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Hard margin SVM

T iy
w.Xx+b<0
. (=
min w.w = IWh
| W,b
= s.t. (w.x+b) y; 21 Vj
Solve efficiently by quadratic
- programming (QP)
= - Assumes data is linearly

— separable




Soft margin SVM

Allow “error” in classification

=
min w.w + C ZE
w,b, {§}
- s.t. (w.x;+b) y; 2 1-§l V]
- =20 V]
- § - “slack” variables

= (>1if x; misclassifed)

pay linear penalty if mistake

C - tradeoff parameter (C = oo
recovers hard margin SVM)
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SVM - linearly separable case

n training points (Xq, o) Xp) + 5
d features X; is a d-dimensional vector ¥ .
+ & * ..’_Q
* Primal problem: minimiz %W,W ;
o=
.%(WX]—I—I) ij]., \V/]’k 4

w - weights on features (d-dim problem)

* Convex quadratic program — quadratic objective, linear
constraints

* But expensive to solve if d is very large
e Often solved in dual form (n-dim problem)
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Detour - Constrained Optimization
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Constrained Optimization
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\ / | Equivalent unconstrained optimization:
| \ r | min, x2+1(x-b)
: N T
r* =b
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Replace with lower bound (o >= 0)

)}2 + |(x-b) >= x2 - a(x-b) iam'm
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Primal and Dual Problems

Notice that

Primal problem: p* = ming 72 = mmmaXL(a: Oé)
s.t. x>0 T az0

—

Gaeem ———

Why?  L(z,a) = z2 — a(z —b) -

max L(x, ) = x2—mina(x—b) = $ oo x<b
=0 @20 ~ = x* xZb

, oL

a >0 S.t. a>

W\N—



Recipe for deriving Dual Problem

Primal problem:
min, z2
s.t. x>0b 4032°
—_— ’(’_b}O

Moving the constraint to objective function

Lagrangian:
L(z,a) = 22 — a(x — b)
2 s.t. >0

._/v

Dual problem:

min, L(x,
maxg, d(a)— Mz L@, )

s.t. >0



Why solve the Dual? -5

) l

Primal problem: p* = min, 2 Dual problem: d* = maxq d(a)
st. z>b s.t. a>0

- minmax L(xz, a) = Maxq Ming L(z, o)

>
¢ a2l s.t. >0

» Dual problem (maximization) is always concave even if
primal is not convex

Why? Pointwise infimum of concave functions is concave.
[Pointwise supremum of convex functions is convex.]

Lz, o) =£2—oz(a:—b) z, 2

» As many dual variable‘i&)as constraints, helpful if fewer
constraints than dimension of primal variable x 9




Connection between Primal and Dual

Primal problem: p* = min, 2 Dual problem: d* = maxq d(a)
T sit. x>0 s.t. a>0

» Weak duality: The dual solution d* lower bounds the primal
solution p*i.e. d* £ p*

——meP

To see this, recall [(z,a) = 22 — a(z — b)

For every feasible x’ (i.e. x’ 2 b) and feasible o’ (i.e. a’ > 0) , notice
that
d(a) = Mming L(x, ) £ x2—a’(x'-b) £ x’2

Since above holds true for every feasible x’, we have d(a) < x*? = p*
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Connection between Primal and Dual

X= (\Mb)
v
Primal problem: p* = min, z2 Dual problem: d* = max, d(o)
x T st x>0 . St. a>0
X A _—
22

» Weak duality: The dual solution d* lower bounds the primal
solution p*i.e. d* £ p*

—

Duality gap = p*-d*

» Strong duality: d* = p* holds often for many problems of
interest e.g. if the primal is a feasible convex objective with linear
constraints (Slater’s condition)
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Connection between Primal and Dual

What does strong duality say about a* (the a that achieved optimal value of
dual) and z* (the x that achieves optimal value of primal problem)?

KKT (Karush-Kuhn-Tucker conditions)

Whenever strong duality holds, the following conditions (known as KKT con-
ditions) are true for o* and x*:

e 1. vL(z* a*) =0 i.e. Gradient of Lagrangian at * and a* is zero. v
e 2. z* > bie. * is primal feasible v~
e 3. a* > 0i.e. a*is dual feasible &

o 4. a*(z* —b) =0 (called as complementary slackness)
. tz0 ot X °
b= -\ L) o 3 e,&ui__) —
- —
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2 {x

Constrained Optimization — Dual Problem

oj(x"—l}—:o
ming z2 ming x2 ming 2
s.t. > -1 st. z2>1 s.t. > -1
o ] gqP07° e >1
: ;
; A (XD
i DL], (}(—-‘) 7
\ \ > Poll:
e 0 T 1 Lagrangian
Qj* — ,”L‘* — ]
Dual variables
a* =0 a*30 K (k1) <oy (<~
constraint is inactive constraint is active .
x*>-1 x¥=1 X= AL
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Dual SVM - linearly separable case

n training points, d features (X4, ..., X,,) where x: is a d-dimensional
vector
* Primal problem: minimizey, g, %w.w
oA (W-Xj + b) y;j > 1, V5,
’(57,0 “~ — t 4

w - weights on features (d-dim problem)

 Dual problem (derivation):

L(Wba)—. Z] j WXJ—|—b) —1}

;> 0, Vj

o - weights on training pts (n-dim problem)
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Dual SVM - linearly separable case

Lo (A - odn)
e Dual problem (derivation):
d(«)
MmaXqa Miny p L(w,b, o) = %W.W — 2.5 [(W.Xj -+ b) Yj — 1}

Oéj ZO, V]

a_l"; W - %"3”‘-\3& =0

oW
oL
J
oL
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Dual SVM - linearly separable case

* Dual problem:

MmaXqa Miny p L(w,b, o) = %W.W — 2.5 [(W.Xj + b) Yj — 1}

Oéj ZO, Vj

— R . — 0 &
:>VY—ZO‘J3JJXJ = > ajy; =0
‘_—-—-i—-—-—d -j
min Uwbedd = L T4 -Zbﬂctji"\' - ?"‘J [(2;"‘6‘:1\""'"3
Ve 1—5)33-\']
L T A Yy 2y — Z 2L FG A
I 2 23 .

L TR T ?“i = AL 3
= -5 §
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Dual SVM - linearly separable case

. dl)
maximizeg, ZZ Q; — 5 Zz,j Q05 Y Y §XG.X
>io5y; =0
a; > 0
1 — ?,\3“(“): 1’5)
Dual problem is also QP W= yiX; A
Solution gives as s i

What about b? Ve

17



Dual SVM: Sparsity of dual solution
C»Mf‘u""“'“‘i & WCRSS N | ) =0
M» \/"__’/_’

W=D ajyX;

i< 0 P J
Q; 7 (b - Q; = 0
I - Only few as can be
o)
+ +| oso = = non-zero : where
A X ’ constraint is active
3/ ®
o 30 R (w.x; + bly,=1
b_-——‘
@ oy = 0
alx + _ = Support vectors —

training points j whose
oS are non-zero
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Dual SVM - linearly separable case

. 1
MaxXimiliZE ZZ Q; — 5 Zz,j Q05 Y Y §XG.X

2 0qy; = 0

87 Z O
Dual problem is also QP W= ) yiX;
Solution gives os > i

b=y — WXL A
Use any one of support vectors with for any k where oy, > 0

o, >0 to compute b since constraint is n
tight (w.x, + b)y, =1 = b = i ~ el 19




Dual SVM — non-separable case

* Primal problem:
minimizey, 5, 5W.w + C Y5 &;

4 (Wxj by > 1€, V) e ﬁ
Ky

! —
Lagrange
* Dual problem: Al Multipliers
P - Y
maxaaﬂ mInW,b,{Ej} L(W7 b7 fa ., :u)

st.a; >0 Vg
pi >0 Vj
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Dual SVM — non-separable case

L 1
MaxXimizZeqy ZZ Q; — 5 Zz,j Q05 YiY i XG. X

2. &y; = O
i =20 < <Az
comes from 8_L — 0 Lntuition: :
& It C->eo, recover hard-margin SVM
Dual problem is also QP W = Z QY X
. . (]
: >
Solution gives as b=y, — W.X,
for any k where C' > ap. > 0




So why solve the dual SVM?

* There are some quadratic programming algorithms
that can solve the dual faster than the primal,
(specially in high dimensions d>>n)

* But, more importantly, the “kernel trick”!!!

,;_1
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Separable using higher-order features
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Dual formulation only depends on
dot-products, not on w!

maximizey > ; o — %Zz,] QY Y X X Cﬁ()(i) ' ‘ﬁ(xl)

v . .
i iy = 0 - pix) - ;Z:.z
> o > '
C>a; >0 logxe

U ¢

maximizea Y; oy — 5 Y aiayiyi K (x4, %)
*
K(x;,x;) = P(x;) - P(x5)

>y = 0
0204@'20

d(x) — High-dimensional feature space, but never need it explicitly as long

as we can compute the dot product fast using some Kernel K y



m — input features

—

num. terms :<
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. x &)
Polynomial features ¢(x) M
«
d/— degree of polynomial _f_l
d+m—1 :(d—l—m—l)!de
d d'(m —1)!
/— grows fast!
/. d=6, m=100
about 1.6 billion terms
)
. W R deld
c 07 | p2
H K | ;.(l‘) # x\z)
;"(m 77“)1?8’
7 8 ; 10 ‘\. ).(Ln?é‘t‘,({nZ




Dot Product of Polynomial features

d(x) = polynomials of degree exactly d

L1 <1
X = Z =
- 'CE2 7 - Z2 ¢

d=1 o&(x)-®(z) = [ . ][ “1 ] = 121 +w220 = X7

Z9 —

o— e

AE—

2 2
d=2 - °1 - 2.2, .22
=< P(x)-P(z) = \/_xlacQ : \/_2122 = x721 + 2525 + 2x120212>
332 - Z2 -

(z121 + ©022)2
(x - 2)? 4

.
A7 6 =2
d oKx) ok =Kkxz) = (x-2)°

26



