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1 Introduction to This Lecture

In the last lecture, we have seen the modal tableau calculus. Now we see
why itis sound. Again, we refer to Fitting [Fit83, Fit88] and Schmitt [Sch03].

a  |a| o B | B B
TAANB |TA|TB TAvVB |TA|TB
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For the following cases of formulas we define one successor formula
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15" accessible from o and ¢’ occurs on the branch already
26" isa simple unrestricted extension of o, i.e., ¢’ is accessible from ¢ and no other prefix
on the branch starts with ¢’

Figure 1: Tableau proof rules for QML
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Every combination of top-level operator and sign occurs in one of the
above cases. Tableau proof rules by those classes are shown in Figure 1. A
tableau is closed if every branch contains some pair of formulas of the form
oTAand oF A. A proof for modal logic formula consists of a closed tableau
starting with the root 1F'A.

2 Tableaux and Models

Let us try to prove J(AV B) — JA v OB:

1 FOAVB)—-0AvVOB (1)

1 TO(AV B) (2) from 1

1 FOAvUOB (3) from 1

1 FOA (4) from 3

1 FOB (5) from 3
1.1 FA (6) from 4
1.2 FB (7) from 5
1.1 TAV B (8) from 2
12 TAVB (9) from 2

1.1TA(10) from8 1.17TB((11)from8 12TA (12)from9 1.27TB (13)from?9
* 10and 6 open open * 13and 7

This tableau does not close but remains open, which is good news because
the formula we set out to prove is not valid in K.

Definition 1 (Satisfiability) A tableau is satisfiable in K if it has a branch P,
for which there is a Kripke structure K = (W, p, M) for the modal logic K and a
mapping m from prefixes of P to W such that

1. m(o)pm(c’) for all prefixes o’ that are accessible from any prefix o; and
2. K,m(o) = A for every formula T A on branch P.
3. K,m(o) = —A for every formula o F'A on branch P.

In the sequel we will just abbreviate the last two cases to: K, m(o) = A for every
(signed) formula o A on branch P.

The last tableau is satisfiable, because the second branch from the left is sat-
isfiable and we can read off the Kripke structure belonging to the following
model:
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3 Soundness

Theorem 2 (Soundness) If there is a closed K-tableau with root 1F' A, then A is
valid in all Kripke structures of K.

Proof: Let 7 be the closed K-tableau. Suppose there was a Kripke struc-
ture K = (W, p, M) in K and a world s € W such that K, s = = A. Then the
subtableau of 7 consisting only of the root note 1F'A is a satisfiable tableau
in K using the mapping m(1) = s. By induction on the rules (i.e., induction
on the structure of the proof with a case distinction by the proof rules used
at each step), we will show that tableau-expansions of satisfiable tableaux
remain satisfiable (both in K). Once we have shown this, the full tableau 7
has to be satisfiable in K, which contradicts the fact that it is closed.

Now we prove by induction that if 7j is a satisfiable tableau and 7
emerged from 7y by expansion with one of the tableau rules from Figure 1,
then 7 is also satisfiable. Let K = (W, p, M) be the Kripke structure for 7y
according to the definition of satisfiability.

v Consider the case where 7 results from 7y by applying a v expan-
sion rule to a prefix formula ov on a branch P, which will thus be
expanded to P U {c'1p} with a prefix ¢’ that is accessible from ¢ and
already occurred on P. Since 7y was satisfiable, we have

m(c)pm(c’) and K,m(o) v

Now the semantics immediately implies that K, m(¢’) |= v/ (consider
v = TOA and the like).

7 Consider the case where T results from 7y by applying a 7 expan-
sion rule to a prefix formula or on a branch P, which will thus be
expanded to P U {o'my} with a prefix ¢’ that is a simple unrestricted
extension of 0. Since 7 was satisfiable, we know that K, m(o) | .

LECTURE NOTES FEBRURARY 23, 2010



L11.4 Soundness of Modal Tableaux

Thus, there is a world s € W such that (consider # = T') A and the
like):

K, s m @

Now we extend the mapping m by defining m(o’) := s. Because ¢’ is
a simple extension of o, every prefix o, on the branch satisfies

o' is accessible from oy iff o0y =0

Because ¢’ is an unrestricted extension of o, every prefix oo on the
branch satisfies

o9 is not accessible from o’

Putting these together we have for all prefixes o1, 02 on the extended
branch P U {o'7} that:

m(o1)pm(og) if oy is accessible from oy

Together with (1), this implies that the tableau extension 7 is satisfi-
able.

o The other cases are standard for propositional logic.

O

So far, we have modal tableaux for proving validities. Tableaux can be
extended easily for proving local and global consequences. For proving a
local consequence ® ; 1), we start with the initial tableau root 1F'y and
add the tableau rule

—— where 1Fy) was the root of the tableau and ¢ € ®

1T¢

For proving global consequence ® =, ¢, we start with the initial tableau
root 1 Fyp and add the tableau rule

o7 for any ¢ € ® and any prefix o occurring on the path
o
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4 Prefix Variable Tableaux

The disadvantage of the v-rule in the tableau calculus is that we have to
guess the right prefix without knowing which one will succeed. To over-
come this, we consider a tableau calculus with free variables in the prefix.

Definition 3 (Prefix with variables) A prefix o is a finite sequence of natural
numbers and prefix variables U, V, W, . ... That is, we define the set S of prefixes
inductively as:

1. The empty sequence is in S.
2. Ifo e Sandn € Nthenon € S.
3. Ifo e Sand U € PV :={U,V,W,...} is a prefix variable then U € S.

A prefix without prefix variables is called variable-free or ground. A prefix sub-
stitution is a function PV — N* that associates a sequence of natural numbers
with each prefix variable.

Depending on the actual modal logic under consideration, prefix substitu-
tions have to satisfy additional properties. For K the sequence associated
to every prefix variable must consist of exactly one natural number. Prefix
substitution ® : PV — N* unifies branches o and o’ iff ®(0) = ®(¢”).

Now the tableau calculus with free prefix variables is shown in Figure 2.
For rule m we define the set of all ground prefix instances of prefix o from
branch B as

gpi(o,B) ={®(0) | : PV — N* and ®(0) is a ground prefix on B}

We say that a free prefix variable tableau closes if there is a prefix substitu-

tion ® such that all branches close, i.e., on each branch, 0 A and 7—A occur
such that (o) = ®(7).

@ 2w = ey ) T
“ ooy ob1 o g oUvy i onmo
(e}

! prefix variable U is new and does not occur on the branch
Zn € Nis such that oon does not occur on the branch B for all o’ € gpi(o, B)

Figure 2: Tableau proof rules for QML
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Exercises

Exercise 1 Give a tableau calculus for modal logic T, show an example of a proof
in this calculus that illustrates the difference to K. Prove soundness.

Exercise 2 Give a tableau calculus for modal logic S4, show an example of a proof
in this calculus that illustrates the difference to T. Prove soundness.

Exercise 3 Consider tableaux for propositional modal logic K. Let len(A) denote
the number of symbols in A, i.e., propositional letters and logical operators. For
a set of formulas ®, let further subfor(®) be the set of subformulas of formulas
in ®. We also use subfor(®) to denote the set of signed subformulas of signed
formulas in ®. Finally, for a branch P of a tableau and a given prefix o, we define
the following set of prefix formulas

o (P):={AlcA e P}
Show that
1. For every branch P of a tableau with root 1F A, and every prefix o:

subfor(oc™ (P)) C subfor(FA)

2. For every branch P of a K-tableau and any prefixes 01,09 such that oy is
accessible from o:

max len(A) < max len(A)
A€oy (P) Acoy (P)

Which property about tableau constructions for K can you show with these prop-
erties and how?
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