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Learning Objectives

Control Loops & Invariants

rigorous reasoning for repetitions
identifying and expressing invariants
global vs. local reasoning
relating iterations to invariants
finitely accessible infinities
operationalize invariant construction
splitting & generalizations

control loops semantics of control loops
feedback mechanisms operational effects of control
dynamics of iteration
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o Induction for Loops
Iteration Axiom

@ Induction Axiom

@ Induction Rule for Loops
@ Loop Invariants
o
o

Simple Example
Contextual Soundness Requirements
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Iteration Axiom

['] [a]P < PA[a][ar]P
PAla][o]P P
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Iteration Axiom

['] [a]P < PA[a][ar]P
PAla][o]P P

Problem: Proof for [a*] P needs proof of [a]|[ct*]P
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Induction Axiom

Lemma ( )
| [a*]P+ PA
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Induction Axiom

Lemma ( )
I [a*]P <+ PA (P—[a]P)

P — [a]P
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Induction Axiom

Lemma (I is sound)
I [a*]P <+ PA (P—[a]P)

P—[a]P P—[alP
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Induction Axiom

Lemma (I is sound)
I [a*]P <+ PA[a*](P— [¢]P)

P—>aE(x]P P—[alP P— [a]P
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Induction Axiom

Lemma (I is sound)
I [a*]P <+ PA[a*](P— [¢]P)

P—>aE(x]P P—[alP P— [a]P

Problem: Inductive proof for [ot*] P needs proof of [a*](P — [¢(] P)
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Induction Rule for Loops

Generalize induction step [a*](P — [o(] P)

from [o*]P <> P A [o*](P — [a] P) by Godel

Lemma (Loop induction rule ind is sound)
Pt [o]P

" BFla]P
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Induction Rule for Loops

Generalize induction step [a*](P — [o(] P)

from [o*]P <> P A [o*](P — [a] P) by Godel

Lemma (Loop induction rule ind is sound)
Pt [o]P

Pt [a*]P
B ————— .

Proof (Derived rule).

ind

P+ [o]P
x N P alP
PP “PF[a*](P— [a]P)
o Pt PA[a](P — [a]P)
' P+ [a*]P

—
|
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Induction Rule for Loops

Generalize induction step [a*](P — [o(] P)

from [o*]P <> P A [o*](P — [a] P) by Godel G —=

Lemma (Loop induction rule ind is sound)
Pt [o]P

" BFla]P

Proof (Derived rule).
P+ [o]P
x N P alP
PP “Pr[a*](P—[a]P)
" PEPA[](P— [a]P)
' PF[a]P

Problem: Rule ind is no equivalence. lts use of G may lose information: O
[a*](P — [et] P) true but P - [e(] P is not valid.
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Loop Invariants

P—Q
Generalize postcondition to strong loop invariant J by M[] WD

Lemma (Loop invariant rule loop is sound)

M-J,A Jr[ald JFP
r- [a]P,A

loop

André Platzer, Stefan Mitsch (CMU) LFCPS/07 7/16


https://doi.org/10.1007/978-3-319-63588-0_7
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Loop Invariants

P—Q
Generalize postcondition to strong loop invariant J by M[] W?
Lemma (Loop invariant rule loop is sound)
/ r-J,A Jrejold JEP
P - [o]P,A
Proof (Derived rule).
- JE[a]d JEP
"JF [a]d red,a "Heluk [af]P
THI= [@]d,A T — [of]JF [a']P,A
o I [a*]P,A

=
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Loop Invariants

P—Q
Generalize postcondition to strong loop invariant J by M[] WD
Lemma (Loop invariant rule loop is sound)
/ r-J,A Jrejold JEP
P - [o]P,A
Proof (Derived rule).
- JbE[a]d JEP
"JF [ red,a  "Heluk ()P
THI= [@]d,A T — [of]JF [a']P,A
o I [a*]P,A

0
Problem: Finding invariant J can be a challenge.

Misplaced [a*] suggests that J needs to carry along info about o* history.
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A Simple Discrete Loop Example

M-Jd,A Jk[a]d JFP

|
oop M- [a]P.A

X>8A5>yANy>0FJ JE[x:=x+y,y:=x—-2-y]J JEx>0
x>8A5>y Ay>0F [(x:=x+y;y:=x—2-¥)]x>0
Fx>8A5>yAy>0—[(x:=x+y;y:=x—2-y) x>0

loop

—R

Q@ J=x>0
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A Simple Discrete Loop Example

M-Jd,A Jk[a]d JFP

|
oop M- [a]P.A

X>8A5>yANy>0FJ JE[x:=x+y,y:=x—-2-y]J JEx>0
x>8AB>yAy>0F [(x:=x+y,y:=x—2-y)|x>0

FX>8A5>y Ay>0 = [(XEXx Y y:=x—2-y) x>0

Q@ J=x>0 stronger: Lacks info about y

loop

—R
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A Simple Discrete Loop Example
rEJ,A JE[a]d JFP

|
oop M- [a]P.A

X>8A5>yANy>0FJ JE[x:=x+y,y:=x—-2-y]J JEx>0
|
00: x>8A5>y Ay>0F [(x:=x+y;y:=x—2-¥)]x>0
.
FX>8A5>yAy>0—[(x:=x+y;y:=x—2-y)]x>0

Q@ J=x>0 stronger: Lacks info about y

Q@ J=x>8A5>yAy>0
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A Simple Discrete Loop Example
rEJ,A JE[a]d JFP

|
oop - [o]P, A

X>8A5>yANy>0FJ JE[x:=x+y,y:=x—-2-y]J JEx>0
|
00: x>8A5>y Ay>0F [(x:=x+y;y:=x—2-¥)]x>0
.
FX>8A5>yAy>0—[(x:=x+y;y:=x—2-y)]x>0

stronger: Lacks info about y

Q@ J=x>0
weaker: Changes immediately

Q@ J=x>8A5>yAy>0
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A Simple Discrete Loop Example
rEJ,A JE[a]d JFP

|
oop - [o]P, A

X>8A5>yANy>0FJ JE[x:=x+y,y:=x—-2-y]J JEx>0
|
OO: x>8A5>y Ay>0F [(x:=x+y;y:=x—2-¥)]x>0
.
FX>8A5>yAy>0—[(x:=x+y;y:=x—2-y)]x>0

stronger: Lacks info about y

Q@ J=x>0
weaker: Changes immediately

Q@ J=x>8A5>yAy>0
Q@ J=x>0Ay>0
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A Simple Discrete Loop Example
rEJ,A JE[a]d JFP

|
oop M- [o]P,A

X>8A5>yANy>0FJ JE[x:=x+y,y:=x—-2-y]J JEx>0
|
OO: x>8A5>y Ay>0F [(x:=x+y;y:=x—2-¥)]x>0
.
FX>8A5>yAy>0—[(x:=x+y;y:=x—2-y)]x>0

Q@ J=x>0 stronger: Lacks info about y
Q@ J=x>8A5>yAy>0 weaker: Changes immediately
Q@ J=x>0Ay>0 no: y may become negative if x < y
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A Simple Discrete Loop Example

MFJ,A JF[ald JEP
MF[o]P, A

loop

X>8A5>yANy>0FJ JE[x:=x+y,y:=x—-2-y]J JEx>0
x>8AB>yAy>0F [(x:=x+y,y:=x—2-y)|x>0

loop

—R *
FXx>8A5>yAy>0—[(x:=x+y;y:=x—2-y)]x>0

Q@ J=x>0 stronger: Lacks info about y

Q@ J=x>8A5>yAy>0 weaker: Changes immediately

Q@ J=x>0Ay>0 no: y may become negative if x < y

Q J=x>yAy>0
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A Simple Discrete Loop Example

M-Jd,A Jk[a]d JFP
[ [a]P,A

loop

X>8A5>yANy>0FJ JE[x:=x+y,y:=x—-2-y]J JEx>0
x>8AB>yAy>0F [(x:=x+y,y:=x—2-y)|x>0

loop

—R *
FXx>8A5>yAy>0—[(x:=x+y,y:=x—2-y) x>0

Q@ J=x>0 stronger: Lacks info about y

Q@ J=x>8A5>yAy>0 weaker: Changes immediately

Q@ J=x>0Ay>0 no: y may become negative if x < y

Q J=x>yAy>0 correct loop invariant
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Forgot to Add Sequent Context I, A to Premises?

M-J,A 72,05 [a)d,A?? T22,JF P,A??
[ [a]P,A
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Forgot to Add Sequent Context ', A to Premises?

M-J,A 72,05 [a)d,A?? T22,JF P,A??
[ [a]P,A

x=0Fx<1 x=0,x<1F[x:=x+1]x<1 x<1Fx<1
x=0,x <1k [(x:=x+1)]x<1

4
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Forgot to Add Sequent Context ', A to Premises?

M-J,A 72,05 [a)d,A?? T22,JF P,A??
[ [a]P,A

x=0Fx<1 x=0,x<1F[x:=x+1]x<1 x<1Fx<1
x=0,x <1k [(x:=x+1)]x<1

4

x=0Fx>0 x>0k [x:=x+1]x>0 x=0,x>0Fx=0
x=0F[(x:=x+1)"]x=0

¢
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Forgot to Add Sequent Context ', A to Premises?

M-J,A 72,05 [a)d,A?? T22,JF P,A??
[ [a]P,A

x=0Fx<1 x=0,x<1F[x:=x+1]x<1 x<1Fx<1
x=0,x <1k [(x:=x+1)]x<1

4

x=0Fx>0 x>0k [x:=x+1]x>0 x=0,x>0Fx=0
x=0F[(x:=x+1)"]x=0

Unsound! Be careful where assumptions go,

or CPS might go where it shouldn’t.

¢
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e Operationalize Invariant Construction
@ Bouncing Ball
@ Rescuing Misplaced Constants
@ Safe Quantum
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Proving Quantum the Bouncing Ball

A [(grav; (?x=0; v:i=—cv U ?x#£0)) "]B(x.v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
gav={x'=v,v = —g&x >0}
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Proving Quantum the Bouncing Ball

Ak j(x,v) j(x,v) = B(x,v)

jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
A [(grav; (?x=0; v:i=—cv U ?x#£0)) "]B(x.v)

loop

A=0<xAx=HAv=0Ag>0A1>c>0
Bxvy=0<xAx<H
gav={x'=v,vV =—g&x >0}
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Proving Quantum the Bouncing Ball

joov) F [grav; (?x=0; vi=—cv U 7x#£0)]j(x,v)
jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
A [(grav; (?x=0; v:i=—cv U ?x#£0)) "]B(x.v)

Ak j(x,v) j(x,v) = B(x,v)

loop

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
gav={x'=v,v =—g&x >0}
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Proving Quantum the Bouncing Ball

jixv) = [grav][?x=0; v:i=—cv U ?x70]j(x.v)
joov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
A [(grav; (?x=0; v:i=—cv U ?x#£0)) "]B(x.v)

[]

Ak j(x,v) j(x,v) = B(x,v)

loop

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
gav={x'=v,vV =—g&x >0}
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Proving Quantum the Bouncing Ball

e [gl’aV]j(x,v) joov) F [?XZO; vi=—cvU ?X#O]j(x,v)

N[I_? jixv) = [grav][?x=0; vi=—cv U ?x70]j(x.v)
' _ jxv) E [grav; (7x=0; vi=—cv U 7x#£0)]j(x,v) .
Ak J(x,v) - [ - ( — )] J(x,v) F B(x,v)
| jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
oop

A [(grav; (?x=0; v:i=—cv U ?x#£0)) "]B(x.v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxvy=0<xAx<H
gav={x'=v,v =—g&x >0}
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Proving Quantum the Bouncing Ball

jxv) [?XZO; VZ:—CV]j(x,v) A [?X%O]j(x,v)
joov) F [?XZO; vi=—cvU ?X#O]j(x,v)

j(xv) = [grav]jeev) 1]

N[I_? jixv) = [grav][?x=0; vi=—cv U ?x70]j(x.v)
' . joxv) E [grav; (7x=0; vi=—cv U 7x#£0)]j(x,v) .
A joxy) [ : ( Y .)] jxv) F Bxw)
| jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
oop

A [(grav; (?x=0; v:=—cv U ?x#£0)) "]B(x.v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
gav={x'=v,vV =—-g&x >0}
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Proving Quantum the Bouncing Ball

s jov) F [?x=0; vi=—cV]j(x,v)  j(xv) F [?x#£0]j(x,v)
jxv) [?XZO; VZ:—CV]j(x,v) A [?X%O]j(x,v)
joov) F [?XZO; vi=—cvU ?X#O]j(x,v)

j(xv) = [grav]jeev) 1]

N[I_? j(xv) = [grav][?x=0; vi=—cv U ?x70]j(x.v)
' , joxv) E [grav; (7x=0; vi=—cv U 7x#£0)]j(x,v) .
A jxy) [ : ( Y .)] jxv) F By
| jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
oop

A [(grav; (?x=0; v:i=—cv U ?x#£0)) "1B(x.v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxvy=0<xAx<H
grav={x'=v,v =—g&x >0}
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Proving Quantum the Bouncing Ball

_ jov) [?XZO][VIZ—CV]](X,V)
/\I% joo) F [7x=0; vi=—cV]j(x,v)  j(xv) F [?x#£0]j(x,v)
jxv) [?XZO; VZ:—CV]j(x,v) A\ [?X%O]j(x,v)
joov) F [?XZO; vi=—cvU ?X#O]j(x,v)

j(xv) = [grav]jeev) 1]

N[I_? j(xv) = [grav][?x=0; v:i=—cv U ?x70]j(x.v)
' , jov) E [grav; (7x=0; vi=—cv U 7x#£0)]j(x,v) .
A jxy) - [ : ( Y .)] ) F By
| jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
oop

A [(grav; (?x=0; v:i=—cv U ?x#£0)) "]B(x.v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxvy=0<xAx<H
gav={x'=v,vV =—-g&x >0}
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https://doi.org/10.1007/978-3-319-63588-0_7
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Proving Quantum the Bouncing Ball

7R j(x,v),x=0F [V::—CV]j(x,v)
- _ jxv) F [?XZO][VIZ—CV]](X,V)
/\I% joov) F [?x=0; vi=—cV]j(x,v)  j(xv) E [?x#£0]j(x,v)
jxv) [?XZO; VZ:—CV]j(x,v) A\ [?X%O]j(x,v)
joov) F [?XZO; vi=—cvU ?X#O]j(x,v)

j(xv) = [grav]jeev) 1]

N[I_? j(xv) = [grav][?x=0; v:i=—cv U ?x70]j(x.v)
' , joxv) E [grav; (7x=0; vi=—cv U 7x#£0)]j(x,v) .
A jxy) - [ : ( Y .)] jxv) E By
| jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
oop

A [(grav; (?x=0; v:i=—cv U ?x#£0)) "]B(x.v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxvy=0<xAx<H
gav={x'=v,v =—g&x >0}
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Proving Quantum the Bouncing Ball

j(x,v), x=0F j(x,—cv)

:]j(x,v),XZO F [V::—CV]j(x,v)
[?].—R; -
Lo F [2x=0][v:=—cv]j(xv)
/\I% joov) F [?x=0; vi=—cV]j(x,v)  j(xv) E [?x#£0]j(x,v)
jxv) [?XZO; VZ:—CV]j(x,v) A\ [?X%O]j(x,v)

joov) F [?XZO; vi=—cvU ?X#O]j(x,v)

j(xv) = [grav]jeev) 1]

N[I_? j(xv) = [grav][?x=0; v:i=—cv U ?x70]j(x.v)
' , joxv) E [grav; (7x=0; vi=—cv U 7x#£0)]j(x,v) .
A jxy) - [ : ( Y .)] jxv) E By
| jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
oop

A [(grav; (?x=0; v:i=—cv U ?x#£0)) "]B(x.v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxvy=0<xAx<H
gav={x'=v,v =—g&x >0}
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Proving Quantum the Bouncing Ball

j(x,v), x=0F j(x,—cv)

7] ﬁl;]j(x,v),XZO H [V::—CV]j(x,v) . .
! _ jxv) F [?XZO][VIZ—CV]](X,V) . joav), x#0 = j(x,v)
/\I% jov) F [7x=0; vi=—cV]j(x,v)  j(xv) E [?x#0]j(x,v)
jxv) [?XZO; VZ:—CV]j(x,v) A\ [?X%O]j(x,v)

joov) F [?XZO; vi=—cvU ?X#O]j(x,v)

j(xv) = [grav]jeev) 1]

N[I_? j(xv) = [grav][?x=0; v:i=—cv U ?x70]j(x.v)
' , joxv) E [grav; (7x=0; vi=—cv U 7x#£0)]j(x,v) .
A jxy) - [ : ( Y .)] jxv) E By
| jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
oop

A [(grav; (?x=0; v:i=—cv U ?x#£0)) "]B(x.v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxvy=0<xAx<H
gav={x'=v,v =—g&x >0}

André Platzer, Stefan Mitsch (CMU) LFCPS/07 10/16


https://doi.org/10.1007/978-3-319-63588-0_7
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Proving Quantum the Bouncing Ball

j(x,v), x=0+F j(x,—cv)

7] ﬁl;]j(x,v),XZO H [V::—CV]j(x,v) . .
! _ jxv) F [?XZO][VIZ—CV]](X,V) . joav), x#0 = j(x,v)
/\I% joov) F [7x=0; vi=—cV]j(x,v)  j(xv) E [?x#£0]j(x,v)
jxv) [?XZO; VZ:—CV]j(x,v) A\ [?X%O]j(x,v)

joov) F [?XZO; vi=—cvU ?X#O]j(x,v)

j(xv) = [grav]jexv) [u]

N[I_? j(xv) = [grav][?x=0; v:i=—cv U ?x70]j(x.v)
' . joxv) E [grav; (7x=0; vi=—cv U 7x#£0)]j(x,v) .
Ak J(x.v) - [ - ( — )] J(x.v) = B(X,V)
| jov) E [grav; (?x=0; vi=—cv U ?x70)]j(x.v)
oop

A [(grav; (?x=0; v:i=—cv U ?x#£0)) "]B(x.v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxvy=0<xAx<H
gav={x'=v,v =—g&x >0}
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Proving Quantum the Bouncing Ball

AE j(x,v)

jo) = [arav](jeen)
jxv), x=0F j(x,(=ev))
), X0 F j(xv)
j(x,v) F B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
grav={x'=v,vV = —-g&x >0}

André Platzer, Stefan Mitsch (CMU) LFCPS/07 11/16


https://doi.org/10.1007/978-3-319-63588-0_7
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Proving Quantum the Bouncing Ball

Ak j(x,v)

joon) E [grav{x'=v, v'=—g & x>0}](j(x.v))
j0av), Xx=0 F j(x,(=ev))

jov), X£0 F j(x,v)

j(x,v) H B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
grav={x'=v,vV = —-g&x >0}

André Platzer, Stefan Mitsch (CMU) LFCPS/07 11/16
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Proving Quantum the Bouncing Ball

Ak j(x,v)

joon) E [grav{x'=v, v'=—g & x>0}](j(x.v))
j0av), Xx=0 F j(x,(=ev))

jov), X£0 F j(x,v)

j(x,v) H B(x,v)

Q@ jxv=0<xAx<H

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
grav={x'=v,vV =—-g&x >0}
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Proving Quantum the Bouncing Ball

Ak j(x,v)

joon) E [grav{x'=v, v'=—g & x>0}](j(x.v))
j0av), Xx=0 F j(x,(=ev))

jov), X£0 F j(x,v)

j(x,v) H B(x,v)

Q@ jxv=0<xAx<H weak: fails ODE if v>> 0

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
grav={x'=v,vV =—-g&x >0}
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Proving Quantum the Bouncing Ball

Ak j(x,v)

joxw) E [grav{x'=v,v'=—g & x>0}](j(x.v))

j(X,V),XZO l_ j(X,(—CV))

joov), x#0 E j(xv)

j(x,v) H B(x,v)

Q@ jxv=0<xAx<H weak: fails ODE if v > 0
Q j(xv) =2gx=2gH—Vv? A x>0

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
grav={x'=v,vV = —-g&x >0}
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Proving Quantum the Bouncing Ball

Ak j(x,v)

jon) = [grav{x'=v,v'=—g & x>0}](j(x.v))

j(X,V),XZO l_ j(X,(—CV))

joov), x#0 E j(xv)

j(x,v) H B(x,v)

Q@ jxv=0<xAx<H weak: fails ODE if v > 0
Q j(xv) =2gx=2gH—Vv? A x>0 works: implicitly links v and x

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
grav={x'=v,vV = —-g&x >0}
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Proving Quantum the Bouncing Ball

I jon) E [X'=v,vV'=—g & x>0]j(x,v)
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Proving Quantum the Bouncing Ball

[} j(x,v) EVt>0 [X::H—gtz; vi=—gt] (x>0 = j(x.v))
. v F [X'=v, v/ =—g & x>0]j(x.v)
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Proving Quantum the Bouncing Ball

- j(xv) E V20 [x:=H—9t?][v:=—gt](x>0 — j(x.v))
[] j(x,v) EVt>0 [x::H—th; vi=—gt](x>0 — j(x.v))
. o) F [X'=v, v'=—g & x>0]j(x,v)
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Proving Quantum the Bouncing Ball

j(x,v) F V>0 [X:=H—gt2](X20 — j(x,—gt))

jov) F V>0 [X::H—%tz][V::—gt](XZO — j(x,v))
jxv) F V20 [x:i=H— 9%, vi=—gt] (x>0 — j(x,v))
[ jon) B [X'=v,vV'=—g & x>0]j(x,v)
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Proving Quantum the Bouncing Ball

" jxv) F VtZO(H—glzzO N j(H—gtz,—gt))

=] j(x,v) F V>0 [X::H—%tz](xzo — j(x,—gt))

" ) V20 [xi=H—§ #][v:=—gt] (x>0 — j(x))
i jx,v) F V>0 [X::H—gtz; vi=—gt](x>0 — j(x.v))
. ) F [X'=v,vV=—g&x>0]j(x.v)
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Proving Quantum the Bouncing Ball

- (o) F 120 = H— 250 j(H-3 g0
" jxv) F VtEO(H—thEO N j(H—gtz,—gt))

jxv) E V>0 [X:=H—gt2](x20 — j(x,—gt))

i(xw) V20 [x:=H—§£][v:=—gf](x>0 = j(x.v))
jxv) F Vl’ZO[X::H—gtz; vi=—gt](x>0 — j(x.v))
d jon) B [X'=v,vV'=—g & x>0]j(x,v)
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Proving Quantum the Bouncing Ball

j(xv), >0, H—32>0 - j(H-2¢,—g1)
jxv) F t>0 — H=22>0 — j(H- £, —g1)
joxv) F V20 (H—912>0 — j(H-2.—g1))
j(x,v) FVt>0 [X:=H—gt2](X20 — j(x,—gt))
jov) F V>0 [X::H—%tz][V::—gt](XZO — j(x,v))
jxv) F V20 [x:i=H— 92, vi=—gt] (x>0 — j(x,v))
joov) F [X’IV, V/:—g&XZO]j(X,V)

—R

VR
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Proving Quantum the Bouncing Ball

j(x.v) = 2gx=2gH—Vv?> A x>0

2gx=2gH—v2A\x>0,H—212>0 F- 2g(H—{12)=2gH—(gt)*N(H—22)>0
jxv), >0, H—32>0 - j(H- 2. a1)
jxv) >0 = H=22>0 — j(H-£2,—q1)
joxv) F V20 (H—912>0 — j(H-22.-g1))
j(x,v) F V>0 [X:=H—gt2](X20 — j(x,—gt))
jxov) E V>0 [XZ:H—th][VZI—gt](XZO — j(x,v))
j(x,v) FVt>0 [X::H—%tz; VZ:—gl'](XZO — j(x,v))
jon) E [X'=v,vV'=—g & x>0]j(x,v)

—R

VR

[
[
[l
[
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Proving Quantum the Bouncing Ball

2gx=2gH—v2I- 2g(H—412)=2gH—(gt)? H-3t2>0F H-32>0
2gx=2gH—Vv2A\x>0,H—12>0 F 2g(H—{12)=2gH—(gt)*N(H—212)>0
jov), 20, H—2 >0 F j(H-3£.—gt)
jxv) F >0 — H—thZO — j(H-42,—gt)
jxv) V>0 (H—212>0 — j(H- 26, ar))
joxv) V=0 [x:=H—2t2] (x>0 — j(x.—a1))
j(x,v) F V>0 [X::H—gtz][V::—gt](XZO — j(x,v))
j(x,v) F V>0 [X::H—gtz; V::—gl’](XZO — j(x,v))
joov) F [X’ZV, V/:—g&XZO]j(x,v)

—R

VR

[ =
[=
(]
[l
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Proving Quantum the Bouncing Ball

*
N 2gx—2gH— V2 F 2g(H—412)=2gH— (gt)2 H—-42>0F H—42>0
2gx=2gH—Vv2A\x>0,H— t2>0|— 2g(H—4t2)=2gH—(gt)* A\(H—£t2)>0
jxv), tzo,H—ngo F j(H-462,—gt)
- (o) 120 — H—3#>0 — j(H- 3¢,
VR

jxv) V>0 (H—212>0 — j(H- 26, ar))

joxv) V=0 [x:=H—2t2] (x>0 — j(x.—a1))

j(x,v) F V>0 [X::H—gtz][V::—gt](XZO — j(x,v))
j(x,v) F V>0 [X::H—gtz; V::—gl’](XZO — j(x,v))
joov) F [X’ZV, V/:—g&XZO]j(x,v)

[ =
[=
(]
[l
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Proving Quantum the Bouncing Ball

* *

R id
) 2gx=2gH—Vv2 I- 2g(H—412)=2gH—(gt)? “H-2#>0F H-42>0
2gx=2gH—v2A\x>0,H—12>0 - 2g(H—{12)=2gH—(gt)*N(H—£12)>0
jov), >0, H—2 >0 F j(H-g£,—gt)
jxv) >0 — H—22>0 — j(H-2£,—g1)
jxv) V>0 (H—212>0 — j(H- 26, ar))
joxv) V=0 [x:=H—2t2] (x>0 — j(x.—a1))
j(x,v) F V>0 [X::H—gtz][V::—gt](XZO — j(x,v))
j(x,v) F V>0 [X::H—gtz; V::—gl’](XZO — j(x,v))
joov) F [X’ZV, V/:—g&XZO]j(x,v)

—R

VR

[ =
[=
(]
[l
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Proving Quantum the Bouncing Ball

* *
id
“ogx=2gH V2 2g(H—212)=2gH— (gt)2 “H=ge>0r H-2>0
2gx=2gH—Vv2A\x>0,H— t2>0|—2g( 912)=2gH—(gt)*N(H—22)>0

j(xv), >0, H—32>0 - j(H-2¢,—g1)
jxv) >0 — H—22>0 — j(H-2£,—g1)
jxv) V>0 (H—212>0 — j(H- 26, ar))
joxv) V=0 [x:=H—2t2] (x>0 — j(x.—a1))
j(x,v) F V>0 [X::H—gtz][V::—gt](XZO — j(x,v))
j(x,v) F V>0 [X::H—gtz; V::—gl’](XEO — j(x,v))
joov) F [X’ZV, V/:—g&XZO]j(x,v)

@ Wait, was this actually a safety proof for Quantum?

—R

VR

[
[

(]
[l
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Proving Quantum the Bouncing Ball

* *
id
AR “2gx—2gH—? - 2g(H—$)=2H~ (gt‘)2 H-§>0F H-§>0
29x=2gH—Vv2Ax>0, H— t2>o - 2g(H—£t2)=2gH—(gt)* N(H—£t2)>0
j(X’V)a tzo? H_gtzzo F J(H—%tz,—gt)
- (o) 120 — H—3#>0 — j(H- 3¢,
. 0v) F V20 (H— 220 — (32— an)

joxv) V=0 [x:=H—2t2] (x>0 — j(x.—a1))

j(x,v) F V>0 [x::H—gtz][v::—gt](XZO — j(x,v))
[] j(x,v) F V>0 [X::H—gtz; v:=—gt](x>0 = j(x,v))
[ jon) B [X'=v,vV'=—g & x>0]j(x,v)

@ Wait, was this actually a safety proof for Quantum?

@ Oh no! The solutions we sneaked into ['] only solve the ODE/IVP if
x = H,v = 0 which assumption j(x,v) can’t guarantee!

[
[
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Proving Quantum the Bouncing Ball

* *
id
AR “2gx—2gH—? - 2g(H—$)=2H~ (gt‘)2 H-§>0F H-§>0
29x=2gH—Vv2Ax>0, H— t2>o - 2g(H—£t2)=2gH—(gt)* N(H—£t2)>0
j(X’V)a tZO? H_gtzzo F J(H—%tz,—gt)
- (o) 120 — H—3#>0 — j(H- 3¢,
. 0v) F V20 (H— 220 — (32— an)

joxv) V=0 [x:=H—2t2] (x>0 — j(x.—a1))
j(x,v) F V>0 [x::H—gtz][v::—gt](XZO — j(x,v))
[1 j(x,v) F V>0 [X::H—gtz; v::—gt](xzo — j(x,v))
[ jon) B [X'=v,vV'=—g & x>0]j(x,v)
@ Wait, was this actually a safety proof for Quantum?
@ Oh no! The solutions we sneaked into ['] only solve the ODE/IVP if
Xx = H, v = 0 which assumption j(x,v) can’t guarantee!
@ Never use solutions without proof! redo proof with true solution

[
[
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Clumsy Quantum Misplaced the Constants

loop Al [OC*]B(X,V)

@ j(xv) =2gx=2gH—Vv2 A x>0
Q@ p=c=1/Ag>0
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Clumsy Quantum Misplaced the Constants

loop Al [OC*]B(X,V)

Q j(xv) =2gx=2gH—Vv? A x>0
Q@ p=c=1/Ag>0
@ J=jx,v)Ap as loop invariant

André Platzer, Stefan Mitsch (CMU) LFCPS/07 13/16


https://doi.org/10.1007/978-3-319-63588-0_7
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Clumsy Quantum Misplaced the Constants

k
FArjownap 1 i) Ap [ Ap) FjnAp E B
loop Al [OC*]B(X,V)

Q j(xv) =2gx=2gH—Vv?> A x>0
Q@ p=c=1Ag>0
@ J=jxv)Ap as loop invariant
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Clumsy Quantum Misplaced the Constants

[N [e](PAQ) + [a]PA[a]Q

above
AP F [adice) icnAp - [alp
* i jxv)Apt [OC]j(x,v) A [OC],D
R . [~ . . R:
AF jx,v)Ap jxv)Apt [OC] (](x,v) /\p) jxv)AP F B(x,v)
loop Al [OC*]B(X,V)

Q j(xv) =2gx=2gH—Vv?> A x>0
Q@ p=c=1/Ag>0
@ J=jx,v)Ap as loop invariant
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Clumsy Quantum Misplaced the Constants

[N [e](PAQ) + [a]PA[a]Q Vp—=lalp (FV(p)NBV(a)=0)

above *
VAP F [Ot]j(x,v) Vj(x,v)/\p = [a]p

* i jxv)Apt [OC]j(x,v) A [Ot]p
R . [~ . . R:
Ak jxvAp je ApE[a]ican Ap) TixwvAp E Bixv)

loop Al [OC*]B(X,V)

Q j(xv) =2gx=2gH—Vv? A x>0
Q@ p=c=1Ag>0
@ J=jx,v)Ap as loop invariant
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Clumsy Quantum Misplaced the Constants

(1A [e)(PAQ) < [@]PA[e]Q Vp—lalp (FV(p)nBV(a)=0)

above *
AR [aicey) inAp - [alp
* o i) ApE [alicn A alp .
FAR j(x,v)Ap in i) ApE [a](ixov) Ap) Rj(xy)/\p F Bx,v)
loop Al [OC*]B(X,V)

Q j(xv) =2gx=2gH—Vv> A x>0
Q@ p=c=1Ag>0
@ J=jxv)Ap as loop invariant
Note: constants ¢ = 1 A g > 0 that never change are usually elided from J
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Quantum the Provably Safe Bouncing Ball

Proposition (Quantum can bounce around safely)

0<XxAx=HAv=0Ag>0A1=c—
[({X = v,V = —g&x >0};(?x = 0;v:i=—cvU?x £ 0)) (0 < x A x < H)

requires(0 < xAx=HAv=0)
requires(g > 0A1=¢)
ensures(0 < xAx < H)
{{x¥=v,v =—g&x>0}
(?x =0;vi=—cvU?x #0)) } @invariant(2gx = 2gH — v* A x > 0)
Invariant Contracts

Invariants play a crucial role in CPS design. Capture them if you can.
Use @invariant() contracts in your hybrid programs.
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° Summary
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Invariants

The lion’s share of understanding comes from understanding what does

change (variants/progress measures) and what doesn’t change (invariants).

Invariants are a fundamental force of CS

Variants are another fundamental force of CS
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Summary: Loops, Generalizations, Splittings

| [a*]P < PA[a*](P — [a]P)

P
[a]P
P—Q
I P Sl
M-JA Jh[ad J-P
e [af]P,A
[ [@]Q,A QFP
Fr[o]P.A
1A [o](PA Q) < [a]PA[a]Q

loop

Vp—[alp (FV(p)nBV(a)=0)
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e Appendix
@ lteration Axiom
@ lterations & Splitting the Box
@ lteration & Generalizations
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lteration Axiom

compositional semantics = compositional rules!

André Platzer, Stefan Mitsch (CMU) LFCPS/07 17/16


https://doi.org/10.1007/978-3-319-63588-0_7
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Loops of Proofs: lterations

[*] [@*]P <> PA[o][a*]P

Al [a*]B
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Loops of Proofs: lterations

[*] [@*]P <> PA[o][a*]P

AF BAlo][a*]B
At [a*]B

André Platzer, Stefan Mitsch (CMU) LFCPS/07 18/16


https://doi.org/10.1007/978-3-319-63588-0_7
https://www.cs.cmu.edu/~smitsch/courses/lfcps22/

Loops of Proofs: Iterations

[*] [@*]P <> PA[o][a*]P

AF BA[](BA[a][e]B)

At BA[a][of]B

Al [a*]B

André Platzer, Stefan Mitsch (CMU)
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Loops of Proofs: Iterations

[*] [@*]P <> PA[o][a*]P

At BAlo](BAlo](BA[a][a*]B))
AE BA[a](BA[o][a*]B)
AF BA[o][a*]B
Al [a*]B
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Loops of Proofs: lterations & Splitting the Box

['] [&*]P & PA[a][a]P

[N [o](PAQ) < [a]PA[o]Q

Al BA[a]BA[o][o](BA [o][ee*]B)
At BAlo](BAlo](BA[a][a*]B))
AF BA[a](BA[a][a*]B)

Al BA[a][o*]B
Al [a*]B
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Loops of Proofs: lterations & Splitting the Box

[*] [0*]P <> PA[o][0*]P

[N [o](PAQ) < [a]PA[o]Q

AF BA[a]BA[a]([o]BA[a][a][e*]B)
Al BA[a]BA[o][e](BA[e][ee] B)
At BAlo](BAlo](BA[a][a*]B))

AF BA[a](BA[a][a*]B)
Al BA[a][o¥]B
Al [a*]B

André Platzer, Stefan Mitsch (CMU) LFCPS/07 18/16
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Loops of Proofs: lterations & Splitting the Box

[*] [0*]P <> PA[o][0*]P

[N [o](PAQ) < [a]PA[o]Q

At BA[o]BA[a][a]BA[a][a][a][a*]B
At BA[o]BA[a]([a] BA[o][e][a*]B)
Al BA[a]BA[o][o](BA [o][ee*]B)
At BAlo](BAlo](BA[a][a*]B))
AF BA[a](BA[a][a*]B)

At BA[a][o*]B

Al [a*]B
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Loops of Proofs: Iterations & Splitting the Box
[*] [a@*]P + PA[a][o*]P

(A [@](PAQ) < [o]PA[]Q

AEB Ar[alB At a][a]B AF[a]lal[o][a*]B

" Al BA[a]BA[a][a]lBA[a][o][o][a*]B
. AF BA [a]BA [o] ([e]BA [o][o][e"]B)
A At BA[o]BA [o][e](BA[o][e]B)
" AF BA[a](BA[o](BA [a][a]B))

| AF BA[o](BA [][0*]B)

. AF BA[a][o]B

. AF [o]B

LFCPS/07 18/16
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Loops of Proofs: lterations & Splitting the Box
[*] [a@*]P + PA[a][o*]P

(A [@](PAQ) < [o]PA[]Q

AEB Ar[alB At a][a]B AF[a]lal[o][a*]B

" Ak BAo]BA[a][a]BA[a][o][a][a*]B
i AF B [a]BA [ ([e]BA [e][e][e]B)
A At BA[o]BA [o][e](BA[o][e]B)
" AF BA[a] (BA [a](BA [a][e]B))

| AF BA[o](BA [o][@]B)

. AF BA[o][a]B

. AF [o']B

@ Simple approach ... if we don’t mind unrolling until the end of time

@ Useful for finding counterexamples

LFCPS/07 18/16
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Loops of Proofs: lterations & Generalizations

["] [a*]P <> PA[e][a*]P

At BA[a](BA[a](BA[a][a*]B))
A BA[al(BA[o][a*]B)
AF BAla][a*]B
At [a*]B

André Platzer, Stefan Mitsch (CMU) LFCPS/07 19/16
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Loops of Proofs: lterations & Generalizations

["] [a*]P <> PA[e][a*]P

r-lajQ,A QP
[ [a]P,A

ATB A [o] (B [a](BA [a][«]B))

AF BAla](BA[a](BA[a][e]B))
AF BA[a](BA[o][er*]B)
AF BA[o][a*]B
At [a*]B
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Loops of Proofs: lterations & Generalizations

["] [a*]P <> PA[e][a*]P

r-lajQ,A QP
[ [a]P,A

Ak [Ot]J1

7 F BA[](BA [o][@]B)
AT (@] (BA[o](B [][o-]B))
AF BA[a](BA[a](BA[a][a*]B))
AF BA[o](BA [o][]B)
AF BA[][@']B
At [a*]B

At BuR

AR
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Loops of Proofs: lterations & Generalizations

['] [e7]P < PA[a][a"]P

r-lajQ,A QP
[ [a]P,A

hFB Ji F [e](BA[e][]B)

Ji F BA[a](BA[a][a*]B)
At [a](BA[a](BA[a][a"]B))
AF BA[a](BA[a](BA[a][a*]B))
AF BA[](BA [o][]B)
AF BA[][@']B
At [a*]B

Al [Ot]J1 AR

At BuR

AR

André Platzer, Stefan Mitsch (CMU) LFCPS/07 19/16
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Loops of Proofs: lterations & Generalizations

["] [a*]P <> PA[e][a*]P

r-lajQ,A QP
[ [a]P,A

J1 [ [OC]JQ

b+ BA[a][a*]B

Ji - [a](BA[a][a*]B)
Ji F BA[a](BA[a][er*] B)

At [o](BA[a](BA[o][e7]B))
AF BA[a](BA[a](BA[o][a*]B))

AF BA[a](BA[o][e*]B)
AF BA[o][a*]B
At [a*]B

J1 F Bur

Al [OZ]J1 AR
At BuR

AR
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Loops of Proofs: lterations & Generalizations

["] [a*]P <> PA[e][a*]P

r-lajQ,A QP
[ [a]P,A

b B

b+ [a][o*]B
b+ BA[a][a*]B

Ji F[e](BA[a][a*]B)
Ji = BA[a](BA[o][e*]B)

At [0](BA[a](BA[e][0]B))
AF BA[a](BA[a](BA[a][a*]B))

At BA[o](BA[a][a*]B)
Al BA[o][o*]B
At [a*]B

J1 F [OC]JQ AR

J1 F Bur

Al [OZ]J1 AR
At BuR

AR
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Loops of Proofs: lterations & Generalizations

["] [a*]P <> PA[e][a*]P

r-lajQ,A QP
[ [a]P,A

J2 = [(X]J3
b+ [a][o*]B

b+ BA[a][a*]B

Ji F[e](BA[a][a*]B)
Ji E BA[a](BA[a][a*]B)

AF [a](BA[a](BA[o][0"]B))
AF BA[a](BA[a](BA[a][a*]B))

Al BA[a](BA[o][e*]B)
At BA[o][o*]B
At [a*]B

Al [OZ]J1 AR
At BuR

AR
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Loops of Proofs: Common Generalizations

["] [a*]P <> PA[e][a*]P

r-lajQ,A QP
[ [a]P,A

J Fla)Jd
J +F[a][o*]B
J F BA[a][a*]B
J F[a]l(BA[a][o*]B)

J FBA[a](BA[o][a*]B)
AF [o](BA[o](B A [e][e]B))
AF BA[a](BA[a](BA[a][a*]B))

At BA[o](BA[a][a*]B)
Al BA[a][o*]B
At [a*]B

J B

J Flald rr

J F BuR

At [a]d rr
At BuR

AR
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Loops of Proofs: Extracting a Proof Rule

JEB ['] []P <> PA[o][a*]P
At [a*]B

r-lajQ,A QP
[+ [a]P,A

J Fla)d
J Fa][o*]B
J F BA[a][a*]B
J - [o](BA[o][o*]B)

J F BA[a](BA[o][a*]B)
AF [o](BA[o](BA[e][e]B))
AF BA[a](BA[a](BA[a][a*]B))

At BA[o](BA[a][a*]B)
Al BA[a][o*]B
At [a*]B

J B

J Flald rr

J F BMR

Al [a]d 1R
At BuR

AR
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Loops of Proofs: Extracting a Proof Rule

Ji[oJy JFB ['] [@]P <> PA[o][0*]P
At [a*]B
r-ele,A QP
MF [a]P,A
JEB J Fla)d
J Flald i J I o][e’]B

J F BA[a][a*]B
J - [a](BA[a][o*]B)

J F BA[a](BA[a][e]B)
AF [o](BA[a](BA[o][e7]B))
AF BA[a](BA[a](BA[a][a*]B))

AF BA[a](BA[o][er*]B)
A BA[a][a*]B
At [a*]B

J F BuRr

Al [a]d 1R
At BuR

AR
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Loops of Proofs: Extracting a Proof Rule

AEJ Jl—[Ot]J JFB [*] [OZ*]PHP/\[OC][OC*]P
At [a*]B
r-[a]Q,A QFP
M- [alP,A
JEB J Fla)d
J Flold oh J I o][e’]B

J F BA[a][a*]B
J - [a](BA[a][o*]B)

J F BA[a](BA[a][e]B)
AF [o](BA[a](BA[o][e7]B))
AF BA[a](BA[a](BA[a][a*]B))

AF BA[a](BA[o][er*]B)
A BA[a][a*]B
At [a*]B

J F BuRr

Al [a]ld AR
At BMR

AR
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Loops of Proofs: Loop Invariants

AEJ Jl—[Ot]J JEB [*] [OZ*]P(—)P/\[OC][OC*]P
At [a*]B

loop

r-o]Q,A QP
Invariant J generalized M- [a]P, A
intermediate condition ’

J Fla)d
J Fa][o*]B
J F BA[a][a*]B
J Fla]l(BA[a][o*]B)

J F BA[a](BA[o][a*]B)
AF [o](BA[o](BA[e][e]B))
AF BA[a](BA[a](BA[a][a*]B))

At BA[o](BA[a][a*]B)
Al BA[a][o*]B
At [a*]B

JFB
J Flald rr

J F BuRr

Al [a]d 1R
At BuR

AR
[']
[']
[']
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