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Logistic function as a Graph

Sigmoid Unit
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Neural Networks to learn f: X à Y
• f can be a non-linear function
• X (vector of) continuous and/or discrete variables
• Y (vector of) continuous and/or discrete variables

• Neural networks - Represent f by network of sigmoid (more 
recently ReLU – next lecture) units :

Input layer, X

Output layer, Y

Hidden layer, H

Sigmoid Unit



Neural Network trained to distinguish vowel sounds using 2 formants (features)

Highly non-linear decision surfaceTwo layers of logistic units

Input 
layer

Hidden 
layer

Output 
layer



Neural Network 
trained to drive a 
car!

Weights of each pixel for one hidden unit

Weights to output units from one hidden unit







Expressive Capabilities of NNs



https://cs.stanford.edu/people/karpathy/convnetjs/demo/classify2d.html

1 hidden layer NN demo

https://cs.stanford.edu/people/karpathy/convnetjs/demo/classify2d.html


Prediction using Neural Networks

Prediction – Given neural network (hidden units and weights), use it to predict 
the label of a test point

Forward Propagation –
Start from input layer
For each subsequent layer, compute output of sigmoid unit

Sigmoid unit:

1-Hidden layer, 
1 output NN:

oh



Training Neural Networks – l2 loss

Output of learned 
neural network

Train weights of all units to minimize sum of squared errors of 
predicted network outputs

Input layer

Output layer

Hidden layer

Ø Objective E[W] is no 
longer convex in W.

Ø Still use Gradient descent 
to minimize E[W].

Ø Training is slow with lot 
of data and lot of 
weights!

E[W]



Stochastic gradient descent
Stochastic gradient descent (SGD): Simplify computation by using 
a single data point at each iteration (instead of sum over all data 
points) 

At each iteration of gradient descent 
• Approximate E[W]  

• Stochastic Gradient = 

Cycle through all points, then restart OR choose random data 
point at each iteration

E[W]



Gradient descent for training NNs

Gradient descent via Chain rule for computing gradients

Gradient of loss with respect to one weight wi

Stochastic gradient:
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Differentiable 

Derivative of sigmoid

A. s(x)(1- s(x))

B. s(x) s(-x)

C. - s(x)

D.    s(x)2

x s(x)



Gradient Descent for 1 node

Sigmoid Unit

@o

@wi
=

@o

@net
.
@net

@wi
= o(1� o)xi

Gradient descent step: 



Backpropagation
Backpropagation: Efficient implementation of (Stochastic) 
Gradient descent for Neural networks with multiple layers

chain rule for gradients 
+ 

layer-wise computation
(going backward from output to input)



Gradient Descent for 1 hidden layer 
1 output NN

Gradient of the output with respect to one final layer weight wh
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Using Forward propagation

using Stochastic gradient descent

�  o(1� o)(y � o)
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1 final output unit

wh

𝑤ℎ ← 𝑤ℎ + ∆𝑤ℎ

∆𝑤ℎ = 𝜂𝛿𝑜!



Gradient Descent for 1 hidden layer 
1 output NN

Gradient of the output with respect to one hidden layer weight wih
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Gradient Descent for 1 hidden layer 
1 output NN

Gradient of the output with respect to one hidden layer weight wih
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Gradient Descent for 1 hidden layer 
1 output NN

Gradient of the output with respect to one hidden layer weight wih
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Gradient Descent for 1 hidden layer 
1 output NN

Gradient of the output with respect to one hidden layer weight wih
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Gradient of the output with respect to one final layer weight wh
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Using Forward propagation
y = label of current 
training example     
o(h) = unit output 
(obtained by forward 
propagation)
wij = wt from i to j

Note: if i is input 
variable, oi = xi

using Stochastic gradient descent

�  o(1� o)(y � o)

<latexit sha1_base64="o8oNL1NyAR/JJfUuGIWcF/SfpQw=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhHgy7ElBvQS8eI5gHJCHMTnqTIbM7y0yvEkJOXvwVLx4U8eo3ePNvnDwOmljQTVHVzUyXH0th0HW/ndTS8srqWno9s7G5tb2T3d2rGpVoDhWupNJ1nxmQIoIKCpRQjzWw0JdQ8/vXY792D9oIFd3hIIZWyLqRCARnaKV29rDZAYmMNiUEyLRWD1TlvVN1kh/Y1s7m3II7AV0k3ozkyAzldvar2VE8CSFCLpkxDc+NsTVkGgWXMMo0EwMx433WhYalEQvBtIaTM0b02CodGihtK0I6UX9vDFlozCD07WTIsGfmvbH4n9dIMLhoDUUUJwgRnz4UJJKiouNMaEdo4CgHljCuhf0r5T2mGUebXMaG4M2fvEiqZwWvWLi8LeZKV7M40uSAHJE88cg5KZEbUiYVwskjeSav5M15cl6cd+djOppyZjv75A+czx8mxZek</latexit>

�h  oh(1� oh)wh�

<latexit sha1_base64="ogvg7jgrWH4YZPCrymwfzMVfX2I=">AAACEXicbVDLSgMxFM3UV62vqks3wSLUhWVGCuqu6MZlBfuAtpRMeqcNzUyG5I6llP6CG3/FjQtF3Lpz59+YPhbaeiDhcM65JPf4sRQGXffbSa2srq1vpDczW9s7u3vZ/YOqUYnmUOFKKl33mQEpIqigQAn1WAMLfQk1v38z8WsPoI1Q0T0OY2iFrBuJQHCGVmpn880OSGTtHm1KCJBprQZUtXt578zep4OJMUtkc27BnYIuE29OcmSOcjv71ewonoQQIZfMmIbnxtgaMY2CSxhnmomBmPE+60LD0oiFYFqj6UZjemKVDg2UtidCOlV/T4xYaMww9G0yZNgzi95E/M9rJBhctkYiihOEiM8eChJJUdFJPbQjNHCUQ0sY18L+lfIe04yjLTFjS/AWV14m1fOCVyxc3RVzpet5HWlyRI5JnnjkgpTILSmTCuHkkTyTV/LmPDkvzrvzMYumnPnMIfkD5/MHa92cxQ==</latexit>

1 final output unit



yk

o

Using Forward propagation

yk = label of current 
training example for 
output unit k

ok or oh = unit output 
(obtained by forward 
propagation)

wij = wt from i to j

Note: if i is input variable, 
oi = xi

using Stochastic gradient descent multiple outputs



Objective/Error no 
longer convex in 
weights
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HW2

Ø Cross-entropy error metric for multi-class classification

−∑. 𝑦. 𝑙𝑜𝑔 0𝑦. loss for single data point

One-hot encoding – encode label as a vector [y1, y2, … yK]

where yk = 1 if label is k and 0 otherwise

Interpret vector as probability distribution
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HW2

Ø Cross-entropy error metric for multi-class classification

−∑. 𝑦. 𝑙𝑜𝑔 0𝑦.

Entropy of a random variable X:  

EX~p[-log p(X)]

-log2 p(X) = number of bits needed to encode an outcome X 
when we know true distribution p

Cross-entropy = expected number of bits needed to encode a 
random draw of X when using distribution q

EX~p[-log q(X)]

small p(X) => more information

Minimized when q=p
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HW2

Ø Cross-entropy error metric for multi-class classification

−∑. 𝑦. 𝑙𝑜𝑔 0𝑦.

Cross-entropy = expected number of bits needed to encode a 
random draw of X when using distribution q

EX~p[-log q(X)]

Interpret one-hot-encoding y and 1𝑦 as distributions.




