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Why GPs?

Here are some data points! What function did they come
from? o

e] have no idea.
e Oh. Okay. Uh, you think this point is likely in the function, too?

e I still have no idea.



Why GPs?

« You cant get anywhere without making some
assumptions

+ GPs are a nice way of expressing this ‘prior on functions’
idea.

- Like a more ‘complete’ view of least-squares regression

- Can do a bunch of cool stuff

e Regression
e (Classification
e Optimization



Why GPs?

Under certain assumptions GPs can answer the
following questions

- Here are some data points, and here’s how I rank the
likelihood of functions.

- Here'’s where the function will most likely be.
(expected function)

- Here are some examples of what it might look like.

(sampling from the posterior distribution)

- Here is a prediction of what you'll see if you evaluate

your function at x’, with confidence



1D Gaussian Distribution

« Parameters

e Mean, |
e Variance, o?
‘N(-’Blu,crz)
20
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P(z | p,0) = e 202
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Multivariate Gaussian

mvnpdfif= vl [0, 0] [2 11 1])

1

P(x | p,5) = exp{ > (x— )5 1 (x— )}

V27| =] 9



The Multivariate Gaussian

-+ A 2-dimensional Gaussian is defined by

e amean vector u = [ Y, 1, ]

2 2
| | oy 0,0

* acovariance matrix: 2 = [ 5 L
U1, 0,50

where Gi,jz = E[ (Xi - “|) (Xj - H]) ]
is (co)variance

- Note: 3 is symmetric,

“positive semi-definite”: Ox: x">x =0



Multivariate Gaussian examples
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Multivariate Gaussian examples
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Useful Properties of Gaussians

+ Marginals of Gaussians are Gaussian

« Given: x= (x,x) 0 = (U, 0p)

z - EZ aa Z ab E
z ba Zbb
- Marginal Distribution:

p(x,)= NOx, [l 452 o)

- (Marginalize by ignoring)
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Useful Properties of Gaussians

« Conditionals of Gaussians are Gaussian
- Notation:

2 2 Ao
Z:E aa ab% /\:z-l:E aa ab%
zba zbb /\ba /\bb

- Conditional Distribution:

p('xa |xb) - N(‘xa |lua|b9/\ aa_l)

1 —1
Palp — Ha — Naa Nab(Xp — pa) = pa — ZgpZyy™ (Xp — Ha)

—1 —1
/\aa = 2 qa — Zabzbb Zba
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Higher Dimensions

- Visualizing > 3 dimensions is... difficult

- Means and marginals are practical
e But then we don't see correlations

- Marginals are Gaussian, e.g., f(6) ~ N(u(6), 0%(6))

Visualizing a multivariate Gaussian f:

2(6 .
o) 1(6)

| 1 M !
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Yet Higher Dimensions
Why stop there?
e \We indexed before with Z, why not with R7?
e Need functions u(x),k(x,z), Ve,z € R
e r and z are indexes over the random variables
e f is now an uncountably infinite dimensional vector
Don't panic: It's just a function

A\ \~/J/ij\
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Getting Ridiculous

posteriormeand X, &, [a; b], kernel, kernelgradh

Why stop there?
e We indexed before with R, why not with RP?

e Need functions u(x), k(x,z), Vx,z € RV

17



Gaussian Process

Definition:
Probability distribution indexed by an arbitrary set

Each element gets a Gaussian distribution over the reals
with mean p(x)

« These distributions are dependent/correlated as defined
by k(x,2)

- Any finite subset of indices defines a multivariate Gaussian
distribution

e Crazy mathematical statistics and measure theory
ensures this

18



Gaussian Process

- Distribution over functions

- Domain of the functions (index set) can be pretty

much whatever
e Reals

e Real vectors
e Graphs

e Strings

e Sets

« Most interesting structure is in k(x,z), the ‘kernel.’

19



Bayesian Updates for GPs

- How do Bayesians use a Gaussian Process?

e Start with GP prior
e Get some data
e Compute a posterior

- Ask interesting questions about the posterior

20



Samples from the prior distribution

-5 0 5
Input, X

Picture is taken from Rasmussen and Willlams



Samples from the posterior distribution

-5 0 5
Input, X

Picture is taken from Rasmussen and Willlams
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Ridge Regression

Training set: D = {(z;,y;)|i=1,...,n}

Linear regression: f(z) = (w, ¢(x))

Ridge regression:

The Gaussian Process is a Bayesian Generalization

of the Ridge regression

24



Roadmap
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. Bayes!an |!ge Regression + Kernel trick

e Function space view

e Prior distribution over functions
+ calculation posterior distributions
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Weight Space View

Bayesian ridge regression in feature space
+ Kernel trick to carry out computations

Training set: D = {(x;,y;)|i =1,...,n}

\

xn,| € RPX"  design matrix

X=[X1

Y1
y=|:]eR"
yn /

>The training data

26



Bayesian Analysis of Linear
Regression with Gaussian noise

f(x) =x'weR, x,weRP
y=Ff(x)+e=x'w+eeR

e ~N(0,0%) €R

(Homoscedastic noise, the same for all x)

Let us calculate the likelihood:
n
P(y|X,w) = ][ P(yilxIw)
i=1

and then put w ~ Nw(0,X,) prior over parameters w.
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Bayesian Analysis of Linear
Regression with Gaussian noise

The likelihood:

P(y|X,w) =

.

|
=
N
%
=N
=
q
N
N’

L 1 —(yz—X?W)Q
— exp
; 2mo? 202
1 1 S
— vy = XTw
oraET P (oY |

|
Z
~
<
~
=
Q
N
j—
S
N
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Bayesian Analysis of Linear
Regression with Gaussian noise

The prior:
w ~ Nw(0,XZp)
Now, we can calculate the posterior:
P(y|X,w)P(w)
P(y|X)
P(y|X,w)P(w)
[ P(y|X,w)dw
Ny (XTw, o021,)Nw (0, Zp)
J Ny (XTw, 021n)Nw (0, Xp) dw
~ Ny(XTw,0%1,)Nw (0, =p)

P(w|X,y) =

29



Bayesian Analysis of Linear
Regression with Gaussian noise

Ridge Regression
P(w|X,y) ~ Ny(XTw,o?L,)Nw(0,Z))
—1

_1 _
~ exp{—z(y — xTw)T'(y - XTW)} exp{—WTZp 1W}
20 2

~ exp{%l(w —w)! (%XXT + Z;1> (w—w)}

.

“~

A
~ | Nw(—=W,A™") | After “completing the square”

where|w = o= 2 (072X XT +5,1)"

.

1 Xy € RP | MAP estimation

A—1cRDxD

A= (072XXT +5,1) e RDXD
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Bayesian Analysis of Linear
Regression with Gaussian noise

We want to use P(w|X,y) = Nw(w, A~1) posterior
for predicting f in a test point xx.

fx = f(xx) f(x) = x!'w cR, x,w c RV
y:f(x)+e:XTw+e€R

This posterior covariance matrix doesn’t depend on the observations y,

T __
A strange property of Gaussian Processes Y — ly1, .- ynl 31



Projections of Inputs into Feature
Space

The reviewed Bayesian linear regression suffers from

limited expressiveness

ﬂ

To overcome the problem =
go to a feature space and do linear regression there

a., explicit features ¢(x) = [z, 561513%, r1 — xo,... ]t

b., implicit features (kernels)  k(Z, %) = exp(—||Z — #]|?)

32



Explicit Features

o(x) = [z1, 7175, 71 — 0,...]T € RY

ERNXTL

Pp(X) = [(b(Xl) P(x2)

‘¢(Xn>

fx)=¢x)IweR, o¢(x),weRY
y=f(x)+e=o¢x)'wt+ececR

Linear regression in the feature space

33



Explicit Features

The predictive distribution after feature map:

P( Jo I X,y) = Ny, (6(2) W, ¢(2:)TA (2
P(xx)t'w

where

A

o)

2 (6720607 +35,1) 7 $(X)y € RP

A-L1cRNXN

A=\(0726(X)e(X)T + 5, 1) e RN
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Explicit Features

Shorthands:
¢>k = ¢(X>|<) < RN

¢ = p(X) = {¢(X1)

N = dim of feature space

d(x:)| ... |d(xp)| € RVX™

A = (O'_ququ + Zgl) c RNXN

.

A-1cRNXN

35



Explicit Features

The predictive distribution after feature map:

P($|X*,X,Y):Nf*( . W, ZA_lgb*) NxN %
o 5% (*)

2, T [ —2,.,T —17-1 T -2, T I
= Ny, (07267 [0 2007 + 551 oy, o [0 2007 + 551 )
A problem with (*) is that it needs an N x N matrix inversion...

Let K = ¢! X ¢ € R™X7

(*) can be rewritten: P(f«|xx, X,y) =

Ny, ((6FZpd) (K 4 021n) "Ly, (¢ Tpds) — (61 Zpd) (K + 0210) "1 (o1 Zpobu
\ | ] \ ] \ ] \ /

] |\
\ 7 X y < y

\ ) ——
Rn\>(< n R™ Xn RNXN R XM Rnéﬁn RT 758




Proofs

Mean expression. We need:

-1
e R R I Al G =0 € i D
Atl 0'_22_%15

Lemma: \

o 2p(K + 0°Iy) = 0 2¢(¢p Zpd + 0°1) = AX ¢

- Variance expression. \We need:

o7 [072067 + 551 du = (@7 5p00) — (@7 Tpd) (K + 0200) "L ($TEpghs)
Matrix inversion Lemma:

(LW +2Z) =zt -z w4z uy vzt

37



From Explicit to Implicit Features
P(f*|X*7X7Y) —
Ny, ((81Zpp) (K + 021n) "y, (81 Tpds) — (61'Zpe) (K + 021n) "1 (87T o1 )

\Y/\Y/\ /L\,—/\ )

RTZXTL

RTZXTL

RTZXTL RTZXTL RTZXTL RTZXTL

We have to work only with n xn matrices, and not by N x N

The feature space always enters in the form of:

(¢4 Zpds), (¢ Zpg), (¢7Zpg), (€ R"*™ matrices)

Let k(z,%) = ¢(z) Zpo(x)

Lemma:
kE(x,Z) is an inner product in the feature space: ¢ (x) = Z;/Qqs(m) 38



Roadmap

« Introduction
- Ridge Regression
« (Gaussian Processes

e Weight space view
e Bayesian Ridge Regression + Kernel trick

) PrlorM| ution over functions

+ calculation posterior distributions
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Function Space View

- An alternative way to get the previous results
- Inference directly in function space
Definition: (Gaussian Processes)

GP is a collection of random variables, s.t. any finite
number of which have joint Gaussian distribution

40



Function Space View

Notations:

f(x) ~ GP(m(x),k(x,%)) € R, x ¢ RP

m(x) = E
k(x,X)=E

f(x)] € R, (mean function)

(f(z) —m(x)(f(X) —m(X))"] €R

(covariance function)

GP is completely specified by its

mean

function m(x), and

covariance function k(x,X)

41



Function Space View

Gaussian Processes:

For each x € RP we associate a Gaussian variable f(x)
such that R 5 f(x) ~ N (m(x),k(x,x)), and
its correalation with other f(X) variables is k(x,X).

RS £(x) ~ N (m(x), k(x,x))

{f(X)} - N {[m(X)} [k(x,X) k(i,X)H
f(%) }f%g} m(X) |’ |k(x,%) k(X %)

42



Function Space View

The Bayesian linear regression is an example of GP

f(x) = ¢(x)'weR, ¢(x),w € RY W~ Nw(0,Zp)

= [f(x1),..., f(xx)] are jointly Gaussian Vx1,...,X
thus f is GP.

E[f(x)] = ¢(x)'E[w] =0 = m(x) =0

E[f(z)f(®)'] = ¢(X)TQE[WVWT],¢(5"<) = k(x,X)

2 p

43



Function Space View

Special case

m(x) =0

k(x,%) = exp (—3[Ix — %)

> = f GP is given

g

= implies a distribution over functions.

- -
X%1

T

_X*m_

m INput points

= R™ 3 fi ~ Np, (0, k(Xx, Xx))
cR™ ER%Xm

At arbitray x.1,...,X«m Places, we can generate m points

from f (denoted by fx) and plot them .

44



Function Space View

Picture is taken from Rasmussen and Wifflams



Function Space View

Observation

The plotted f(x41),..., f(X«m) function looks smooth.

Explanation
k(x,X) = exp (—%HX — >~<H2>

Thus if [[x,; — Xj]| is small, then corr(f(X4;), f(X«;)) is high.

46



Prediction with noise free observations
Training set: D ={(x;, fi)li=1,...,n}

C T \ : .
X1 noise free observations
X =1:|eR"™L m training inputs
A
Hakay 78
.
Xx1
Xe=1] : | e RM*D 4 test inputs
T
1M
in
f=1:| €R" n training targets
fn.
_f*l_
fs=1 : | € R™ m test targets
| frm_




Prediction with noise free observations

M It On| [E(X,X) k(XX
fo| = H Om | |k(Xx, X)) k(Xs, X
" 7
* '

e R(m+n)x(m+n)

Goal:
We want to calculate the posterior distribution fi| Xy, X, f

Methods:

e Generate fy using the prior on w, and
reject those that are not compatible with the observations.
(Computatuinally not efficient...)

e Calculate the posterior analytically.

48



Prediction with noise free
observations

Lemma:

Proofs: a bit of calculation using the joint (n+m) dim density

Pl o On| | k(X,X) k(X Xx)
fo) [f O | " | K(Xas X)) k(Xe, Xo)
Remarks: )

e If X, = X = f« = f and the cov is 0. (nosie free observations)

o P(f«|Xx, X, f) is ismilar to the previous results:
P(f*|X*7X7Y) —
Ny, ((¢FZpe) (K + 0215) 7Ly, (61 Tpée) — (81 Tp8) (K + 0210) =1 (¢T Tpebe )

49



Prediction with noise free
observations

-5 0 5
Input, X

Picture is taken from Rasmussen and Wifitams



Prediction using noisy observations

y=f(x)+eeR

e ~N(0,0%) € R
(Homoscedastic noise, the same for all x)

[f It Hon} {k(X,X) k(&x@”
fel [f Om | [k(Xs, X) k(Xx, X5)

— COU(ypa yq) — k(va XQ) T 025197‘1

= cov([y1,...,yn]) = k(X, X) + oI, € R"*"
The joint distribution:

[ o) ™ (G

Yy Om k(X*aX) k(X*aX*)

k

>

51



Prediction using noisy observations

The posterior for the noisy observations:

P(f*’X7Y7 X*) — Nf*(f*a COU(f*))
where
f* — E[f*|X7Y7X*] — k(X*7X>[k(X7X) _I_ O-QIn]_ly S Rm
cov(fi) = k(X Xi) =k (Xs, X)[R(X, X)+02[p] T K (X, Xi) € R™X™
In the weight space view we had:
Fe = (¢ pp) (¢ Spd + 021) " Ly
cov(fx) = (¢ Zpeps) — (p1 Zpo) (1 + 021) "L (pT Zpppe)

If k(x,%) = ¢(2)! Zp0(Z), then they are the same.
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Prediction using noisy observations

Short notations:
K =k(X,X) € Rnxn

k(X].:X*)

E(xx) = ks = k(X,xx) = { c R™

k(XTbax*)
= for a single test point xu:

53



Prediction using noisy observations

fe = élK+021n]_1J\}:/ER
R1xn Rﬁgm R™

Two ways to look at it:
e Linear predictor
fe =By = Bry1 + ... + Bnyn
where 87 = kT[K + 621, 1 e R1 x n
 Manifestation of the Representer Theorem

fo = alks = a1k(x1,x5) + ... + ank(Xn, Xx)
where o = [K + o21,] " 1y

f* is a linear combination of n kernel values.
54



Prediction using noisy observations

fe = élK+021n]_1J\}:/ER
R1xn Rﬁgm R™

Remarks:

e \While the GP in general is quite complex,
for the prediction of fx = f(x«) we need only
the (n4+1) dimensional joint Gaussian distibution

of [y17 cee s Yny f(X*)]

e | he posterior covariance of

cov( x| X, ¥, Xi) = k(Xu, Xo) —k( Xy, X) [k(X, X)+021,) LK (X, X4)

does not depend on the observed targets y.
This is a peculiarity of GP.
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GP pseudo code I

X =1|:|eRM™L m training inputs

y=|:| €R" n training targets

k(-,-) : RP*D R covariance function (kernel)

X4« test input

o2 noise level on the observations

[y(x) = f(x) + ¢, e ~N(0,02)]

56



GP pseudo code II

1., K € R®*™ Gram matrix. K;; = k(x;,X;)
k(X].:X*)

E(xx) = ks = k(X,x%) = { c R™

(%, %)
2., a=(K+521,) 1y

3., fi=klacR

4., cov(fe) = k(% Xa) = Ky (K +0°I] ke €R
ﬁ R1xn Rﬁan R”

Outputs: [« cov(f+)

57



1.5

Target

-1.5

Results using Netlab , Sin function

Rational quadratic covariance function

data
function
GF

error bars

0.1

0.2

0.3

0.4

0.5
Input

0.6

0.7

0.8

0.9 1
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Results using Netlab, Sin function

Rational quadratic covariance function
1.5

O data
————— function
GP
error bars

Increased # of training points

Q5

Target
o

-0.5F

-1.5
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Results using Netlab, Sin function

Rational quadratic covariance function
1.5 O
o O data
————— function
——8H
error bars

Increased noise

0.5

Target
o

15 | | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Input 60



1.5

Results using Netlab, Sinc function

Rational quadratic covariance function

O  data
————— function
2% GP
1 O error bars

Target

-1.5 :

| |
0.2

| | | | |
0.3 0.4 0.5 0.6 0.7 0.8 0.9

Input
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