Machine Learning

10-701/15-781, Fall 2012

Hidden Markov Model: dynamic
clustering

- Reading: Chap. 13 CB
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Suppose you were told about the -4
following story before heading to Vegas... | ¢

The Dishonest Casino !!!

A casino has two dice:
e Fair die
P(1)=P2)=P@)=P(5)=P(6) =1/6
e Loaded die
P(1) = P(2) =P(3) = P(5) = 1/10
P(6) = 1/2
Casino player switches back-&-forth

between fair and loaded die once
every 20 turns
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Puzzles Regarding the Dishonest | 3822
Casino o

GIVEN: A sequence of rolls by the casino player

64621461461361366616646616366163661636165156 612356
QUESTION
e How likely is this sequence, given our model of how the casino
WOorks?

e Thisis the EVALUATION problem

e What portion of the sequence was generated with the fair die, and

what portion with the loaded die?
e Thisis the DECODING question

e How “loaded” is the loaded die? How “fair” is the fair die? How often

does the casino player change from fair to loaded, and back?
e Thisis the LEARNING question
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Definition (of HMM) -

e Observation space

Alphabetic set: C= {511521”"5,(} @ G
Euclidean space: Rd
e Index set of hidden states @ @ @ @

1={12,--- M|
e Transition probabilities between any two states ~ Graphical model
ply; :_1|)’;‘,;1 =)=a
or  py, |y, =1~ Multinomial(a,,l,a,-,z,...,a,,M),V/' el. 'o
e Start probabilities
p(y;) ~ Multinomial(z,, 7z,,..., 7, )
e Emission probabilities associated with each state
p(x, |y; =1) ~ Multinomial(.,,6.,..... 5., ) Vi el.
or in general:

plx Ly, =) ~f(16)Viel

State automata
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An HMM iIs a Stochastic
Generative Model

e Observed sequence:

OO0

X2

e Hidden sequence (a pars¢ or segmentation):

O—O—O—O—0O—E—
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The Dishonest Casino Model eet
0.05
0.95 0.95
P(1|F) = 1/6 P(1|L) = 1/10
P(2|F) = 1/6 P(2L) = 1/10
P(3|F) = 1/6 0.05 P(3|L) = 1/10
P(4|F) = 1/6 P(4|L) = 1/10
P(5|F) = 1/6 P(5|L) = 1/10
P(6|F) = 1/6 P(6IL) = 1/2
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Three Main Questions on HMMs

1. Evaluation

GIVEN an HMM M, and a sequence x,
FIND Prob (x| M)
ALGO. Forward
2. Decoding
GIVEN an HMM M, and a sequence x,
FIND the sequence y of states that maximizes, e.g., P(y| x, M),
or the most probable subsequence of states
ALGO. Viterbi, Forward-backward
3. Learning
GIVEN an HMM M, with unspecified transition/emission probs.,
and a sequence X,
FIND parameters 6 = (7, a;, 1) that maximize P(x| 0)

ALGO. Baum-Welch (EM)
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Joint Probability -

64621461461361366616646616366163661636165156 612356
FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFF

e \When the state-labeling is known, this is easy ...

P(X,Y) ?
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Probability of a Parse

e Given a sequence x = xl ......

and a parsey =y, ...... ,
e To find how likely is the parse

(given our HMM and the sequence) @ @
px,y) = plx...... Xy Vs eeevnns Y1) (Joint probability)

= pOy2) PCx | ) pPa |y pOG | ye) o PO | yed) pOxs | ye)
=py) POl ya) - POy | yrd) X plxa | ya) pOxa | ys) - pxe | )
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Example: the Dishonest Casino

=

e Letthe sequence of rolls be:
e x=1,2,1,56,2,1,6,2 4

e Then, what is the likelihood of
e y= Fair, Fair, Fair, Fair, Fair, Fair, Fair, Fair, Fair, Fair?
(say initial probs age,, = %2, 84 gaded = 72)

Y2 x P(1 | Fair) P(Fair | Fair) P(2 | Fair) P(Fair | Fair) ... P(4 | Fair) =

15 x (1/6)10 x (0.95)° = .00000000521158647211 = 5.21 x 109
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Example: the Dishonest Casino

e S0, the likelihood the die is fair in all this run
IS just 5.21 x 10-°

e OK, but what is the likelihood of

e 7 = Loaded, Loaded, Loaded, Loaded, Loaded, Loaded, Loaded,
Loaded, Loaded, Loaded?

% x P(1 | Loaded) P(Loaded | Loaded) ... P(4 | Loaded) =

15 x (1/10)8 x (1/2)2 (0.95)? = .00000000078781176215 = 0.79 x 10

e Therefore, it is after all 6.59 times more likely that the die is fair
all the way, than that it is loaded all the way
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Example: the Dishonest Casino

e Letthe sequence of rolls be:

e x=1,6,6,56,2,6,6,3,6 ﬁ ﬁ
2

e Now, what is the likelihood = =F, F, ..., F"
e 2 x(1/6)1° x (0.95)° = 0.5 x 10, same as before

e What is the likelihood y=1L, L, ..., L?
5 x (1/10)* x (1/2)8 (0.95)° = .00000049238235134735 = 5 x 1077

e SO, itis 100 times more likely the die is loaded
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Marginal Probability

6462146146136136661664661636616366163616

e What If state-labeling Y is not observed

P(X) 7
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The Forward Algorithm o

e We want to calculate Ax), the likelihood of x, given the HMM
e Sum over all possible ways of generating x:
T T
p(X) = Zyp(x’y) = ZYl Z)’z .”Zy/\, ﬂYlHayr—l’)’er(Xf |y7‘)
=2 7=1

e To avoid summing over an exponential number of paths y, define
K % K

a(y, =1)=a, =P(xy,... X, y, =1) (the forward probability)

e The recursion:
k k /
ay = pXx; |y = l)zaf—la/,k
F
k
P(x) = zar
k

© Eric Xing @ CMU, 2006-2012
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The Forward Algorithm — T
derivation o
e Compute the forward probability: Q
Y1) Vi

af=P(X1 ----- Xf_1’Xr’Yfk:1) @ @ @

:Zymp(xl """ X1 Yo PO =1 Yo X X PG LY =1 X X Vi)

= P(Xr |}’fk = I)Z/ 05;_10,-,/(

Chain rule: P(A,B,C)=P(A)P(B|A)P(C|A,B)
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The Forward Algorithm o

e \We can compute af for all &, #, using dynamic programming!

Initialization: af =P(x, ¥ =1)
. , =Px |y =DP(L =1)
a; =P(x | yy =D, =P(x, |y =z,
lteration:

a;( = P(Xf |yfk - 1)2/ a;_laf’k

Termination:

P(x) =Za7/f
%
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Three Main Questions on HMMs

1. Evaluation

GIVEN an HMM M, and a sequence x,
FIND Prob (x| M)
ALGO. Forward
2. Decoding
GIVEN an HMM M, and a sequence x,
FIND the sequence y of states that maximizes, e.g., P(y| x, M),
or the most probable subsequence of states
ALGO. Viterbi, Forward-backward
3. Learning
GIVEN an HMM M, with unspecified transition/emission probs.,
and a sequence X,
FIND parameters 6 = (7, a;, 1) that maximize P(x| 0)

ALGO. Baum-Welch (EM)
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The Backward Algorithm

e We want to compute P(y} =1|x) ,

the posterior probability distribution on the
1t position, given x

e We start by computing

: P(Yfk :l’X):P(Xl’""Xf’Yfk =1, X400 X7)

:P(Xl""’Xf’yfk =DP(Xpgs Xr |X1""’X7"yfk =1)

= P(Xl...X,,yfk =P (X .. X7 |Yfk =1)

.

Forward, a/* Backward,
e The recursion:

IBtk - P(Xt+1 ----- Xy | ytk :1)

ﬂtk — Zak,i p(xt+1 | yti+l — 1)ﬁti+1

© Eric Xing @ CMU, 2006-2012
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The Backward Algorithm —
derivation

e Define the backward probability: QD,.@_
B =Py g Xr |y =1) @ @

=2 PGV X X 1Y =0)
= P =1yt =Dpal yia =L yf =DPX e X | Xt g =1yt =1)
= Plyia =1 yf =) p | ¥ = 0P Xy X | g =1)

=2 . PX | Vi =D B

©

.

Chainrule: P(AB,C|a)=P(A|a)P(B|A a)P(C|A B,a)
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The Backward Algorithm o

e \We can compute ,B,k for all &, #, using dynamic programming!

Initialization:

BE=1 vk

lteration:

B = z,- a, PXea | i =D B

Termination:

P(x) = Zoﬁkﬂf
k
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Example: -

0.95 ‘@ @‘ 0.95
D

x=12,1,5,6,2,1,6,2,4

© Eric Xing @ CMU, 2006-2012

P(1|F) = 1/6 0.05 p(|L) =1/10
P(2|F) = 1/6 P(2|L) = 1/10
P(3|F) = 1/6 P(3|L) = 1/10
P(4|F) = 1/6 P(4|L) = 1/10
P(5|F) = 1/6 P(5|L) = 1/10
P(6|F) = 1/6 P(6|L) = 1/2

af =P(x, | y) = I)Z/ o) a; ,
B = Z,- a, PXea | Yia =D B
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000
0000
(X X X}
| X X
o0
[ ]
0.95() )o.95
x=12 156,216 2 4 @ @,
Alpha (actual) Beta (actual) Eg:g:% 0.05 Eg“j:mg
0.0833 0.0500 0.0000 0.0000 Sl = 16 Sl = 10
0.0136 0.0052 0.0000 0.0000 P(4|F) = 1/6 P(4|L) = 1/10
0.0022 0.0006 0.0000 0.0000 PEIF) = 116 PSIL) = 1110
0.0004 0.0001 0.0000 0.0000 (6IF) = (6lb) =
0.0001 0.0000 0.0001 0.0001 i i ;
0.0000 0.0000 0.0007 0.0006 a; =P(x; |y, —l)zl-af—laf,k
0.0000 0.0000 0.0045 0.0055 . N
0.0000 0.0000 0.0264 0.0112 Jiu —Z/,ak,,P K | Vi =D B
0.0000 0.0000 0.1633 0.1033
0.0000 0.0000 1.0000 1.0000
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00
0000
X X X
X X
[ X |
o
0.95() ()0.95
x=1,2,1,56,21,624 @ @,
Alpha (logs) Beta (logs) PIF)=1/6  0.05  P(1jL)=1/10
P(2|F) = 1/6 P(2|L) = 1/10
-4.2969 -5.2655 -14.4185 -14.9922 P(4|F) = 1/6 P(4|L) = 1/10
-6.1201 -7.4896 -12.6028 -12.7337 E(glpfxg E(glt)ﬂgo
-7.9499 -9.6553 -10.8042 -10.4389 (6IF) = (6lL)=
-9.7834 -10.1454 .9.0373 -9.7289 kK kK /
-11.5905 -12.4264 .7.2181 -7.4833 a; =P(x, |y, —1)2,-0@—10/,/(
-13.4110 -14.6657 54135 -5.1977 i PN
115.2391 -15.2407 -3.6352 -4.4938 By _Z/,ak,,P Kt | Y =D B
-17.0310 -17.5432 .1.8120 -2.2698

-18.8430 -19.8129

0

0
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What is the probability of a
hidden state prediction?

x=12,1,56,2,1,6,2,4

Alpha (logs) Beta (logs)
-2.4849 -2.9957 -16.2439 -17.2014
-4.2969 -5.2655 -14.4185 -14.9922
-6.1201 -7.4896 -12.6028 -12.7337
-7.9499 -9.6553 -10.8042 -10.4389
-0.7834 -10.1454 -9.0373 -9.7289
-11.5905 -12.4264 -7.2181 -7.4833
-13.4110 -14.6657 -5.4135 -5.1977
-15.2391 -15.2407 -3.6352 -4.4938
-17.0310 -17.5432 -1.8120 -2.2698
-18.8430 -19.8129 0 0

© Eric Xing @ CMU, 2006-2012
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What is the probability of a T
hidden state prediction? 4+

e A single state:

P(yt|X)

e What about a hidden state sequence ?

P(y1,....yr|X)

© Eric Xing @ CMU, 2006-2012 25



0000
0000
00
. : (Y
Posterior decoding -
e \We can now calculate
k P(yszl,x) afﬂfk
Plyf =1]x) = =
P(x) P(x)
e Then, we can ask
e What is the most likely state at position t of sequence x:
* . k .
k =argmax, P(y; =1|x)
e Note that this is an MPA of a single hidden state,
what if we want to a MPA of a whole hidden state sequence?
e Posterior Decoding: {yfkr —1:+=1...T }
e This is different from MPA of a whole sequence
of hidden states Xy Plx.y)
e This can be understood as bit error rate o O Gocr
vs. word error rate Example: A e
MPA of X ? zZ O 0.3
MPA of (X, Y) ? 7 7 o3
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Viterbi decoding -

e GIVENx =x, .., x;wewanttofindy =y, ..., y4, such that
Ay|x) is maximized:

y" = argmax, Ay|x) = argmax_ Ay x)
o Let

k _ k _
V5 =max,, . P X Vi Yers X Yy =1)

= Probability of most likely sequence of states ending at state y; = &

e The recursion: Xg X Xg eeveerereerenassnseemeseneeens Xy
Vk . (X | k . 1) maX a V/' State12 I
r p 1 yf T r kY -1 %
v
e Underflows are a significant problem kK[ /

'D(Xl’”"Xf’yl"“’yf) :72-}’10}’11}’2 .”a)’r—b)’rb}’w\ﬁ ”.b)’r:Xr

These numbers become extremely small — underflow
Solution: Take the logs of all values: V% =log p(x, | v/ =1)+ max,.(log(a,,k)+ l/,ﬁl)
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The Viterbi Algorithm — derivation

e Define the viterbi probability:

Vi =maxe, o P(Xe Xp, Vv Voo Xy Vg = 1)
=max,, 3 P(Xa Vi =1 X X Yy Y)P (Ko X, Yoo ¥
=maXy, 3 P(X 1 Vi = V)P K Xy 4, Vi Vo100 X V)
=max, P(X,, vy =11y, =Dmaxg, |, 3 P(Xi X Viven Vot X i =1)
=max, P(X,, | v =Da W'

= 'D(Xf'+1, | yf/‘:tl - 1) rnaX/' a/',/([/f/
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The Viterbi Algorithm

) Input: X=Xy .., X5

Initialization:
Vlk =P(x, |)’1k =1)r,

lteration:

W =Plx, |y =l)max, a1,
Ptr(k, 1) =argmax, a, V',

Termination:

P(x,y") = max, h*

TraceBack:

yr =argmax, "
y:—l — Ptr(y:! 7‘)

© Eric Xing @ CMU, 2006-2012
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o000
0000
XX
o0
o
0.95) (Y0.95
x=1,2,1,56,21,624 @ @,
VA P(1|F) = 1/6 0.05 p@L)=1/10
t P(2|F) = 1/6 P(2|L) = 1/10
P(3|F) = 1/6 P(3|L) = 1/10
P(4|F) = 1/6 P(4|L) = 1/10
0.6250 0.3750 P(5|F) = 1/6 P(5L) = 1/10
0.7353 0.2647 P(6|F) = 1/6 P(6IL) = 1/2
0.8224 0.1776 ) ) .
— _ /
0.8853 0.1147 af =P(x,|y; _1)2/0(#_14.’ .
0.7200 0.2800 ; | ‘
0.8108 0.1892 B => a Px.,|ly.,=1p
08773 01278 " Z, kil X1 | Vi £+l
0.7043 0.2957 .
k k /
0.7988 0.2012 V" = p(x, |y, =1)max, a; V',
0.8687 0.1313

© Eric Xing @ CMU, 2006-2012

30



. . . . 000
000
Viterbi Vs. Posterior Decoding
o000
(individual) -
x=1,2,1,56,2,1,6,2,4
Vtk ptl’(k, t) Veterbi PD p(ytk _ 1| X)
0.6250 0.3750 N/A 1 1 0.8128 0.1872
0.7353 0.2647 1 2 1 1 0.8238 0.1762
0.8224 0.1776 1 2 1 1 0.8176 0.1824
0.8853 0.1147 1 2 1 1 0.7925 0.2075
0.7200 0.2800 1 2 1 1 0.7415 0.2585
0.8108 0.1892 1 2 1 1 0.7505 0.2495
0.8772 0.1228 1 2 1 1 0.7386 0.2614
0.7043 0.2957 1 2 1 1 0.7027 0.2973
0.7988 0.2012 1 2 1 1 0.7251 0.2749
0.8687 0.1313 1 2 1 1 0.7251 0.2749

© Eric Xing @ CMU, 2006-2012
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000
0000
0000
L N
o0
Another Example o
X=6,2,3,56,2,6,3,6,6
k Veterbi PD k
V, ptr(k,t) p(yy =1[x)
0.2500 0.7500 N/A 2 2 0.2733 0.7267
0.5263 0.4737 2 2 1 1 0.6040 0.3960
0.6494 0.3506 1 2 1 1 0.6538 0.3462
0.7143 0.2857 1 1 1 1 0.6062 0.3938
0.3333 0.6667 1 1 2 2 0.2861 0.7139
0.5263 0.4737 2 2 2 1 0.5342 0.4658
0.2703 0.7297 1 2 2 2 0.2734 0.7266
0.5263 0.4737 2 2 2 1 0.5226 0.4774
0.2703 0.7297 1 2 2 2 0.2252 0.7748
0.1818 0.8182 2 2 2 2 0.2159 0.7841
max

0.6 '@ @‘ 0.6 Same transition probabilities
|
0.4

© Eric Xing @ CMU, 2006-2012
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Computational Complexity and
Implementation details -

e What is the running time, and space required, for Forward,
and Backward?

af = p(x |y =1)Zi)a§1ai,k

B =2 8Py | Yin =DB,

V= |c|)(xt |y, =1)max; a; V.,
Time: O(KENMN); Space: O(KN).

e Useful implementation technique to avoid underflows

e Viterbi: sum of logs
e Forward/Backward: rescaling at each position by multiplying by a constant
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Three Main Questions on HMMs

1. Evaluation

GIVEN an HMM M, and a sequence x,
FIND Prob (x| M)
ALGO. Forward
2. Decoding
GIVEN an HMM M, and a sequence x,
FIND the sequence y of states that maximizes, e.g., P(y| x, M),
or the most probable subsequence of states
ALGO. Viterbi, Forward-backward
3. Learning
GIVEN an HMM M, with unspecified transition/emission probs.,
and a sequence X,
FIND parameters 6 = (7, a;, 1) that maximize P(x| 0)

ALGO. Baum-Welch (EM)

© Eric Xing @ CMU, 2006-2012
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Learning HMM: two scenarios

e Supervised |learning: estimation when the “right answer” is
known

e Examples:

GIVEN:  agenomic region X = X;...X 9o 000 Where we have good
(experimental) annotations of the CpG islands

GIVEN: the casino player allows us to observe him one evening,
as he changes dice and produces 10,000 rolls

e Unsupervised learning: estimation when the “right answer” is
unknown

e Examples:

GIVEN: the porcupine genome; we don’'t know how frequent are the
CpG islands there, neither do we know their composition

GIVEN: 10,000 rolls of the casino player, but we don’t see when he
changes dice

e QUESTION: Update the parameters @ of the model to maximize
A X 0 --- Maximal likelihood (ML) estimation

© Eric Xing @ CMU, 2006-2012 35




Supervised ML estimation .o

o Given x= xj...xyfor which the true state path y= y;...yyIs

known,

o Define:
A = # times state transition /- joccurs iny
B, = # times state /in y emits kin x

e We can show that the maximum likelihood parameters @ are:

. . A / ]
at — #(— J) _ ZHZ¢=ZYn,f—1y/7J,f B A/j

BRI Y9 YN Wi

g _FGoK) 3,3, ke 8
/. . 7 .
#(/ — o) Zn ZH v, Zk' B,

e Whatifyis continuous? We can treat {(x .y, ,):#=1:T,n=1:N}jas AxT
observations of, e.g., a Gaussian, and apply learning rules for Gaussian ...

© Eric Xing @ CMU, 2006-2012
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Supervised ML estimation, ctd. .

e Intuition:

e When we know the underlying states, the best estimate of @is the
average frequency of transitions & emissions that occur in the training
data

e Drawback:

e Given little data, there may be overfitting:
P(x|0) is maximized, but 6 is unreasonable
0 probabilities — VERY BAD

e Example:
e Given 10 casino rolls, we observe

x=2,1,5,6,1, 2, 3, 6, 2, 3

y =F, F, F, F, F, F, F, F, F, F
e Then: arr=1; ap =

Dey = Deg = .2,

Dy = .3; b, = 0; by = b = .1
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Pseudocounts

e Solution for small training sets:
e Add pseudocounts
A i = # times state transition /—  occurs iny + ,Q,-J-
B, = # times state /iny emits kKinx+ 5,
o Ry
e Total pseudocounts: R;=% R, 5= 2,5,
--- "strength" of prior belief,

S, are pseudocounts representing our prior belief

--- total number of imaginary instances in the prior

e Larger total pseudocounts = strong prior belief

e Small total pseudocounts: just to avoid O probabilities ---
smoothing

© Eric Xing @ CMU, 2006-2012
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Unsupervised ML estimation -

o Given x= xj...xy for which the true state path y= y,...yyIs
unknown,

e EXPECTATION MAXIMIZATION

o. Starting with our best guess of a model M, parameters 6.

1. Estimate A, B in the training data
How? A; = Z,,,,«<Y/;',r—1y/{n> By = zn,r <yf;',f>Xn€f,
Update ¢ according to A4;, B
Now a "supervised learning" problem

2. Repeat 1 & 2, until convergence
This is called the Baum-Welch Algorithm

We can get to a provably more (or equally) likely parameter set ¢ each iteration
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The Baum Welch algorithm o°

e The complete log likelihood

T T
¢.(0;x,y) =log p(x,y) = IOQHEP(yn,l)H PV, |)/n,f—1)H p(X,; |Xn,r)j
n t=2 =1
e The expected complete log likelihood
<Zc (6:x, y» - ;(<yfj’1>p(yn’llxn) log 7[/) + Zn:g(<y;.f—1yl{7‘>

e EM
e The E step
7//77‘ <ym‘> p(y/;f :1|X/1)
é:n:f = <yn,7‘—1yf;j,.7‘> = p(y/;‘,f—l = 1' y/;/f = 1 | Xn)
e The M step ("symbolically” identical to MLE)

ML Z,,V;J Z Zf 2 b//(m_z Z, 17nf ﬂf
- g T-1 T-1 ;
N J Z Zf 17//77‘ Z Zf 1}//77‘

© Eric Xing @ CMU, 2006-2012 40
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p(}/n,f—lv)/n,rl ) =1




The Baum-Welch algorithm -- i
comments oo

Time Complexity:
# iterations x O(K2N)

e Guaranteed to increase the log likelihood of the model

e Not guaranteed to find globally best parameters

e Converges to local optimum, depending on initial conditions

e To00 many parameters / too large model: Overt-fitting
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Summary: the HMM algorithms o°

Questions:

e Evaluation: What is the probability of the observed
sequence? Forward

e Decoding: What is the probability that the state of the 3rd roll
IS loaded, given the observed sequence? Forward-
Backward

e Decoding: What is the most likely die sequence? Viterbi

e Learning: Under what parameterization are the observed
sequences most probable? Baum-Welch (EM)
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