Machine Learning

10-701/15-781, Fall 2012

Inference and Learning in

AGE GG

GM

Reading: Chap. 8, C.B book
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Recap of BN Representation -

e Joint probability dist. on multiple variables:

P(X11X2’X3’X4’X5’X6)
- P(Xl)P(XZ | Xl)P(XS | Xl’ Xz)P(X4 | Xl' Xz’ Xs)P(Xzs | Xl’ X2' X3' X4)P(X6 | Xl’ X2' X3’ X4’ Xs)
o If Xi'sare independent: (P(Xi|-)= P(X))
P(X11X2’X3'X4’X5'X6)
= P(Xl)P(xz)P(Xa)P(X4)P(X5)P(X6) :H P(Xi)

e If Xi's are conditionally independent (as described by a
GM), the joint can be factored to simpler products, e.qg.,

P(Xy, X5, X3, Xy, X5, Xg)
= P(Xy) P(Xa| Xp) P(Xg| X3) P(X4| Xy) P(Xs| Xj) P(Xg| X3, X5)

P(Xp)

P(Xel X5, Xs)
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Inference and Learning

e \We now have compact representations of probability
distributions: BN

e A BN M describes a unique probability distribution P

e Typical tasks:

e Task 1: How do we answer queries about P?

We use inference as a name for the process of computing answers to such
queries

e Task 2: How do we estimate a plausible model M from data D?

I.  We use learning as a name for the process of obtaining point estimate of M.
ii. But for Bayesian, they seek p(M|D), which is actually an inference problem.

iii. When not all variables are observable, even computing point estimate of M
need to do inference to impute the missing data.
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Approaches to inference

e Exact inference algorithms

e The elimination algorithm
e Belief propagation
e The junction tree algorithms  (but will not cover in detail here)

e Approximate inference techniques

e Variational algorithms
e Stochastic simulation / sampling methods
e Markov chain Monte Carlo methods
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Marginalization and Elimination 3
o A food web: (8) (A4
(©
& B
(& &

What is the probability that hawks are leaving given that the grass condition is poor?

Query: Ah) P =>>>>>3%P(ab,c,d,ef,g,h)

e By chain decomposition, we get
=33 333> > P(a)P(b)P(c|b)P(d|a)P(e|c,d)P(f |a)P(g|e)P(h]e, f)
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AN HE:
Variable Elimination - =%, 9 <) | 8¢

e Query: P(A|h)

= Z PP hlh) LN
e Need to eliminate: B,C.D,E.F,6,H g

=z plY . X\)

o ] y) a\
e |[nitial factors: Y, xl)

P(a)P(b)P(c|b)P(d|a)P(e|c,d)P(f |a)P(g|e)P(h]e, f)

e Choose an elimination order: H6 F,ED,C.B

o Step 1:

e Conditioning (fix the evidence node (i.e., A) on its observed value (i.e., h)):
m,(e, f)=p(h=hle 1)
e This step is isomorphic to a marginalization step: (TS ©

m,(e f)=>" p(hle f)s(h=h) &
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Example: Variable Elimination -
e Query: A(B|h)
e Need to eliminate: BCD.EF.& o
e |nitial factors: Q
P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)P(g|e)P(h]|e, f) o
= P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)P(g|e)m,(e, f)
(H)
e Step 2: Eliminate &
e compute
m,(e)=> p(gle)=1
g B W
= P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)m, (e)m, (e, T) L)
(E) F

=P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)m, (e, f)
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Example: Variable Elimination -
e Query: A(B|h)
e Need to eliminate: B,CD,E F 0 o
e Initial factors: e Q
P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)P(g|e)P(h]e, ) G o
= P(a)P(b)P(c|b)P(d|a)P(e|c,d)P(f |a)P(g|e)m,(e, )
= P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)m, (e, f) & D
e Step 3: Eliminate F
e compute
m, (e,a) :Z p(f [a)m, (e, T)
f (8) A
) Q)

= P(a)P(b)P(c|b)P(d|a)P(e|c,d)m,(a,e)

© Eric Xing @ CMU, 2006-2012 8



000
0000
X X X
. L. . 3
Example: Variable Elimination -
e Query: A(B|h)
e Need to eliminate: B D,E 0 o
e Initial factors: e Q
P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)P(g|e)P(h]|e, f) G o
= P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)P(g|e)m,(e, f)
= P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)m, (e, f) &
= P(a)P(b)P(c|b)P(d|a)P(e|c,d)m,(a,e)
e Step 4: Eliminate £
T mac,d)= plelc,d)m, (a,e)
e (8) A

= P(a)P(b)P(c|b)P(d|a)m,(a,c,d) G,
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Example: Variable Elimination -
e Query: A(B|h)
e Need to eliminate: 8,C.D 0 o
e Initial factors: e Q
P(@)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)P(g|e)P(h]|e, T)
= P(@)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)P(g|e)m,(e, T) G o
= P(@)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)m,(e, T) e @

= P(a)P(b)P(c|b)P(d|a)P(e|c,d)m, (a,e)
= P(a)P(b)P(c|b)P(d |a)m, (a,c,d)

e Step 5: Eliminate D ® @D
« compute m,(a,c)=> p(d|a)m,(a,c,d)
d

= P(a)P(b)P(c|d)m,(a,c)
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Example: Variable Elimination .
e Query: A(B|h)
e Need to eliminate: B,C 0 o
e Initial factors: e Q
P(@)P()P(c|d)P(d|a)P(e|c,d)P(f |a)P(g|e)P(h]|e, f) G o
= P(a)P(b)P(c|d)P(d |a)P(e|c,d)P(f |a)P(g|e)m, (e, f)
= P(a)P(b)P(c|d)P(d |a)P(e|c,d)P(f |a)m, (e, f) (&) (H)
= P(@)P(b)P(c|d)P(d|a)P(e|c,d)m; (a,e)
= P(a)P(b)P(c|d)P(d |a)m,(a,c,d)
= P(@)P(b)P(c|d)m,(a,c)
e Step 6: Eliminate £ D)

e compute m. (a, b) = Z p(C | b)md (a, C)

= P(a)P(b)P(c|d)m,(a,c)
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Example: Variable Elimination o
e Query: A(B|h)
e Need to eliminate: 2 0 o
e Initial factors: e Q
P(@P(b)P(c|d)P(d|a)P(e|c,d)P(f |a)P(g|e)P(h]e, )
= P(a)P(b)P(c|d)P(d|a)P(e|c,d)P(f |a)P(g]|e)m,(e, f) G o
= P(a)P(b)P(c|d)P(d |a)P(e|c,d)P(f |a)m, (e, T) e @
= P(a)P(b)P(c|d)P(d |a)P(e|c,d)m,(a,e)
= P(a)P(b)P(c|d)P(d |a)m,(a,c,d)
= P(a)P(b)P(c|d)m,(a,c)
= P(a)P(b)m.(a,b)
e Step 7: Eliminate B @

e compute m, (a) = z p(b) m, (a, b)

= P(a)m,(a)
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Example: Variable Elimination -
e Query: A(B|h)
e Need to eliminate: B 0 o
e Initial factors: e Q
P(@)P((b)P(c|d)P(d|a)P(e|c,d)P(f |a)P(g|e)P(h]e, )
= P(@)P(b)P(c|d)P(d|a)P(e|c,d)P(f|a)P(g|e)m,(e, f) G o
= P(a)P(b)P(c|d)P(d |a)P(e|c,d)P(f [a)m, (e, T) (&) (H)

= P(a)P(b)P(c|d)P(d|a)P(e|c,d)m, (a,e)
= P(a)P(b)P(c|d)P(d |a)m.(a,c,d)

= P(@)P(b)P(c|d)m,(a,c)

= P(a)P(b)m.(a,b)

= P(a)m,(a)

e Step8 Wrap-up  p(a,h)=p@m,(a), p(h)=Y p(@m,(a)

- p@m(a)
=Pl =5+ am @

© Eric Xing @ CMU, 2006-2012
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Complexity of variable
elimination

e Suppose in one elimination step we compute
My (Yyoeeon Vi) = DM (X, Yireens Vi)
X k
m', (X, Yo,eees Vi) = H mi(X’YCi)
i=1

This requires
o ke|Val(X)[e]|Val(Y,) multiplications

— For each value of x, y,, ..., y,, we do Amultiplications

o [Val(X)[e[]|Val(¥.)| additions
— For each value of y,, ..., y,, we do /Va/(X)/ additions

Complexity is exponential in number of variables in the
intermediate factor

© Eric Xing @ CMU, 2006-2012
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Elimination Clique

e |nduced dependency during marginalization is captured in
elimination cliques

e Summation <-> elimination
e Intermediate term <-> elimination clique

P(a)P(b)P(c|b)P(d|a
a)P(b)P(c|b)P(d|
a)P(b)P(c|b)P(d|a
a)P(b)P(c|b)P(d|a
(b)P(clb)P(d|a
(0)P(c|b)
(b)¢

) (ele, d)P(fla)P(gle)P(hle, f)
)

)

)

)P (b)P(c|b)P(d

)

)

)¢

)P
a)P(ele,d)P(fla)P(gle)on(e, f)
)P(elc, d)P(f‘a)Qq e)on(e, f)
)P
)

e R

(ele,d)py(a,e)
d

9/0

e(a, e,

g
)

bala,

anPc]b
b

a)op(a)

i)
i)

a he(a,b)

(
(
(
(
(
(
(
(

R I 2
e,

é(a)
e Can this lead to an generic
inference algorithm?

© Eric Xing @ CMU, 2006-2012
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From Elimination to Message
Passing -

e Elimination = message passing on a clique tree

m.(a,c,d)

= Z p(e | C, d)mg (e)mf (ale)

e Messages can be reused

© Eric Xing @ CMU, 2006-2012 16



From Elimination to Message
Passing -

e Elimination = message passing on a clique tree

e Another query ...

e Messages m.and m, are reused, others need to be recomputed

© Eric Xing @ CMU, 2006-2012 17



From elimination to message
passing

e Recall ELIMINATION algorithm:

Choose an ordering £ in which query node f is the final node

Place all potentials on an active list

Eliminate node i by removing all potentials containing i, take sum/product over x;.
Place the resultant factor back on the list

e Fora TREE graph:

Choose query node f as the root of the tree

View tree as a directed tree with edges pointing towards from f

Elimination ordering based on depth-first traversal

Elimination of each node can be considered as

message-passing (or Belief Propagation) directly

along tree branches, rather than on some transformed graphs

thus, we can use the tree itself as a data-structure to do general inference!!

© Eric Xing @ CMU, 2006-2012
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Message passing for trees %

Let m;(x;) denote the factor resulting
from eliminating variables from bellow
up to i, which is a function of x;:

ﬂ me(xZ) mji(Ti) = Z(‘L»‘(%)U(%-é‘?.j) 11 ”M-.;(i‘f;:))

T EEN(j)\i

This is reminiscent of a message sent
from jto i.

ﬂmﬂ(%) = Z w(z)) (i, ) H mi; (%)

g kEN (4)\

plzg) cv(ae) ] mer(y)

eeN(f)
m;;(X;) represents a "belief" of x; from x;!

© Eric Xing @ CMU, 2006-2012
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e Elimination on trees is equivalent to message passing along
tree branches!

ﬂmjz(xz) = Z(W%W(l’i,fﬂj) H mkj(ﬂfj))

© Eric Xing @ CMU, 2006-2012 20



The message passing protocol:

e A two-pass algorithm:

© Eric Xing @ CMU, 2006-2012 21



Belief Propagation (SP-algorithm): | 8322
Sequential iImplementation o°

SuMm-PropucT(T, £)
EVIDENCE(FE)
f = CHooseRooT(V)
for e € N(f) “\
CoLLECT(f,€)
for e € N(f)
DISTRIBUTE(f, €)

fori eV
COMPUTEMARGINAL(4%) i
EVIDENCE(‘E) SENDMESSAGE T
fori e K
Y (2;) = P(z:)0(zi, Z:)
for i (;é E
/ { } '!/’(T ) CloLL cr/ \C‘uLLr-_LT
CoLLECT(7. j)
for k € N(j)\i k
COLLECT(j, k)
SENDMESSAGE(J, 1) 1

DISTRIBUTE(%, )
SENDMESSAGE(1, 7)
for k € N(j)\i
DISTRIBUTE(], k)

SENDMESSAGE(7,1)

mj,-_(.-n;_)=Z(z/;“3(:1:j)1f;(:1:g,:;-:j) H my;(zj))

Tj keN(7)\i DISTRIBUTE ’/ \ DISTRIBUTE

ComMmpu TEMARGINAL

;D 0( l/) H ??ij? 2 k
JEN () © Eric Xing @ CMU, 2006-2012 22



Inference on general GM 4

e Now, what if the GM is not a tree-like graph?

e Can we still directly run message
message-passing protocol along its edges?

e For non-trees, we do not have the guarantee that message-passing
will be consistent!

e Then what?

e Construct a graph data-structure from P that has a tree structure, and run message-passing
on it!

—> Junction tree algorithm

© Eric Xing @ CMU, 2006-2012
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A Sketch of the Junction Tree 444
Algorithm | o

e The algorithm
e Construction of junction trees --- a special clique tree

e Propagation of probabilities --- a message-passing protocol

e Results in marginal probabilities of all cliques --- solves all
queries in a single run

e A generic exact inference algorithm for any GM

e Complexity: exponential in the size of the maximal clique ---
a good elimination order often leads to small maximal clique,
and hence a good (i.e., thin) JT

e Many well-known algorithms are special cases of JT

e Forward-backward, Kalman filter, Peeling, Sum-Product ...

© Eric Xing @ CMU, 2006-2012
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The Shafer Shenoy Algorithm

e Shafer-Shenoy algorithm

e Message from clique /to clique 4 :

Hij = Z WCiH:uk—)i (Si)

: . C;i\S;i k]
e Clique marginal P .

p(C) Hﬂk—)i (Ski)

© Eric Xing @ CMU, 2006-2012
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The Junction tree algorithm for HMM | &

e A junction tree for the HMM

E:

w (Y1, X1) vV, Y2) v (Y2 ¥s) v(Vr1 Vr)

¢lyr)
e Rightward pass (%) vy ) v ¥y Xr)
/ut—>t+1 (yt+1) Z W(yt ’ yt+1)1ut 1t (yt )zut’r (yt+1) Ly 1 s (Yf) ‘//(Yr’}’m) Hyopit (YM)

= =
L} L

= Z p(Yt+1 | Yt):ut 1—>t(yt) p(xt+1 | yt+1)

Yt lufT (}’m)
= p(xt+1 | yt+1)zayt,ym/ut—1—>t(yt)
This is exactly the foyrtward algorithm! Y (Vi Xr1)
¢ Leftward paSS e Hr 1t (Vr) v (Vs Yra) Hrpi1 (Vi)
o= >0
Hi 1t (yt) - Z W(ytf yt+1)1ut<—t+1 (yt+1)/utT (yt+1)
Y1 Hyip ()’ f+1)

= Zp(yf+1 | yf)/uf<—f+1 (yf+1)p(Xf+1 | yf+1)

Y R
This is"&xactly the backward algorithm! V(Y Xo)

© Eric Xing @ CMU, 2006-2012
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Summary:. Exact Inference .o

e The simple Eliminate algorithm captures the key algorithmic
Operation underlying probabilistic inference:

--- That of taking a sum over product of potential functions

e The computational complexity of the Eliminate algorithm can be
reduced to purely graph-theoretic considerations.

e This graph interpretation will also provide hints about how to design
improved inference algorithms

e \What can we say about the overall computational complexity of the
algorithm? In particular, how can we control the "size" of the
summands that appear in the sequence of summation operation.
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Approaches to inference

e Exact inference algorithms

e The elimination algorithm
e Belief propagation
e The junction tree algorithms  (but will not cover in detail here)

e Approximate inference techniques

e Variational algorithms
e Stochastic simulation / sampling methods
e Markov chain Monte Carlo methods

© Eric Xing @ CMU, 2006-2012
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Monte Carlo methods

Draw random samples from the desired distribution

Yield a stochastic representation of a complex distribution

marginals and other expections can be approximated using sample-based
averages

1 N
ELF (1=, 2. F ()

Asymptotically exact and eaéy to apply to arbitrary models

Challenges:

how to draw samples from a given dist. (not all distributions can be trivially
sampled)?

how to make better use of the samples (not all sample are useful, or eqally
useful, see an example later)?

how to know we've sampled enough?

© Eric Xing @ CMU, 2006-2012
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Example: nalve sampling -
e Construct samples according to probabilities given in a BN.
= EO | BO | A0 | MO | Jo
EO BO A0 MO JO
AT 0 | Bo | A0 | Mo | Ui
Fl 94
¢] o EO BO AO MO Jo
EO BO A0 MO JO
N T EO BO A0 MO JO
- —— | o E1 BO A1 M1 J1
Alarm example: (Choose the right sampling EO BO AO MO Jo
sequence)
1) Sampling:P(B)=<0.001, 0.999> suppose it is false, EO BO AO MO JO
BO. Same for EO. P(A|BO, E0)=<0.001, 0.999>
suppose it is false... EO BO A0 MO JO

2) Frequency counting: In the samples right,
P(J|A0)=P(J,A0)/P(A0)=<1/9, 8/9>

© Eric Xing @ CMU, 2006-2012




Example: nalve sampling

e Construct samples according to probabilities given in a BN.

Alarm example: (Choose the right sampling
sequence)

3) what if we want to compute P(J|AL) ?

4) what if we want to compute P(J|B1) ?
P(J|A1)=P(J,B1)/P(B1) can not be defined.

For a model with hundreds or more
variables, rare events will be very hard to
garner evough samples even after a long
time or sampling ...

© Eric Xing @ CMU, 2006-2012
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EO BO AO MO JO




Markov chain Monte Carlo 444
(MCMC) oo

e Construct a Markov chain whose stationary distribution is the
target density = AX]e).

e Run for 7Tsamples (burn-in time) until the chain
converges/mixes/reaches stationary distribution.

e Then collect M (correlated) samples x,, .
e Key issues:

e Designing proposals so that the chain mixes rapidly.
e Diagnosing convergence.

© Eric Xing @ CMU, 2006-2012



Markov Chains ot

e Definition:
e Given an n-dimensional state space
e Random vector X = (x;,...,X;)
e x®=x attime-stept
e x® transitions to x(*") with prob
P(x®D | xO,, . xM) = T(x®) | xO) = T(xO > xt1)
e Homogenous: chain determined by state x©, fixed transition
kernel Q (rows sum to 1)

e Equilibrium: z(x) is a stationary (equilibrium) distribution if
x') = Z_a(x) Q(x>x').

i.e., is a left eigenvector of the transition matrix 7' = 7'Q.

025 0 075
(0.2 05 03)=(02 05 03] 0 07 03
05 05 O
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Gibbs sampling 4+

e The transition matrix updates each node one at a time using
the following proposal:

QX x,)) = (x',x.))= p(x,'|x_;)

e ltis efficient since p(x;|x_;) only depends on the values in X}s Markov
blanket

© Eric Xing @ CMU, 2006-2012



Gibbs sampling

e Gibbs sampling is an MCMC algorithm that is especially
appropriate for inference in graphical models.

e The procedue

e we have variable set X={x,, x5, x;,... x)} fora GM

e at each step one of the variables X is selected (at random or according
to some fixed sequences), denote the remaining variables as X;, and its
current value as x (1)

Using the "alarm network" as an example, say at time t we choose X and we
denote the current value assignments of the remaining variables, X ¢,
obtained from previous samples, as x4 = ™, x§, x ¢, x ¢}

B
e the conditonal distribution p(X] x (*D) is computed
e avalue x{" is sampled from this distribution
e the sample x{" replaces the previous sampled value of X;in X.

e, xD=xTYoux
© Eric Xing @ CMU, 2006-2012



Markov Blanket ot

—
e Markov Blanket in BN

e Avariable is independent from
others, given its parents, children
and children‘s parents (d-
separation).

e MB in MRF
e Avariable is independent all its e H '}
non-neighbors, given all its direct
neighbors.

= p(X| X )= pX] MB(X))
e Gibbs sampling

e Every step, choose one variable
and sample it by P(X|MB (X)) based
on previous sample.

© Eric Xing @ CMU, 2006-2012



Gibbs sampling of the alarm T
network -

e To calculate P(J|B1,M1)

PE) e Choose (B1,E0,A1,M1,J1) as a
L start

Burglary Earthquake

e Evidences are B1, M1, variables
are A, E, J.

e Choose next variable as A

maTm A=
E

0! e Sample A by
P(A|IMB(A))=P(A|B1, EO, M1, J1)
suppose to be false.

e (B1, EO, A0, M1, J1)

Al P A PIM)

I T 0 e Choose next random variable
B as E, sample E~P(E|B1,A0)

MB(A)={B, E, J, M} .
MB(E)={A, B}

© Eric Xing @ CMU, 2006-2012



Example

First 100 iterations of sample3

0.2

1
0 10 20 30 40 A0 &0 70
lteration
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Example:

P BT, 1)
1
0.9 t.w'mm e e ————
0.a8F
0.7+
06F-
05k
0.4F-
03k
07 - samplel
sample2
01- sampled
|:| 1 1 1 1 1 1 1
1] 0.5 1 1.5 2 2.5 3 3.5
[teration . 1EI4
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Example

0.9
0.8
0.7

0B

0&+r

0.4+

0.3

0.z

0.1

a

P ET, M0)

samplel
sample?
sample3

R e e e et e

| 1 | | |
a 1 2 3 4 ] B

[teration
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Example -

P J1 | B1 ,M1) - 090 Gibbs sampling of alarm network
P(J1 | E1,MO0) = 0.14

-
M

0.8

(

( 049 -
(E1]J1) =0.01 S

(

(

P(E1|M1) =0.04 |
P(E1|M1,J1)=0.17 s} —— PUTE1 M)
——— PIET MO)
05t ——— PE1)
—— PETMN)
P(E1 M1 1)
0.4r
03F
0.2 kit
R g e S S —
0.1
a 1 2 3 4 ] B 7 a 5

[teration
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The of simulation .
e Run several chains e Re-parameterize (to get
e Start at over-dispersed approx. indep.)
points e Re-block (Gibbs)

e Monitor the log lik.

e Monitor the serial
correlations

e Monitor acceptance ratios

e Collapse (int. over other
pars.)

e Run with troubled pars.
fixed at reasonable vals.
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T
Learning Graphical Models o
The goal:
Given set of independent samples (assignments of
random variables), find the best (the most likely?)
Bayesian Network (both DAG and CPDs)
O 4 R P
> D O O
D) | > < €D
(B.EA,CR)=(TEFTF) AR CNAA
(B,E,A,C,R)=(T,FT,T,F) B
"""" _ e b|os o1
(B,E,A,C,R)=(FT,T,T,F) . B
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Learning Graphical Models T
(cont.) oo

e Scenarios:

e completely observed GMs
directed
undirected

e partially observed GMs
directed
undirected (an open research topic)

e Estimation principles:
e Maximal likelihood estimation (MLE)
e Bayesian estimation
e Maximal conditional likelihood
e Maximal "Margin"

e We use learning as a name for the process of estimating the
parameters, and in some cases, the topology of the network, from
data.
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MLE for general BN parameters -

e If we assume the parameters for each CPD are globally
independent, and all nodes are fully observed, then the log-
likelihood function decomposes into a sum of local terms, one

per node:
[(9, D) = Iog p(D | 9) — IOgH H p(xn,i | Xn,;zi ’gi)j - Z(Z Iog p(xn,i | Xn,;ri ’gi)j
Fes =S ™
r @< =
Co—() /
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Example: decomposable T
likelihood of a directed model 4

e Consider the distribution defined by the directed acyclic GM:

p(x | 9) = p(xl | ‘91) p(xz | X11‘92) p(X3 | X1"93) p(X4 | Xy, X3"94)

e This is exactly like learning four separate small BNs, each of
which consists of a node and its parents.

N e
(%) ) =

)
X% (X%
£
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E.g.. MLE for BNs with tabular i+
CPDs oo

e Assume each CPD is represented as a table (multinomial)

where def _ S
Os = P(X; = ][ X, =k) Lo
1
Note that in case of multiple parents, X will have a composite “351 —
state, and the CPD will be a high-dimensional table ,\-6?

The sufficient statistics are counts of family configurations

z I,n n,i n7z,

e The log-likelihood is £(6;:0)=log [ | 9% = Z M 1096,

..k
e Using a Lagrange multiplier w
to enforce ZJ. 9/]/( 21, we get: ijk Z n.

Lk
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Recall definition of HMM

e Transition probabilities between
any two states @ @ @ @
OROROENE®

p(y! =11y, =1 =a,
o p(yt|yt‘_1:1)~Multinomial(aill,ai,z,...,ai,M), el

e Start probabilities

p(y,) ~ Multinomial(z,, z,,..., 7, )

e Emission probabilities associated with each state

p(x, |y =1) ~ Multinomial(b, b, ,,....b, ) Viel.

or in general: p(X. |y, =1)~f(-|¢9i),VieJ[.

© Eric Xing @ CMU, 2006-2012
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Supervised ML estimation -

o Given x= x,...xy for which the true state path y= y,...yy/is

known,
£(0;x,y) =log p(x,y) = IogH(p(yM)H P(Yoi | Yas 1)1_[ p(X, | Xnt)J
e Define:
A = # times state transition /- occurs iny
B, = # times state /in y emits kin x

e We can show that the maximum likelihood parameters @ are:

gt — #(/ — ) szzyﬂflyﬂf_ A;

’ #(/ > ) Z Z,«-_g Yn,r—1 ZJ'-A/J

pML _ #(7 > K) ZZHYM nt _ B,

ST DI Y7 WA

e |Ifyis continuous, we can treat {(X,,j,y,,,,):f':1:7',/7:1:N}as NxT

observations of, e.g., a Gaussian, and apply learning rules for Gaussian ...

© Eric Xing @ CMU, 2006-2012
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What If some nodes are not i
observed? oo

e Consider the distribution defined by the directed acyclic GM:

P(X|0) = p(X | 6) P(X; | X1, 6) P(X3 | X1, B5) P(X4 | X5, X3, 6))

e Need to compute p(xy|xy) = inference
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HE:
MLE for BNs with tabular CPDs 4
e Assume each CPD is represented as a table (multinomial)
where def 0
Gy = P(X; = J| X, =k) ,\Cz?

Note that in case of multiple parents, X will have a composite

state, and the CPD will be a high-dimensional table

The sufficient statistics are counts of family configurations

def

My = Zn<

xJ xX >

n,l n,ﬂ'i

e The log-likelihood is £(6;0)=log [ |6,

e Using a Lagrange multiplier
to enforce 2.6, =1, we get:

..k

ML
ik —

n;

2,

1]k
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Summary

A GMM describes a unique probability distribution P
Typical tasks:

Task 1: How do we answer queries about P?

We use inference as a name for the process of computing answers to such
queries

Task 2: How do we estimate a plausible model M from data D?

I.  We use learning as a name for the process of obtaining point estimate of M.
ii. But for Bayesian, they seek p(M|D), which is actually an inference problem.

iii. When not all variables are observable, even computing point estimate of M
need to do inference to impute the missing data.
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