Advanced Introduction to
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Structured Sparsity, with
application in Computational
Genomics

Reading:
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Structured Sparsity

B* = argmin L(X, Y; 8) + ©(5)
e Sparsity
Q(B) = Zz |Bi]

e Group sparsity

O(B) = . |Bcls = X0\ Tica, 5

e Total variation sparsity

QB) =2 c|Bc.lrv = 20D ica, |18 — Bi-1]
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Causal (or "associated") SNP

Single nucleotide
polymorphism (SNP)



Genetic Association Mapping :
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Standard Approach

a univariate phenotype:

e.g., disease/control

ancer: Dunning et al. 2009.
iabetes: Dupuis et al. 2010.
topic dermatitis: Esparza-Gordillo et al.

hritis: Suzuki et al. 2008



Genetic Basis of Complex Diseases :

DAPTPDAPTPTH

Causal SNPs
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Genetic Basis of Complex Diseases

WAPDAPTHADTAPTBAD

=ile

Biological

mechanis

=

=il

=

Causal SNPs

© Eric Xing @ CMU, 2014 6



Genetic Basis of Complex Diseases
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Causal SNPs
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Genetic Association for
Asthma Clinical Traits
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Gene °
. TCGACGTTTTACTGTACAATT °®
Expression L\ ] j

Trait Analysis
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Statistical challenge
How to find
associations to a multivariate entity
in atree?
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Structured Association ot

Traditional Approach Association with Phenome
causal SNP
ACGTTTTACTGTACAATT ACGTTTTACTGTACAATT
O
@) O
o o o

O a univariate phenotype:
gene expression level

....llll-“

Multivariate complex syndrome (e.g., asthma)
age at onset, history of eczema
genome-wide expression profile
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Sparse Associations

Two subnetworks
for lung physiology

Epistatic effects

© Eric Xing @ CMU, 2014
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Structured Sparse Association

a New Parad
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Sparse Learning

e Linear Model:

y=XB+e¢ yeRY XcR¥ e~ N(0,0%Inxn)
/6:(’817”8379/6J)T€RJ

e Lasso (Sparse Linear Regression) [R.Tibshirani 96]

argmin £(8) = ¢y ~ XBI3 +9(8)  A8) = A8l

BRI J

18l => 1865

j=1
e Why sparse solution?
penalizing M3l

II'I

constraining |81 <~
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Multi-Task Extension

e Multi-Task Linear Model:

Input: X =(xy,...,x;5) € RV*/
Output: Y =(y1,...,yx) € RV*K

vi=XB, +er, Vk=1,...,K

Coefficients for k-th task: 8, = (Bik,-.-,Bs)" € R’
Coefficient Matrix: B=(8,...,8x) e R/*E

//611 512 ce ﬁlK\ Coefficients for a variable (2"9)
/621 /622 0 /GQK
B = ° ¢ . .

Kﬁjl Bi2| - ﬁJK) 5 Coefficients for a task (2"9)
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Outline ot

e Background: Sparse multivariate regression for disease
association studies

e Structured association — a new paradigm

e Association to a graph-structured phenome
Graph-guided fused lasso (Kim & Xing, PLoS Genetics, 2009)

e Association to a tree-structured phenome
Tree-guided group lasso (Kim & Xing, ICML 2010)
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Multivariate Regression for Single- eels
Trait Association Analysis oo
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(Y X
Multivariate Regression for Single- 3
Trait Association Analysis oo
Trait Genotype Association
<
|_
O
2.1 — < X
<
<
@)
@) .
<‘ :
<
(D \\\\\\\\
-
B* = arg mgn(y - Xp)" (v — XB)
Many non-zero associations:
Which SNPs are truly
STgmHHeans g D 17



Lasso for Reducing False seee
. o000
POSItlveS (Tibshirani, 1996) :.
Trait Genotype Association
< Strength
o
2.1 - < X H
<
O B
<
@)
2 Lasso
3 u Penalty

for sparsity

5 = argminy — X9)7(y - X0) + 221

e g
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000
Multivariate Regression for Multiple- eecs
Trait Association Analysis oo
2 .QQ ..
P Q&‘ Genotype Association
4}0&\{\0&%\0@ - Strefigin
SN IR — —
S & o] pomnaion
(3.4,1.52.1,0.9,1.8) = <lo X SNPjand Trait i: §,;
N <
Lung O
physiology l:(
@)
@)
<
<% 53 m
O /33 -
=52 =3 -
p* = arg n ) (vi— XiBi)  (vi — XiBi) + AY8,
) )
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Multivariate Regression for Multiple- eels
Trait Association Analysis oo
Trait Genotype Association
Strengtn —
(3.4,15,2.1,0.9,1.8) = X HER Zthrl%r}gatlzd?rre;me/fzi
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(Yz' = Xzﬁz)T(yz = Xzf}%) + )LZW',il

~ M TGAACCATGAAGTA

We introduce
graph-guided fusion
fenattyzo 2



Multiple-trait Association: 31+
Graph-Constrained Fused Lasso | ¢

Step 1: Thresholded correlation Step 2: Graph-constrained fused lasso
graph of phenotypes
ACGTTTTACTGTACAATT

Fusion

B¢C = argmin Z( - XB.)" - (yr — XBy)

DA P>

tmliel 3

Hlﬂ'll(i ;“,[ ’{[

j_)m

Lasso Graph-constrained
Penalty  fusion penalty
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Fusion Penalty

SNP j

ACGTTTTACTGTACAATT

ne

Association strength
between SNPjand Trait k: o

b

Trait k

Association strength
between SNP jand Trait m:

e Fusion Penalty: | 8, -f;,|

e For two correlated traits (connected in the network), the

association strengths may have similar values.

© Eric Xing @ CMU, 2014
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Graph-Constrained Fused Lasso

Overall effect

ACGTTTTACTGTACAATT

e Fusion effect propagates to the entire network
e Association between SNPs and subnetworks of traits

© Eric Xing @ CMU, 2014
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Multiple-trait Association:
Graph-Weighted Fused Lasso

Overall effect

ACGTTTTACTGTACAATT

e Subnetwork structure is embedded as a densely connected
nodes with large edge weights

e Edges with small weights are effectively ignored

© Eric Xing @ CMU, 2014
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Estimating Parameters

e Quadratic programming formulation
e Graph-constrained fused lasso
B¢ = argmin Z (yi = XBu)" - (v — XBy)

S. L. ZZ|3JA’ < s1 and Z lejm - Slgn "ml ﬂ‘ < s2

(m)eE j

e Graph-weighted fused lasso

BV = axgmin 3(vi = X8)" - (vi = XA

s. t. ZZ| 3ik| < 51 and Z f(rmi) ZHJ’” — sign(rm) 31| < s2

(m,)ekE

e Many publicly available software packages for solving
convex optimization problems can be used

© Eric Xing @ CMU, 2014
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Simulation L

Results
— |

e 50 SNPs
taken from
HapMap
chromosome
7, CEU
population

e 10 traits

True Siﬁgle

Regression SNP-Single :;%nf'g%qt Lasso E&ggg’g;'siid
Coefficients Trait TesL xing @ cmu, 2014

High
association

No
association
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Simulation Results o2

. e Single SNP
A 7 — = PCA
o K = = = Ridge
/ Lasso
/ m— (GcFlasso
J = = Gw Flasso

m— Gw’Flasso

Sensitivity
o
o,

0 0.5 1
1-Specificity
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[ )
Association to a TCGACGTTTTACTGTACAATT Fo
| \ |
Tree-structured
- rhnenome
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Tree-Guided Group Lasso
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Tree-Guided Group Lasso -

e In a simple case of two genes

[01 = {551,53'2}]

/\eoO

—~ Tree-guided group ~N
A8 (y— XB) - (y — Xp)

—I-)\Z[ ]/lel—'_lBJzD il )( ;21_'_ ‘722)]

Select the
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Tree-Guided Group Lasso -

e [or a general tree

Cy = {Bj1, B2, B3}
: /\°00
Cyl — {/8317/832}

06 ®

Select the
child nodes
jointly or
separatel

Joint Separate
selection selection

2O 2
V=204 Spn



Guided Group Lasso
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Balanced Shrinkage

Proposition 1 For each of the k-th output (gene), the sum of the weights w, for
all nodes v € V in T whose group G, contains the k-th output (gene) as a member

equals one. In other words, the following holds:

E wq_’r — H ]?/?'n, + E (1 - ]?’l) H l’lﬂrnr — 1.
v:keGy me€ Ancestors(vy,) l€ Ancestors(vy) me Ancestors(vy)
Bjo

/Previously, in Jenatton,

Audibert & Bach, 2009
Bj2

B

Bi1

© Eric Xing @ CMU, 2014
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Estimating Parameters .

e Second-order cone program

B = argmin Y (vi — XBu) - vk — XB) + 2D wilIBL, |,

k j veV

e Many publicly available software packages for solving convex
optimization problems can be used

© Eric Xing @ CMU, 2014 34



lllustration with Simulated Data o2

Phenotypes

SNPs

High
association
2 - No
association
True association Tree-guided
Lasso
strengths group lasso
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Yeast eQTL Analysis

| } || Hierarchical
Dl

Phenotypes

\lr I |

[ M [ ‘

SNPs

association

Smgle Marker Tree-guided
Single-Trait Test group lasso
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Ultimately ...

Two subnetworks
for lung physiology

"’ Epistatic effects

A

© Eric Xing @ CMU, 2014
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Structured Input/Output-Lasso

ﬂio—lasso =arg minZK:ZN:[Yik _Zp:/g;(xij _ Z/Brkszi,rs]
p k=1 i=1 '

1 j=1 (r,s)eU

U : genetic interaction networks
S, :m" cluster in SNP network

This full model incorporates input/output structure of the dataset as
well as epistatic effects guided by genetic interaction networks

© Eric Xing @ CMU, 2014 38



Sensitivity and Specificity varying the

Marginal SNP (Sensitivity)

Sensitivity
o

S o

(3] (3]

150 200 250 300 350 400 450

Number of SNPs
@
Epistatic SNP (Sensitivity)
1
0.9 -
-t - =
0.8
€o7[ - - =
.‘é
g 0.6
0.5
0.4

150 200 250 300 350 400 450
Number of SNPs

()

Specificity

Marginal SNP (Specificity)

—H&— |0-Lasso

= = = (O-Lasso
----- |-Lasso
Lasso-2
Lasso
Block Lasso
0.95 . . . i . .
150 200 250 300 350 400 450
Number of SNPs
(b)
Epistatic SNP (Specificity)

Specificity

0.94

0.93

150 200 250 300 350 400 450

Number of SNPs
)

\D
oc0000O

O Marginal SNP: Methods taking
advantage of output structures

outperforms others.

O Epistatic SNP: Methods taking

advantage of input structures

outperforms others.

O 10-Lasso outperforms other methods
for detecting both marginal & epsitatic

eQTLs

+« For each number of SNPs, we show the average of the
performance with 5 different simulated data

© Eric Xing @ CMU, 2014
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Computation Time .

Computation time (min)

300 e S |_2SS0 .V X
----- X===== GcFlasso A
1 7 = .
-—-—-— Gw Flasso / . £ 200 J
200 | — ] — - GW2F|3880 /'/ ,," jgj , " '—E
l'/ x - ¢
, I' 9 .l
. T //
‘ a 100 /v
100 E Al
@) - ’
L g e
X" sl ~¥ 4 _
0 . ' ' 0 =% o o—o——0—9
50 100 150 200 250 100 300 500 700 900 1100 1300 1500 1700 1900

Number of SNPs Number of Phenotypes
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Proximal Gradient Descent o2
Original argmmf(ﬁ)——lly X2+ Q(8)
Problem: BeR/

Q(B) = maxa’ CB

aceQ

. . : 1
Approximatio argmin f(8) = = |ly — XB|3 + £.(8)
n Problem: BER’ 2 T
fu(B) = maxa” Cf — pd(e)
Gradient of the Vf(,@) = XT'XB-y)+CTa*
Approximation o = argmaxa’ CB — pd(a)
. oacQ

Vf(,@) is Lipschitz continuous with the Lipschitz constant L

L= dnax(X'X) + L,

© Eric Xing @ CMU, 2014 41



Geometric Interpretation o°

e Smooth approximation

Uppermost
Line
Nonsmooth

Projection onto
z — (3 Plane

= Uppermost
Line
Smooth

0 2 i Projection onto ~
P zs — (3 Plane 2 S

ZS(Q, ﬁ) = O{B — %OJ (—————— ] fl(ﬁ) p— ma’XaE[—l,l] ZS(aHB)
© Eric Xing @ CMU, 2014 42
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Convergence Rate oo

Theorem: If we require f(B") — f(B*) <e andset u= 35, the
number of iterations is upper bounded by:

€ € €

t < \/4|ﬁ*|% ()‘max(XTX) + 2DHFH2) B 0(1)

1
Remarks: state of the art IPM method for for SOCP converges at a rate O(_Q)
€

© Eric Xing @ CMU, 2014 43



0000
| X XX
| | . 3
Multi-Task Time Complexity :
e Pre-compute:
XTX, XTY: O(J?N + JKN)
e Per-iteration Complexity (computing gradient)
Tree: IPM for SOCP O (J2(K+ GN)?(KN + J(3 e Ig!)))
Proximal-Gradient O(JQK + ngeg 91)
Graph: IPM for SOCP O (J*(K + |E|)>(KN + JK + J|E]))
Proximal-Gradient O(JQK + J|E|)

Proximal-Gradient: Independent of Sample ‘<
Size .-
oeexmg e dul @Ar 1N #.0f Tasks 44



Experiments os

e Multi-task Graph Structured Sparse Learning
(GFlasso)

10* 10* 10°
—_ Q —_ — [>]
0 L3 0 .3 %)
2 e 2 0 2 107 eo'oo‘o
(o] ' O o]
O L b o O
O 10} @ 10 Q
) 0, 0
0] (0] ()] 1
E 1 E 1 E 10
= 10 ¢ -8 Prox—Grad|] i 10 —- Prox-Grad i —0- Prox-Grad
-@-SOCP -8-SOCP -e-SOCP
0 - QP .o -0- QP 0 o QP
10 . : : : 10
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
K J N
N =500, J = 100 N = 1000, K = 50 J =100, K =50
9

u=10"%p=0.5
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Experiments

40 60
Variable

80

40
Varlal?le

60

e Multi-task Tree-Structured Sparse Learning

(TreelLasso)

10 - : 10 :
e -0 -8 Prox—Grad 0 -8- Prox-Grad
= " g -@-SOCP — . -6-SOCP
[72] 3 ¢ 2] o'
‘O 10°t.* T ’
{ e (] C 10 ’
(e o ‘
U ) 0 ’
Q 10° 1T B ¢
o L .’
o 0 10’ © P
£ 10’ E
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2 4 6 8 0 200 400 600 800 1000
Iogz(K) J

N = 1000, J = 600 N =1000, K = 32
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Conclusions -

Novel statistical methods for joint association analysis to
correlated phenotypes

Graph-structured phenome : graph-guided fused lasso
e Tree-structured phenome : tree-guided group lasso

e Advantages

e Greater power to detect weak association signals
e Fewer false positives
e Joint association to multiple correlated phenotypes

© Eric Xing @ CMU, 2014 47



