10-301/601: Introduction
to Machine Learning
Lecture 19: Clustering

Henry Chai
7/11/23



* Announcements

* PA4 released 6/15, due 7/13 at 11:59 PM
Front Matter - Recommended Readings
* Murphy, Chapters 25.5.1 - 25.5.2

« Daumé lll, Chapter 15: Unsupervised Learning

Henry Chai-7/11/23


https://ebookcentral.proquest.com/lib/cm/reader.action?docID=3339490&ppg=924
http://ciml.info/dl/v0_99/ciml-v0_99-ch15.pdf

- Supervised learning - D = {(x("),y("))}zzl
- Regression - y™ € R
Lea rning - Classification - y(™ € {1, ..., C}

Paradigms

. i I - = (n) N
Unsupervised learning - D {x }n=1
* Clustering

- Dimensionality reduction
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* Goal: split an unlabeled data set into groups or clusters of
“similar” data points

* Use cases:
* Organizing data
* Discovering patterns or structure
* Preprocessing for downstream machine learning tasks

Clustering

* Applications:
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Cntuition: seedie—halobael ot o datocolni i o tho ool of
the—most-simiar—trairingpoit two points are “similar” if

the distance between them is small

Recall:

Similarity for
kNN

* Euclidean distance: d(x, x") = ||x — x|,
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* Given a desired number of clusters, K, return a partition

of the data set into K groups or clusters, {Cy, ..., Cx},

that optimize some objective function

1. What objective function should we optimize?
Partition-Based

Clustering

2. How can we perform optimization in this setting?
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Option A Option B

Which do you prefer?
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H @ When poll is active, respond at pollev.com/301601polls

Which partition do you prefer?

Option

Option

Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app



General
Recipe

for
Machine
Learning
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* Define a model and model parameters

* Write down an objective function

* Optimize the objective w.r.t. the model parameters



Recipe

for
K-means
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* Define a model and model parameters

* Assume K clusters and use the Euclidean distance

- Parameters: iy, ..., g and zD, ... z(V)

* Write down an objective function

N
> ™ = ol
n=1

* Optimize the objective w.r.t. the model parameters

* Use (block) coordinate descent
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Coordinate
Descent
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* Goal: minimize some objective
0 = argmin J(0)

* Idea: iteratively pick one variable and minimize the

objective w.r.t. just that variable, keeping all others fixed.
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* Goal: minimize some objective
@, f = argmin J(a, B)

* Idea: iteratively pick one block of variables (a or ) and
minimize the objective w.r.t. that block, keeping the

Block .

other(s) fixed.

Coordinate
Descent

- Ideally, blocks should be the largest possible set of

variables that can be efficiently optimized

simultaneously
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N
1, ...,iiK,Z(l), vz = argmin z ||x(”) — ﬂz(n)llz
n=1

“If uq, ..., ug are fixed

Optimizing the
K-means

2 = argmin ||« — ”k”z
kef{l,..,K}

objective f 2@ 2™ are fixed

A =argmin Y [|x® - ],
u

n:zMW =k

=i z (M
Ny,

n :Z(n)zk
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K-means

Algorithm
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N
* Input: D = {(x(") )}n=1'K
1. Initialize cluster centers w4, ..., Uy

2. While NOT CONVERGED

a. Assign each data point to the cluster with the
nearest cluster center:

z(™W = argmin ||x(") - ”kllz
K

b. Recompute the cluster centers:

1
- (n)
Hie =N z *

n :Z(n)zk

where N}, is the number of data points in cluster k

 Output: cluster centers u4, ..., g and cluster
assignments z(1, ..., z(V)
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K-means:

Example
(K = 3)
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Figure courtesy of Matt Gormley
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K-means:

Example
(K = 3)
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Figure courtesy of Matt Gormley

16



K-means:

Example
(K = 3)
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~ Clustering with K-Means (k=3, iter=0)

Figure courtesy of Matt Gormley 17



K-means:

Example
(K = 3)
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~ Clustering with K-Means (k=3, iter=1)

Figure courtesy of Matt Gormley 18



K-means:

Example
(K = 3)
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 Clustering with K-Means (k=3, iter=2)

Figure courtesy of Matt Gormley 19



K-means:

Example
(K = 3)
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 Clustering with K-Means (k=3, iter=3)

Figure courtesy of Matt Gormley 20



K-means:

Example
(K = 3)
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 Clustering with K-Means (k=3, iter=4)

Figure courtesy of Matt Gormley 21



K-means:

Example
(K = 3)
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 Clustering with K-Means (k=3, iter=5)

Figure courtesy of Matt Gormley 22



K-means:

Example
(K = 2)
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Figure courtesy of Matt Gormley
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K-means:

Example
(K = 2)
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 Clustering with K-Means (k=2, iter=0)

Figure courtesy of Matt Gormley 24



K-means:

Example
(K = 2)
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 Clustering with K-Means (k=2, iter=2)

Figure courtesy of Matt Gormley 25



K-means:

Example
(K = 2)
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 Clustering with K-Means (k=2, iter=3)

Figure courtesy of Matt Gormley 26



K-means:

Example
(K = 2)
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- Clustering with K-Means (k=2, iter=4)

Figure courtesy of Matt Gormley 27



K-means:

Example
(K = 2)
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~ Clustering with K-Means (k=2, iter=5)

Figure courtesy of Matt Gormley 28



K-means:

Example
(K = 2)
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 Clustering with K-Means (k=2, iter=6)

Figure courtesy of Matt Gormley 29



K-means:

Example
(K = 2)
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 Clustering with K-Means (k=2, iter=7)

Figure courtesy of Matt Gormley 30



Setting K
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* |[dea: choose the value of K that minimizes the
objective function

Objective function value

K

- Better Idea: look for the characteristic “elbow” or
largest decrease when going from K — 1to K
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Initializing

K-means
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- Common choice: choose K data points at random to be

the initial cluster centers (Lloyd’s method)
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Initializing

K-means
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- Common choice: choose K data points at random to be

the initial cluster centers (Lloyd’s method)
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Initializing

K-means
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- Common choice: choose K data points at random to be
the initial cluster centers (Lloyd’s method)

:...' oo:. ® ......

34



Initializing

K-means
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- Common choice: choose K data points at random to be
the initial cluster centers (Lloyd’s method)
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Initializing

K-means
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- Common choice: choose K data points at random to be
the initial cluster centers (Lloyd’s method)
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- Common choice: choose K data points at random to be
the initial cluster centers (Lloyd’s method)

Initializing ° * °
K-means o . :

* Lloyd’s method converges to a local minimum and that
local minimum can be arbitrarily bad (relative to the

optimal clusters)

* Intuition: want initial cluster centers to be far apart
from one another

37
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K-means++
(Arthur and
Vassilvitskii,
2007)
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Choose the first cluster center randomly from the
data points.

For each other data point x, compute D(x), the
distance between x and the closest cluster center.

Select the next cluster center proportional to D (x)?.

Repeat 2 and 3 K — 1 times.

* K-means++ achieves a O (log K) approximation to the

optimal clustering in expectation

* Both Lloyd’s method and K-means++ can benefit from

multiple random restarts.
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- K-means objective function & model parameters
* Block-coordinate descent
- Setting K

* Initializing K means
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