Iterative Markov Chain Monte Carlo Computation
of Reference Priorsand Minimax Risk

John Lafferty
Schoolof ComputerScience
Carngyie Mellon University

Pittshurgh, PA 15213
laf ferty@s. crmu. edu

Abstract

We presentan iterative Markov chain Monte
Carlo algorithm for computingreferencepriors
and minimax risk for generalparametricfami-
lies. OurapproaclusesMCMC techniquedased
on the Blahut-Arimotoalgorithmfor computing
channelcapacityin informationtheory We give
a statisticalanalysisof the algorithm, bounding
thenumberof samplesequiredfor the stochastic
algorithmto closelyapproximatehe determinis-
tic algorithmin eachiteration. Simulationsare
presentedor severalexamplesfrom exponential
families. Although we focuson applicationsto
referencepriors and minimax risk, the methods
andanalysisve developareapplicableto amuch
broaderclassof optimizationproblemsanditer-
ative algorithms.

1 Introduction

Information theoreticmeasureglay a key role in some
of the fundamentaproblemsof statistics,machinelearn-
ing, and information theory In statistics,referencepri-
ors in Bayesiananalysisare derived from maximizing a
distancemeasurebetweenthe prior and posteriordistri-
butions. When the measureis basedon the mutual in-
formation betweenthe parametersand the predictionsof
a family of models,referencepriors have several proper
tiesthatmake themattractve as“non-informatie” priors,
for which an experimentyields the greatespossibleinfor-
mation (Bernardo& Smith, 1994). In machinelearning,
the Bayesrisk andminimaxrisk underlog-lossarecentral
guantitiesusedto measurehe relative performanceof on-
line learningalgorithms(Haussler 1997). Minimax risk
canbe formulatedin termsof the mutualinformation be-
tweenthe stratgyies of playersin a two-persongame. In
informationtheory, the capacityof anoisychannels given
by the maximum,over all distributionson the messageto
be communicatedpf the mutualinformationbetweenthe
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inputsandoutputsof the channelShannon1948).

For each concept—referenceriors, minimax risk, and
channelcapacity—onas interestedn a distribution p* (&)
thatmaximizeghemutualinformationbetweerthe“input”
randomvariable® andthe “output” randomvariableY ™.
In the caseof channelcapacity an iterative algorithm for
determiningp* when © is discretewas proposedin the
early 1970s,independenthby R.Blahut (Blahut, 1972a)
andS.Arimoto (Arimoto, 1972). The Blahut-Arimotoal-
gorithmenableghe practicalcomputationof capacityand
ratedistortionfunctionsfor awide rangeof channels(The
paperdogethemwonthelEEE InformationTheoryBestPa-
per Awardin 1974.) In contrastyery little work hasbeen
carriedout on the closely relatedproblemsof computing
referencepriors andminimaxrisk for parametriccamilies,
wherethe input © is typically continuous. In Bayesian
analysisand decisiontheory the primary work that has
beendonein this direction concernsonly the asymptotic
behaior asn — oo, wheren is the numberof trials that
yield theoutputY™ (Clarke & Barron,1994)andthisanal-
ysisis applicableonly in specialcases.

In this paperwe presenta family of algorithmsfor com-
puting channelcapacity referencepriorsandminimaxrisk
for generalparametricfamilies by adaptingthe Blahut-
Arimoto algorithm to use Markov chain Monte Carlo
(MCMC) sampling.In orderto computereferencepriorsor
minimax risk for a statisticallearningproblem,wherethe
paramete® is oftena high-dimensionatandomvariable,
the Blahut-Arimotoalgorithmrequiresthe computationof
intractableintegrals. Numericalmethodswould, in mary
casesbe computationallydifficult, anddo not take into ac-
counttheprobabilisticnatureof the problem.However, we
shaw thatthe recursie structureof the algorithmleadsto
a naturalMCMC extension. The MCMC approacho this
problem,aswell asour analysisof it, appliesto otheral-
gorithmssuchasgeneralizedterative scalingfor log-linear
models(Darroch& Ratcliff, 1972).

Abstractingthe problemslightly, we areconcernedvith it-
eratve algorithmson probabilitydistributions. Thegeneral



situationis thatthereis someoptimizationproblem

*

p* = argminO(p)

pECCA

for which aniterative algorithmof theform
P = T

is derived, and provento satisfylim; ... p¥ = p*, in an

appropriatesense Oftenthe exactcomputatiorof 7; [p] re-

quiresevaluationof an unwieldy integral or a large sum.
In this case,one can often employ Monte Carlo methods
to approximatehe integral, or to samplefrom the desired
distribution. However, in doingso, it is notclearthatthere-

sulting stochastidterative algorithmwill corverge,or how

mary samplesneedto be drawvn in eachiteration. The

methodsand analysiswe develop herein the contet of

referencepriorshelpto addresshesequestiondor amuch
broaderclassof iterative algorithmsandoptimizationprob-

lems.

In thefollowing sectionwe review therelationshipbetween
channelcapacity minimax risk, and referencepriors. In

Section3 we presenthe main algorithm. A full analysis
of the algorithmis quite technicalandout of the scopeof

the currentpaper However, in Section4 we presentthe
coreideasof the analysis,which givesinsightinto the al-

gorithm’s propertiesandthe numberof samplesequired
for eachiterationof MCMC in orderto ensureglobal con-

vergence. One of the key ideaslies in the useof “com-

monrandomnessacrossterationsto avoid theaccumula-
tion of stochasticerror. Section5 presentseveral exam-

plesof the algorithmappliedto standardexponentialfam-

ily models. While the examplesaresimple,evenin these
caseghe finite-samplereferencepriors are unknavn ana-
lytically, andthe simulationsrevealinterestingproperties.
However, our approachwill be of thegreatestisefor high-

dimensionalnferenceproblems.

2 Reference Priorsand Minimax Risk

The conceptsof channelcapacity referencepriors, and
minimax risk are intimately related,and form important
connectiondetweerinformationtheory statisticsandma-

chine learning. In information theory a communication
channelis characterizedy a conditional probability dis-

tribution Q(y | z) for the probability thataninput random
variableX is recevedasY. Theinformation capacity of

the channels definedasthe maximummutualinformation
overall inputdistributions:

f

C € max I(X,Y)
pCAx

whereA y is the simplex of all probability distributionson
theinput X € X. Shannorsfundamentatheoremequates

theinformationcapacitywith theengineeringhotionof ca-
pacity;, asthe largestrate at which informationcanbe re-
liably sentover the channel;see,for example,(Cover &
Thomas1991).

In astatisticalsetting thechannels replacedy aparamet-
ric family Q(y | 6), for 6 € ® C R™. We view the model
asan “expert”, distributed accordingto p(6). The expert
generates sequencef labelsy = y1,...,y,, indepen-
dently andidentically distributedaccordingto Q(y | ¢). A

statisticianwhodoesnothave access$o theexpert,predicts
the t-th label usingan estimatep(y, | v~ 1) thatis formed
baseduponthe previous labels. Therisk at time ¢ to the
statistician,assuminghatthe expertparameteis 0* € ©,

is definedto be

rep(0%) =

t=1(, b1 g 0*)1 Q(ytlﬁ*) dut
- Q (y | )Q(yt | ) og ﬁ(yt | ytil) Y

Thecumulative risk for the first n labels is definedas

Rap(0) = > rp(0%) = D(Qp | 5)

=1

wherethe secondequalityfollows from the chainrule for
theKullback-Leiblerdivergence.

Viewing the expert asan adwersary the statisticianmight
chooseto minimize his worst-caseisk. Playingthis way;,
thevalueof the gameis the minimax risk

ini def
minimax d€l
R =

inf sup R, 5(6%)

P g*co
andadistribution p thatachievesthis valueis calleda min-
imax strategy.

In the Bayesiarapproachthe expertis choseraccordingo
theprior distributionp(#), andthenthestatisticiarattempts
to minimize his averagerisk. The valueof this gameis the
Bayes risk

Rz int [ p(0) Roy(0) d0
? Je
It is easyto show that a Bayesstrateyy for the log-lossis
givenby the predictive distribution
Q") — [ p0)Q"|0)d0
[S]
Thus,the Bayesrisk is equalto themutualinformationbe-
tweenthe parameteandthe obsenations:
Bayes _ n
Rn,;/) - 1(63 Y )
Thereturns out to be a simple relationshipbetweenthe

Bayesrisk andthe minimax risk, first provedin full gen-
erality by Hausslei(1997).



Theorem (Haussler1997) The minimaxrisk is equalto
theinformationcapacity:

RN — sup REYS = supl(©,Y")
P P

wherethe supremumis over all p € Ag. Moreover, the
minimax risk canbe written asa minimax with respecto
Bayesstratgyies:
RIMMa - — inf sup R,
P p*co

0*)

JJBayes(

wherepg.yesdenoteshepredictivedistribution (Bayesstrat-
agy) forp € Ag.

In Bayesiananalysis,it is often desirableto use “objec-
tive” or “non-informative” priors, which encodethe least
amountof prior knowledgeabouta problem.In sucha set-
ting, even moderateamountsof datashoulddominatethe
prior information. In this paperwe addresshe computa-
tional aspectsf non-informatve priors definedusing an
information-theoreticriterion.

In the referenceprior approach(Bernardo,1979; Berger
et al., 1989; Bernardo& Smith, 1994), one considersan
increasinghumberk of independentraws from Q(y | 9),
anddefinesthe k-reference prior 7 as

my = argmax I(©,YF)

p€le
where
1(0,Y*) =
k
// y|0)logQQ((yy|))d do
Bernardo(1979)proposeshereference prior asthelimit
7k (0)

() =
( ) k—o0 Wk(Ao)

whenthis exists,where 4, is afixedset.In thecasewhere
O C R andthe posterioris asymptoticallynormal, the
referenceprior is given by Jefreys’ rule: = () o h(6)z,
whereh(0) is the Fisherinformation

/Qy|9 < agzlogQ(ylﬁ))

In the caseof finite k, however, very little is known about
the k-referenceprior 7. For exponentialfamilies,Berger
etal. (1989)shawv that the k-referenceprior is a finite,
discrete measure.However, determiningthis measurean-
alytically appeardifficult. In fact, even for the simple
caseof a Bernoulli trial, while it is easyto shav that
m1(0) = m1(1) = i, theprior m; is unknown for k > 1,
promptingBermgeretal. (1989)to remarkthat“Solving for
7 IS noteasy Numericalsolutionis neededor largerk..”
In the following sectionwe proposean iteratve MCMC
approachto calculatingr, for generaparametridamilies.

3 Anlterative MCMC Algorithm

Although our methodsapply to both the continuousand
discretecases,we begin by thinking of a classification
problemandassuminghaty € Y isdiscretetakingasmall
numberof values.In orderto calculatethe minimaxrisk or
areferenceprior for aparametridamily {Q(y | 6) }oco, we
arerequiredto maximizethe mutualinformation

EPAL

yeY

Qy|0)
£ QM) w0

asafunctionof p € Ag. We startwith anarbitraryinitial
distribution p(© € Ag, andsett = 0. In theiterative step,
the Blahut-Arimotoalgorithmupdate(*) by setting

Qy|0)
QW(y)

Qy|0) 1

pU0) o pI (@) exp [ > Qy|0)log
yeY
where

QW (y) - /@ 20(0) Q(y |0) do

andwherethe constanof proportionalityis givenby

Z<t+1>:/ O exp | 3 Qy|0)log
e

YyeY

Qy| )
£ Q0 (y)

We canrewrite the recursionof the Blahut-Arimotoalgo-
rithm in termsof log-likelihoodratiosasfollows:

p(6) pU(6)
8 g 1% o) !
Qy | Qyl¢)
> Qly|0)log —Z7— Zleaﬁlog
= Q- 1> QU ()
Applying this relationrecursvely, we obtain
(t)
)
t—1
+ D (QWlé) - Qy|0) D log Q™ (y)
yey s=0

whereH(Y | 0) is theentropy.

Thus,we seethatthet-thiteratep*) hasaconvenientexpo-
nentialform. This leadsnaturallyto an MCMC algorithm
for estimatingthe maximummutualinformation distribu-
tion, from which we cancalculatea minimax strateyy. For
agivent > 0, supposehatwe have samples

00,65, 6%)

from the currentdistribution. From this sample,we esti-
matethe ¢-th predictive distribution by

—ZQ (w05

Q(t)



MCMC Blahut-Arimoto

Input: Parametespaced, labelspace), andmodelQ(- | ¢)

Problem: Samplefrom p* = arg max,, I(p, Q)

Initialize: Letp(® € Ag bearbitrary with initial sampledy”’, 61”, ...,6%; sett =0, W< D(y) =0

Iterate:
1 LetQ®(y) = 4 Y Q] 6”)
2. LetWh(y) = W D(y) +1log QV(y)
3. Samplep{"™ o) 05\'}111) by applyingMCMC to thelikelihoodratios
(t+1)
poO) o
log ) (t+1) (H(Y |¢) = HY |0))+ D (Qy]¢) — Qy[0) WH(y)
yeY
Ney1 (t+1)
~ 0.
4. Let Rjnimax — 7(A| )
=0 yey Q(t)(y)
5,t—t+1
. i i t
Output: Samplee(() ), 0§ ), ce 05\,2
Figure1l: MCMC versionof the Blahut-Arimotoalgorithm
Define a different approachthat makes use of the Kolmogorov-
def Smirnov distanceand usescommonrandomnessn the
W(t) Zl Q(S) ) : ) S
08 samplingacrossiterations,resultingin improved bounds

A new samplep ™ o+ G(ttl) is thencalculated,
using,for example, aMetropolls Hastingslgorithm,from
thelikelihoodratios

p(t+1)( )

g g — (HDEHE - HY0)
+ 3 (Qle) - Qy10) WO (y)
yey

Thealgorithmis summarizedn Figurel. Notethattheal-
gorithmrequiresonly O(])|) storage Notealsothatsince
1(0,Y) = I(©, S) for ary suficient statistic.S, the com-
putationcanbe oftensimplified. This is importantin com-
puting I(©, Y*) for exponentiaffamilies,asthe numberof
trials k getslarge.

4 Analysisof the Algorithm

In this sectionwe outlinetwo statisticalanalyse®f theal-
gorithm. First, we presentinargumentthatmakesuseof a
centrallimit theorenmto compareheiterative MCMC algo-
rithm to the deterministicversion. This argumentappears
to be difficult to make fully rigorous; the main problem
is control of the stochasticerror. However, the agument
givesinsight into the expecteddependencen the num-
ber of samplegequiredin eachiteration. We thenpresent

on the numberof samplegequired.Althoughthe analysis
becomesnoretechnical,herewe make somesimplifying

assumptionanddemonstrat¢he key ideas.We will report
themoregeneraknalysisn afuture publication.

4.1 Usingacentral limit theorem

In the n-th stepof the algorithm,we wantsamplegrom

Zleﬁ )

where W(y) = Y7  logM©®(y) and Q¥ (y) =
fe Q(y|0) p*)(0) db. Insteadwe have samplesrom the
approximation

pM(0) x exp ( (n+ 1)H

pY(0) o exp (—(n +1H(©O) - > Qlyl G)W(y)>

with W(y) = Y7 ,log Q@) (y) andwith Q) (y) =

N% vajl Q(y | 6;), wheredq, ... 0y, is a samplefrom

). Thus,we have
p(0)

pO0) e
p(®)

p(9)



with

CO,¢) = = (Qy10) —Qy|¢) (W(y) — W(y))

Y

Fixing ¢, we'll shawv thatC(#) ~ A(#)Z whereA(#) is an
explicit functionof # andZ ~ A(0,1). Thus,in eachit-
erationthe algorithmsampleaisingthetrue (but unknawn)
densitywith Gaussiamoiseaddedn the exponent.

Using Metropolis-Hastingsto implement the MCMC
yields sampleghatarenotindependenthowever a central
limit theoremcomesfrom reversibility; see,for example
(Robert& Casella1999).Hence we have that

\/175(63(5) _ M(s)) s N(0, A®))

The matrix A canbe estimatedrom the simulation,by
computingthe samplevariance We canthenwrite

cw - (9(@) — g(a1))

s=0

where
g(u) =
k k—1
> AQo4(y) logu(y) + AQp ¢(k) log (1 - U(y)>

Now, by the §-method we have that
VL (9(@) = g(M)) ~ N(0,02)
wheres? = Vg A Vg. In summarywe have
C(0) ~ N(0,7(9))

wherer?(0) = Y°!_ a-02(0), andwheres?(0) is com-
putedin termsof the samplevarianceandanexplicit func-

tion of 6.

To keep the variance 72 bounded, we require that

Y. N,! < co. Taking a samplesizeof Ny = O(s?)
will ensurehis.

4.2 Using the Kolmogor ov-Smirnov distance

For simplicity, we now take © = {6,,...,0,,} to befi-

nite, andwe assumehe samplingis doneby independent
simulation.

Let A be the simplex of probabilitieson ©, andlet T' :
A — A be the mappingdefinedby the Blahut-Arimoto
algorithm:

Tp)(6) o< p(0) exp (Z Q[ 0)log %)

Given a starting vector p(® we get a sequencept’) =
T[p9],p? = TpM)],.... Thus,p™ = T[p(®)] where
T™ denoteghen-fold compositionof 7" with itself.

LetU, ..., Uy beiid randomvariablesthatareuniformly
distributedon [0,1], andletp € A. Fori = 1,...,N
define X; asfollows: X; = 0, if U; € [0,p1), X; = 63
if U; ¢ [pl,pl +p2), e Xy = 0, I U; € [p1 +
“Pm—1,1]. ThenXy, ..., X areiid draws from p. Let
p = (p1,...,Pm) be the empirical distribution, that is,
B, — N '2N I(X; = 0;) is the proportionof X;'s
equalto ;. To avoid accumulatiorof stochastierror, we
usethesamel/y, . . ., Uy to doall randomnumbergenera-
tion duringthe algorithm.

Notice that drawing X1, ..., Xy ~ p may be regarded
as applying an operatorl{y to p. Specifically define
Un(p) = p. Settingg® = p(©), the stochasticversion
of thealgorithmmaythenberepresentedsfollows:

O U S0 T ) Un, ) T @) Un s
In practice,we only obsene ¢V, ..., ). After n steps,

the algorithmyields G = [ty o T]"™ o Un(p'?) where
Uy o T denoteghe compositionof thetwo operators.

Let d bethe Kolmogoro/-Smirnor distanceon A:
d(p,q) = max |P(z) — Q(z)|

whereP(z) = .., p; andQ(z) = >, ., ¢;. We shall
assumehatT satisfiesthe following Lipschitz condition:
thereexistsafinite 5 > 0 suchthat,for everyp, ¢ € A,

d(T[p],Tlg]) < Bd(p,q).

In practice,I’ may needto be modifiednearthe boundary
of A to make this conditionhold.

Theorem. AssumehatT satisfiegheLipschitzcondition.

Let )
N > Blog(2/a)

- 2e2

where -
- ﬁﬁf;l it 841

n+1 ifg=1.

Then
Pr(pi™ e C) >1 -«

where

Co = {p: Ip—d™ 1 <e}.

Proof. Let G(¢) = ¢ for ¢ € [0, 1] be the cumulative
distribution functionfor the Uniform(0, 1) distribution and
letGn(c) = N1 Zij\il I(U; < ¢) betheempiricaldistri-
bution function. Let § = ¢/~.,,. By the Dvoretzky-Kiefer-
Wolfowitz inequality

Pr{ sup |G(c)—Gn(c)|>6] < e 2N
c€[0,1]



Fromthe definition of 4, we seethatthe right handsideis
lessthanor equalto «.. Hence,onasetAy of probability
atleastl — o, we havesup,¢ o 1) |G(c) — Gn(c)| < 6. On
An we havethatsup,c 5 d(p, p) < é. Therefore,

(g, p") d(@", ¢") + d(¢™,p)
8+ d(g,p)

5+ d(T1g”), Tp))

6+ B, p)

6+ p6=0(1+5)

IAIA

IN

Continuingrecursvely in this way, we seethat, with prob-
ability atleastl — o, d(§, pt™) < 6(1L+B+---+ ") =
Oy =€. O

If 3 > 1 thenthe theoremimpliesthat N mustbe expo-
nentially large in the numberof stepsrn. However, if the
algorithmstartsreasonablycloseto p*, thenwe would ex-
pect3 < 1 in whichcaseN = O(n?).

Extendingtheproofto the continuouscaseis not very diffi-
cult althoughthe operator!” needgo be extendedsothatit
appliesto discreteand continuousdistributions. The only
complicationin extendingtheresultto the MCMC caseis
that the operatorl{n is more complicated. Underappro-
priate mixing conditions,blocks of obsenationsof suffi-
ciently large size B actessentiallflike anindependense-
guencesamplesize N/ B. We expectsimilar resultsto hold
with N/ B in placeof N. Thedetailswill bereportedelse-
where.

5 Examples. Exponential Families

In order to demonstratethe algorithm empirically, we
presentseveral examplesof computing k-referencepri-
ors 7, for one-dimensionaéxponentialfamilies. While
for thesefamilies the limiting Jefreys distribution is, of
course,well-known (seeFigure 3), the finite sampledis-
tributions are unknovn exceptfor £ = 1. The simula-
tionsrevealinterestingpropertiesof the k-referencepriors
attheboundaryof ©, andsuggestjualitatively how thefi-
nite samplecasecorvergesasymptotically We emphasize
that theseexamplesare only illustrative; the significance
of the approacHies in much more complicatedmodeling
problemsin higherdimension,andpotentiallyin the esti-
mationof priorsfor structuralcomponent®f models.

Figure 2 displays a histogram of the MCMC Blahut-
Arimoto algorithm at several iterations,for the caseof a
single Bernoulli trial, ® = [0,1]. In this case,the limit-
ing prior is m1(0) = (1) = 3. In Figure4 we shav
the correspondingesultsfor 20 trials. While it is known
thatthe limiting distribution is finite, the exact numberof
atomsandtheir spacingsappears$o beunknown. Notethat
thealgorithmestimates continuoudistributionin eachit-

eration.In all of the simulations Metropolis-Hastingsvas

usedwith a uniform proposaldistribution, andwasrun for
10,000stepsin eachiteration.

Figuresb, 6, and7 give examplesimulationsfor the nega-
tive binomial, Poissonandnormal (known variance).For
the Poissonandnormal,it canbe seenthat restrictingthe
parameteto a compactinterval resultsin accumulatiorof
the referenceprior on the boundary Figure 8 shaws the
resultof constraininghe variance jntroducinga Lagrange
multiplier into the exponentialmodel (Blahut, 1972a). In
thiscasethelimiting distributionmustbe GaussiarfCover
& Thomas,1991).

6 Summary

We have presenteda stochasticversion of the Blahut-
Arimoto algorithm appliedto the problemof computing
referencepriorsandminimaxrisk. While a detailedanaly-
sis of the algorithmis technical,an analysisundersimpli-
fying assumptionéndicatesthatif the numberof samples
grows quadraticallyin theiterationnumber thenthe algo-
rithm will closelyapproximatethe full deterministicalgo-
rithm. Themainlimitation of the algorithmfor computing
k-referencepriors is the compleity ask — oo. While
theuseof sufficient statisticssimplifiesthe computationit
would be interestingto explore approximationtechniques
for the expectationson Y* thatthealgorithmrequires.

We have focusedon referencepriors and the Blahut-
Arimoto algorithm,but our methodsapplyto amuchlarger
classof algorithms. In particular they apply directly to
maximumlik elihoodestimatiorfor exponentiaimodelsus-
ing the Darroch-Ratclif algorithm,aswell asotheralter
natingminimizationalgorithms.

SequentiaMonte Carloand“particle filtering” procedures
arisein a numberof otherproblemareas. Berzuiniet al.
(1997), for example, considerthe problem of sampling
from a posteriordistribution whenthe dataarrivessequen-
tially, and establisha varianceestimatefor a sequential
samplingimportance-resamplin@IR) procedurghatsug-
gestsa quadraticsamplesize bound,asin our analysisof
Section5. However, their approachdoesnot remove the
problemof accumulatiorof stochasti@rror. In futurework
we planto investigateheusefulnessf theLipschitzbound
approactor suchproblems.
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