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Concurrent Logical Framework

» LF is designed for encoding logics, deductive systems and
programming languages

» However, it lacks feature to natively represent state,
concurrency, or distributed computing

» Many extension have been developed to increase the
expressive power of LF (LLF, HLF, OLF, ...)

» CLF is an extension of LF designed to specify concurrent and
distributed systems



Syntax of CLF

Kinds K := TlA.type
Types A == T[lA.a'S
Terms N = MAM
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Syntax of CLF

Kinds
Types
Terms

Contexts

> =z > X

MA.type

MA.2-S | NA{A}

AAM | AA{E}
JAIXCA|AJOA| A, XA

A-—oB



Syntax of CLF

Kinds
Types
Terms

Contexts
Expressions

Traces

m P> =2 > X

)}

MA.type

MA.2-S | NA{A}

AAM | AA{E}
JAIXCA|AOXA| A, XA
let € in A

| {A} S| e e



Syntax of CLF

Kinds K := TlA.type
Types A == MNA.a:S|MA{A"}
Terms N = MM | A{E}
Contexts A = -|A/IxA|AOxA|A |xA
Expressions E = letein A
Traces ¢ = |{A} <« cS|e e

» The effects of a trace are encapsulated in a monad
» Preserves canonical forms and adequacy of encodings

» Note: some features are missing, but they are orthogonal to
the matching problem



Concurrent Traces

CLF is based on the notion of concurrent trace

v

ex=-|{A}+cS|e;e

» A concurrent trace is a sequence of computational steps
where independent steps can be permuted

v

Computational traces define a model for concurrent and
distributed computations

v

CLF combines backward chaining (as LF) and forward
chaining



Concurrent Traces

CLF is based on the notion of concurrent trace

v

ex=-|{A}+cS|e;e

» A concurrent trace is a sequence of computational steps
where independent steps can be permuted

» Computational traces define a model for concurrent and
distributed computations

» CLF combines backward chaining (as LF) and forward
chaining

» This work: we analyze the matching problem on concurrent
traces (forward chaining fragment)



Concurrent traces

Example
| | lds:
!d:deSt’ {dlad27y17y27y} «— eV/Pair'Xi -da-dly-d2-deSt,
leg, leyiex F| {zi} < ev/retn.y; . daretn, di
Ly 2 eTP, ! - " lziiretn-vy, dy

Ixeval-(e, &), d {z2} + ev/retn-y, Ly-cont-dy. d. d




Concurrent traces

Example
eval-el,dl
. Id,ldy, ldy:dest
ld:dest, {di,d>, y1,y2,y}  ev/pair-x; » 01, a2 est,
ler, lexiex F | {z1} + ev/retnyi; . Jairetnvy, di
-€1, -€2. P, 1 y1; . \l,Zliretn-V]_’dl

Ixeval-(e, &), d {z2} + ev/retn-y, Lyreontod. da. d




Concurrent traces

Example
eval-e, db
. Id,ldy, \do:dest
ld:dest, {di,d>, y1,y2,y}  ev/pair-x; » 01, a2 est,
le, lexiex: F| {z1} + ev/retnyi; . ziretnvy, di
e ! - " lziiretniwvy, di

Ixeval-(e, &), d {z2} + ev/retn-y, Lyreontod. da. d




Concurrent traces

Example
cont-di, do, d
| | ld-:
!d:deSt’ {dlad27y17y27y} — eV/Pair'Xi .d’:dljldzldes‘t’
ler, lexiex F| {zi} < ev/retn.y; . Javretnvi, dy
e eTh ! I " lziiretn-vy, dy

Ixeval-(er, &), d {z2} + ev/retn-y, Ly-cont-dy. d. d




Concurrent traces

Example
. Id, \dq, !dr:dest,
!d:dest, {dla d27y17y27y} — ev/palr-X; \Lzl:r;tn.zvl dl
ler, lex:exp, | {2} < ev/retny; : ¢zl'retn-vl7 d;
Ix:eval-(ey, &), d {22} < ev/retny Jy:cont-di 7d2 d

Independent steps can be permuted



Concurrent traces

» Input and output interface:

fV(S)
oc; U (ocr \ €10)

(")
o({A} + ¢-S)

o(e1;€2)

dom(A)
(e10 \ ®cp) U epo U !l(eq0)

(-)e
({A} < c:S)e

(€1;€2)®



Concurrent traces

» Trace independence
€1 €2 <= ec1Nere =creNecy; =)

» Equations

! !
€1 =€ €2 = €
€1, =€) e €1, €2 = €1, €
€1, = €1 (€1;€2); €3 = €1; (€2; €3)
€1 | e

€1,€2 = €2,€1



Concurrent traces

» Trace equality is given by the binding structure
> Internal bindings can be renamed

{!d17!d2a)/1a)/2ay}<_eV/Pair'X; — {!dl,!dz,y{,yg,y’}<—ev/pair-x;
{z} < ev/retny; ~ {z} < ev/retny]
but

{!dla !d27y17y2ayl} — eV/Pair‘X;
{z} + ev/retny,

{!dlv !d2,}/1,}/2,}/} — eV/Pair'Xi
{z} + ev/retny;

AL



Concurrent traces

» Trace equality is given by the binding structure
> Internal bindings can be renamed

{!d17!d2a)/1a)/2ay}<_eV/Pair'X; — {!dl,!dz,y{,yg,y’}<—ev/pair-x;
{z} < ev/retny; ~ {z} < ev/retny]
but

{!dlv !d2,}/1,}/2,}/} — ev/pair-x; §—é {!dla !d27y17y2ayl} — eV/pair-x;
{z} + ev/retny; {z} + ev/retny,

» But equality holds if we enclose the traces in a let

let let
{!d17!d2a)/1a)/2ay}<_eV/Pair'X; — {!d{,!dﬁ,yl,yg,y’}<—ev/pair-x;
{z} + ev/retny; = {Z} + ev/retny

in yi,y2,y,2 in }/17}/2,%2/



Concurrent traces

» Typing rule for traces represent state transformation
Al Fe: Az
> Typing rules AjFe:As

cMA{A} A FS:A.
Ao,Al = ({A2} — CS) : Ao,Az

A0|—612A1 A1|—62:A2

AF-: A A0|—61;622A2

AFe: Ay Ag=x A
AF {let ein A} : {A}




Concurrent traces
Typing

Uy by} < nexa

[{@22. lz3} « r3-X2.y2
G

Uy, by} riexq; dz1:a1,
{zl} ey i Oz:ay,
{2, 23} < 3" x0, ¥2 lz3:a3

Ixar,
Ixp:ar



Concurrent traces
Typing

Uy by} < nexa

[{@22. lz3} « r3-X2.y2
G

Ixi:an {i}/17\l/)/2} < nexa, dz1:a1,
ixz:a; Flet | {zi} ¢ ryn inlz;,0z,!z3 : @z:a,
{z2, 23} < r3:x0, 0 lz3:a3

dz1:a1,020:a5, 123123 < |z1:81,020:a0, 1 23:33



Concurrent traces
Typing

Uy by} < nexa

[{@22. lz3} « r3-X2.y2
G

Ix:ar Uy, by} < rixa; dz1:a1,
¢x2:327 Flet | {z1} < ry; inlz, lz3 :
{22’23} < I3:X2, )2 1z3:a3

dz1:a1,020:a5, 123123 < | 2141, lz3:a3



Concurrent traces
Typing

Uy by} < nexa

[{@22. lz3} « r3-X2.y2
G

Uy, by} rioxq; dz1:a1,
{z1} < ny; inlz, :
{22, 23} < 3:x2, 2

X1.4d
baan
Ixp:ar

dz1:a1,020:a5, 123123 <X |z1:a1,



Long-term objectives

Develop a logical framework to reason about concurrent traces

v

Unification and matching are prerequisites

v

This work: matching on concurrent traces (with one variable
standing for an unknown trace)

v

Matching can also be used as the basis for a moded semantics

v



Equations over traces

Trace variables

v

ex=-|{A}+cS|e; e | {A} + X][0]

v

f and A represent the input and output interface of X

X can be instantiated with a trace € such that ee = FV(6)
and ee < dom(A)

» An equation is given by a pair of traces containing variables
well typed under the same context

v

?
Af—€1i62



Matching on traces

» Given ,
AFer =6 with €> ground

Find an assignment for the logic variables in ¢;
p:X1<—61,...,Xn<—6n

such that
pPEL = €2



Matching on traces

» Given ,
AFer =6 with €> ground

Find an assignment for the logic variables in ¢;
p:X1<—61,...,Xn<—6n
such that

pPEL = €2

» Matching is inherently non-deterministic: the following
problem encodes multiset matching

(Y e XL e YIS caii ) o

Partition {c1,...,¢y} in two sets X and Y.



Matching on traces

» Matching is decidable:
e1; {A} « X[0]; €} L o

X must be instantiated with a subtrace of ¢

» In a problem
6%;({A1} <_X1[91]);€%;--- ;({Al} (—)(1[91]);6}7 ; €

we can try all possible combinations of subtraces of €



Matching on traces

» Matching is decidable:
e1; {A} « X[0]; €} L o

X must be instantiated with a subtrace of ¢

> In a problem

e ({Ar) < X)) ki ({A) « Xifal)ieh £ e

we can try all possible combinations of subtraces of €
» Expensive



Matching on traces

> We consider 1-variable matching
?
e; {A1} « Xi[01]; €7 = e

where €1, €] and e are ground



Matching on traces

> We consider 1-variable matching
€1, {Al} < X1[91]; 6/1

where €1, €] and e are ground

» Reduces search space

[~

€2



Matching on traces

Intuition of the algorithm

» Match individual known computation steps until we are left
with the logic variable, reordering traces if necessary

AF{Ap} +cSea L e
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Matching on traces

Intuition of the algorithm

» Match individual known computation steps until we are left
with the logic variable, reordering traces if necessary
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» Compute partial renamings at each step



Matching on traces

Intuition of the algorithm

» Match individual known computation steps until we are left
with the logic variable, reordering traces if necessary

AF{Ao} + cS;e L {Ay} ¢S5 ¢,

» Compute partial renamings at each step

A,_<{l><1}<—c >;<{¢X2}<—C >

{In}t <+ dx {lya} + c'x2



Matching on traces

Intuition of the algorithm

» Match individual known computation steps until we are left
with the logic variable, reordering traces if necessary

AF{Ao} + cS;e L {Ay} ¢S5 ¢,

» Compute partial renamings at each step
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Matching on traces

Intuition of the algorithm

» Match individual known computation steps until we are left
with the logic variable, reordering traces if necessary

AF{Ao} + cS;e L {Ay} ¢S5 ¢,

» Compute partial renamings at each step

A,_<{¢X1}<—C >;<{¢X2}<—C >

{!yl} < C/~X1 {!yg} < C/-X2

e =y/y1,x/x1; ¢ =y/y2,x/x



Matching on traces

Intuition of the algorithm

» Match individual known computation steps until we are left
with the logic variable, reordering traces if necessary

AF{Ao} + cS;e L {Ay} ¢S5 ¢,

» Compute partial renamings at each step

A,_<{l><1}<—c >;<{¢X2}<—C >

{!yl} — C/~X1 {!yg} — C/-X2
e =y/yi,x/x; ¢ =y/y,x/x
» Variables are marked to ensure they are not renamed twice

€1; €2,
AR {}clxy L {}=cn
{}+clx {}+clzn



Algorithm

» Matching at the head

AF < {n}  cX0],4 ) ? ( {ly2} < c-a,d >

{!z1} < Ynl {!z2} < c''»1



Algorithm

» Matching at the head

{In}t < cXgl,a \ 2 [ {ln}+cad
Ar < {!z1} < Y] ) B < {!z2} < c"'»1 >

(X< 07"a) y/vii y/yo



Algorithm

» Matching at the head

2

AN ( {!Zl} <—X[y] ) = ( {!22} — C,'y )

(X 07"a) y/vii y/yo



Algorithm

» Matching at the head

2

A+ ( {!21} <—X[y] ) = ( {!22} — C,'y )

(X 07"a) y/vii y/yo

» Rule step-head

?
(A51 [ 51) = (A52 [ 52) = o
? ?
oA = Ay — 150 A"—U<P161290262'—>U,§<P,1?<P,2

?
At ({A1} + cSi;e1) = ({Az} < ¢S5 62) = 00’; 0107 2105



Algorithm

» Matching at the tail

AL < {y1,y2} < Xlal; > 2 ( {1, %3} « ca; >

{@z1} + - Y[nl, 2 {0z} + ' (co'y1), ¥4



Algorithm

» Matching at the tail

{y1,y0} < X]a]; 2 [ {1, ys}  ca;
Ar < {021} « ¢ Yyt o > = ( {0} ¢ (o)) 1A )
YIx] < colxli v /vy /ver viivi 2 vs



Algorithm

» Matching at the tail

2

A (v e Xlal ) = ({yhy?eca)

Yx] < co'[xl; vy, v2 ver vy vR v



Algorithm

» Matching at the tail

( {yt,y?} « X]a] ) 2 ( {yt,y?} < ca )
Yix] « co'lxli y'/yiyP yer v, vP v

» Rule step-tail

,
(Asl [ 51) = (A52 = 52) = 0 P15 P2
oA = Az = 015 5
A+ 061{901} = 62{<P2} =o' T e

A b (e1;{A1}  ¢:51) = (e {2} = ¢-52) = 00”s 101 Pl



Algorithm

> Last step: logic variable

. {ly} + ca;
At ( {0z} «+ X[a] ) = ( {0z} + -y )

{@22} — C/'!y



Algorithm

> Last step: logic variable

. {ly} + ca;
At ( {0z} «+ X[a] ) = ( {0z} + -y )

{@z} «+ cly

X« {let {ly} « ca;{0z} + ¢ ly; {@z} + cly in @z}



Algorithm

> Last step: logic variable

. {ly} + ca;
At ( {0z} «+ X[a] ) = ( {0z} + -y )

{0z} + cly
X« {let {ly} « ca;{0z} + ¢ ly; {@z} + cly in @z}

or X<+ {let{ly} + ca;{@z1} < '-ly;{@z} + clyin 0z}



Algorithm

> Last step: logic variable

. {ly} + ca;
At ( {0z} «+ X[a] ) = ( {0z} + -y )

{0z} + cly
X« {let {ly} « ca;{0z} + ¢ ly; {@z} + cly in @z}

or X<+ {let{ly} + ca;{@z1} < '-ly;{@z} + clyin 0z}

» Rule inst
Abe: N A0>;A'r—>g01;g02
A ({Do}  X[0]) = € (X + 07 Hlet € in Ao}); p1; o




Correctness of the algorithm

Soundness

If
AF (e1; Ao + X[0]; €}) 2 €2 > T;01; P2

then oe1{p1} = e2{¥2}.

Proof

By induction on the algorithm derivation. (We rely on soundness of
higher-order matching for the pattern fragment.)

4




Correctness of the algorithm

Completeness

If there exists o, 1, and o such that

oer{p1} = e2{p2}

then there exists ¢} and ¢} such that then

At (e1; D0 < X[0]; €)) 2 €2 — 0; Q7 b

Proof

By induction on the size of the trace. (We rely on completeness of
higher-order matching for the pattern fragment.)

4




Conclusions

» We presented an algorithm for 1-var matching on concurrent
traces based on CLF
» Implementation in celf is under way
> Future work
» Unification

» Current results: 1-var unification for simply-typed fragment of
CLF:

?
€1; X1; €] = €2; Xo; €)
Includes affine and persistent functions, but no dependencies
. : ?
» Same variable on both sides: X|[x,y] = X[y, x]
» Long-term objectives
» Reason about concurrent traces



Conclusions

» We presented an algorithm for 1-var matching on concurrent
traces based on CLF
» Implementation in celf is under way
> Future work
» Unification

» Current results: 1-var unification for simply-typed fragment of
CLF:

?
€1; X1; €] = €2; Xo; €)
Includes affine and persistent functions, but no dependencies
. : ?
» Same variable on both sides: X|[x,y] = X[y, x]
» Long-term objectives
» Reason about concurrent traces

Thank you!



