10-301/601: Introduction
to Machine Learning
Lecture 10 —
Backpropagation
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* Announcements

* HW2 released 2/7, due 2/19 (today!) at 11:59 PM

- HW3 released 2/19 (today!), due 2/28 (previously 2/26)
at 11:59 PM

Front Matter - Lecture on 2/21 (Wednesday) and Recitation on 2/23
(Friday) have been swapped

- Recommended Readings

* Mitchell, Chapters 4.1 — 4.6

- Zhang, Lipton, Li & Smola, Chapters 5.1 — 5.3
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http://www.cs.cmu.edu/~tom/files/MachineLearningTomMitchell.pdf
http://d2l.ai/chapter_multilayer-perceptrons/index.html

* Input: D = {(x("),y("))}:ﬂ,n(”)

* Initialize all weights W((Ol)), ) ((OL)) to small, random numbers

andsett =0

Recall: - While TERMINATION CRITERION is not satisfied

Stochastic - For i € shuffle({1, ..., N})
Gradient ‘Forl=1,.. L
Descent
. ) — (i) (1) (L)
for Learning Compute GY/ =V, f" (W(t) o Wi )

. .y _ D l
*Incrementt:t=t+1

* Output: W(%), e W(t)
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Matrix
Calculus
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Denominator

Numerator

Types of
Derivatives

scalar vector

matrix

oY

e ox ox ozx
o 9y Oy 0Y
ox Ox 0x

matrix 8y 8y 8Y

0X

Table courtesy of Matt Gormley




Types of
Derivatives 21E £
0
- Derivatives of a scalar 8—3 = [&¢]
scalar always -
- Oy
Matrix have the same %
. vector 9% _ | 9%
Calculus: shape as the Ox :
Denominator entity that the s
Layout derivative is
being taken -ag(yn 8?12 agfo'
with respect to. matrix oy _ oXsi OXm | O%g
8X _ o 0
Oy Oy Oy
| 89X p1 O0Xp2 90X po 4
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Matrix
Calculus:

Denominator
Layout
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B p € .O f scalar vector
Derivatives
scalar @ — [%] 8—y — [% 0y2 3yN]
ox T ox ox
ox ox
- Oy ] ~ Oy Oy2 Oyn ~
8331 8331 3:171 3%1
Oy Oy1 Oy2 Oyn
8y 8:62 8}’ 8ZE2 8:82 8.’32
vector 8_X — & — .
Oy Oy1 Oy2 Oyn
_BZEP_ _aSBP 8.’BP aiEp_

Table courtesy of Matt Gormley




Computing

Gradients
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9
)
1,d-1
9@
(D
2,d1-1)

920

e e
owyg  Owy;
YO, 9
oW,y 0wy
a{;(i) a{):(i)

K Wc(zl(z),o 0 chl(z),l

O
dD q-1)




Computing

Gradients:
Intuition
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- A weight affects the prediction of the network (and

therefore the error) through downstream signals/outputs

* Use the chain rule!

- Any weight going into the same node will affect the

prediction through the same downstream path
* Compute derivatives starting from the last layer and

move “backwards”

* Derive a recursive definition for the relevant partial

derivatives

- Automatic differentiation: store intermediate values

and reuse for efficiency (dynamic programming)



Computing VW(z)f(i) (W((tl)), e ((tL))) reduces to computing

G140
0
owy
Computing Insight: wy > only affects #@ via s,
Partial I .

Derivatives
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Computing

Partial
Derivatives
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Computing VW(l)f(i) (W((tl)), .

W((tL))) reduces to computing

00

OW
)

Insight: wy , only affects VAORVIE Sy

(l)

Chain rule:

ow") 05O \ow

4d-1

- ds
S}gz) _ Z ng’zC)LOC(lz n , %b__ 0D

a=0

Compute outputs 0P v [ € {0, ...

9@  gp® (as(”

b )
b,a

(D

(D

(D

a

aw(l)

, L} by forward propagation
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Computing

Partial
Derivatives
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Computing VW(Df(i) (

(D

714

(1)

(t) » "

G140

O)
awb, o

(L)
(t)

Insight: wy, ; only affects 2@ via Slgl)

Chain rule:

Oslgl)

6Wb’ o

519) =

9r®  5p® (
O ~ A.Q
Osb

94w
0
ds,

)
Owb o

)

) reduces to computing
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Computing

Partial
Derivatives
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Insight: s

(D
b

only affects TAORVIE o

(D

Layer [
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Computing

Partial
Derivatives
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Insight: s,

y 92D (90
Chain rule: (Slg)

(D

only affects 2@ yia ol()l)

ao,g” 05(1)

9 O 96 O
o® = g( (l)) ﬁ%gl)_ aglgl))

=1-— (tanh( (l)))

when 6(-) = tanh(-)
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Aside:

Vanishing
Gradients
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Insight: s,

y 92D (90
Chain rule: (Slg)

(D

only affects 2@ via ol(,l)

ao,g” 05(1)

9 O 96 O
o® = g( (l)) ﬁ%gl)_ aglgl))

=1 — (tanh (s (”)) <1

when 8(:) = tanh(:)

15



1

Logistic, sigmoid, or soft step o(z) = 1+4+e*
_ e —e "
R e C a | | n Hyperbolic tangent (tanh) tanh(z) = et 4 e
[
{o ifz <0
z ifx >0

= max{0,z} = 21,

O t h Rectified linear unit (ReLU)”!

Gaussian Error Linear Unit (GELU)!!

)

= a®(z)

Activation

Softplus(®! In(1 + ")

Functions

ale —1) ifz<0
T ifz >0
with parameter cx

Exponential linear unit (ELU)!

Leaky rectified linear unit (Leaky ReLU)!""! {Om” ifz <0

T ifz >0
{ ar ifz<0
Parametric rectified linear unit (PReLU)!"?) ¢ ifr>0

SHENERS]

with parameter cx

Henry Chai - 2/19/24 Source: https://en.wikipedia.org/wiki/Activation function



https://en.wikipedia.org/wiki/Activation_function

Computing

Partial
Derivatives
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Insight: olgl) affects #() via s

Layer [

(1+1)
1

(1+1)
) nen Sd(l+1)

Layer [ + 1
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Computing

Partial
Derivatives
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Insight: olgl) affects #() via s

d(l+1)

(1+1)
1

AL AR
Chain rule: Z 0D
ds,

Ol
aob

c=1
d®

ds
Sc(z+1) _ Z w,f,‘;”oé” L, 95 _

b=0
d(l+1)

1+1
) nmny Sc(i(-ll__l_l))
aSc(l+1)
60151)

(1+1)

Oolgl)

_ Z 5§z+1) (Wc(,lzjl))

c=1

o (1+1)
c,b
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Computing
Partial

Derivatives
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(w

(1+1)
c,b

) (1= ()
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Computing

Partial
Derivatives
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s _ 060 doy”
’ ao,g” as,g”
d(l+1)

_ Z S+ (D) (1_ O 2)
> 8 () ) 1= ()

@ — y+DT g+1) _ D )
o 1,4 o O(1-0" Oo

where (O is the element-wise product operation

Sanity check:

6(l+1) € ]Rd(l'l'l)x 1 SO

w D" 51+ ¢ g(a®+1)x 1 the same size as 0V
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Computing

Gradients
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ow ow

] (D
9D N ai — 5D (0(1-1))
(D b 0) b a
b,a b,a

' (1) L)\ _ T
VW(l)'g(l) (W(t) e Wi ) = 6(1)0(1 1)

Sanity check:
6(1) = ]Rd(l)x 1 e

sWoe-1" ¢ RAVX(@V+1) the same size as WO
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« Can recursively compute 8D using 8*1D: need to

compute the base case: §X)
* Assume the output layer is a single node and the error

function is the squared error: §&) = §8, 0@ = o{*

Computing | N2
. and £ W(l), ) L) = (o) _ @

Partial ((_)@ () ) ( 1 Y )
. . a€ l a ] 2

Derivatives 58 = (O§L> _ y(o)

- Osl(L) N 651(L)

\ doH .
_ 9 (OiL) _ y(l))a_a) — 9 (0£L) _ y(l))
51

when 0(z) = z
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Back-

propagation
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“lnput: W, W) and (x®, y®)

* Run forward propagation with x® to get 0V, ..., 0%
* (Optional) Compute £ = (o®) — y(i))z

 Initialize: 6 = 2 (09) - y(i))

*Forl=L-1,..,1

- Compute §® = w@+D" §0+D (1-0® ©oW)

- Compute G® = §Dot-D"

- Qutput: G, ..., 6D the gradients of £ w.rt W@, . w)
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* Iterative method for minimizing functions

* Requires the gradient to exist everywhere

Recall:
Gradient

Descent
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Non-convexity
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- Gradient descent is not guaranteed to find a global

minimum on honh-convex surfaces
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* Input: D = {(x("),y("))}:ﬂ,n(o)

* Initialize all weights W((Ol)), ) ((OL)) to small, random numbers

andsett =0
Stochastic - While TERMINATION CRITERION is not satisfied

Gradient * For i € shuffle({1, ...,N})
Descent “Forl=1,..,L

for Learning |
+ Compute G = v, £V (W((tl)); ...,W((tL)))

- Update W O: W((tlll) = W((tl)) —1oGW

*Incrementt:t=t+1

* Output: W(%), e W((tL))
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