 a 7 � � � 7 6 ���
to be fi-

nite, andwe assumethe samplingis doneby independent
simulation.

Let b be the simplex of probabilitieson � , and let ���b���b be the mappingdefinedby the Blahut-Arimoto
algorithm:� � �:� 5 6 9�� � 5 6 9)� � ��k ? @GA 5 BDC 6 9 f g h A 5 B�C 6 9w c A 5 BDC 6 9 � 5 6 9 n

Given a starting vector � T \ U we get a sequence� T a U ;��� � T \ U � 7 � T q U ; � � � T a U � 7 � � � . Thus, � T � U ; � � � � T \ U � where� � denotesthe � -fold compositionof � with itself.

Let � a 7 � � � 7 � x beiid randomvariablesthatareuniformly
distributed on � M 7 N � , and let ��� b . For � ;�N 7 � � � 7 P
define ��� asfollows: � � ;�6 a if ���D�G� M 7 � a 9 , � � ;�6 q
if �-���>� � a 7 � a i � q 9 , . . . , ��� ;�6 �

if �����s� � a i� � � � � m a 7 N � . Then � a 7 � � � 7 � x areiid draws from � . Let�� ;�5 �� a 7 � � � 7 �� ��9 be the empirical distribution, that is,��   ; P m a w x� [-a:¡ 5 � � ;�6   9 is the proportionof ��� ’s
equalto

6   . To avoid accumulationof stochasticerror, we
usethesame� a 7 � � � 7 � x to doall randomnumbergenera-
tion duringthealgorithm.

Notice that drawing � a 7 � � � 7 � x H � may be regarded
as applying an operator ¢ x to � . Specifically, define¢ x 5 � 9%; �� . Setting £ T \ U�¤ � T \ U , the stochasticversion
of thealgorithmmaythenberepresentedasfollows:£ T \ U ¥:¦= � �£ T \ UG§= � £ T a U�¥:¦= � �£ T a UG§= � £ T q U � � � ¥:¦= � �£ T � U
In practice,we only observe

�£ T a U 7 � � � 7 �£ T � U . After � steps,
the algorithmyields

�£ T � U ; � ¢ x�¨ �l� � ¨ ¢ x 5 � T \ U 9 where¢ x<¨ � denotesthecompositionof thetwo operators.

Let © betheKolmogorov-Smirnov distanceon b :© 5 � 7 £ 9�;�ª « �¬ ­ ® C ¯ 5 °09�=<A 5 °:9 C
where

¯�5 °:9�;±w   ² ¬ �   and

A 5 °09l;Lw   ² ¬ £   . We shall
assumethat � satisfiesthe following Lipschitz condition:
thereexistsa finite ³<´ M suchthat,for every � 7 £�� b ,© 5 � � �:� 7 � � £ � 9<µ ³�© 5 � 7 £ 9 �
In practice,� mayneedto bemodifiedneartheboundary
of b to make this conditionhold.

Theorem. Assumethat � satisfiestheLipschitzcondition.
Let P}¶±· q� f g h:5 ¸ ¹ º-9¸ » q
where · � ;<¼¾½ ¿ À Á m a½ m aÃÂ Ä ³�Å;LN� i�N Â Ä ³ ;LN �
Then

Pr

5 � T � U � 4 � 9 ¶ Nl=<º
where

4 � ;uÆ �Ç��È � = �£ T � U È z » É<�
Proof. Let Ê 5 Ë 9�;_Ë for

Ë �"� M 7 N � be the cumulative
distribution functionfor theUniform

5 M 7 N 9
distributionand

let
�Ê x 5 Ë 9�; P m a w x� [�a:¡ 5 ��� µ�Ë 9 betheempiricaldistri-

bution function. Let o ;G» ¹ · � . By theDvoretzky-Kiefer-
Wolfowitz inequality,

Pr

kLÌ Í �Î ­ Ï \ d a Ð C Ê 5 Ë 9�= �Ê x 5 Ë 9 C ´�o nÑµ}¸ Ò m q xÔÓ Õ



Fromthedefinitionof Ö , we seethat theright handsideis
lessthanor equalto × . Hence,on a set Ø�Ù of probability
at least Ú)ÛÇ× , wehave Ü Ý Þ:ß à:á â ã ä å æ ç�è é ê�Û�ëç�Ù�è é ê æ ì�Ö . OnØ�Ù we havethat Ü Ý Þ í à î%ï è ð-ñ ëð0ê)ì�Ö . Therefore,ï:è ëò ó ä ô ñ ð ó ä ô êõìöï è ëò ó ä ô ñ ò ó ä ô ê-÷�ï:è ò ó ä ô ñ ð ó ä ô êìöÖ)÷�ï è ò ó ä ô ñ ð ó ä ô êø Ö)÷�ï è ù ú ëò ó â ô û ñ ù ú ð ó â ô û êìöÖ)÷�ü-ï:è ëò ó â ô ñ ð ó â ô êø Ö)÷�ü-Ö ø Ö è Ú)÷<ü�ê
Continuingrecursively in this way, we seethat,with prob-
ability at least Ú�Û × , ï:è ëò ó ý ô ñ ð ó ý ô êÔì�Ö è Ú:÷�ül÷�þ þ þ ÷�ü ý ê øÖ ÿ ý ø�� . �
If ü��"Ú thenthe theoremimplies that � mustbe expo-
nentially large in the numberof steps� . However, if the
algorithmstartsreasonablycloseto ð�� , thenwe would ex-
pect ü
	�Ú in whichcase� ø�� è �
� ê .
Extendingtheproof to thecontinuouscaseis notverydiffi-
cult althoughtheoperatorù needsto beextendedsothatit
appliesto discreteandcontinuousdistributions. The only
complicationin extendingtheresultto theMCMC caseis
that the operator�)Ù is morecomplicated. Underappro-
priatemixing conditions,blocks of observationsof suffi-
ciently largesize � actessentiallylike an independentse-
quencesamplesize ��� � . Weexpectsimilar resultsto hold
with ��� � in placeof � . Thedetailswill bereportedelse-
where.

5 Examples: Exponential Families

In order to demonstratethe algorithm empirically, we
presentseveral examplesof computing � -referencepri-
ors ��� for one-dimensionalexponentialfamilies. While
for thesefamilies the limiting Jeffreys distribution is, of
course,well-known (seeFigure 3), the finite sampledis-
tributions are unknown except for � ø Ú . The simula-
tionsreveal interestingpropertiesof the � -referencepriors
at theboundaryof � , andsuggestqualitatively how thefi-
nite samplecaseconvergesasymptotically. We emphasize
that theseexamplesare only illustrative; the significance
of the approachlies in muchmorecomplicatedmodeling
problemsin higherdimension,andpotentially in the esti-
mationof priorsfor structuralcomponentsof models.

Figure 2 displays a histogram of the MCMC Blahut-
Arimoto algorithm at several iterations,for the caseof a
singleBernoulli trial, � ø ú � ñ Ú û . In this case,the limit-
ing prior is � ä è � ê ø � ä è Ú ê ø ä

� . In Figure 4 we show
the correspondingresultsfor 20 trials. While it is known
that the limiting distribution is finite, the exact numberof
atomsandtheirspacingsappearsto beunknown. Notethat
thealgorithmestimatesacontinuousdistribution in eachit-
eration.In all of thesimulations,Metropolis-Hastingswas

usedwith a uniform proposaldistribution,andwasrun for
10,000stepsin eachiteration.

Figures5, 6, and7 give examplesimulationsfor thenega-
tive binomial,Poisson,andnormal(known variance).For
the Poissonandnormal,it canbe seenthat restrictingthe
parameterto a compactinterval resultsin accumulationof
the referenceprior on the boundary. Figure 8 shows the
resultof constrainingthevariance,introducinga Lagrange
multiplier into the exponentialmodel(Blahut, 1972a). In
thiscase,thelimiting distributionmustbeGaussian(Cover
& Thomas,1991).

6 Summary

We have presenteda stochasticversion of the Blahut-
Arimoto algorithm applied to the problemof computing
referencepriorsandminimaxrisk. While a detailedanaly-
sisof thealgorithmis technical,ananalysisundersimpli-
fying assumptionsindicatesthat if the numberof samples
grows quadraticallyin theiterationnumber, thenthealgo-
rithm will closelyapproximatethe full deterministicalgo-
rithm. Themainlimitation of thealgorithmfor computing
� -referencepriors is the complexity as ����� . While
theuseof sufficient statisticssimplifiesthecomputation,it
would be interestingto explore approximationtechniques
for theexpectationson � � thatthealgorithmrequires.

We have focused on referencepriors and the Blahut-
Arimoto algorithm,but ourmethodsapplyto amuchlarger
classof algorithms. In particular, they apply directly to
maximumlikelihoodestimationfor exponentialmodelsus-
ing the Darroch-Ratcliff algorithm,aswell asotheralter-
natingminimizationalgorithms.

SequentialMonteCarloand“particle filtering” procedures
arisein a numberof otherproblemareas.Berzuini et al.
(1997), for example, considerthe problem of sampling
from a posteriordistribution whenthedataarrivessequen-
tially, and establisha varianceestimatefor a sequential
samplingimportance-resampling(SIR)procedurethatsug-
gestsa quadraticsamplesizebound,asin our analysisof
Section5. However, their approachdoesnot remove the
problemof accumulationof stochasticerror. In futurework
weplanto investigatetheusefulnessof theLipschitzbound
approachfor suchproblems.
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