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(" 1: Operators of Dynamic Logic for While Programs )
DL Operator Meaning
e=¢€ equals true iff values of terms e and € are equal
e>é greater-or-equal true iff value of e greater-or-equal to value of €
p(e1,...,ex) predicate true iff p holds for the value of (e, ..., ex)
-P negation / not true if P is false
PAQ conjunction / and true if both P and @) are true
PVvQ disjunction / or true if P is true or if @) is true
P—Q implication / implies true if P is false or @ is true
P+ Q bi-implication / equivalent true if P and @ are both true or both false
Vo P universal quantifier / for all  true if P is true for all real values of variable =
Jz P existential quantifier / exists true if P is true for some real value of variable x
[a] P [-] modality / box true if P is true after all runs of HP «
L (o) P (-} modality / diamond true if P is true after at least one run of HP « )
( 2: Statements and Effects of While Programs )
Program Operation Effect
ri=e assignment assigns value of term e to variable x
7Q test check truth of first-order formula () at current state
a; B sequential composition B starts after « finishes
if(Q)aelsef if-then-else run « if @ is true at current state else run f
while(Q) « while loop repeats « as long as @ is true
L o nondeterministic repetition repeats o n-times for any n € N )
3: Semantics of Dynamic Logic formula P in interpretation [ )
wke>é iff wle] > wlé]
wEpler,...,ex) iff (wlei],...,wlex]) € I(p) where predicate symbol p is interpreted as relation I(p)
wpE P iff w [~ P that is, it is not the case that w = P
wkEPAQ iff wE Pandw = Q
wEP—>Q iff wlrPorwkEQ
wpE 3z P iff v |= P for some state v with ¥ = w except for the value of z
wlE=Vz P iff v |= P for all states v with v = w except for the value of x
wkE (a)P iff v = P for some state v such that (w,v) € [o]
kw E [a]P iff v = P for all states v such that (w,v) € [o] )
4 4: Semantics of While Program « is relation [a] C S x S between initial and final states B
[x:=¢] ={(w,v) : v = w except v[z] = wle]}
[?Q] ={(w,w) 1w = Q}
[if(Q) aelsef] ={(w,v) : (w E Q and (w,v) € [o]) or (w £ Q and (w,v) € [B])}
[ A1 ={(w,v) : (w, ) € [a], (n,v) € [B]}
[a*] = {(w, V) : there are n€N, po=w, pi1, pia, . . ., pp=v such that (u;, pi+1) € [a] for all 0<i<n}
k[[while(Q) o]  ={(w,v):po=w,p1,p2,... u=vand p; = Q, (ui, pit1) € [o] and p, = Q for all 0§i<nb
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( 5: Dynamic Logic axioms h
() () P <> =[] -P
=] [z :=e]p(x) + p(e)
7 [2QIP & (Q - P)
if] [1£(Q) aelse B]P < (Q — [o]P) A (=Q — [B]P)
;] [o BIP < [o][B]P
lunwind| [while(Q) a]P < [if(Q) {a;while(Q) a}]P
K [a](P = Q) = ([P — [o]Q)
I [@*]P <> P A [a*](P — [a]P)
N ]¥n>0(p(n) = (@)e(n — 1)) (n ¢ a)
— Vn20(p(n) = (@) (0)) e
Vip—[alp (FV(p) "BV(a) =0)
Det ()P — [a]P (o is deterministic)
g J
6: First-order axioms )
Vi (Ve p(x)) — p(e) (arbitrary term e)
V=V (P—Q)— (VYzP - VxQ)
Vyp—Vp (z ¢ FV(p))
g J
( 7 D . . )
: Dynamic Logic sequent calculus proof rules
1 r-JA Jk[aJ JEP
vop 'k [a*]P,A
P r-JA JQF[aoJ J-QFP
e T - [while(Q)a]P, A
on I'F3n>0¢(n),A ¢n),n>0F (a)p(n—1) ¢(0)F P (n new)
'k (a*)P,A
FJA JQp=nt{)(JAp<n) JQFp>0 J-QFP
o T (while(Q)a)P, A (n new)
\IVPI‘I—[@]Q,A Qr P . 1)I‘|—<04>Q,A QrP
ST TR [P A COT T TR (@ P A
MLeQFA PEQ M) QFA PFQ
Mol =T Gpra Mol = Gpra
P
G ——
9 'k [a]P A )
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(- 8: Propositional sequent calculus proof rules )
I PFA I'FPA TFQA T'FPQA I,PFQA
-R—— AR VR ——— —R ——
TF—PA TFPAQ,A TFPVQ,A TFP—QA
TFPA I PQFA IPFA T,QFA TFPA T,QFA
L——— AL —— VL —L
I —PFA T.PAQF A T,PVQFA T.PSQFA
id =———— TR ———— \\'l’irl_A
“TPrPA “TF true, A ‘TFPA
L THCA TokA W LEA
C” TFA ‘T, false - A ‘T.PFA )
( . )
9: Quantifier sequent calculus proof rules
I'tpy),A . I'Fple)A :
- I, A R ———————
T Vap(a), & (y €T, A, Ve p(zx)) R TF Sop(a) A (arbitrary term e)
I,p(e) F A Lply) FA
L —————— i L ————— A 3
v T Vop@ - A (arbitrary term e) T 3p@) - A (y €T, Az p(z))
Z N (AserA — Vpea B is a valid formula of (linear) integer arithmetic)
\_ J
(- 10: Derived axioms h
N [e](PAQ) < [a]PAa]Q
lunfold] [while(Q) a]P < (Q — [o][while(Q) a]P) A (-Q — P)
Ky [o](P = Q) = ()P = () Q)
inv2var [a]d = ((a)(J = @) = (o))
\§ J
( 11: Derived rules )
Fy=ek py),A Iz=el pe), A , e,ple) H A
== (y new) — IR —
L Ik [z:=¢]p(x), A z=el p(x), A ,x=eplr)F A )
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