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Outline

* CRF
* Learning CRF for 2-d image segmentation
* |PF parameter sharing revisited



Log-linear Markov network
(most common representation)

* Feature is some function ¢[D] for some subset of variables D
— e.g., indicator function

* Log-linear model over a Markov network H:

— aset of features ¢,[D,],..., 0,[D,]
e each D, is a subset of a clique in H
* two ¢’s can be over the same variables

— aset of weights wy,...,w,
e usually learned from data

— P(X)= %exp[z W, (Dl.)}



Generative v. Discriminative classifiers
— A review

Want to Learn: h:X— Y
— X —features
— Y —target classes
Bayes optimal classifier — P(Y | X)
Generative classifier, e.g., Naive Bayes:
— Assume some functional form for P(X]|Y), P(Y)
— Estimate parameters of P(X]Y), P(Y) directly from training data
— Use Bayes rule to calculate P(Y|X=x)
— Thisis a ‘generative’ model
* Indirect computation of P(Y|X) through Bayes rule
* But, can generate a sample of the data, P(X) =2 P(y) P(X]y)
Discriminative classifiers, e.g., Logistic Regression:
— Assume some functional form for P(Y | X)
— Estimate parameters of P(Y|X) directly from training data

— Thisis the ‘discriminative’ model
* Directly learn P(Y|X)
* But cannot obtain a sample of the data, because P(X) is not available



Log-linear CRFs
(most common representation)

* Graph H: only over hidden vars Y,,..,Y,,
— No assumptions about dependency on observed vars X
— You must always observe all of X

* Feature is some function ¢[D] for some subset of variables D

— e.g., indicator function,

* Log-linear model over a CRF H:

— aset of features ¢,[D,],..., 0,[D,]

e each D, is a subset of a clique in H

* two ¢’s can be over the same variables
— aset of weights wy,...,w,

e usually learned from data

1X) exp[zi: wo (D, X )}

- PYIX)=—



Example: Image Segmentation

- A set of features ¢,[D,],..., ¢, [D,]
— each D, is a subset of a clique in H

— two ¢’s can be over the same
variables
1 <::;4 Ys Y6
PYIX)= exX wo (D, X
1X)=2"5 p[z $.(D, >} o

Y7 Ys Y9

We will define features as follows:
-#(x,y) : measures compatibility of node color and its segmentation
- A set of indicator features triggered for each edge labeling pair {ff,bb,fb,bf}

- This is a allowed since we can define many features overr the same subset of
variables



Example: Image Segmentation

- A set of features ¢,[D,],..., ¢, [D,]
— each D, is a subset of a clique in H

Y1 Y2 Y3
— two ¢’s can be over the same
variables
PY1X)=——ex [ZWWD X)} Cy AN
_Z(X) p - iri \ i /‘
Y7 Ys Y9
logP(x IGMMb) y=>b
o(x,y) =
logP(x IGMMf) y=1f
Noyv=rfy=s 1 y=f,y =b
%(yi’yj)_{o otherwise ¢fb(yi’yf):{0 otherwise

I y=by=f

O  otherwise

1 =b,y.=b
¢bf(yi’yj):{ % V)

O  otherwise

¢bb(yi’ yj) :{



Example: Image Segmentation

- A set of features ¢,[D,],..., 0,[D,]
— each D, is a subset of a clique in H Vi Y, Vs

— two ¢’s can be over the same variables
1 6’4 Ys Y6
(

P(YIX):Z X)exp[ZWiQ(Di,X)} )

-Now we just need to sum these features

P(Y1X)e eXp[Zﬂxi, Y+ 2 Zwm%(y,-,yj)}

icV ijc E me{ ff , fb.bf ,bb}

icV me{ ff , fb,bf ,bb)} jek jeE

We need to learn parameters w,_,

P(YlX)“eXp[Zﬂxi,y,.H Zmem} Cm=z¢m(y,-ayj)=zl(yiyj=m)



Example: Image Segmentation

P(Y lx)e< exp[z A(x.,y.)+ Zwmcm} Y1 Y Vs

icV me{ ff , fb.bf ,bb}

C,=>¢,0.y,)=210y,=m)

ijeE ijeE

Count for features m in data n Requires inference using
the current parameter
estimates




Example: Inference for Learning

P(Y|X) o< eXP{Zf(xi,yi)Jr Zwmcm} Vi Y, Vs
i€V mel ff , fb.bf ,bb}
dol(Data : w) _ iCm[n] _ Ew[Cm | X[n]] 64536'5536'5.
oW ‘®

How to compute E[C, | X[N]] % Vs Yo

Ew[cﬂl)([n]]:E[Zl(yi =f.y, =b)|x[n]} C, =Z¢m(yi,yj)=yéZEl(yiyj =)

ijeE

Elc, | X=X E 1y, = f.y, =b)1 X[n]

ElC,1X(n]=X P (y,=f.y,=b1 X[n])



Example: Inference for Learning

PY|X)c< eXp[Zf(xi, y,)+ Zwmcm} Vi Y Ya

me{ ff , fb.,bf ,bb}

( lgata W) _ > C [n]-E[C, | X[n]] Cy§;<y§t<y>/.
w n=1
How to compute E[C, | X[N]] Y7 Vs Yo

C, = Z¢m(yi’ yj): Zl(yiyj =m)
Ew[Cfle [”]]=ZPW(% =f,y, :b|X[n]) i<k o




Representation Equivalence

Log linear representation

P(YIX)cxexp‘ Y e Y
eV me{ ff . fb.bf .bb}

Tabular MN representation from HW4

P(YIX)«IVI¢(x,-,yi)I!w(yi,yj)

[T1o(x.y)=T1Plx 1GMM )
eV 1%

— Hexp[log P(x,. |GMM , )
eV

= exp_ZlogP(xl. |GMM | )
n3%

=exp Z(ﬁ(xi,y,-)}



Representation Equivalence

Log linear representation

P(Y | X) o< GXP|:Z ¢(Xi . y:) T ZWmCm l A Y, Ys
eV me bf .bb
c.=Zpbu2 )10, oYoYoN
e b ek

 [logPlx 1GMM, ) @
: logP(x IGMMf)

Now do it over the edge potential

Tabular MN representation from HW4

PY1X)<[]D(x,y, )Hw(yi,y,-)

eV ijeE

This is correct as for every assignment to

_ I(yiyj:ﬁ) I(yiyj:fb) I(yiyj:bf) I(yi)’j:bb)
w(yi’yj)_eﬁ efb gbf gbb

y(y.y)=J]6"™

m={ ff .bf ,.fb,bb}

y;y; we select one value from the table



Tabular MN representation from HW4 [l Now do it over the edge potential
P(Y1X) o< [T@(x, [ Tw (v ,)
eV ijeE

w(y,y. )= I I Q' This is correct as for every assignment to
i j m
m={ ff .bf , fb.bb) y;y; we select one value from the table

w(y_ y ): Hg’(yiyj:m) _ Hexp[logel(yiy,:m)] The cheap exp(log..) trick
27 m m

m={ ff .bf , fb.bb} m={ ff .bf . fb.bb}

w(y.y)=exp 2. I(yy =mlogh,

m={ ff .bf .fb.bb}

Hw(yi,y,-)=HeXp[ Zl(y,-y,:m)logﬁm} ZeXP[Z Zl(yl-yfm)log@m}

ijeE ijeE m={ ff ,bf , fb,bb} je Em={ ff .bf , fb,bb}

Now use the
} same C_ trick

C,=>1(yy =m)

ijeE

exp[ > C, logb,

m={ ff ,bf . fb,bb}



Representation Equivalence

PY1X)cx exp‘ Z¢(xl,y )+ Zmem | Vi Y, Vs
C.=2.9, s 3,)= 210y, =m) Qi@j’@j.

long IGMMb) y=>b @
X,
Px.y) = long IGMMf) y=1f

Tabular MN representation from HW4 @ Now substitute

PY1X)o< H<I>(xi,y,-)1—[w(yl-,y,-)

eV ijeE

Equivalent, with
} w_ =log8_Where 8 is

PY|X)o exp[z #x,y)+ D.C logh,
eV me{ ff , fb.bf ,bb}
[

the value in the tabular




Outline

* |PF parameter sharing revisited



Iterative Proportional Fitting (IPF)

Plu) = Count(U = u)

ot _mP(e;) mPg(e) _ >
i(ei)  iles) pied)

e Setting derivative to zero:

* |terate and converge to optimal parameters

N ) — ML) O

Q) ﬁz) /\é \

* Fixed point equation: . <
P = W€ Cpped

k*\’}“‘cf'\(%z q)(@\) >O

— Each iteration, must compute: (+) (Wf) |
L) e Pl i) L)
—W—
He
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Parameter Sharing in your HW

* Note that | am suing Y for label
e All edge potentials are shared

e Also we are learning a conditional model




IPF parameter sharing

We only have one data point
(image) in this example so we

dropped X[n] to only X

plc, 1 X)

v"(c,)=v(c,)

How to calculate these quantities using parameter sharing?

Zl(yi=f,yj=b|X) We can cancel |E]|
ple=fblX)= = E| due to division

> Py, =f.y,=bly".X)
Plc=fply', X)="1" —

Run Ibp when converged

Py, y, 19, X )oc @(x, y)@(x,, y W (3. y,) [16., TI6..,

keN (i)—j k'eN(j)-i

p(c, In total we have 4 parameters as opposed to
plcly',X) 4 parameters per edge

@’X

—






