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Linear classifiers
which line Is better?




Pick the one with the largest margin!

Class 2

- W-X+b<0

. 5™, yn ‘\yi/ “confidence” = (waj + b) Y;

Margin ;



\ Plus-Plane
— Classifier Boundary

~ X

Minus-Plane
Classification rule:
Classify as.. +1 if w-x+b>1
-1 if w-x+b<-1
Universe if -Il<w-x+b<1

explodes

How large is the margin of this classifier?
Goal: Find the maximum margin classifier



Let x* and x be such that

s W-Xt+b=+1

s W-X+b=-1

e Xt=X+AW

e |x*— x| =M=?(Margin)

Maximize M=

x* /\ M = Margin Width =

X

minimize w-w !



The Primal Hard SVM

o Given D = {(x;,9;),t = 1,...,n} training data set.
e Assume that D is linearly separable.

) @
D - 1 2
W = arg min s||lw
g min 5wl
subject to y;(x;,w) > 1, Vi=1,...,n
J
—/

Prediction: fg(x) = sign({w,x))

This is a QP problem (m-dimensional)
(Quadratic cost function, linear constraints)



Quadratic Programming

Find ARG MIM o Huw + UUT"( T € ‘
we ™
Subject to
Aw £l
~— ry\ n

AR weR L ER
and to Cw = ol

g x e~ 5

ce R A€ R

Efficient Algorithms exist for QP.
They often solve the dual problem instead of the primal.



Constrained Optimization

min, z2
s.t. z>1
=1




Lagrange Multiplier

ming 2
S.t. x>0b
1 Moving the constraint to objective function
Lagrangian:
L(z,a) =22 — al(z — b)
s.t. >0

Solve:

ming; maxy L(z,a)
s.t. a>0 Constraint is active when a > 0



Lagrange Multiplier — Dual

Variables
Solving: . L(xl,oz)
ming maxe z2 — a(z — b)
s.t. a>0 ‘
Y- of
Z—L:o ;»x*:% Q% =0 @le
T
L (X )7 A _ (; (f)
Z—L =0 = o = max(2b,0) j L0
o
DL X ) "
DK = - 4
3

o . =) (/“
When o > 0, constraint is tight



From Primal to Dual

Primal problem:

W = arg mi
wE

subject to y;(x;,w) > 1, Vi=1,...,n

1 2
N S||W
R™ 2” ||

Lagrange function:

a=(ai,...,an)l >0 Largrange multipliers O

n
L(w,a) = 5[[wlI? = > ai(yitxi, w) = 1)
1=

11



The Lagrange Problem

L(w,a) = 3wl — % o(yi(x;, w) — 1)

1=

The Lagrange problem:

wW.Q) = arg min max L(w,«
(W, @) gweRmogaeRn (w, )

12



The Dual Problem

L(w,a) = 3|w)2 — % a;(yilx;, w) — 1)

=1

— W = QY X5

L(%,a) = L|%[]2 = 3 oy(vilxi, ®) — 1
= (W,O{)—QHWH 'Zlaz y;(Xi, W)

1=

n
=351 > cyixill? +al 1, —

1=1

N 7

aTYbYa

n

Z iy (X, Z Y;5%;)
z_

J

— all, — %aTYGYa

Y = diag(y1,..-,yn), ¥; € {—1,1}"

G ¢ R = {G@]}ijn’ where GZJ .

aTYGYa

x;) Gram matrix.
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The Dual Hard SVM

Y = diag(yla IR 7yn)a Y; € {_19 1}7’1,

G € R"*" = {Gw}?;ﬂ, where sz = (Xi,Xj> Gram matrix.

4)

.
0 & = arg max al1,, — %aTYGYoz
acR"

subject to a; >0, Ve =1,...,n

—/
Quadratic Programming (n-dimensional)

n
Lemma W = QY X
=1

Prediction: fg(z) = sign((w,x)) = sign( 3> &w; (x;,x))

= k‘(Xi,X) 14



The Problem with Hard SVM

It assumes samples are linearly separable...

What can we do if data is
not linearly separable???

15



Hard 1-dimensional Dataset

If the data set is not linearly separable, then adding new
features (mapping the data to a larger feature space) the
data might become linearly separable

16



Hard 1-dimensional Dataset

Make up a new feature!

Sort of...
... computed from
original feature(s)

2
z, =(x,,x,)

Separable! MAGIC!

Now drop this “augmented” data into our linear SVM.

17



Feature mapping

e 1ngeneral! points in an n-1 dimensional space is always

linearly separable by a hyperspace!
= it is good to map the data to high dimensional spaces

e Having ntraining data, is it always enough to map the
data into a feature space with dimension n-1?

e Nope... We have to think about the test data as well!
Even if we don't know how many test data we have and what
they are...

o We might want to map our data to a huge (oo) dimensional
feature space

e Overfitting? Generalization error?...
We don’t care now...

18



How to do feature mapping?

Let us have n training objects: x;, = [fijl,a_:"z‘jz] cR?, i=1,....,n

The possible test objects are denoted by ¥ = [#1, #5] € R?

Let ¢(T) = [sin(@n), exp(Tn + #1), 1, T2V ]

+ N
+ - o0
+ -
£ o4 7 - = Use features of features
" [, .-  of features of features....
+ + _

19



The Problem with Hard SVM

It assumes samples are linearly separable...

Solutions:

1. Use feature transformation to a larger space
=- each training samples are linearly separable

in the feature space
= Hard SVM can be applied ©

=- overfitting... ®

2. Soft margin SVM instead of Hard SVM
« Slack variables... We will discuss them now



Hard SVM

The Hard SVM problem can be rewritten:
—~ . . 1 2
Whard = adrg wrgf&nm §”WH

subject to y;(x;,w) > 1, Vi=1,...,n

n
Whard = arg min > lo_oo ((x4, W), ;) + %HW”Q

where
[ (a,b) = oo lab<1 Misclassification, or inside the margin
0—oolQ; O ab = 1 Correct classification and outside of the margin _



From Hard to Soft constraints

Instead of using hard constraints (points are linearly separable)

Tl
Wharg = arg min > lo_ o ((x;, W), y;) + 5| w||?
weR™ ;=1

We can try solve the soft version of it:. Introduce a \ parameter!

(Your loss is only 1 instead of co if you misclassify an instance)

n
Wsoe =arg min 3 lo-1({xi, W), 4i) + 3llwll?
1=

where

: Misclassification
lo—1(y, F(x)) = { 1:yf(x) <0

0:yf(x) >0 Correct classification

22



Problems with |, ; loss

n
Wsoft = al'd Wn;]anm igl lo—1({x4, W), ;) + %”W“2

lo-1(y, F(x)) = { RN

It is not convex in yf(x) = It is not convex in w, either...
... and we only like convex functions...

Let us approximate it with convex functions!

23



Approximation of the Heaviside step

0SS

function

< - \ quadratic loss
L Y, lquad(ya f(x)) \
\ .'

o - | LUin(y, f(X))

lo—1(y, {W,x)) _ [ 1:iy(w,x) <0
| 0—1%% 3 7 1] O:y{w,x) >0 hinge loss

o f(x) K _
| 2o
( D

— - T ny(x)sO
, -~ ,. . .
|’ .’.f.. . . ®

O —]

I [ [ | | | I
2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0
—yf(x) Picture is taken from R. Herbrich 24




Approximations of |, ; loss

e Piecewise linear approximations (hinge loss, |;;,)

lin(f(x),y) = max{1l —yf(x),0)}
AN

[We want yf(x) > 1]

e Quadratic approximation (Ig.q)

lqua,d(f(x)a y) = max{l — yf(x), O)}2



The hinge loss approximation of |

n
W=arg min > L ((xi, W), yi) +5wl|?
1

Where,

& = lin (f(X4),y:) = max{1l —y;f(x;),0)}

> 1 —y; (W, %) > lo-1(yi, f(x:))
f(x;)

26



The Slack Variables

& = lin (F(%5),93) = max{l —y;f(x;),0)}

= max{1 — y;(wx;),0}



The Primal Soft SVM problem

mn
~ : Y
Woofe = arg min, > lin((i, W), yi) +5|wl*
£i>0

where
& = Lin(F(x),y;) = max{1 — y;(w'x;),0}

Equivalently,

~ : A 2
W = dar min ; a||W
soft g wER™ £ CR™ igl & + 2 [w]

subject to y;(x;,w) > 1 &, Vi=1,...,n
&>0,Vi=1,...,n

&0 Slack variables

28



The Primal Soft SVM problem

N . T A >
soft g cR™ £ CR™ 2231 & 2“ ”

subject to y;(x;,w) >1—-¢&;, Vi=1,...,n
Equivalently, & 20, Vi=1,...,n

We can use this form, too... where ¢' = 3

n
~ . . 1 2
W — arg min C 5w
soft WERM. £CR™ Z; & 2” |
£y
subject to y;(x;,w) >1—-¢&;, Vi=1,...,n
&E>0,Vi=1,...,n
What is the dual form of primal soft SVM? .



The Dual Soft SVM (using hinge loss)

W — ar min C w|4
soft gWERm,£€Rn Z; & T 2“ |

subject to y;(x;,w) >1—-¢&;, Vi=1,...,n
>0, Vi=1,...,n

a = (a1,...,an)! >0 Largrange multipliers
B8 =(B1,...,8,)% >0 Largrange multipliers
(W, €, a,8) =ar min max L(w,§, a,3)

wecR" 0< «
0<¢&EcR® 0<p

where

n

Lw & 0,8) = S|l + O3 & — 3 ai(uitxiw) — 1+6)

=1 =1

— > Bi&
i=1

30



The Dual Soft SVM (using hinge loss)

1
L(Wvgaaaﬁ) — §||W||2+C£T1n Z Qi Yq X'Lv

0=

— W

aL(wsam‘ .

0=

OL(w, €, ,ﬁ)‘

V+all,— ¢ (a+8)

n
QYiXi = W = Y oyiX;
1=1

=0<a<C

= (a,8) =arg max LW, a,B)
O<a<’

0<pB

O<a<C

— a=arg max all, — %aTYGYa

31



The Dual Soft SVM (using hinge loss)

Y = diag(y1,...,yn) € {-1,1}"
k(x;,%;)
G € R™" = {Gy;};5", where Gy = (x;,x;), Gram matrix.

)

.
D & = arg max al'l,, — %aTYGYa
acR"

subject to 0 < ; < C

—/

where C =% | If A — 0 = soft-SVM — hard-SVM

[ his is the same as the dual hard-SVM problem,
but now we have the additional 0 < «a; < C constraints.

32



SVM classification in the dual space

Solve the dual problem

¢

& = arg max al'1,, — jaTYGYa
oacR"

subjectto 0 < o; < C

—/

1

n
where O = 1. Let w = Z O YiX; -

On test data x: fz(x) = (W, x) =

1=1

T
> QY (X5, X)

k(Xi7X)

33



Why is it called

Support Vector Machine?

a = (ai,...,an)! >0 Lagrange multipliers
L(w. @) = 3wl = 3% ay(fxnw) — 1)
_— 1= -
\/\f' ~
KKT conditions N 7ro0N

om’\PLEﬂEMNM G K NES? cOND /] )0

-1)=0 ANMD >0
o (a:<xyw> o)

/

£ITHER g =9

. . \
(}3~<X~)W>')¢° X< \;\/5 o THE IMRARGIN LINES
SUPPORT LECTCRY



Dual SVM Interpretatlon

W =) oYX,
J
Only few o;s can be

non-zero : where
constraint is tight

(<w,X;, + b)y; =1

Support vectors —
training points | whose
;S are non-zero

35



Support Vectors

wX+b<0

Linear hyperplane defined
by “support vectors”

Moving other points a little
doesn’t effect the decision
boundary

only need to store the
support vectors to predict
labels of new points

36



Support vectors in Soft SVM

mn
W = ar min C 4+ w2
soft gWEIW”,&ER" i§162+2|| ||

S.tT. yi(xi,w) >1-&, Vi=1,...,n

+ 0<& <l &>0 Vi=1,....n




Support vectors in Soft SVM

mn
W = ar min C 4+ w2
soft gwER””,&ER" igl &i 2” ||

S.tT. yi(xi,w) >1-&, Vi=1,...,n
&>0,Vi=1,....n

= Margin support vectors
yi (X, w) = 1

= Nonmargin support vectors
& >0




SVM classification in the dual space

1 . ) @
Without b” @ )

a = arg max all, — 50’ YGY «

acR™
subjectto 0 < ; < C
o/
: 0 n
i=1 o

(D
& = arg max al'l,, — %aTYG’Ya
acR™

subjectto 0 < ; < C

Y oy =0
i




SVM with Linear Programs

QP:

min C Liiw||2 Max margin
e E &+ 5wl g

subject to y;(x;,w)>1-¢, Vi=1,...,n
fz'ZO, \V/izl,. L

Min support vectors

LPY min CZ&+Z
O!ER”,&ER” =1

subject to y;(x;,w) >1—-¢&;, Vi=1,...,n
& >0, Vi=1,...,n
Cvizo, ‘v’i=1,...,n

W= ) ajyX;
j=1



SVM for Regression

) <t L8

;
o 1 [n-wlEE WX
1y CTHERWIST
[*9- WA
/N
\




Ridge Regression

Linear regression' f(z) = (w, ¢(x)) O
a
Primal: '] & = argmin 3° £2
wek ;=1
subject to y; — (¢p(x;),w) =&, Vi=1,...,n
and lwl|<B
J
NI
L(w,§ o, B) = Z & + Z ai(y; — (d(z;), W) — &) + >)\\(||‘WO||2 — B?)
=1 >

Dual for a given A: ...after some calculations...

T
= arg max A 3 af — 2 Z o+ Y 3 a;ok(z, )
acR™ ;=1 1= 1=15=1

This can be solved in closed form:



Kernel Ridge Regression Algorithm

Given D = {(z;,y;),t = 1,...,n} training data set.
k(-,-) kernel, A > 0 parameter. v = (y1,...,uyn)’ € {—@”

(D o G c R"" = {G@j}%-n, k(zsm)
i1

where G.; = x; . x: Y. Gram matrix.
1] ( 1,9 X9 >IC:

() o))




SVM vs. Logistic Regression

SVM : Hinge loss
loss(f(x;),y;) =1 —(W-z; +b)y;))+

Logistic Regression : Log loss ( log conditional likelihood)

loss(f(z;),y;) = — log P(y; | z;,w,b) = log(1 + e—(w.xj+b)yj)

Log loss\\Hinge loss

0-1 loss

-1 0 1 (W-x; + by,

44



Difference between SVMs and Logistic

Regression
SVMs Logistic
Regression

Loss function Hinge loss Log-loss
High dimensional Yes! No
features with (but there is kernel
kernels logistic regression

too)
Solution sparse Often yes! Almost always no!
Semantics of “Margin” “Real probabilities”
output




Constructing Kernels



Common Kernels

Polynomials of degree d
K(u,v) = (u-v)*

Polynomials of degree up to d
Ku,v)=(u-v+1)°

Gaussian/Radial kernels

K(u,v) = exp (_||u—v||2)

D52

Sigmoid

K(u,v) =tanh(nu-v 4+ v)

47



Designing new kernels from kernels

k1. X XX —=R, kr: X XX — R are kernels =

1. Kk (x,x) =k (x, X))+ kr (x,X),

2. k(x,X) =c-ky(x,X), forall c e RT,

3. k(x,X) =k (x,X)+c, forallc e RT,

4. k (x,x) =k (x,Xx) -k (x, X),

5. k(x,x) = f(x)-f (x),for any function f : X — R

are also kernels.

Picture is taken from R. Herbrich



Designing new kernels from kernels

L k(x,%) = (ky (x, %)+ 0D, for all 6, € Rt and 6, € N
2. k(x. ¥) —exp(l"(‘ ; ) forallo € R*,

3. k(. §) = exp (~LLUADHED) for all g € B

4k (X, ):) _ /x](\f) —

Picture is taken from R. Herbrich



Designing new kernels from kernels

The meaning of
k1(x, %)
VE1 (2, 1)k (3, )

is that we can normalize the data in the feature
space without performing the explicit mapping.

k(x,z) =

Use the normailzed kernel knorm:

= = ( )T
VE@,2)k(@,7)  \J|e)?1@2 =12 IEIE

)

knorm(a?, CE) =




Higher Order Polynomials

m — input features d — degree of polynomial
_ — 1)!
num. terms = d+m—1 :(d+m 1)'~md
d d'(m —1)!
grows fast!
d=6,m=100

about 1.6 billion terms

- 5 8 8888 3¢

51



Dot Product of Polynomials

d(x) = polynomials of degree exactly d
n]oln ]
X —= 7 —
o 29

d=1 CD(X)CD(Z) — 1 ] “1 ] — CE1Z1—|—CIZ222 — X+Z

L2 .
d=2 . _ . _ 2.2, .22
d(x) - P(z) = | z129 2129 = 2721 + 2525 + 1202122
3 23
2 2

(121 + 2022)2
(x-2)?

d o) -P(z)=K(xz) = (x-2)*

52



dim(X) = N

Name Kernel function dim (K)
pth degree polynomial k(u,v) = ((u, v)x)" (N+f,)_1)
p Nt
complete polynomial k (i, v) = ((u, )y + )’ (N;,Lp)

ceR", peNT

RBF kernel k (i, v) = exp (—%) o0
o e RT
Mahalanobis kernel | & (i1, V) = exp (— (u — v) X (i — V)) 00
)2 :diag(afz,...,aﬁz) ,
o1,...,0N € RT

Picture is taken from R. Herbrich




The RBF kernel

Note:

The RBF kernel maps the input space X onto
the surface of an infinite dimensional hypersphere.

Proof:
l6(2)[| = \k(z,z) = Jexp(0) = 1

Note:

The RBF kernel is shift invariant:

kE(u+a,v+a) = k(u,v), Va



Overfitting

* Huge feature space with kernels, what about
overfitting???

Maximizing margin leads to sparse set of
support vectors

Some interesting theory says that SVMs
search for simple hypothesis with large margin

Often robust to overfitting

55



String kernels

P-spectrum kernel:
P=3: s=“statistics” t="computation”

They contain the following substrings of length 3

Sta” “t t” “atIH “t !!, 13 t” “StIH “tIC” “ SH

Com” “Omp” “mpu” “put

uta”, “tat” “atl”’, “tio”, “ion

COmmOn Substrlngs “tat”, uati,,

K(s,t)=2



Distribution kernels

Euclidean: (Y 0)5/\ S 0{ X) O{X
Bhattacharyya's affinity: & fO) S( P \f\ ) oy

Mean map: d}(?) - /?J K( g X>

XVP

K[ Pra) = £ F Kbg)
T %



Set kernels

Mean map:

mfrlva% Z 4 <X4/??);<U’”K&)ﬁ ‘k@
Intersection kernel: P
b A A:L) < SlA'My) OW(X)
= | (A/\As.)

Union complement kernel: | - [ (A) UAZ) /‘7<Q>”



What about multiple classes?

O o
o (o) (o)
O o
4 O © -
+ -
+ ||
+ 4+ T _ N
3
+ + || -



One against all

Learn 3 classifiers
separately:
Class k vs. rest

(Wi, Oy )i 23

y = arg max w,.x + b,

But w,s may not be
based on the same
scale.

Note: (aw).x + (ab) is
also a solution

60



Learn 1 classifier: Multi-class SVM

Simultaneously learn 3 sets of weights

Margin - gap between

o °o° o correct class and nearest
o o other class
. T © o- = y=arg max wk.x + bk
+ —
+ 4+ * _ - 7
+ 4. T - _

als — - 61



Learn 1 classifier: Multi-class SVM

Simultaneously learn 3 sets of weights

minimizey, ; Zyw(y),w(y) + C%; Sy, 53(-y)
W(yj)_xj + ) > w) x; + ) +1 - gj(_y)’ Yy # i, Vi

£ >0 LYy # yj, Vi
© o
° o o
o o i
. T © = y=arg max wk.x + b®
e -
+ 4 T - T Joint optimization: w,s
= _ have the same scale.
o
+ 4 - _

+ - 62



Steve Gunn’s svm toolbox
Results, Iris 2vs13. Linear kernel

ko, of Support Wectars: 2 0 1.7%)

63



Results, Iris 1vs23, 2" order kernel




Bound




—v||2 0 =) Me

K(u,v) = exp _”112—;|| 6- ) roRg gyprorT VECTUQS
o)

Gaussian REF Sigyrms lII || Separable Eiounc ‘




Sigma E Brounc




w

Sigma

| Separable

‘Bound
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Bound |I|




|| Separable Bounc

Mo, of Support W




Eound




|| Separable Bound




Bound




Results, Chessboard, RBF kernel

Bound |I|




Sinc=sin(w x)/ (T X), RBF kernel

Gaussian RBF ,, Sigma 1 Eound | einsensttivity
> @
@ S5
® @
B @
® )

Mo, of Support Vectors: 37 (T2.5%]



Sinc=sin(w x)/ (nt x), RBF kernel

Gaussian REBF - Sigma .5 Bound 10 & insensitivity A

Mo, of Support Wectors: 31 (560,53



Sinc=sin(w x)/ (7 X), RBF kernel

Gaussian RBF - =igma A Eound & insensitivity A

Mo, of Support Wectors: 9 (17 6%



Sinc=sin(w x)/ (nt x), RBF kernel

Gaussian RBF - Sigma o1 Bound Imif & insensitivity u]

hlo, of Support Wectors: 51 (100.09%)
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Sinc=sin(w x)/ (nt x), RBF kernel

P




Sinc=sin(w x)/ (7 X), poly kernel

Palyramial - Dedgres 1 Sound 10 e insensitiviy A
> @
@ @
@ B
@ S
® @
@ @
"""""""" + +++++++++
& + + +

== + 35 o o
+ + + +
) ..................................... S e e e Y S DY e Y S Y e Y e DY e DY e DY e D e D e D e D e D e D b e e e e s e ey ({

@ @D @ @
@ @
@@@ '@@@

Mo, of Support Yectors: 27 (52 9%




Sinc=sin(w x)/ (m x), poly kernel

Falyriamisl - Dedres 4 Bound 10 & insensitivity A
B @
S @
) @
D @

Mo, of Support wectors: 41 (80,495



Sinc=sin(w x)/ (7 X), poly kernel

FPalyriomisl - Devgres 13 Bound 10 e insensitivity A

ko, of Support wWectors: 9 (17 6%



Sinc=sin(w x)/ (m x), poly kernel

Falyromial - Degree 33 Bound 10 & inSensitivity A

o, of Support ectors: 15 (29,49




Sinc=sin(w x)/ (7 X), poly kernel

Falyromial - L edqree 34 Bound 10 & insensitivity A

Mo, of Support wectors: 15 (29.4%)




Falynomial

Sinc=sin(w x)/ (7 X), poly kernel

T T O B D B e o s L S—

— D+ @D+




What you need to know...

 Dual SVM formulation
= How it’s derived
J Common kernels

[ Differences between SVMs and logistic
regression

87



Thanks for your attention ©



