Assignment 8:
Cut Admissibility, Meta-Interpreters

15-317: Constructive Logic

Out: Thursday, October 30, 2008
Due: Tuesday, November 11, 2008, before class

You do not need to hand in thishomework until Tuesday Nov 11. However, we encour age you to wor k
through the problems before the midterm: there may be questions about this material on the exam!

1 Cut and ldentity

Recall the rules for disjunction and implication:

r=— A VR r—B VR NAVB,A=—C I,AVvB,B=C L
Fr—AVB "'t T—AVB ' 2 AVB— C v
A=—B8 __ ADB=A [ADBB=C
F—A>B ASDB—C -

1.1 Identity

Identity: For all Aandrl", the sequent, A= Alis derivable.

Task 1 (10 pts).
Prove theo case:
Assume

e A= Aforall
e [ [B=—Bforalll’

and show ,A>DB—=— AD> BforallTl.

1.2 Principal Cuts
e Weakening: If T = Cthenl /A= C.

e Cut: If F = Aandl',A—> Cthenlr = C.



Task 2 (10 pts). Prove the principal cut case for
Given

D Eq T
NA—1B NA>B=—A INLADBB=—C

F—A>SB - FASB—C oL

construct a derivation df —- C.
You may use weakening if you need to.

Task 3 (5 pts). Prove a commutative cut case Yor
From

Dy Do
NBi1vB,,Bi=—A1 DA I,Bi1VvBy,Bo=—A1DA E T
FBlVB,— A O Ay v By VBy, AL DAy —C

derivel’,B; VB, — C.
You may use weakening if you need to.

2 Counting Proofs

In class, we defined an interpreter for Prolog that made subgoal ardebacktracking explicit. In this
problem, you will extend this interpreter to count the number of proofs abagsition.

21 Baserules

We assume that every atomic proposit®is defined by exactly one claufe— B.

P— B Btrue Atrue Btrue Atrue Btrue
Ptrue T true AABtrue AV Btrue AV Btrue (norule.l true)

2.2 Abstract machine

Recall thatS, the success stack, is a conjunction of propositions Fantie failure stack, is a disjunction of
propositions of the forniBA S).

P—B B/S/F B/S/F A/(BAS)/F
P/S/F T/T/F T/(BAS)/F AAB/S/F
A/S/(BAS)VF B/S/F
AVB/S/F (norulelL/s/1) 1/S/(BAS)VF



2.3 Counting Proofs

For these rules for these connectives, we can easily count the nufrirents a proposition has:

|P| = |B|whereP—B
IT| = 1

ANB| = |A|x[B]
L] = 0

AVB| = |A/+|B

This definition makes sense if we assume that atoms are not defined reursecursive clauses can
lead to propositions with infinitely many proofs. E.@at < (T V nat) has one proof for each natural
number.

Theorem 1. There are |A| many derivations of Atrue.

Task 1 (7 pts). Extend the interpreter so that it counts the number of proofs mi@opition as it proves it:
Define a judgemer/S/F | n such thal AAS) v F hasn proofs. Fill in the ?’s in the following rules:

P—B B/SF|? 5 B/S/F |? A/(BAS)/F |?
P/S/F |2 T/T/L|? T/T/(BASVF)|? T/BASJF|?  AAB/SIF|?
A/S/(BAS)VF |? " B/S/F |?
AVB/S/F |2 1/S/L|? 1/S/(BASVF|?

Task 2 (8 pts). Prove your revised interpreter sound by induction on the rules:
Theorem 2. If A/S/F | nthen |(AAS) VF| =n.

You may use whatever properties of arithmetic you require (e.g. assaiyiatfv«, distributivity of x
over+).



