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Supervised Learning Tasks

Classification

Sports = Anemic cell
Ef> Science @ Healthy cell
News Y (s
X = Document Y = Topic X = Cell Image Y = Diagnosis

Regression

> Y=Age of asubject

X = Brain Scan



Regression Tasks
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Performance Measures

Performance Measure: Quantifies knowledge gained

loss(Y, f(X)) - Measure of closeness between true label Y and
prediction f(X)

Don’t just want label of one test data (cell image), but any cell
image X € X

(X,Y) ~ Pxy
Given a cell image drawn randomly from the collection of all
cell images, how well does the predictor perform on average?

Risk R(f) = Exy [loss(Y, f(X))]




Performance Measures

Performance Measure: Risk R(f) = Eyy [loss(Y, f(X))]
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Empirical Risk Minimization

Optimal predictor: f*=arg mfin E[(f(X) — Y)?]

Empirical Minimizer: fn = arg ;,n']r_l (f(Xi) _ Yz‘)Q
€

Empirical mean

Law of Large Numbers:
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Restrict class of predictors

Optimal predictor: f* = arg mf!n E[(f(X) — Y)?]
Empirical Minimizer: fa=argmin = > (f(X;) — Y7
fe@ ni=1

Class of predictors

» Why? F*(x)
Overfitting!
Empiricial loss minimized by any
function of the form

f(@)

Yi. r=X;tfori=1.....n
@ ={ 1 < !

any value, otherwise




Restrict class of predictors

Optimal predictor: f* = arg mfin E[(f(X) — Y)?]
Empirical Minimizer: fn = arg mip = Z (F(X;) = Y;)
fe@ ni=1

Class of predictors

JF - Class of Linear functions
- Class of Polynomial functions
- Class of nonlinear functions



Linear Regression

~ 1 n
for = arg— Z (f(X;) — Y};)Q Least Squares Estimator
=1

Fr - Class of Linear functions

Uni-variate case:

f(X) =01+ B2X

Multi-variate case:

f(X) = f(X(l),...,X(P)) =51§/() _|_52)((2) —l—'--—I—ﬁpX(P)
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= X[ where X:[X(l)---X(p)], 5:[51---5p]T



Linear Regression

fl=arg min = Z(f(X)
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Linear Regression

N

3 = arg mﬁin l(Aﬁ — Y)T(Aﬁ —Y)=arg mﬂin J(3)
n

J(B) = (AB — Y)T(Aﬁ -Y) » |s the objective convex?
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Linear regression solution satisfies
Normal Equations

(ATA)BE=ATY
pxp pxl p x1

If (ATA) is invertible,

8= ATA)1ATY fl(x)=x8

Predicted labels for training points A3 = Proj, (Y)

Y
Space spanned by data
900 | points (rows of A)
(7 AB = Proj, (Y)

0
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Linear regression solution satisfies
Normal Equations

(ATA)BE=ATY
pxp pxl p x1

If (ATA) is invertible,

8= ATA)1ATY fl(x)=x8

Later: When is (ATA) invertible ?
Recall: Full rank matrices are invertible. What is rank of(ATA) ?

Now: What if (ATA) is invertible but expensive (p very large)?
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Gradient Descent

Even when (ATA) is invertible, might be computationally expensive if A is huge.
~ 1 .
5 =argmin —(A§ - Y)'(AB-Y) =arg min J(8)
n

Since J(B) is convex, move along negative of gradient

Initialize: 30 step size 1Veg |
51 5
UpdatEZ t+1 — t_ g L /8 o , e '
’ SRR t I (T, |
0 if B = g D o e ]

Stop: when some criterion met e.g. fixed # iterations, or 0J(5) <E.
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Linear regression solution satisfies
Normal Equations

(ATA)BE=ATY
pxp pxl p x1

Whenis (AT A) invertible ?
Recall: Full rank matrices are invertible. What is rank of(ATA) ?

> Breakout

Groups 1-10: Jamboard 1 10
Groups 11-20: Jamboard 11 20
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https://jamboard.google.com/d/1suiADMGgrl_SH37YvYmpDXrrzsLdf1NUwgChH-_HT0E/edit?usp=sharing
https://jamboard.google.com/d/10gwefNLhK7rVwRtPFN-szOXl1ihL-P62l4orwJ0DMZk/edit?usp=sharing



