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Probabilistic Graphical Models

Graph-induced structured
Input/output models

- Case Study: Disease Association Analysis

Reading: See class website
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Genetic Basis of Diseases o2

=

DAPAPCAPTRAPTAPS

| . Bz
Single nucleotide Causal (or "associated") SNP
polymorphism (SNP)
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Genetic Association Mapping :

Data
a )

Genotype Phenotype Standard Approach

o ¥
AP

-G. | causal SNP
c. &
c. | &
- f a univariate phenotype:
.C. f e.g., disease/control

_J + Cancer: Dunning et al. 2009.

» Diabetes: Dupuis et al. 2010.

» Atopic dermatitis: Esparza-Gordillo et al.
2009.

» Arthritis: Suzuki et al. 2008
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Genetic Basis of Complex Diseases :

Causal SNPs

© Eric Xing @ CMU, 2005-2015 4



Genetic Basis of Complex Diseases oo

Biological

mechanis

Causal SNPs
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Structured Association ot

Traditional Approach Association with Phenome
causal SNP
ACGTTTTACTGTACAATT ACGTTTTACTGTACAATT
O
@) O
o o o

O a univariate phenotype:
gene expression level

....llll-“

Multivariate complex syndrome (e.g., asthma)
age at onset, history of eczema
genome-wide expression profile
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Goal

Inferring Structured Association
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Sparse Associations

Two subnetworks
for lung physiology

"- Epistatic effects

A

© Eric Xing @ CMU, 2005-2015




Sparse Learning

e Linear Model:

y=XB+e¢ yeRY XcR¥ e~ N(0,0%Inxn)
/6:(’817”8379/6J)T€RJ

e Lasso (Sparse Linear Regression) [R.Tibshirani 96]

argmin £(8) = ¢y ~ XBI3 +9(8)  A8) = A8l

BRI J

18l => 1865

j=1
e Why sparse solution?
penalizing M3l

II'I

constraining |81 <~
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Multi-Task Extension

e Multi-Task Linear Model:

Input: X =(x1,...,x;) € RN*J
Output: Y =(y1,...,yx) € RV*K

vi=XB, +er, Vk=1,...,K

Coefficients for k-th task: 8, = (Bik,-.-,Bs)" € R’
Coefficient Matrix: B=(8,...,8x) e R/*E

//611 512 ce ﬁlK\ Coefficients for a variable (2"9)
/621 /622 0 /GQK
B = ° ¢ . .

Kﬁjl Bi2| - ﬁJK) 5 Coefficients for a task (2"9)
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Outline :

e Background: Sparse multivariate regression for disease
association studies

e Structured association — a new paradigm

e Association to a graph-structured phenome
Graph-guided fused lasso (Kim & Xing, PLoS Genetics, 2009)

e Association to a tree-structured phenome
Tree-guided group lasso (Kim & Xing, ICML 2010)

e Association between a subnetwork of genome and a subnetwork of phenme
Two-graph guided multi-task lasso (Chen et al., AISTATS 2012)

© Eric Xing @ CMU, 2005-2015
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Genetic Association for

Asthma Clinical Traits

Subnetworks fo
lung physiology

/S 7

Wheezy

Statistical challenge
How to find

associations to a multivariate entity

CSputum >

— -m

© Eric Xing @ CMU, 2005-2015

in a graph?
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Immunoglobi
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Multivariate Regression for Single- eels
Trait Association Analysis oo
Trait Genotype Association
Strength
<
|_
@)
2.1 — :EE X
: ?
<
@)
@)
<
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|_

=
I
>
X
=
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Multivariate Regression for Single- eece
Trait Association Analysis oo

Trait Genotype Association
Strength__
2.1 = X

TGAACCATGAAGTA

f" = argmin(y — XB) " (y — XpB)

Many non-zero associations:
Which SNPs are truly significasy’

© Eric Xing @ CVo® 15



Lasso for Reducing False 13-
. o000
POSItlveS (Tibshirani, 1996) :.
Trait Genotype Association
Strength
=
o
2.1 - < X H
<
O B
<
@)
2 Lasso
f§ u Penalty

for sparsity

5* = argmin(y - X5)7 (v - X6) + 228

Many zero associations (sparse results),
but what if there are multiple related traifs?

© Eric Xing @ CMU, 208 16
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. . . . 0000
Multivariate Regression for Multiple- eecs
Trait Association Analysis oo
. ,bc)‘“og .
s éo o Genotype Association
£ O &2 Strengtn
N
S & & <
Qg} \\0& \\?} Q/A ‘(3 - Association
Lol ol of <& O — strength between
(3.4,1.5,2.1,09,1.8) — <l o X HEE SNP j and Trait i: §;,
) <
Lung_ (l;r) m
physiology <
O
0
<C 0y
<N g3
m/ B2 i
T
p* = arg T > vi—-XB) (vi—XiB) [0
i i

How to combine information acros
multiple traits to increase the power?"

17
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Multivariate Regression for Multiple- eels
Trait Association Analysis oo
Trait Genotype Association
Strengtn —
(3.4,15,2.1,0.9,1.8) = X HER Zthrl%r}gatlzd?rre;me/fzi
Lung "_
physiology

i

*
|
)
—~
aQ
=
=

(vi = XiB)' (yi = XiBi) + A6,

~ M TGAACCATGAAGTA

We introduce
graph-guided fusion penalty

© Eric Xing @ CMU, 2005-2015 18



Multiple-trait Association: 31+
Graph-Constrained Fused Lasso | ¢

Step 1: Thresholded correlation Step 2: Graph-constrained fused lasso
graph of phenotypes
ACGTTTTACTGTACAATT

Fusion

B¢C = argmin Z( - XB.)" - (yr — XBy)

,\ZZUJ,\I +y > > @

(mbek J

(} m! ﬂl

Lasso Graph-constrained fusion
Penalty penalty

© Eric Xing @ CMU, 2005-2015 19



Fusion Penalty

SNP j
ACGTTTTACTGTACAATT

Association strength between

Trait k

e Fusion Penalty: | §;

SNP jand Trait &: f;, "\_/‘

Association strength between
SNP jand Trait m: f3;,,

-ﬂjm |
e For two correlated traits (connected in the network), the
association strengths may have similar values.

© Eric Xing @ CMU, 2005-2015
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Graph-Constrained Fused Lasso

Overall effect

ACGTTTTACTGTACAATT

e Fusion effect propagates to the entire network
e Association between SNPs and subnetworks of traits

© Eric Xing @ CMU, 2005-2015
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Multiple-trait Association:
Graph-Weighted Fused Lasso

Overall effect

ACGTTTTACTGTACAATT

e Subnetwork structure is embedded as a densely connected
nodes with large edge weights

e Edges with small weights are effectively ignored

© Eric Xing @ CMU, 2005-2015
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Estimating Parameters

e Quadratic programming formulation
e Graph-constrained fused lasso
B¢ = argmin Z (yi = XBu)" - (v — XBy)

S. L. ZZ|3JA’ < s1 and Z lejm - Slgn "ml ﬂ‘ < s2

(m)eE j

e Graph-weighted fused lasso

BV = axgmin 3(vi = X8)" - (vi = XA

s. t. ZZ| 3ik| < 51 and Z f(rmi) ZHJ’” — sign(rm) 31| < s2

(m,)ekE

e Many publicly available software packages for solving
convex optimization problems can be used

© Eric Xing @ CMU, 2005-2015
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Improving Scalability

Original problem
min Z(yk — X,Bk.)
B .

[

J.k (m,l)eEE

(e = XBR)FAD Bkl D Frm) Z |Bjm — sign(rmi)B;il

]

Equivalently

[n&nZ(yk ~XB0)7 - (v~ X8 M S 18al) 47 X Fr)? (318 — sienr))
k .k J

(m,l)eE

|

- —
¢
. .

/ Using a variational formulation

(m,))eE J
dgk > 0 for all 7, £k,
djmi > 0 for all j, (m,1) €

L,

\-

: im — S1EN(7Tm1) 55
5., g, > (ve—XB)" - (ye — XBx) + )\Z 6Jk v Y Frm)? ) (5 dg (z )bi)
ks Wik, iml .
’ ’ (m l)EE j Jm
subject to : Zdﬂ’f =1, Z Zdﬂml =1,

lterative optimization

» Update g,
* Update d’s,

d.

jml

J

© Eric Xing @ CMU, 2005-2015
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Simulation L

Results
— |

e 50 SNPs
taken from
HapMap
chromosome
7, CEU
population

e 10 traits

True Siﬁgle

Regression SNP-Single :;%n:'g%qt Lasso Egzgg'ggéiid
Coefficients Trait Tgst Xing @ CMU, 2005-2015

High
association

No
association
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Simulation Results o2

. e Single SNP
A 7 — = PCA
o K = = = Ridge
/ Lasso
/ m— (GcFlasso
J = = Gw Flasso

m— Gw’Flasso

Sensitivity
o
o,

0 0.5 1
1-Specificity

© Eric Xing @ CMU, 2005-2015 26
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Results from Single-SNP/Trait eoeo
Test T

Lung physiology-related traits| |
* Baseline predicted value: un
. Phenotypes * Pre FEF 25-75 predicted value
o " ’ - ' ' » Average nitric oxide value: online
= * Body Mass Index
2 * Postbronchodilation FEV1, liters: Spirometry
é’ I * Baseline FEV1 % predicted: Spirometry
* Baseline predrug FEV1, % predicted
. . « Baseline predrug FEV1, % predicted
Q551R SNP
* Codes for amino-acid changes in the
intracellular signaling portion of the
. receptor
Trait Network . Exopn 11
g H A
= <t T L. association
- .- I; - - I
, ; - - -‘; __ - :
. T i -
i
i | HERET I No
- —. - - .
o =, _'l--'l.- T association
Single-Marker Permutation Permutation
Single-Trait Test test a = 0.05 test o = 0.01

© Eric Xing @ CMU, 2005-2015 28



Comparison of Gflasso with 3T
Others oo

Lung physiology-related traits| |
e paseline predicted value: un
Phenotypes * Pre FEF 25-75 predicted value

» Average nitric oxide value: online
* Body Mass Index
* Postbronchodilation FEV1, liters: Spirometry
| * Baseline FEV1 % predicted: Spirometry
* Baseline predrug FEV1, % predicted
- « Baseline predrug FEV1, % predicted

Phenotypes

Q551R SNP
* Codes for amino-acid changes in the
intracellular signaling portion of the

i t
Trait Network receptor
e Exon 11

H H H High

- association

SNPs

L]
L]
- . L .
. L]
- =

2
':i.l 3 iy - - : o

i
* F"ET . .
' -.T: ' P L) - e—— — c— association
Single-Marker Lasso Graph-guided
Single-Trait Test Fused Lasso
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Linkage Disequilibrium Structure

In IL-4R gene

<€—— SNP rs3024622

<—— SNP rs3024660

<«— SNP Q551R

© Eric Xing @ CMU, 2005-2015

r? =0.64

r? =0.07
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IL4R Gene °°

intfrons exons

Chr16: 27,325,251-27,376,098 l /

ILAR i 1 — 1
SNPs in intron 1‘ 1‘
SNPs in exon 1~
SNPs in promotor
region Q551R
rs3024622
rs3024660

© Eric Xing @ CMU, 2005-2015 31



Gene | 2236
: TCG ACGTTTTACTGTACAATE:F e
Expression T W
. . o

Trait Analysis -

_1_—%

=

s A O o 5

Statistical challenge

How to find
associations to a multivariate entity
in atree?

© Eric Xing @ CMU, 2005-2015 32



TCG{\CGTIT"I'ACT(‘:‘TACAATT

Tree-guided Group Lasso E
e Why tree? e —
e Tree represents a clustering structure { {—I:;%f

e Scalability to a very large number of phenotypes
Graph : O(|V|?) edges
Tree : O(|V|) edges

e EXpression guantitative trait mapping (eQTL)
Agglomerative hierarchical clustering is a popular tool

© Eric Xing @ CMU, 2005-2015 33



e In a simple case of two genes

Tree-Guided Group Lasso
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Tree-Guided Group Lasso -

e In a simple case of two genes

[01 = {551,53'2}]

/\eoO

—~ Tree-guided group lasso ~N
argmin (y — XB)' - (y — X5)

o3 2 [l 18) + 0 - ) (/5 )

Select the
child nodes
jointly or

eparately?

t

L, penalt

* Lasso p alty » Group la

* Joint sele

m% wwwwww L % EEIEiS;ti(: r1€3t

\\'""'1?Eﬂf?ﬂ@7@13ﬂtF7UUS <‘/
: ~2015 35
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Tree-Guided Group Lasso -

e For ageneral tree

Cy = {Bj1, B2, B3}
/\°00
Cyl — {/8317/832}

@6 @ 06 ®

— Tree-guided group lasso
argmin (y — XpB) - (y — XB3

+AZ 1L

Select the
child nodes
jointly or
separatel

e

Join Separate
selection selection

oS W IR YoV o Yot N = Py
LAAA~AEr A~ io ay v oy |9



Tree-Guided Group Lasso

e [or a general tree

o
i

— Tree-guided group lasso

+AY (1= ho

Cy = {Bj1, B2, B3}

/\ 00O

Cq } {81, Bj2}

06 ®

Select the
child nodes
jointly or
separatel

argmin (y — XB) - (y — XB

— hy

oS W IR YoV o Yot N =

4
i
i
.
i
i
'
i

selection

e

e
i
il

Separate
selectiosg )

S-Ere-Xing=-@

LAAA~AEr A~ io ay v oy



Balanced Shrinkage

Proposition 1 For each of the k-th output (gene), the sum of the weights w, for
all nodes v € V in T whose group G, contains the k-th output (gene) as a member

equals one. In other words, the following holds:

E wq_’r — H ]?/?'n, + E (1 - ]?’l) H l’lﬂrnr — 1.
v:keGy me€ Ancestors(vy,) l€ Ancestors(vy) me Ancestors(vy)
Bjo

/Previously, in Jenatton,

Audibert & Bach, 2009
Bj2

B

Bi1

© Eric Xing @ CMU, 2005-2015
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Estimating Parameters .

e Second-order cone program

B = argmin Y (vi — XBu) - vk — XB) + 2D wilIBL, |,

k j veV

e Many publicly available software packages for solving convex
optimization problems can be used

e Also, variational formulation

© Eric Xing @ CMU, 2005-2015 39



lllustration with Simulated Data o2

Phenotypes

SNPs

High
association
2 - No
association
True association Tree-guided
Lasso
strengths group lasso

© Eric Xing @ CMU, 2005-2015 40



Incorporating Both Genome and i
Phenome Strucrues .

e Find associations between subnetworks of genome
and subnetworks of phenome

G,: Feature Graph G, : Label Graph
( A e N
f |
Genome Phenome
structure structure
L] L]

- ¥ - %

© Eric Xing @ CMU, 2005-2015 41



Two-graph Guided Multi-task T
Lasso oo

e Motivated by graph structures in both genome and
phenome

e Gnome structure: pathway, linkage disequilibrium blocks
e Phenome structure: trait networks

e How to take advantage of the two side information
simultaneously?

e Extend the graph-guided fused lasso to incorporate genome
structures embedded in a graph

e Use fusion penalty to use genome structures

© Eric Xing @ CMU, 2005-2015
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Two-graph Guided Multi-task i
Lasso oo

BTCML _ argminz (yx — XBe)" (yx — XBk) + A||B|l; + v1peni(E1, B) + yapena(F2, B)
k

\ ]\ J
| |

Trait network Genome network

J

pem (B, B) = 3 w(ems) Y by — sign(ranbi
em,leEl J=l
K

pens(Es, B) = z w(eys,g) Z |bsr — sign(ry,g)bgk|,
ef g€EE> k=1

e This model can be solved by using coordinate descent

e Similar to graph-guided fused Lasso, transform this objective
into a differentiable function; then apply coordinate descent

© Eric Xing @ CMU, 2005-2015 43



Two-graph Guided Multi-task i

Lasso -

Overall effect

ACGTTTTACTGTACAATT C0000000O0

‘|lll.. “lll..
. .. “ ..

“‘jllll....

o*
0" Irfag

L4 .
"aagpant

. genome network

e Use both trait network and genome network simultaneously

e Two traits connected in trait network are coupled though paths between the two nodes

e Two SNPs connected in genome network are coupled through paths between the two
nodes

© Eric Xing @ CMU, 2005-2015 44



lllustration with Simulated Data

e eQTL Analysis using two-graph guided multi-task
Lasso

Feature Subnetworks Label Subnetworks
3 ™ < R
chr20:1508967-1534025 . O/o VAPB
~o 1T | N O)ps

N
chr20:1509062-1542435 \‘\\

chr20296370.299107 A~ -
" . i SLC4 PPDPF
. SNPH
chr20:38450605-38458992 ZNF341 \) SNX21
RALY

chr20:41162903-41163758

e Genome: copy number variants from the latest release of the
1000 genome project

e Phenome: gene expression profiles from the RNA sequencing
data

© Eric Xing @ CMU, 2005-2015



7

Stochastic block regression

(Kim & Xing, UAI, 2008)

Multi-population group lasso

(Puniyani, Kim, Xing, Submitted)

Epistasis
ACGTTTTACTGTACAATT

Group lasso with networks
(Lee, Kim, Xing, Submitted)

Structured
Association

© Eric Xing @ CMU, 2005-2015

jl'r; 4 oo
i

Graph-guided fused lasso
(Kim & Xing, PLoS Genetics,

Tree-guided fused lasso
(Kim & Xing, Submitted)

Dynamic Trait

N

Temporally smoothed lasso
(Kim, Howrylak, Xing, Submitted)
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Computation Time 4+

Computation time (min)

300 e S |_2SS0 .V X
----- X===== GcFlasso A
1 7 = .
-—-—-— Gw Flasso / . £ 200 J
200 | — ] — - GW2F|3880 /'/ ,," jgj , " '—E
l'/ x - ¢
, I' 9 .l
. T //
‘ a 100 /v
100 E Al
@) - ’
L g e
X" sl ~¥ 4 _
0 . ' ' 0 =% o o—o——0—9
50 100 150 200 250 100 300 500 700 900 1100 1300 1500 1700 1900

Number of SNPs Number of Phenotypes
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Original arg min f(3) = —||y X35 + Q(B)

Problem: BeR -
Q(B) = maxa’ CB
acQ

ly = X8I + fu(8)
fu(B) = maxa’ CB — pd(c)

acQ

Approximation argminf( ) =

1
Problem: BERY 2

Gradient of the ViB) =XTXB-y)+CTa*

Approximation: o = arg max aTCB - ud(e)

acQ

Vf(,@) is Lipschitz continuous with the Lipschitz constant L

L= dnax(X'X) + L,

© Eric Xing @ CMU, 2005-2015 48



Geometric Interpretation o°

e Smooth approximation

Uppermost
Line
Nonsmooth

Projection onto
z — (3 Plane

= Uppermost
Line
Smooth

0 2 4 Projection onto >
g zs — (3 Plane a2 2.4

25(, B) = aff — 507 = () = maxae[-1,1] 2s(@, 0)
© Eric Xing @ CMU, 2005-2015 49
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Convergence Rate oo

Theorem: If we require f(B") — f(B*) <e andset u= 35, the
number of iterations is upper bounded by:

€ € €

t < \/4|ﬁ*|% ()‘max(XTX) + 2DHFH2) B 0(1)

1
Remarks: state of the art IPM method for for SOCP converges at a rate O(—Q)
€

© Eric Xing @ CMU, 2005-2015 50



000
0000
0000
! : i °s?
Multi-Task Time Complexity -
e Pre-compute:
XTX, XTY: O(J*N +JKN)
e Per-iteration Complexity (computing gradient)
Tree: IPM for SOCP O (JQ(K + |g‘)2(KN + J(deg |g’)))
Proximal-Gradient O(JQK + ngeg |g|)
Graph: IPM for SOCP O (JQ(K+ [E|)2(KN + JK + J|E|))
Proximal-Gradient O(JQK + J|ED
Proximal-Gradient: Independent of Sample Size O
Linear in #.of Tasks

© Eric Xing @ CMU, 2005-2015 51



Experiments os

e Multi-task Graph Structured Sparse Learning
(GFlasso)

10* 10* 10°
—_ Q —_ — [>]
0 L3 0 .3 %)
2 e 2 0 2 107 eo'oo‘o
(o] ' O o]
O L b o O
O 10} @ 10 Q
) 0, 0
0] (0] ()] 1
E 1 E 1 E 10
= 10 ¢ -8 Prox—Grad|] i 10 —- Prox-Grad i —0- Prox-Grad
-@-SOCP -8-SOCP -e-SOCP
0 - QP .o -0- QP 0 o QP
10 . : : : 10
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
K J N
N =500, J = 100 N = 1000, K = 50 J =100, K =50
9

u=10"%p=0.5
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Experiments

40 60
Variable

80

40
Varlal?le

60

e Multi-task Tree-Structured Sparse Learning

(TreelLasso)

10 - : 10 :
e -0 -8 Prox—Grad 0 -8- Prox-Grad
= " g -@-SOCP — . -6-SOCP
[72] 3 ¢ 2] o'
‘O 10°t.* T ’
{ e (] C 10 ’
(e o ‘
U ) 0 ’
Q 10° 1T B ¢
o L .’
o 0 10’ © P
£ 10’ E
= =
10 ' - 10' : ‘
2 4 6 8 0 200 400 600 800 1000
Iogz(K) J

N = 1000, J = 600 N =1000, K = 32

© Eric Xing @ CMU, 2005-2015
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4000 6000 8000 10000
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Conclusions -

Novel statistical methods for joint association analysis to
correlated phenotypes

Graph-structured phenome : graph-guided fused lasso
e Tree-structured phenome : tree-guided group lasso

e Advantages

e Greater power to detect weak association signals
e Fewer false positives
e Joint association to multiple correlated phenotypes

e Other structures

e In phenotypes: dynamic trait
e In genotypes: linkage disequilibrium, population structure, epistasis

© Eric Xing @ CMU, 2005-2015 54
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