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Preliminary 4

e Convex Functions:-

Af(xr) + (1 = A)f(xz)

flAz, + (1 — A)x2)

L
>

.
a T Axy + {1 — )k};{-'g o b

Figure 1: f is conver on [a,b] if f(Azx; + (1 — Nx2) < Af(x1) + (1 — A)f(z=2)
Ve, ro € [a,b], A< [0,1].



Convex Fn properties

e fisconcave if -fis convex

« If f(x) Is twice differentiable and '’ (x) >= 0 then f(x)
IS convex

* -In(x) iIs convex on the interval (0,inf )




Contd

Jensen’s inequality

Theorem 2 (Jensen’s inequality) Let f be a conver function defined on an
interval I. If xq,x9,...,xn €1 and A, Ao, ..., Ay = 0 with 30 | A =1,

f (Z )\iIf) < Z)\if(i'i}
i=1 i=1

n+1 1
f (Z ;’hilﬁi) = f (}tn+1In+1 ‘I‘Z}*ifi)

i=1

1 TE
= f (}*n+1In+1 + (1 — }%H)l——}hnﬂ Z )\z'Ii)

i=1



Contd

A1 f(znsr) + (1 —Appa)f (l — ]}-‘-n+1 Z )"11'131')

|/

n }lt_
= A1 f (Tng1) + (1 — Anpa) f (Z 1 — Anis Ii)

n }H
)\n+1f {'J:n+1} + (1 — )\n+1) Z

|/

= Ansif (Tng1) + > Aif (1)
i=1

= Z Aif (i)
i=1

* Nofte that since —In(x) is convex we have

In i AL = i Ai In(x;).
i=1 i=1




Three coin Example !

We observe a series of coin tosses generated in the following
way:

A person has three coins.
—  Coin 0: probability of Head is A
— Coin 1: probability of Head p
— Coin 2: probability of Head q

Consider the following coin-tossing scenarios:



Estimation Problems

Scenario I: Toss one of the coins six times.
Observing HHHTHT

‘Which coin is more likely to produce this sequence? Suppose we know the
probability of H for each coin.

Scenario II: Toss coin 0. If Head — toss coin 1; o/w — toss coin 2
Observing the sequence HHHHT, THTHT, HHHHT, HHTTH
produced by Coin 0, Coinl and Coin2
Estimate most likely values for p, q, A (the probability of H in each coin)

Scenario ITI: Toss coin 0. If Head — toss coin 1; o/w — toss coin 2
Observing the sequence HHHT, HTHT, HHHT, HTTH
produced by Coin 1 and/or Coin 2
Estimate most likely values for A, p, q.

The label of the first toss (z) 1s hidden, we
want to estimate the most likely hypothesis

8 = (A,p.q) under hidden z. 1=t 2nd
toss toss




Key Intuition

If we knew which of the data points (HHHT), (HTHT), (HTTH) came
from Coinl and which from Coin2, there was no problem.

Recall that the “simple” estimation is the ML estimation:
Assume that you toss a (p,1-p) coin m times and get k Heads m-k Tails.

log[P(DIp)] = log [ p* (1-p)™* J=k log p + (m-k) log (1-p)

To maximize, set the derivative w.r.t. p equal to 0:

d/dp {log P(DIp)} =k/p — (m-k)/(1-p) =0

Solving this for p, gives: p=k/m



Key Intuition

Since we do not know which of the data points (HHHT), (HTHT),
(HTTH) came from Coinl and which from Coin2, we use an iterative

approach for estimating (A.p.q).




Derivation 4

* Log likelihood:-  L(#) =InP(X]0).
P(X|0) =) P(X|z,0)P(z|6).

. We wish to find © iterative such that — L(6) > L(6x)
Where O, is previous iterations © value.

 The difference can be written as

L(6) — L(6,) =InP(X|#) — InP(X|6,).
—In (Z P(X|Z,H}P(z|ﬂ)) —InP(X|6,).



Derivation
« Note that 1112?1: N = 2’”: Ai In(x;)

L(#) —L(#,) = In (ZP(XB:H}‘P(ZM)) —InP(X|6,)

P(z|X, b,
= In (Z P(X|z,0)P(z|0) - PEE:XQD —InP(X|0,)

— In (Z P(z X:en)p{}ﬂzrg)?(z'm) —InP(X|6,)

P(z|X,0,)

AY

Y P(2X.6,) In (P(};{;fg};{? 9)) ~InP(X|6,)

— Z‘P[Z|X,€n)]n( PAZ[2,0) P (z]6) )

P(z|X,0,)P(X|0,)

112

A(6]6,).



Derivation

o So far L(#) = L(6,)+ A8)6,)

\ /
|

(016n) o) L(0)>10)60,)

[(0n]0n) = L(6n)+ A(6n|0n)
P(X|z,0n)P(20n)

P{Z X: Hn }p(X 911)

P(X,z|0n)
P(X.,z|0n)

= L(0n)+ ) P(z[X,0,)In

= L(0n)+ ) P(z[X,0,)In

= L(6,)+ Z Plz|X,0,)Inl

— L{Hﬂ}u



Intuition

* In EM we optimize 1(0)0x)

A

L (9]'14—1 :]

E{Hn-l—l |9n}
L(‘gn} — E{9n|‘9n)

L(#)
1(0)6r)

L(#) 1(667)

- 0

ﬂn 8?14—1

Figure 2: Graphical interpretation of a single iteration of the EM algorithm:
The function [(#|#,) is bounded above by the likelihood function L(#). The
functions are equal at § = @,;. The EM algorithm chooses #,, | as the value of 0
for which [(#|6,,) is a maximum. Since L(f#) = [(#|#,) increasing [(#|#,,) ensures
that the value of the likelihood function L(#) is increased at each step.



Derivation

 Formally we have

Oni1 = a;rgmélx{f(ﬂ O )}

~ wemp{ 10,) + S PEX ) P(X|z,6)P(2/6) }

P(X|0,)P(z X, 0,)

Now drop terms which are constant w.r.t. #

,

= argmax > P(z[X,0,) InP(X]z, 8)’P(z|9)}

.

= argmaxq Z P(z|X,6,)In P(X,2.6) P(z,6) }

P(z.0) PH)

= argmax 4 Z P(z|X,6,)In P{X,z|8)}

,

= argmax {Ez/x.0, {InP(X,z[0)}}



Algorithm

« E-step Find the conditional expectation,
Ezm.ﬁn {nP(X,z|0)]

e Maximize wrt 6



Convergence

e |Infuition

o At each iteration the objective is non-decreasing
o The log-likelihood is bounded above

|t should converge but at a local minima



Three Coin Estimation
Problems

Scenario I: Toss one of the coins six times.
Observing HHHTHT

‘Which coin is more likely to produce this sequence? Suppose we know the
probability of H for each coin.

Scenario II: Toss coin 0. If Head — toss coin 1; o/w — toss coin 2
Observing the sequence HHHHT, THTHT, HHHHT, HHTTH
produced by Coin 0, Coinl and Coin2
Estimate most likely values for p, q, A (the probability of H in each coin)

Scenario ITI: Toss coin 0. If Head — toss coin 1; o/w — toss coin 2
Observing the sequence HHHT, HTHT, HHHT, HTTH
produced by Coin 1 and/or Coin 2
Estimate most likely values for A, p, q.

The label of the first toss (z) 1s hidden, we
want to estimate the most likely hypothesis

8 = (A,p.q) under hidden z. 1=t 2nd
toss toss




P(D".1/ k.p.q) = hp™ (1-p)™™

P(D.0]hp.q) = (1-Mg% (1- )= Z; 15 an indicator variable

PD".z; | .p.q) =[Ap™ (1-p)" M F[(1- g™ (1-g™ X ]
- }LE:IPElhi (1 _P]z.{ru—hi}u_ 1)1-3, qil—z.:lhg (1- q:,(l—z.:h:m—hu:l

logP(D". 2, | L.p.q) = z;logh + z;h logp + z, (m - h,)log(1-p) +
(1-2z;)log(1-4) +(1-z;)h;logq + (1-2;)(m - h;)log(1-q)
PD.z[Lp.9)=| [PO"z | pa)
logP(D.z| }.p.q) = ) 1ogP(D".z, | 1.p.q)
! E[X +Y¥] = E[X] +E[1]
EflogP(.z| A.p.q)]=E[ Y logP(D".z; | L.p.q)] = Y EflogP(D".2; | .p.q)] Ef] =P
= ) Elzlogh +zihilogp +2; (m—hy)log(1-p) + (1-2z;)log(1-1) + (1-2; )aylogq + (1- z;)(m — by log(1- )]

= E PFilogh +F;h;logp + Fy(m—h;)log(1-p) +(1-F; Jlog(1-2) + (1-F; )hylogg + (1~ F; )(m — by )log(1-q)]



EM

Suppose (45,3 is the current estimate of parameters.
What is the probability P(z) given(4,5,§) and D?

Suppose there were m coin tosses and h heads in D*. Given the current

parameters,

P, = P(z, =1| D) = P(Coin1 D' ) - 2P0l P(Coml) _
PO

) ap"-pmh
b e meym—hy Tyrh o mym-hy
APH(1-p)" " +(1-4)q (1-9)

E{Yj =EJ";'P!{Y=J’;')
Yi

E[z;] =1xP(D; was obtained from Coin1) +
0xP(D; was obtained from Coin 2) =P,






Example 2 GMM Bl

« Gaussian Distribution

2
Guo(x) = 1 exp (@ = 1)
T ’O' — .
K o\ 27T 202
* Mixture of Gaussian can model arbitrary distributions
| 4283238
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GMM

 An example of two mixtures:-
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EM algorithm for GMM -
e E.g., A mixture of K Gaussians:
e Zis a latent class indicator vector

M

p(z,)=multi(z, : 7) = H{f"k }:ﬁ

E

e Xis a conditional Gaussian variable with a class-specific
mean/covariance

1 N
plx, |:: =1 u%)= (gﬁ)m-'2|g |1.-2 e:{p{-%(;rn _i”k)fzkl(xﬂ -Juk)}
E

e The likelihood of a sample:

plx,|p.X)= th(:t =1|m)p(x,| 2" =1, 1. %)
- Z Hre[{ﬂt }E: Nix, :-'“hzk)zi ):Eﬁx”(-ﬁl,ﬂpzk}

& Ernic Xing @& CMU, 2008-2012
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How is EM derived? :
e A mixture of K Gaussians:
e Zis alatent class indicator vector
p(z,)=multi(z, :7) = 1=, i
k M

e Xis a conditional Gaussian variable with a class-specific mean/covariance

plx, |2 =1, 1.5)= FexpbL0x, - ) T3 0x, - 110)

@)™z,
e The likelihood of a sample:

w.X) = ka(z”k =1 mp(x,)z," =1, .%)
= Z Hk({ﬂ'k ]E: N(x, :,uk,Ek)E: ):Zk:-'.rkN(x,u:bEk)
e The “complete” likelihood

plx,

p(xu,z: =l|,u,E) =p(:f =1|7)p(x,| z: =1L puX)=ma N(x,| ;. X;)
1.X) = H[;?.rkN(IJ 1 ZO
E

But this is itself a random variable! Not good as objective function

& Eric Xing {&@ CMU, 2006-2012

plx, .z,

18




How is EM derived? T

e The complete log likelihood:

£(8:D)=log I_Ip (z,.X,)= lognp(_ Tp(x,|z,.1.0) i

= ZIDE Hﬂ'k + Zlc:-g HV(‘mH 7 G‘j

n

= ZZ_HDET} ZZ_:#(JH-,H&) +C

n ok - n k

e The expected complete log likelihood

(£.(8:x.2))= Xlog P2, | 7)) e >log p(x, 2, 1.D)

= 2 Z‘:zﬁlﬂg”r% 2 Z{ff)((xn—m)” (X, — i) +loglZ, |+ C)
n K =~ n k

& Eric Xing {@ CMU, 2006-2012

19
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E-step :
e We maximize</¢ (B)} iteratively using the following
iterative procedure:
M

— Expectation step: computing the expected value of the
sufficient statistics of the hidden variables (i.e., z) given

current est. of the parameters (i.e., 7and u).

k(f) _

(7) () Tf?‘}
I'n < H/-} ) p(z 1|X Jffﬁ-} Z{?}) ’ka N(X fu . )

LT N(X ﬂ(?‘} v(?‘})

Here we are essentially doing inference

& Eric Xing {&@ CMU, 2006-2012 20



M-step oe

e We maximize</¢ (B)> iteratively using the following
iterative procudure:

— Maximization step: compute the parameters under

. _ N
current results of the expected value of the hidden variables
T, = argmax({,(ﬂ)}, = ﬁ(.ﬂ(ﬂ)} =0,Vk, st 2, =1
k
5 <z*> " k()
. -\ En () Tﬂ )
LAV
N
py =argmax(/@)). = u{™ = 2"t Fact:
=T 510g|33f1| AT
P A e C AT e ot
2y = argmax(f{ﬂ)) = I -— > ko ox' Ax =xx
n " cA

This is isomorphic to MLE except that the variables that are hidden are

replaced by their expectations (in general they will by replaced by their
corresponding "sufficient statistics")

& Eric Xing {&@ CMU, 2006-2012 21



Example 3 HMM

Observation space

|
e Crlaaed
' R
Index set of hidden states
1={12.---. M|} Q @ @ e

Transition probabilities between any two states =~ ©raphical model
P(yrj =1 ."’:—1 == g -

or  p(y,|yiy=1)~Multinomial(a,.q,,.....q, , | Vi €L

Start probabilities

plx, |yl =1)~ Multinomial[q,l. bo..b, )¥icl
or in general:
px, | yi=0)~f(-16,).viel State automata




The Baum Welch algorithm °
S ——

e The complete log likelihood
T T
(8:x.y) =log p(x.¥) = lﬂg]_[‘ P [T PYar | Vs DT T Pz | %)
o =2 =1 /

e The expected complete log likelihood

{f}(ﬂil."}}=;[{Y;.l}‘pmj:']IUEEI'J"‘;é[:{)’;.r-lyﬁfr> loga; ]"'YT nf\n}fnr} nlu:-g:f}-_,,]

Pl¥asa-¥es )

e EM
e [he E step
-fnf' \ynr) P(yr:?:]' In)

an = <}’nf-1}’m )= P(Vnsa :1‘}’5{:‘ =1]x,)
e The M step ("symbolically" identical to MLE)

. —Eﬂ 1 gM — Znet207 j,_r_},ﬂ-'_ zn s 1-'1"’r= #%n
i - ; < -
N “—in Zr'l '}fﬁ:f E.H s | "}’” t



EM summary

Nice method to get to local optimum solution

Guaranteed to converge, never decrease
likelihood.

Some problem may require time consuming
Inference.



« [1] hitp://www.cs.ucsb.edu/~ambuj/Courses/bioinformatics/EM.pdf

« [2] hitp://www.seanborman.com/publications/EM_algorithm.pdf

« [3] Class lecture notes



